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LOWER BOUNDS FOR THE MODULE.OF DETERMINANTS
OF BLOCK DIAGONALLY MATRICES ‘

JiJMAH ZARNAN, MILKO PETKOV

.llacuu 3.;»“, Muaxo Ilemxos. OUEHKM CHM3Y AnA DETEPMMHAHT KJIE-
TOYHBIX MATPHUIL G HOMKHHPYIOIIIEﬁ KBABHIIMAI‘OHAJIMO

l'loayuem noBLIie ouemm CENSY Ans Ae-repuum KNCTOURHX MATPHMI C AOMWAKDY-
omeRt KRASKAMATONANLIO, KOTOPHE 0606MAIOT COOTBETCTRYIOMMUE pesynb'u-ru ANA CKa-
RAPHLIX MATDHR,

Jumeh Zarnan, Mslko Petbn LOWER BOUNDS FOR THE MODULE OF DETERMINANTS
OF BLOCK DIAGQNALLY MATRICES : ‘ , ; -

hmwwmahmbomdlforthem&uhdbhd:matmwithnmdydomimt
dugmnlawdmdoddommpntdhphﬂhveb«nobtmd. :

\

\

1. DEFINITIONS

(1:) : i ‘ . - A (Aij)
be a'p x p block (n x n scalar) matrix, where: A., are o; X aj; scalar matrices and
Il - || is 8 matrix norm defined in advance. . :

Definition 1. Matrix (1) will be called a matrix mth a dommant diagonal if
at least one of the followmg two conditions is satisfied: "

@ 42T 2 el i=12..9)
» I
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@ ﬁA“l ZMA.,M (=12, )
If (2) holds, then matrix 4 will be a matrix with a dotmna.nt diagonal by rows,
and if condition (3) is satlsﬁed then A mll be called a matrix mth a domma.nt
- diagonal by columns: ,
Next we are going to study on]y matrmes with a dommant diagonal by TOWS.
. Definition 2. If for every i we have strong mequahty in (2), then A wxll be
RS called a matrix with strong dominant diagonal.
. Definition 8. A block matrix P of typepxp(nxn sca.lar), ‘which has a block
' strnctm'e analogous to that of A, will be called a permutatlonal matrix if the n-th
- columns of P are columns of the 1dent1t.y n X n matrix chosen in an arbitrary order.
- Definition 4. Each matrix of type (1) will be called a reducible matnx 1f
) there exists a permuta.txonal matnx P such that A ‘

PTAP { All A12 ]
Aﬁz

where mth PT the transpose of P is denoted and Ag; and A, are square matrices.
.. When a matrix of type/(1) is niot reducible, then it is called a irreducible miatrix. -

' .Definition 5. Matiix 4 = (4;;) of type (1) will be called a matrix with
‘;lrtedumble dqmmant dlagonal 1f (2) holds for at least one inequality and if A is
“irreducible. . :

T Sl

‘ Deﬁmtmn, 6 Each maﬁnx A of type (1) will be called a matrix thh a left
(nght) dommant dmgona.l xf it has a donnnant dmgonal and if ‘

HA«‘II" > ZIIA«:H (uAs:‘II“ > ZMA.:II) R
FL< J)t SRR

S R T I B i
. . E 3

2. LOWER BOUNDS FOR ldet Al
The followmg cntenon for the ndnsingularity oi' & matnx A of type (1) is
known: !
) Theorem 1 [1, 4]. If a matriz of type’ (1) u wﬂh a strong dominant d:agoml
" or isith a reducible dominant diagonal, then A u namingular, ie detA# 0 te
- The following theorems are also known: . ' - o
‘ ‘Theorem 2 [1, 4]. Let A = (ai;) be an'n X n scalar matriz wsth a stmng
B dommant dtagonal Then the follom‘ny mequahty lwlda '

P TR £t

Y

(4) ldetAlé,l

where. R T O S
e A.—Ia«l-zldeﬂ (i=1,2,.. )

o

Y



Theorem 3 [3]. Let A =(ai;) be an n x n. scalar matm: wdh a Ieft dommant
dmgonal Then the followmg mequahty holds . ‘

(9 ; IdetAl 2 Ha.,
: g ' , i=1,
where T
66 |“ul”’2'“u‘
. j<s ’
Next we. are going to obtam some generahzatlons for . the mequalmes (4)

and (5).

For'that purpose let us assume that a block variant of the Gauss method -
. (without choosmg the pivot block and with reserving the leading diagonal block)
may be applied to the n x n linear system with a nonsingular block matrix of type .
(1), and let the matrix obt.amed after the k-th step be A; = (Ayj (k)) Also let ‘

;AP lmn“ ZuA.;(km, s
; . : J#o ’
. “‘6§f’='llA ‘(k)u“ EUA.,(km
j<&

be defined for every i=12. p a.nd for every k 0 1 Hp—-1..
~ Thus the following lemma is valid. o R
Lemma 1. If A is a matriz with a strong dammant d:agonal thcn h

A"’)<A"'+‘) (k= 0,1, P2 z—12 p) L

- where the uaed matriz norm u such that :ts value for.an arbztranly chosen uientcty
‘matriz u equal o 1.

- Proof. It is sufficient to prove that A(l) 2 A(o) Let us pomt out a.lso tha.t the |
ma.trwes Aii(1) are mvertlble and :

145 Bl 452 ”Ah” < 1 for a;é L.
Next we have (i > 1) . |

AP = ||A;;1(1)||‘1 Z nA.,(l)n =

R ,;ui \
«—"(An AuAn Au)-l" Z"A‘; AﬁAuAl:""’ :

.._"A“ (I A7 A A Al‘.-)i‘lu " .Z nA.-,--AuA;fAu,Il 2

1#1 §

2 "A Il"l "(I A lAilAnlAli)q" Z "Anj” - E “AﬂAnlAlJ " 2
‘ JPLs o J#l’i

¢ : .



2 1407 - 145 dall JAGE] HAwl) =
- 3 Mgl - 3 Ml b4t 141 =

: J#L j#1d ‘
= ﬂAa?llrl = lall A5 ] llAsll - Z 461l = 3 ldasll ||A11|| llAljll =
dRL - L
= Wu“ = T lall 4zt Ayl - 3 ull 2.
J#l #H
2 uA:;‘u"—nAun - l4gll="
: i
=g }:IlAﬁli= AP,
Thus the proaf is oompleted “

-After a number of p — 1 steps of forward Gauma.n ehmmatlon we obtain the
right qum—tnu.ngnla; matrix - /
Au(p 1) ........ eeeansas Ap(p-1)
0 Auprl) . Anl-1

- : L0 e, Applp—1)
- for whlch the followmg condmons hold: ‘ , J
205 AP (i=12,...,p).
/ If we a.ceomphah the backward of the. Ga.uasian method with retaining the
dxagonal bloch A«(p 1) of Ay, we obtain the quasi-diagonal matrix '
» ‘ D = dl‘g(Dl) Dﬂs Dp)’
" where D; = Au(p-1)and A, § APV < A(D) = | D} u
. From Lemma 1 and the ugemom made afterwards we have
Theprem 4 If the matnz A=(Ag) [nm (1)'has a strong domsnant dmgonal

. *‘Gﬂ « .
' |detA|>II(llAu‘|l" ZuA.;u) o

i=1

whev'é‘the order of the dzﬁgoul matriz Aj; is denoted by oy and the ned matriz
~ morm takes the value of 1 for an identity matriz.of an arbitrary order. .
melfDihllelseanM&.(l-—12 ,a;),then ‘

|detA| HIdeth = H H Il\‘;l 2

: i=1 L dmle=l ‘
P.
,, HIIIID?‘lI“=I{(ND:‘|I“) 2 II(uA.:u" z#;um,u)
- == L = . J )

: Thus the theorem is proved.

8 : ’ ) ‘
o . ) . ;



Lemma 2. IfA= (A,,) from (1) is with a left dommant diagonal and
-1
68 = 470 ™ - X l14s e,
. 3 - §<s
then o
, 8 < s+ (i=1,2,...,5k=0,1,...,p~2).
The proof is similar to that of Lemma 1.
Theorem 5. If the matriz A from (1) is with a left dominant diagonal, then

.'dfml II(uA:.*u“ z:nm,u)

i=1

with the same assumptions made for the matriz norm.
- The proof is similat to that of Theorem 4.
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OHEHKH CHPIBY IJIS1 YUCJTIA BEPHIPIH
HEKOTOPBIX FPA<I>OB PAMCESA

HEIAJIKO HEHOB

Hea.uuo Henoe. OIEHKH CHU3Y LJIA ‘!HCJ'IA BEPI.IIHH HEKOTOPbIX I'PA®OB
PAMCEA

Ina gasgoro rpads G cumsogy V(G) obosnauaer MEoxecTBO ero pepmun. ['pap G
masuBaerca (pi,...,Ps)-rpadonm Pmcea, ecau B moboit s-packpacke ero peGep cymect-
BYET MOHOXPOMATHUECKAH D;-KNMKa i-Oro mpeTa Ans mexotoporo i, 1 £ ¢ £ s. Cumson
R(py,...,ps) 0603HAUACT MURHMANILHOE HATYPSALHOE YHCIIO N, ATIA KOTOpOro nonnuﬁ rpag
¢ n sepmmnamm asnserca (p1,...,ps)-rpadom Pamces, & cumson N(R(p1,.:.,ps)) — Mu-
HMMAJILHOE HATYPANBHOE HMCHO fi, AN KOTOPOrO CymecTBYeT (p1,...,Ps)-rpad Pamcesn
¢ [V(G)] = n u wecomepwamuit R(py,...,ps)-xnmx. B BacToamelt puso're AOKA3LIBAIOTCA
~ mwxEwe onenxu ans uucen N(R(py,..., ). :

Nedjalko Nenov. A LOWER BOUND, FOR THE NUMBER OF VERTICES OF SOME RAMSEY
GRAPHS

‘A subset b;,"...,vp of vertices of graph is called a p-clique if any two of them are adjacent.
The graph G is called a (p1, .. .,p,)-Ramsey graph for some set of integers py,...,p, if for every -
s-colouring of the edges of G there exists an i,1 £ i < s, such that G contains a monochromatic p;-

" clique of the i-colour. The symbol R(p;, ,p.) denotes the minimal natural number n such that

the complete graph with n vertices is (py,.. ., pq) -Ramsey graph and the symbol N(R(p1,...,p,))
~— the minimal natural number n such that there exists a (p;, «»ps)-Ramsey graph with n
“vertices and without R(p1,...,p,)-cliques. In this paper it is proved a lower bound for the
. numbers N{R(py,...,p,)). o

1



'y 1. ONPEIEJIEHUE OCHOBHBIX NOHATUMR

Byanem paccua'rpmaa.'rb KOHEYHEIE, HEOPHEHTHPOBAHHIE rpadmn, 6e3 kpaT-

HEIX pebep M meTeis, T. €. NOA rpadoM BCIOAY OyAeM MOHMMATH YHOPAROYEH- .

myio napy G = (V(G), E(G)), rae V(G) — xoneunoe muoxecTno, a E(G) — ne-

. KOTOpas COBOKYNHOCTE 2-v/leMEHTHRIX [OAMHOMECTE MHOKECTBA V(G). Dne- -

mentH V(G) BasuBalorca Bepmunamit rpada G, a enementnt E(G) — pe6pamu
rpaga G. Ecim v1,v2 €V(G) n [vl, va] € E(G) 6yaeM rosoputh, 4To BEpPIIMHKI
¥1 M vz CMexHHe BepumHk rpada G. Ilomosmenme rpada G oBoanauaer-
ca G u onpenenserca caeayomum obpasom: V(G) = V(G) u mse pepmmm

CMEXHH B a TOI'ZKa ¥ TOJBKO TOrnma, Korxa OHHM HecMexHEl B G. Muoxec-

TSO BepHIMH V1, V3, .., VYp Ipada G HasmBaerca p-kameol rpada G, ecam
mobuie nMBe U3 HUX CMEIKHH. Hau6oabmee HaTypaibHOE YHUCIO P, ANA KOTOPO-
" ro rpa¢ G uMeeT p-KNMKY, HA3LIBAETCA KIUKOBHIM UHCIOM rpaga G u obosna-
waerca cl(G). MHOXecTBO BepmmH rpada ‘Ha.amha.e'ri:g He33BMCHMBIM MHOXKeC-
TBQM BepmvH, eciM mobLie aBe M3 HUX HecMexHH. HanGonbmee HaTypaibHOE
wcio p, Ani Kotoporo rpad G umeer Pp-BepIIMHHOE HE3ABUCHMOE MHOXKECTBO
BepHOIMH, HA3KLIBAETCA UNCJIOM HE3aBUCUMOCTH rpaga 'G M oGosHauaerca a(G).

. Hcno, uro o(G) = cI(G). Pasnomene V(G) = ViU V3 U...UV; HasuBaerca |

r-XPOMATHUECKAM pasiomenneM BepmmH rpaga G, ecma Vi, i = 1,...,r —

He3aBHCHMBIE MHOXKECTBa BepumH rpada G u Vi n Vi=0,i#]. Hmuem.—{

mee na.'rypa;m,noe wHCHIo r, LA KoToporo rpag G obianaer r-XpoMaTHyecKuM

pa3oKEeHneM, naaunae'rcn xpoma'rmecmm '-mc.noM rpad)a G un oboanauaerca .

x(G)

- I'pad Gy na.sbmmcs no.urpaq)ou rpada G, ecim V(Gl) c V(G) n
E(G;) C E(G). Hycrs M C V(G). Toraa qepes (M) 6ynmem obosnauaTsb
nozrpad rpada G, NOPOKAEHHLI MHOMKECTBOM pepmmm M, 1. e. V((M)) = M,
M JBe BEPIMHLI MHOXECTBA M CMeXHH B (M) Toraa m Tom:Ko TOrAA, KOrxa

-omu cMexcar B G. Ecmu v € V(G), 10 wepes G -v GyAeM ofioaHauaTh HoArpad, -

noaywalomiica u3 G nocae yaajieHus BeplEMHN v, T. €. G—v = (V(G)-v). Ec-

m M C V(G), o yepes Ad(M) Gynem obosuauats MHOXECTBO BCEX BepIIH
' ‘rpa.q)a G, KoTopHe cMexail BceM BepmvHam Muokectsa M. Ecim |V(G)| =n
- 1 mobre xpe BePITHHE rpupa. G cMmexuH, TOrZAa 8T0T rpad HasLBaeTCA MOJ-
nma rpagomcn Beplmma.un u 06o3HauaeTCH K,. Ynop;moqemioe MHOXECTBO

_ BEPIDWH v}, 93, ..., Vs JAHHAOTO rpad)a G HASLIBAETCA NPOCTHIM LMKIOM JJIUHE
n rpada G, eca vy, va), [va,vs], . .+, [Vn=1,¥n), [tn, 1] € E(G) u 06o3nauaerca
Ca. | 1

Tlycre Gy u G — apa rpada Ges onﬁx pepumu. Yepes Gy + G3 0603-

'Haaerca rpag G; maa kotoporo V(G) = V(G1)UV(G:) n E(G) = E(Gy)U "

E(Ga) UE', rze E' ={[v, 03] | v1 € V(G1), vz € V(Gy)}-

12



2. ONPEIEJEHUE 'PA®OB PAMCESA U .
®OPMY IMPOBKA OCHOBHOT'O PE3YJIbTATA

Onpenenenme. Jwo6oe pasnoxenue E(G) = EyU...UE,, E;NE; =D,
i # j, Ha3uIBaeTcA §-pacKpackol pebep rpada G. '

Onpeneneume. ByleMm roBopuTs, uto p-kimka P rpada G aBaserca Mo-
HOXPOMATUYECKOH p-KINKoi §-0ro mBeTa s-pacKpacku E(G) EyU...UE, ero
pebep, ecm E(P) C E;.

Oupegnenerue: IIycTs py,...,p, — HaTypaJbHEIE YACHA, P; 22 I"pa.q; G
HasuBaeTcA (py,. . ,p.)—rpad)ou Pamcest, ecan B mio6oit s-packpacke ero pe-
6ep CymeCTBYET MOHOXPOMATHUECKAA Pi-KIMKa i-oro mBeTa ANA HEKOTOPOrO
i,181%s. : :

Onpe,qe.nenne Hamermmee HaTypaJbHoe YMeIo i, JJIA KOTOPOro HOM-
HELA rpad ¢ n Bepmuramu K, sBiaaerca (p1,.. ,p,)—rpa.(bom cheﬂ, HAa3LIBa-
erca umcnoM Pamcesa u 06o3navaerca R(py,..., p.) '

CymecTBoBaHMe uMcel R(pl,.. .1Ps) BHEpBEe GHUIO JIOK33aHO PauceeM
B [4]. Ouesnmmo R(p1,...,ps) — -cummerpirieckan pymxma, R(p) = p n
R(pr,...,Ps,2) = R(p1,..., ps). loeTOMy Gylem paccMaTpuBaTh TOMNLKO 'ra.me
yucna Pamcea R(py,...,p,), ANA KOTOPHX 8 2 2 ¥ p; 2 3. M3BeCTHH TOMBKO
caeAyiomue HeTpUBUaIbHEIe uucaa Pamces: R(3 3)=6, R(3,4) = R(4,3)=9,
R(3 5) = R(5,3) = 14, R(3,6) = R(6, 3) = 18, R(3,7) = R(7,3) = 23, R(3,9) =

= R(9,3) = 36, R(4,4) = 18, R(3,3,3) = 18. Ilo moBoxy umcen Pamces
em. [7]. Oqeawmo, uro ecan cl(G) 2 R(ps,...,p,), TOrmd rpad) G aBaser-
ca (p1,...,ps)-Tpadom Pamcea. '

Oupepnenenne. Ilycrs py, .- <+yPs — HATYpaJbHLIE MuCIA. Haumensmee
HaTypajIbHOE YHCIO N, AIA xo'roporo cymecTeyet (p1, ..., p,)—rpa.d) PaMcesn G
¢ n Bepmunamu u cl(G) < R(py,...,ps), oGoana.qae'rca N(R(p1,.:.,p:)). .

Yucna N(R(py,...,ps)) cymecrBylor, cm. [5]. ' B, [6] .mokasaso, uTo
N(R(3,3)) =8, N(R(3,5)) = 17 u N(R(4,4)) = 20. Toxe B [6] mokasaHo
HEPaBEHCTBO - Lo o ‘
N(R(Pl’ : )p.l)) R(pla :pa)+2 ’
910 HepaBeHCTBO TOYHOE, TaK UTO Ges nononbnnrenbmx ycaoBu# yCHINTH
ero Heab3sa. B [3] noxasama cnepyromasn:

‘Teopema A. ITycms noanudl zpagd. c R(pl, o p,) aepwuuamu obaadaem
s-pacxpacxoll pcb'ep, 8 xomopoill 048 nexomopozoi, 1 £ i S 8, cywecmeyem edun-
CMOENKAT MONOTPOMBMUNECKAT Pi-KAUKG §-020 yeema u 8 xomopoil nem Moxo-
zpcmamuuecxoﬂ pj-Kauxu j-020 yeema npw.i # j. Toeda

. ‘N(R(pls v ’pl)) g R(Pl; s ;P;) + 3(
Ecau ewe nompebosams p; > 4, mozda ' ‘

N(R(p1, ap‘)) ’ R(Pl- apl) +4.

B macrosme#t pabore TeopeMa A ycnmma.e'rcn CJIeIIYIOIIIHM obpa3som:
Ocmoesan meopema. « [lycms p1,...,Ps — KAMYPAAINHE NUCAB, 8 2 2,
pi 2 3. Opednosoacum, vmo noanud zpayS ¢ R(p1,...,p;) sepwunamu obaadaem

- 13



s-pacxpacxoll pebep co caedyouumu caolicmeamu: daxs nexomopozoi, 1 < i < s,
cyyjecmeyem LOUNCMBENRAT MOKOLPOMBMUNECKAT Pi-KAUKG §-020 YOEMA U He CY-
WECMEYEm MONOTPOMAMULECKAN Dj-KAUKG j-020 yoema npu.i # j. Tozda:
 a) ecat p; =3, aubo 2pad Kr_4+ Cr seasemes (py,...,p,)-2pafos Pa;uce:r,
aubo N(R(Ph ;pl)) 2 R(Pl: ,po) +4;
' 6) ecau p; 2 4, aubo 2paf Kp_g +Cy seazemesn (py,. .., p,)-zpagSOM Pamces,
"‘60 N(R(Pl; - Ps)) 2 R(PI’ apo) +5 (R R(pla_; apl)) :
B [1] noxasano, yro N (R(3 4)) = 14, Tax, uro Hocie e Hepa.nenc'mo
TOUHOE.
Qupepenecane. ByneM rOBOPUTD, YTO k-xpouammecxoe pa3JioKeHMe

V(@) =WU...UV

- MHOXecTBa BepmmH rpada G sBaserca {-NNOTHEIM XPOMATHYECKUM Da3JioNKe- -
_ HWeM, ecaH ob6'beMHeHMe NIOGHIX ¢ U3 OAMHOMXKECTB V., 1 € § £ k, nopoaaer
moArpad ¢ KIMKOBLEIM UHCJIOM, PABHBIM . '
‘OuesnmHo,; UTO: :
. Ilpemsmomenme 1. Ecat nexomopoe zpomMamuyecxoe pasaoncentic Myoncec-
mea aepuwiun dannozo zpaﬁa Ne Foagemes t-momnu.u, mozda oNoO Ne Jaagemcs
u (4 1)-naomunm. : \
lna nanbprefhmero 6y11er HY)KHO H:
- Ilpengomerne.2. Ecau x(G) = r, mozda zpa¢ G obaadaem (r+ 1)-zpoma-
mmecmm DPAIAONCENUEM, .Xomopoe e :a.uemcx t-naomnuim dag awbozo t.
Joxazameascmeo. Iycts V(G) = .UV, sBnserca r-mpomaiude-
CKHMM Pa3JIO}KeHNeM BepIuH rpada G. IIoGa.nmm K 8TOMY Pa3JioXKeHHIO ycToe
MHOXeCTBO, oydaeM (r+1)—xpomamecxoe pa.anomezme, xoropbe oueBIIHO
He sBaAeTCH {-NNOTHEM AnA moGoro t. v
Ins poxasarenncrsa ocHOBHOM TeopeMu GyZeT HyXHa caenyomas:
’Teopeua B. Hycmb avboe (r+ 1)-zpa.uamu~cecxoe PA3A0ICENLE BEPUWUN 2Pa-
o G seademex t4-1momnu.u u cl(G) <. Tozba 4460 G = K4 + Co, auﬂo
IV(G)I 2 r+6. ‘

3. IOKA3ATEJIBCTBO TEOPEMHI B M HECKOJIBKIX
' HEOBXOIIPIMHX JJ1d 9TOro JIEMM ’

: Jlem 1 ({2]) Hycmt G — zpuﬁ, V(@) = r+4 rz 3 cl(G) Stau

- x(G) 2 r+ 1. Tozda aubo G = K,..3 % G1, 20e cl(G1) = 3 u x(Gl) =4, “aubo

cyuecmoyem acpwmm v € V(G) maxax, vmo G~ v= K,_3+ Cs. ,

JNesosa 2. Hyems |[V(G)| S r + 4 v (G) S r. Tozda zpaf G ob6aadaem

(r + 1)-zpomamuxecxum pastoncexues oepuun, xOmOopoe e Foaxemcs 4-naom-
HUM.

 Joxaszamesscmeo. lIoGas.nem:eM naonuposammx BEPHIMH MOXHO HOGMTD-

. ca |[V(G)] = r+4. Ecam r £ 2, Torza rpadp G obaanaer 3-xpomaruue-

CKMM pa3JIoKeHWEM BepIINH ¥ yTBep:KIeHNe JeMMhl ouesumo. Ecom x(G) £ r,

Torxa jemma 2 BhITeKaeT M3 npennoxkennsa 2. IIpeamonoxum tenepb, 4TO
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r23ux(G)2r+l Torza ana rpafja MoxHO npmaenm:b nemmy 1. Ilpen-
CTABJLAIOTCA ABE BO3MOKHOCTH:

Cayvatt 1. G = K,.3+ G1, rae X(G1) 4 cl(G;) < 4.

Hycte Vi UV U Va UV, aBasercs 4-xpoMaTHYECKHM pa,snomennem rpa.(ba
Gy n V(K,—3) = {#1,...,2+-3}. Toraa

V(G)"‘ VrUVzUVaUV4U{z1}U U{Z,-_s}

apaserca (r+1)-xpomaririeckum pasnoxkeruem rpada G. U3 cl(G1) < 4 Bute-
" KaeT, YTO BTO Pa3jOKEHMe He ABJIAECTCA 4-NIJIOTHEIM. .
Cayxatt 2. Cymectnyer Bepumna v € V(G) raxasd, uro G—v="K,-a + Cs
‘Ouepnmio x(Cs) = 3. Hycn V1 U Ve U V3 aBaserca 3-XxpoMaTHYECKHM
pa3noxenuem rpada Cs u V(K,-2) = {21,...,2r-2}. Toraa

(1) _ : V1UVzUVsU{Z1}U U{z,-_z}

asaserca (r + 1)—xpoma'rmecmm pasnomermeu rpapa G — v. Tax kak
cl(Cs) = 2, 10 BTO pa3noxeHune He ABNACTCA 3-TIOTHEIM M COTJKACHO IIPEIOIIO-
eHuio 2 He ABAAeTcA M 4-naoTHEM. Ecau Bepmmia v HecMeXXHa HEKOTOpOMH
BepImMHe 2, 1 < i < r-2, Torma, rpynmApys BepmMHY v ¢ BTOM BepmmHOM
n3 (1), noaywm (r+ 1)—xpoua:rmtecxoe pa3snoxenue BepumH rpada G, koTo-
poe He sBaAerca 3-miroTHEM. Ecim Bepmmia v cMmexHa BceM BepUMHaM z;,
15¢¢ r —~'2, TOrza MonanaeMm B YCAOBUA cayvas 1. ° ..

\ e 3. IIycms u u v necmedcnne sepwuny zpaga G u Ad (u) C Ad (v).
Ecad|V(G)| = r+5 u cl(G) £ r, moeda 2pad G obaadaem (r+1)-zpomamusecxum
PA3A0OACENUEM, KOMOPOE He FOATEMCH 4-RAOMHBM. ’

Zoxasameascmeo. Coritacro jtemme 2 noarpad G — u obnanaer (r + 1)-
XPOMATHYECKHM pa3jiokeHueM BepmuH Vi U...U V41, KoTOopoe He ABJAeTCA
4-nnorusM. JloGaBuM BepmmMHy 4 K ToMy M3 MHOMecCTB Vi, 1 £ 1 £ r+1, xo-
TopoMy mpuHasexuT Bepmmua v. M3 Ad(u) C Ad(v) caeayer, uro Tarum
obpa3om nosydaerca (r 4+ 1)-xpoMaTHdeckoe pasnoKeHne BepumH rpada G.
flcHo, uTO BTO pa3NOXeHNe TOKE He ABJAETCA 4-INIOTHRIM.

Jlemma 4. Hyems [V(G)| =r+ 2, (G)Sr, r221uaG) =2 Toz&a
donoaxenue G zpaga G umeem dsa pe6pa bes o6u4e11 SEPUIUNDL.

Zloxasameascmeo. M3 cl(G) < r caenyer, uro B G ecTh IBe HeCMEXHHIE
BEPUIMHEI ¥; ¥ v2. ECiM JBe M3 0CTAJbHLIX BEPIINH s, . . . , Up42 HECMEXKHE], TOM-
Ia meMma JokasaHa. IIpemionosuM, uro MioGHe ABE M3 BEPUIMH Us, ..., Ur42
— cMexun. U3 cl(G) £ 1 cirenyert, 4TO v; HeCMEeXHa HEKOTOPo#t BepmmMe v;,
3 £ i g r+2. Toxe caMoe OTHOCHTCA U K BepummHe v2. Y3 o(G) = 2 cnenyer,

. YTO-¥) U vz HECMEXHHI PA3HEIM BepUIIMHAM MHOXeCTBa {vs,...,vr42}. DruM

JleMMa JOKa3aHa. .
Jemma 5. Iyems |V(G) = r+5, (G) S, r > 3 4 a(G) = 2. Tozda
donoanense G zpagﬁa G umeem wemuipe peﬁpa, mo6ue 09a 43 KOMOoPHT Ne uMewm

obwyo sepuiuny. : : .

. Jdoxasameascmeo. Us cl(G) < r caenyer, uro B G eCTh BEPIIMHEL vy, Uy, .

v¢ Takue, uTo [v1, v} ¢ E(G), [vs, vs] ¢ E(G) u [vs,v6] ¢ E(G). Octambunie Bep-

mmEn rpada G o6o3HauuM depes vr,...,vr45. Honoxum T = {v7,...,v045}.

Ecmn npe BepmmHEl MuoxecTBa T Hecmemm, TO "yTBEP)KAEHUE HNOKA3AHO.

15



i

IlpemmonoxkumM, uro mobue Xee BepmmHnl MHOXKecTBa 1 — CMEXHH, T. €.
(T) = K,—1. Ecam v; ¢ Ad(T) u va ¢ Ad(T), torzma us a(G) = 2 cnexnyer, uro
¥} ¥ ¥ HECMEKHE Pa3HEIM BEPIIMHAM MHOKeCTBa T | yTBepKAcHME JOKA3aHO.
CaeaoBaTenbHO MOXKHO NpeMNONOX¥HUTh, uro vy € Ad(T). M3 aramormumeix
coolpaeHydi MOXKHO e NONOKUTD ellle, YTO vz € Ad (T) m vs € Ad(T). Tak
Kak (T) = K,_1 u cl(G) & r, 10 {vy, v3, vs} — Hesaaucmoe MHOXECTBO BepITUH
rpada. G, uyro nporuBopeuut ycionmio a(G) =

Jlemma 6. Hycms [V(G)|=r+5,cd(G) S ru a(G) 3. Tozda 2pad G 06- -
aadaem (r + 1)- ~ZPOMamMUNECKUM PO3AONCERUECM eeptuuu, xomopoe ne qeagemca
4-naomunm.

Joxasameasemso. Ecam x(G) £ r, teMma 6 BEITekaeT U3 OpeMIoKeHHA 2.
Ecaur £ 3, Toraa rpa¢ G oueBnano ob6aanaer (r+1)-XxpoMaTHuecKuM pasyo-
XKeHHeM. Tak kax cl(G) Sr £3, To oTo pasnokeHMe He ABhAETCA
4-naoruem. Ilpemmomonum, uro r 2 4 m x(G) > r. Iycrs V(G) ={v,..
vr45). Tak xak a(G) 2 3, T0 MOXKHO NpeAnoANKUTh, uTo {v1,v2,¥3} — He- :

3aBucuMoe MHOXecTBo. M3 cl(G) £ r caeayer, uro a((v4,...,u,+5)) 2 2 m
NOPTOMY NpPeCTAB/AIOTCA ABE BOIMOKHOCTH: '

C.ay'mit 1. a({va,...,vrq8) 2 3. T peanonoxum, yro {v.;,v;,vs} — nesa—
BUCHMOE MHOKECTBO, TOrAa
(2) . V(G) = {vy,vs, 03} U {1)4, 05,1)6} U{vrju...U {v,.,.s}

spasgercs (r + 1)-xpomarmecxmvx paanomermem BepumH rpaga G. Monowum
T = {vy,..., v,.+5} Ecau B T ects HecMexHbIe BEPIIMHE, PYNIUPYH ABE TaKde
BeprmEL, u3 (2) MONYYUM r-XPOMATHUECKOe PA3JIOKeHUe, YTO IPOTMBOPEUMT
AOHYUICHWIO x(G) 2 r+ 1. Ipemonoxum, uTo /o6Lle ABe BEPIIMHE MHOXKeC-
t8a T — cmendin, 1. e. (T) = K,-1. M3 x(G) 2 r+ 1 BuTeKaer, uTo oana 3
BEpIMH v1, V3, U3 CMEXHA BCEM BepIMHAM MHoxectsa T (MHaue rpymImpys
v1, U2, U3 C HECMEHLIMY MM BepmMHaMy MuoxKecTa, T', U3 (2) nonywmM r-xpo-
' MaTMYecKoe pasnoxemue). AHaJOTMYHEIM 06pa3oM 3akmiouaeM, HTO U OJHA
M3 BEPIHWH vy, Us, Vs CMEXHA BCeM BepmmuaM Muoxectsa T. Wrax, Moxmo
peanonowuTh, uto vy € Ad (T) 1 v € Ad (T) Ha cl(G) gru(l)= K,y cne-
AyeT, 410 [v1,v4] € E(G). Ecam Beprmmnet vg v v necmemm BEpIUIMHE v, TOTAR
Ad(vy) C Ad (v4) m nemma 6 BriTexaer u3 deMMul 3. IlpeamosonxuM, 4T0 XOTA
6nl O/HA M3 BEPUIVH v5, Vg CMEXHA U ¥ nycn: nanpmmep [v1,vs] € E(G). M3
: a.na..uornqm.xx coobpakeHuli MOXHO IPEIIOJIOKUTD emle, UTo [v4,V2] € E(G).
Y3 A(G) § ru (T) = K,y cnenyer, uro vy ¢ Ad(T) u vs ¢ Ad (T) ToeToMy
IA BEPIIMH v U Vg NPLACTABILIOTCA JBE BO3MOXKHOCTH:

Hodcayvat 1.a. B T Her Bepmmmsl, HecMexHOH | ozmonpeMe}mo Bepmn-
HAM v ¥ v5 (M CJHEHOBATENHHO OHM HECMEXKHH! PAa3HEIM BepIIMHAM MHQKECTBA
T), Bes orpanmuenns oBmMHOCTH MOXKHO NpeAtoNokuTh, UTo [vg,v7) & E(G)
n [vs,vs] € E(G). M3 ycnosna paccMaTpMBaeMoro MOACHYYAR BHTEKAET, UTO
[vs, v1] € E(G), [va, va] € E(G). Ecan [vs,v7] € E(G), Torna Ad(vz) C Ad(v7) u
stemMMa 6 BrTexaeT M3 teMMul 3. Ecam [vs, vs] € E(G), Toraa Ad (vs) C Ad (vs) 1
onaTh NeMMa 6 BHTeKaer M3 JeMmul 3. Ecau [vs, vs] ¢ E(G) n [vs, v7] ¢ E(G),
Torza (Ad(v7) n Ad(vs)) \T = {vl,v4} M TaK Kak [ul,w] ¢ ECG), To mep-
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BHIe YeTHIpe IoaMHOKecTBa (r + 1)-xpoMaTudeckoro pasiomenua (2) mopox-
galot noarpad Ges 4-KIMK M ClIeI0BaTEbHO OHO He ABAAETCA 4-IJIOTHLIM.

Ioocayvaét 1.6. B T ecth BepmmHa, KOTODaA HECMEXHE OJHOBPEMEHHO VU3
n vg. Ilycts Hanpmmep (vg,v7] € E(G) u [vs,v7] € E(G). Haa map [03,07] u
[ve, v7] IPEACTABAAIOTCH ClIeAYIONIAE BO3MOXKHOCTH:

1. [vs, v7] & E(G) u [vs, v7] & E(G). B oot curyawm Ad (vo)\T = {v1,va}.
Tax xax [v1,v4] ¢ E(G), To nepsme Tpu moamuoxectsa (r + 1)-xpomarirdte-
ckoro pa3noxkenns (2) mopoxzaaior noarpad 6es 3-kauk u clreoBaTeNHHO BTO
pa3ioKeAHe He ABJIAETCA 3-NAOTHEIM. Corna.cno npenjI0XKeHnIo 1 pa.a.nomerme
(2) ne aBRAETCA M 4-NIOTHEIM.

II. Oaxa M3 BepuMH vs, Vg CMeXHa vz, a Apyraa — HeT. IlycTs Hampumep
[ve, v7] € E(G) u {vs,v7] ¢ E'(G) Ecnu vg HecMekHa HeKoTOpOl BepumMHe M3

. MHOXKeCTBa {vs, ..., Ur4s5}, Hampumep [ve, vs] € E(G), Toraa (Ad(v7)NAd(vs))\
T = {vs,v4}. Kak y»xe 6ul10 OTMeU€eHO BHIIE, M3 BTOr0 BHITEKAET, YTO NEPBHIE
yeThipe moaMHOMecTBa (r + 1)-xpomaTudeckoro pasioxenus (2) nopokzaior
noarpad Gea 4-KAMK M CleOBaTENLHO OHO He ABJAeTCA 4-MNOTHEM. Ecau
ve € Ad(T), Toraa m3 cl(G) £ r caexyer, uro {vi,vs,vs} — He3aBUCHMOE
muokectBo. Tak xak Ad(vr) \ T = {v1,v4,v6}, TO U3 BTOrO BHITEKAET, YTO
nepBhle TPY MOAMHOMECTBA Pa3oxenus (2) nopakaaor noarpad Gez 3-xiux
U CIeOBATENBHO OHO He snaerca 3-nnorarM. U3 npennoxenua 1 nm’rexa.e'r,
YTO PTO pa3iioXKeHHe He ABJACTCA 4-IIOTHBIM. I "

II. [vs, v7] € E(G) u [ve,v7] € E(G). Ecim v3 ¥ vg HECMEXHEI DA3HEIM BEP-
mvHaM MHOXKecTBa {vg, . .., Up45} ¥ Hanpumep — [vs, vg], [vs, v5] € E(G), Toraa
U3 PasMOMERya (2) noay4aeM HOBOE (r + 1)- xpoua.’rmecxoe pa3noxenme

{v1,93} U {04,"5} U{vr}u {0, vs} U {ve,v6} U..

B KOTOPOM IIepBEIe TPH NOAMHOKECTBA nopoxnaioT noarpa¢ Ges 3-xamk. Cor-
lacHO TpeAnoXenmo 1 HoBoneaydenHoe (r + 1)-xpomMaTudecKoe pasioKenHe
He gBaAfeTcA 4-maoTHrM. Eciam vz U vg HeCMeXHH omHo¥ M Tolt ke Bep-
IIMHe MHOXECTB& {vVs,...,VUr45} M Hampumep [vs,vs], [ve, va] ¢ E(G), Torna
(Ad(vr) N Ad(v8)) \ T = {vy,vs}. Tax xax [v1,v4] ¢ E(G), To mepshie de-
Thipe NOAMHOXeCTBa pasiomennusa (2) nopoxaaor noarpad Ges 4-xmk. Oc-
TaeTCA PACCMOTPETh CUTYAINMIO Koraa XoTa 61l 0AHA M3 BEPHNIMH v, Vs CMEKHA
BCeM BepimMHaM MuOXkecTBa T. Bes.orpannueHnn oSUHOCTH MOXHO IPEANON0-
#uth, 4o v3 € Ad(T). Ecn eme ve € Ad(T), rorza u3 <(G) £ r BuTekaer,
uro {v1,vs,vs,ve} — He3aBMCHMMOe MHOKECTBO BepummH rpada G. M3 eroro
BHITEKAET, YTO NepBhie TPH TOMHOMXECTBa, pa3noxenua (2) HOpPoXAAOT MOA-
rpag 6e3 3-KIMK ¥ COrIacHO MpeMIOKEHMIO 1 8TO pa3ioxeHHe He ABJIAETCA
4-nnorreM. Ecom Bepmuna ve ¢ E(G) u nampumep [vs,vs] ¢ E(G), Toraa
(Ad(vz) N Ad (vs)) \ T"= {v1,v3,v4}. Tak kak {vy,vs,v4} — He3aBUCKMOE MHO--
xecTBo BepmmH rpada G (umaue cl(G) > r), To M3 mocieAHero paBeHCTBA
BHITEKaEeT, YTJ NepBhle YeTHIpPe IOAMHOMXKECTBa pas.no;xemm (2) nopoma.lo'r
noarpad 6e3 4-kiuk.

Caysatl 2. - a((v4,...,v,+5)) = 2, Hpmeam; Aemmy. 4 K moarpady
(vs,...,Ury5), 3aKmiovaeM, uTo MOXKHO npeancaONUTH [vs,vs] & E(G) u
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[vs, ] ¢ E(G). Toraa .
(3) V(G) {01, ”2’ "3} U {04’ 05]' U {06) ”7} U {08} u...u {0;-4.5}

nnnne'rc;n (r + 1)-xpomaTiueckiuM passnoxeHuéM Bepmms rpada G. Monoxum
T = {vs,...,vp48}. Tak wax r 2 4, To T # @. Paccyxaaf Tax e Kak M
AnA pasnoxennn (2), 3akmodaeM, uro u3 x(G) > r Burexaer (T) = K,.g
K 4TO MOXKHO IPEAIONOKMTh v1,v4,vs € Ad(T). M3 cl(G) £ r caenyer, uto
{v1, v4, ve} He ABAAETCA 3-KMMKOHK rPada G. Zns aep}mm vs M v7 OPEACTaBILA-
JOTCA CHACAYIOUme BO3MOMHOCTH: =
~ Iodcayva# 2.a. B T ecTb BepmmHa, KOTOpaf HeCMEeXHA Bepnmnm vs ®
vz. IEpexnonowum ana onpesenernocty, 4ro [vs,vs] € E(G) u [vr, vs] € E(G).
"B pToM CATYaIMM IJA BEPIIMH vz K Ug €CTh CJEAYIOMMe BOIMOXKHOCTH:

L. [v3, vs] € E(G) u [vs, vs) € E(G). fcHo, uro Ad (vs)\T = {v1,vs,ve}. Tak
Kax {v1, vs, ve} He mBaAeTCA 3-KiuKoM, To 06beaMHEHHE NepBLIX YETHIPEX MOA-
MHOXKeCTB pasinoxennd (3) mopoxaaer noArpag Ges 4-Kiuk U ClleAOBATENHHO
eTO PaljioXeHMe He ABAACTCA 4-MIOTHEIM.

1. Oxma u3 Bepmmn vz, vs CMeXHa v, a Apyrag — Her. Ilyc:rb rmnp;mep
[v3,vs] € E(G) n [vs,vs] € E(G). Ecnm pepmmua vy HeCMEKHA HeKOTOpolt u3
BepIIMH vy, ..., Vp4s ¥ HaOpUMeD {vg, o] ¢ E(G), Toraa u3 (3) monyuaem HOBOe
(r+ I}xpouarmecxoe pasjioxenue BepumH rpada G

. | {vl,vg}u{v4,v5}U{vs,v7}U{vs}U{va, v} U...,
B KOTOPOM 06beMHeHHe NEPBLIX YETHPEX NOIMHOKECTB NOPOXKAAET HOXrpad
Ge3 4-KaMK M C/eNOBATENbHO BTO pasioyeHue He ABiAercA 4-AOTHEM. Ec-
ma vs € Ad(T), Toraa us cl(G) £ r caenyer, uro (vy,vs, ve,vs) He ConepimT
3-wmnk. Tak kak Ad(vs)\T = {vI, v3, 4, vg}, T0 06beMHEHNE NEPBLIX YeTHpex

. TMOAMHOMECTB pasnoxenun (3) nopoxzaaer moarpad Ges 4-ximK.

IIl. Bepmmua vs CMe)xHA BepliMHAM v MU U, Ec:m v € Ad (T)
v3 € Ad(T), rormams (T) = Ke—a3 m cl(G) S r caeayer, uro {v1,va,vs,va, v} =
Ad(vs) \ T me conepmuT 3-KAMK M ClleOBATENHHO 06he/MHeHNE MEPBRIX e~
THIpeX nommomec:ra PpasioHeHus (3) nopoxxaaer noarpag Ges. 4-xiux. Ecmu
v2 € Ad(T) 1 vy ¢ E(G) u nanpmmep [vs, vo] ¢ E(G), TOTAS U3 Pa3IONKEHNA 3y
noayvaeM Hosoe (r + 1)-XpoMaTuueckoe pasiomenne

{v1,v2} U {va, v} U {ve, w7} U {vs} U {us, 09} U.

B KOTODOM 06LeaMReHNe HepBHIX-: qe'rupex IIOMHOMKECTB opoxaaeT noarpad
Ges 4-xnux. Ecim vz ¢ Ad (T) » v ¢ Ad(T), rorie TPYImApYS vz M v3 C He-
CMEXHEIMH MM BepmuHaMyu MHOxecTBa T', M3 pasnoxenus (3) monyvaeM HOBOE
(r+1)-xpomaTueckoe pa3ioxenne, B KOTOPOM os'bemmeune TepBHIX qe'rmpex :
TOAMHOYKECTB HOPOXKAAET HoArpad 6e3 4-KnuK.
Hodcayxatt 2.6. Bepummn vs u vy necmemm Pa3HEIM Bepnnma.M MHOMXeC-
t8a T. Tlycts manpmmep [vs,vs] ¢ E(G) u [v7,v0) ¢ E(G). MoxHO' ipearto-
aopwTh eme, uro [vs,ve] € E(G) u [vr,vs] € E(G) Tax kax vmaue monaaaem
B ycnoBuax moacayuad 2.a. Ecmu [vs,ve] € E(G), Torma (va, s, ve, v7, s, V)
HE COAECPMUT 4-KIMK ¥ CIEAOBATENLHO (r 4+ 1)-xpoMaTHueckoe pasmoxenne (3)
BepmMH rpaqya G ne spaserca 4&-miotirm. pemonoximy, aro [va, ve) E E(G).
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Ho Toraa mbo [vy,ve] ¢ E(G), mi6o [v;,v4] € E(G), TaK Kak {vy, v4, v¢} He aB- -
naercA 3-xkmuxol. Be3 orpanMueHns o6mMHOCTH MOXKHO MPERNONOMMIbL, YTO
[v1,vs] € E(G). Ilna BepmmH vz ¥ v3 MPeACTABIAIOTCA cnezmonme BO3MOMK-
HOCTH: -

L {v2,v8] € E(G) » [va,vs] ¢ E(G). B oroit curyamm obbemmense Bep-
UIMHLL Vg C [IEPBLIMY JBYMS 10 IMHOMECTBAMU PAITOKEHUA (3) nopoxnaer mox-
rpad 6e3 3-KIMK U CHeJOBATEIEHO BTO Pa3jiOoXenne He ABNAETCA 3-IAOTHEIM.
Coraacro npeanoxenmo 1' paanowxenne (3) He ABIACTCH U 4-NAOTHHIM.

- II. OnnHa ¥3 BepHmmMH V3, V3 CMEKHA BepUIMHE vg, & Apyras — HeET. Ich'n,
nanpumep [vg, vs] € E(G) n [vs, vs] € E(G). Ecay Bepumna v3 HECMEXHA HEKO-
TOpOi BepmmHe MHOMecTBa {vg,...,Vr45}, TOTAA FPYINMDPYA v3 ¢ Taxoll Bep-
muno#, U3 pasnoxenus (3) nmoayuaem HoBoe (7 + 1)-XxpoMaTHdeckoe pa3soxe-
HHAEe ’ \

{n, v2} U {vg, v5} U {vg, vr} U {vs} U... '
Tak Kax (vy, v, v4, U5, Ug) HE COLEPNKUT 3-KIMK, TO mocaemHee (r + 1)-xpoma-.
TUYEeCKOe Da3jlokeHNe He ABAAercA 3-maoTHeM. CoriacHo npemioxenwo 1
®TO pa3ioxKeHWe He ABIAeTCA M 4-miaoTHHM. Ecim v € Ad(T) us cl(G) Erm
(T) = Kr-3 caeayer, uro {vs, vq, vs} He sBaseTcA 3-kamko#. Tak Kak [va, ve] €
E(G), o mu6o [ps,vs] ¢ E(G), mu6o [vs,ve] & E(G). Ecau [vs,v4] ¢ E(G),
TOrJa BEpUIMHA Us BMecTe C NEPBHIMU ABYMA IOXMHOXKECTBAMM DPA3JIOKEHHUA
(3) nopoxaator moxrpad 6es 3-kmmk. CorxacHo mpeanoxennio 1 (r + 1)-xpo-
MaTudeckoe pasnoxenue (3) Be aBaserca 4-miaoreiM. Ecmn [vs,vs] ¢ E(G),
TOrAa U3 Pa3JIOMEHUA (3) nosyuaeM Hosoe (r+ 1)-xpoma.mqecxoe pa3oxenue

{vl, vz} U {’04, 05} U {1)8} U {03, ve} §] {07, 1)9} u.

B KOTOPOM TIEPBHIE TPH IOAMHOKECTBA IOPOKAAIOT NOATPad 5e3 3-KmK. Cor-
nacHo npejiiowennio 1 mocnemnee (r+ 1)-xpouamqecxoe pa3iioxeHue He AB-
nAeTcA 4-NNOTHEIM.,
III. [vq,vs] € E(G) u [vs,vs] € E(G). B oTolt cn'ryamm 0YeBUIHO, UTO
Ad (vs) C Ad (vs) u nemma 6 BriTekaer ua.eMMH 3. . '
' Hodcaysatt 2.6. OmHa U3 BepmmH v, vr npm-xa.nnexcur Ad(T), a ,zxpyran
— wer. Ilycts nanpumep v7 € Ad(T) u [vs, vs] € E(G). M3 cl(G) £ r cieayer,
uTO (vl,v4, vs; v7) He coaepxmt 3-xnuk. Ecim [vz,vs] € E(G) n [vs,vs] € E(G),
torza Ad (vs) € Ad (vg) n teMma 6 BLITeKaeT U3 JeMMAL-3. Ec:m [v2, vs] € E(G)
[vs, ve] & E(G) rorza Ad (v8)\ T = {v1,v4,v6,vz}. Tak vax {vy,vq,vs,v7} He ,
COMEPHUT 4-KIMK, TO 0GbEAMHEHME IEPBEIX YETHPEX HOAMHOXKECTB PAalIonKe-
mma (3) nopoxnaer noarpad Ges 4-xmuk. Ecau [vg, vg) ¢ E(G)w[vs, ve] € E(G),
TOTAa AJIA ¥3 NPeACTABIAIOTCA JBE BO3MONKHOCTH! , :
1. Bepumna vg HecMexHa HeKOTOpOM ¥3 BEDIIHH vy, .. ,vr+5 HYC'IB Ha-
npumep [vs, vo] ¢ B(G). Torzxa u3 (3) no.nyua.eu HoBoe’ (r + 1)-xpouarmecxoe
pa3JloKeHue: : . 1 .

{v;, vg} U {vs, vs} U {vs, vr} U {vs} U {vs, vg} u..

B KOTODOM oﬁ'bemerme nepBRX ue'rupex THOAMHOXECTB, xmpoxma.er noarpad
6es 4-kmux. A g
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" II. v3 € Ad(T). U3 l(G) € r u (T) = K.~z caeayer, uro (v1,vs, V4, Vg, v7)
He conepxur 3-kmmKk. Tak kax Ad(vs) \ T = {v1,vs,v4,vs, v7}, TO NepBEIe Ye-
THIpE NOAMHOMXKECTBa pasioxeHus (3) mopoxkaalor noarpad Ge3 4-kauk.

. Hodcayvadt 2.2. vy € AA(T) u v; € Ad(T).- Ecom vz € Ad(T) m

[va,v:] € E(G), 8 $i £ r+5, Toraa Ad(v2) € Ad(v) n nemMa 6 BHTEKAaeT

M3 neMmu 3. Ec:m vs € Ad (T) paccyxaaem ananoruuno. Ecan v, € Ad(T) u
Y3 € Ad(T), rorza w3 cl(G) £ r u (T) = K,_2 cueayer, uro o6beavHeHMe IEp-
BHIX TpeX NOAMHEOMecTB (r + 1)-xpomaTudeckoro pasioxenusn (3) mopoxaaer
_noarpa¢ Ges 3—1(mu< Cornacso npelmomenmo 1 pasnome!me (3) ne ABNACTCA
4—-nno'muu , S
- Jlemma 6 moKa3aHa.
JdokasaTeabcTBO reopeuuB .Honyc’nm, uro |[V(G)| £ r+5.
Hoxwxem, uto G = K,_4 +59 Cornacuo nemme 2 [V(G)| =r+5, 2 COrTacHO
- npeanoxehmo 2. ~

4) ' ‘ x(G)' 2r+1

- Coraacao nemme 6 a(G) = 2. U3 a(G) = 2 u R(3,3) = 6 purexaer cl(G) 2 3.

Tax xak cl(G) £ r, 7o r 2 3. Crenaumbe paccyxAeHNA NOKA3HBAIOT, YTO
rpad G yZOBNETBOPAET YCIOBMAM JEMMH 5 U CefOBATENLHO CYMECTBYIOT
BepmMHL v1,...,v3 € V(G) Takme, uro [vi,v;] € E(G), [vs,v4] € E(G),
[vs,ve] € E(G), [vr,ve] ¢ E(G). Ocransimse sepummnt rpada G obosnawmm
T= {vg, ,v.-+5} Toraa :

(3) - V(G)={v1, v} U {vs, va} U {us, ve} v {v-r, vg} U {vs} u...u {vr+5}

sBaserca (r +'1)-xpoMaTiueckum pasomMenueM Bepmm rpada G. 3amernm,
uto T# @, T. e. r 2 4 (uHaue r = 3 n Tax Kax cl(G) < r, rpa¢ G He comepxur
4-xmuK o CllefOBATENLHO Pa3sioxKeHHe (5) me aBagerca 4-naorarM). JlioGrie
. mpe pepunEn MuoxecTBa T' cmexanl, 7. e. (T) = K,_s (urave rpymmpysa ase
HeCMeXKHEle BepmmELl MHOKecTBa T', u3 (5) moaywmm r-xpoMaTideckoe pas-
nowenue rpada G, uro mpormBopedmT HepaBeHCTBY (4)). Omma ms BepumMH
© .91, Y3 CMEKHa BCEM BEpPIIHHAM MHOXKECTBA T (wmaue rpynmapys v; ¥ vz - He-
cMeNaiMy M Bepumuamu Muoxecta T, n3 (5) monywum r-xpomaTudeckoe
pasiioykesie, WTO CHOBO NIPOTHBOpeynT HepaBencTsy (4)). Bes orpanmuenna
O6mMBOCTH MOMXHO NIPEINONOKHUTE, WTo vy € Ad(T). W3 ananormumnx coob- -
PRNeRnt MOXKHO TIPEANONGKUTE eme, UTO V3, Vs, vy € Ad (T). B3 cl(G) S rm
(Ty=K,-s CREAyeT, 4TO {vy,vs, v5, v7} He ABAAETCH 4-KauKolh, Tlpexxne ncero
nomeu, YTO NBe M3 BEPINMH V3, v4, s, Vs NpuHamaexar Ad(T), a apyrue
mee — Her. Illonyctum, uro pro e tax. Toraa mna Bepmmx Us, U4, V6 vs
NPeACTABIAIOTCA ClEAYIONMe BOIMOXKHOCTH:

Caynall 1. va,v4,v5,98 € Ad(T). Tax xak {v1,03,v5,v7} He ABJAETCA
4-xmxolt rpada G, To MOXKHO NpeANONOKUTH, UTO [v1,v3] ¢ E(G). Ecan B
T ecTs BepmmMHA, KOTOpPaA HeCMeXKHa BEPIIMHAM vz M U4 U HampuMep [va, vel;
[va, ve] € E(G), Torzma (v1,v2,v3,v4, ¥9) He conePHUT 3-KNMK U CAEROBATENH-
HO pa3noxenme (5) He ABAAETCA 3-NAOTHHM. DTO HPOTUBOPEUUT NpPEATONKE-
mo 1. Ecmi v3 ¥ v4 HeCMeHE! Pa3HHIM BepIiMEAM MHOKecTBa T M HanpH-
Mep [vz,v9] € E(G), [v4,v10] € E(G), Toraa (vy,vs,vs, v4, vg, v10) He colepxaT
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4exomuk, Honywm, 4TO pmomenue (5) ﬂe nn;me'rcﬂ 4-nno'rm=m, uro an:m»-,

" eTcAl HPOTHBOpEYMEM,
Cayxait 2. Omm U3 BEPIIMH v3, V4, V6, Vs IPHHANIEHUT Ad (T), a ocrams
Hhe Tpu — Her. Ilycts Hanpmmep vz, vs,vs ¢ Ad(T) u.vg € Ad(T). Ecim

xot# 6 omfa u3 map [vy, vs], {vl,vs], [Us, vs) me apaserca peGpom rpada G,
NoBTOpAR GYKBANLHO pPacCcyxXaeHMa caydasd 1) . AOCTUT'8EM 0 npomope'-ma s
MoeToMy mpeimononum, uro {v1,vs,vs} aBaAerca 3-xmxol rpapa G. “Ha

(G) $ 7 u (T) = Kr_3 prirexaer v7 ¢ Ad(vi,vs,v5) u vg & Ad(¥y,v3,vs).

Bepmusnt vy U vs ‘HeCMEeXHL! PA3HMM Bepmmuam 3-kmuku {vy; vs, vs}, Tak Kak.
unave oG) 2 3, uro' npoTusopeunt yciosmio o(G) = 2. Bes orpanmyesus
o6MHOCTH MOXHO NPEIMOIoNMTE, Yo [v1,vi] & E(G) n: [vs, vg] ¢ E(G) .ll.nn-" :

Bepnnm U2 M v4 HPGIICT&BJHBOTCﬂ ABe BOSMO?KBOO!ﬁ

1. Hexotopas Bepumms muonecrss T RecMencia seprmmw Vg Mg Hyc'n; ‘

Hanpuimep [v2, v}, [vq; v5) € E(G). Torna (v1,v3, vs, v, vr,vs;v5) He comepsar

4-gimmK, T. e. pasnoa(emxe (5) He mmne:m 4—nno'mt.m, UTO mmaerca npo-m—- o

BOpEUMEM.

1I. Bepmmm V3 M V4 necuam paam Bepnmnau unomema T Ilycn.‘ ‘

naﬁpm(ep [vz,w] ¢ B(G) u [vg, v10] ¢ E(G). Torma ' v, ;

- {v1,97} U {vs, 18} U {v2, s} U {”4, v} U {us, "e} U.. :
:mnne-rca r-pruamecmm pa.s):ometmeu nepnnm i“pa(ba G trro npo'mnop&
YuT HepabencTsy (4). 3

. /Cagnatl 3. Tpu ns pepumaH vz, v4,. Vs, vs npmaanemar Ad (T), 8 ue'mep- o

1aA — Her. IlycTs HampuMep 4, ve,vs € Ad(T) u [vs,v] ¢ E(G). B erom
cayuae Ad(vz) C Ad(vg), uro mporTBopeunt semme 3.

Cayxadl 4. v3,v3,v6,98 € Ad(T) s, cl(G) Srp T) = K3 BHITEKAET, T

uro, (v1,v3, ..., vs) He CONEPHUT, 4—1{111:9& u cne;.wnnenbno p&a:;ememe '(6) me

ABAAETCA 4-NAOTHEIM: ‘. 7 X
Hrak, soxasaHo, uTo ABe ms Bepnnm 03, m, vs, ua hpm&nnem:r Ad (T),

Apyr'ue IJBe — ReT. Bes orpa.mem oSmnoc'm u(mmo TPEANONONATE, UTO ‘
v3,v4 € Ad (T) 1 vg, vg'€ Ad(T)..B erolt curyaman w l(G) § r u (T) = K,3

cneayer, U4TO MOArpa¢ (v1,v3, v;,vs,vq, vg) He CoAepRdT 4-kmux. Toxaxen,

9TO W3 BTOTO BHITEKAST, YTO Uy Uy HECMEXME OHOM U Tolt e BepImMHe MEO-
xecrna T. Jlomyctus, wro 8To HesepHo A mycTh Harpuuep [vy, vo] ¢ E(G) u .
[ve, v10] € E‘(G) Toma. u3- (5) noaytxa\eu HoBOE (r + 1)~»xpouam§qecxoe paano- :

sKeHme v . ; ‘\ ;
{"1} u {”3} U {05: vs} ¥ {vn "a} U {vz; vs} U {% vm} U..

'B KOTOpOM nepm:te qempe nomAHomec'rBa nopom.n&m na:m'pa(p 6e3 4-KIMK.
H78K, MOXHO NpeAMOAONWTE, UT0 {v2, 5] € E(G) Mt [va;vo] ¢ E(G). Bepmmma

vy mwecme C epBEIMK TPUMA nommo»xectaam pa.snomemm '(5) nopoxaaer
nom‘pa.(b, conepmaumﬁ 4-»!umxy, Ha BTOro - nu':exae'r, uto Jmﬁo {vl,vs, v},

mbo {vy,vs,vs} hn.merca '3-xmmxott r*pa.(ba, G. Bey orpanwyesmn obmgoc- -

TH MONKHO OPEMNION0KATE, YTO {vl,vs,tm} :mm!emca $-xamkoit rpada G. W3

AHAJNOPMYHEIX PACCYKACHUA MONKHO TIPeIIONOKUTE, HTO {v1,vs,v7} TOME B~
amercs 3-wmKoi rpaga G. Us cl(G) £ r Burexaer [vs, v1] ¢ E(G), a u3 moc-

nenmEero a(G) =2 cnexyea: [es; v5] € E(G) u [vg, v-,] € E(G) Tak Kax nox-
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* rpad (v1, vs, vs, Ve, V7, Us) He conepKAT 4-KIMK, T0 {v1, vs, vs, vs} ¥ {v1,vs, vs, v7}

He sBAmOTCA 4-knmKammu. Bwmecre c [vs,vg], [vs,v7] € E(G) eTo maer, uro
ve, vs.& Ad (v1, vs). IlpeacTaBamorca ABe BO3MOMKHOCTH: o
-1, BepmuHE vg ¥ vs HECMEKHHI OAHOBpeMeHHO Xx0TA 6nl oxHolt M3 Bep-
muE vy, vs. IHycrs mampumep [v1,ve] ¢ E(G) u [v1,vs] ¢ E(G). Torza
(v1,v3, vs, vg, 7, Vs, ¥s). HE COnePUT 4-KIMK. DTO O3HAYAET, YTO Pa3OXKEHME
() He smanerca 4-nnoTmEM. . . L
.. II. Oana u3 pepuMH vg, vs HeCMeKHA BepIlUHe vy, & APYras — BepHIMHe

' v3- Bes orparuderMa 06MEOCTE MOXHO DPEANONOKUTE, YT [v1,ve] ¢ E(G) u
. [vs,vs] ¢ E(G). B etoit curyamm ynopazouenHoe NoAMHOXKeCTBO {vy, V3, Vg,

Vs, ¥3, Vs, V7, Us, g} BepumH rpada G sBaserca 9-umxiaom ero AomonueHus G.

‘OTHM noxa3sano, uTo G C K4+ Cy. -

. Ocranoch AOKa3aTh, 4ro. G = K,_4+ Op. 1A TOro AOCTATOUHO, AOKA-

| . 3aTh, WTO HoOCJ]e yABJIEHHA mpoussoabHoro pebpa rpada K4 +Cs nonMy4a-.
. erca moarpad; obzasasommit (r + 1)-xpoMaTHiecKAM . pa3jIoKeHUEM BEPHIMH, .

KOTOpOe Be ABAAETcA 4-maoTHEM. M3-3a cymecTBylommx cuMMeTpuit rpada

" Ke—a+ ?Jg ZOCTATAHO paccuom%srbv'roqbuo caenylomme cAyqdan:

. Caywaif 1. Ot rpaga K, 4+

: o yasaserca pebpo noarpade K.—q. Hycts
V(Kr-4) = {w1,...;wr-4} ® Co = {u1,...,us} (puc, 1). Bes orpanwuenna
o6uBHOCTH MOMXKHO HPEIONONMUTS, UTO YABIAETCA Pe6po [w), wy]. Toraa
{u1,u3} U'{us, ug} U {us, e} U {ur, us} U {ug} U {w;, wa} U {ws} U ve s U{wr_g}
ABiAeTCH r-;ﬂxboua.meém pasiloxennem noAydentoro noarpaga. Coraaco . '




OpeAJIONEHIO 2 eTOT moarpad obnamaer (r+ 1)-xpoua.'rmecmm paanoacel-m-
€M, KOTOpoe He ABAAETCA 4-TUVIOTHEIM.

Caysatf 2. Ynanserca pe6po puna [w;,uj], 1 S -5 r—4, 1 < Jjs9. Bes
OrpaHWYEeHUA OGIHOCTH MOXKHO. npezmonoxm'rb, q'ro yaaafeTes pespo [wr, u1].
Toma ,

{wy, w1} U {us, us} U {u4, us} U {us, ur} U {us, "9} U {ws}U... U {wr_4}
ABJAETCA r-XPOMBTHYECKAM Pa3IOMKEHHEM NOIYHeHHOTo NoArpada. CoraacHo
npeayoxenmio 2 eror noarpad obranaer (r+ 1)—xpoma.nmecmm paanometm-
€M, KOTOpOE He JBJIAETCA 4-IIOTHEIM. ‘ ' »
' Caywait 3. Yrmansercs pebpo [y1, us]. Toras ' ' =

{1, uz, us} U {uq, us} U {us, ur} U {us, us} U {wi} U u {wr-4}
ABRAETCH r-XPOMATHUECKUM pa.a.no;xexmeu [OJIy YEHHOT'0 nonrpa.d)a Coraacso
npennoxenyno 2 sror moarpad obnanaer (r+ 1)—xpoua’mqecmu pa,snomemt-
eu, KOTOpOe .He ABNACTCA 4-IIOTHEIM.

Cayxatl 4. Ot rpada K4 +Cs yAanfercs pe6po [ul, u4] B eToM cnyqa.e
{u1, 114} U {u;, ug} u {u7, ua} U {ug} U {‘u:, us} U {wl}.U U {w,-..4}
ABAAeTCH (r+1)-xpoMaTuuecKum pa,a.uomermem nonyqel-moro uom-paq)a Ileg

' BHI€ YeTHIpE NOAMHOXECTBA BTOTO pa3aokeHna nopoxnaioT Cr. OueBuaHO
He CONepXUT 4-KAMK, Tak uTo oTo (r+ 1)-xpomamuecxoe pa3ioxeHne He AB- -

nAeTCR 4-NAOTHRIM.

Cayvatt 5. Ot rpada Kr-4 +39 yaanaerca pebpo [uy, ug]. B oTOM c.nyqa.e
{u1,u3} U {us, ug} U {us} U {ue, ur} U {us,us} U {w1} U...U {w, s}
apagerca (r > 1)-xpoua.’rmecm pa3sioxeHneM BepUH -ONYUEHHOr'o MOI-
rpada. Ilepsrre Tpn IO AMHOMECTBA 2T0ro pasNoKeHnA NOPOKIAIOT noarpad,
usomopunth C's. Tak kax Cs He colepsut 3-Kmik, To noxydenmoe (r+1)-xpo- -
MaTHYECKOE PA3JIoYKeHHe He ABJAETCH . 3~n.uo'nn=m CornacHo npen.noxcemo

1 oHo He ABJIAETCA M 4-TIOTHEIM. :

4 lIOKABATEJIbCTBO OCHOBHOﬁ TEOPEMI:I

l'ch:rs pu o Pe — na.'rypa.nbrme ‘mcna,, 8 2 p, 23, 1 < s Hdna
KpaTKoCTH no.nomm R=R{p,.. .»ps). Bymyr nymm cnenylonme MeMMBI:
Jlemma. 7 ([5]). Ecdu x(G) < R(p;, ++1Ps), mozda zpaf G we nuemcx
(Pl’ cae ’Pc)'zl’“ﬁo'“ ch” ~
- Jlemma 8. IIyems G Feaxemes (pl, “ p,)-zpafou Pa.umr é cl(G) < R u
[V(G)| £ R+4. Tozds x(G)=R.

Iloxaaamcmcmeo .Hoﬁa.snennem nao.uupona.nuux nepmmi uomo Jxoﬁn'rb-
ca ]V(G’)] 'R+ 4. CoraacHo memme T HOCTATOUHO JOKaJaTh HEPABEHCTRO
x(G) £ R. Hycts V(G) = {v,...,vR44}. Paccuo-rpm ABa CAyYas: o

C’.wuail 1 o(G) 2 3. Ichn, {v1,2,v3} HesaBUCHMMOE MHOMECTBO BepHIMH
rpaga G. Ecim a((u, . UR4e)) 2 3 H {04, vs, v} TONE nesanucmdoe MHoO-
#eCTBO, TOraa

| {vx,m, vz} U {04; vs, vc,}«U {w} U... 4y {”R+4“}
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ﬂsme‘rcn R-xpouarmecmu pasnoieneM rpada G W CHENOBATENBHO

x(G) § R. Ecmn a((va, ..., UR+4)) = 2, TOTXa NpuMeHsi Nemy 4 k noarpady -

{4y . »"R+4): rme r=R— 1 yﬁem.naeuca, q'ro MOI'KHO npemmnomn {v.;,v;},
[vc, v1] ¢ E(G). Pasavwerme N
{vl, vz,va} U {04, va} U {vg, v7} U {vs} U U {vR+4}
mnme'rca R—xpoummecm pa.a.nox(em{em nepnmn rpa‘ba G n c.uezxonuem,no
x(G) SR " :
C’Aguai 2. a(G) = 2 Cor:m.cno nemae 5 (r =R~ 1) MOKHO . npe)mo:xo—
waars, 910 [v1, 93], [vs, 041, [vs, ve] 1 [07, vs] He ABAMOTCH peﬁpw rpadm G

- Ho roraa

{;)1, v2} U {vs,04} U {vs, vs} U {or, Vs} U {vs} U U {vn+4}

- mam;e'um R—xpoua.'xmecmm pasnoacermeu BepIHH K cnenona'renbao x(G) §R
Jlemma 9. ITyemipy, ..., Py —— HAMYPAAMNYE YUCAG, Pi 2 3, 8 2 2 v nosnnd -
apag ¢ R= R(pi,...,p:) sepwunamy 66aadaem s-pacqucxaa pcb’ep co caedyno-
M caodcmatm 0.4: npxomopozow, 1 £ i S 8, cyyecmoyem eduncmaennas Mo- -
uo:pauamuqcoxu p;-muma i-020 Y8ema ¥ Ke cyyecmeyem. Monozpo.uamuuectu
pj-®auxa j-0z0 yoema upu i#4 " Tozda, téau zpag G soaxemén (py,...;p,)-2pa-
gou Pamces u x(G) R, mo. wwboe ﬂ-zpanamuuecnoe pa:moacenue eepumn .
spags G abagemes p.-momnum ‘ . :
. DRoxa 3a TeabCTBO. Paccuoa:pmu a—pacxpa,cny pebep KR, B xo'm— .
poit cymec'myer €IMHCTBERHAR uonbxpommecxw Pi-KIIHKa §-0r0 mae'ra 7
HE CYINECTBYET MOHOXPOMATHYIECKAS Dj-KIUKA j-oro uBera npu i # j. Ilycrs
V(KRr) = {21,...xar} & TIPEANONONGA, UTO {215 -+, %,} ABNReTCA equECTREH-
HOK Py~ mumoﬁ -oro uBe'xa,. ﬂonyc'rm,“ MTO. cymec'myem R—xpoummecxoe ,
pmomexme NRCpes ik ] e i
457 e V(G) = V1 Uil Vn : ; : ,

‘ nepmun rpa.q)a, G, KoTopoe He HBARETCA p;-mm'rm Bes ovpau!!tuem on—,

HOCTH MOXKHO OPEATIONIONMTE, YTO fiepBhie p; NOMHOKECTBA BTOIO R—xpoua,-
'THYECKOro Pasiioikemyn NOPOKAAIOT Horpad, Ges' p-Kam, T, & (V3 U '
Vi) < pi. Paccuorpin orobpamenne ¢ - V(G) =+ V(Kz), onpeneaemme
cnemmxmm oﬁpaaou ecis v e V;, Torsa. ¢(v) =% IIpn moMomy oroﬁpa- o

D S Ko .

N ¢ 3 cn nnm oGpa:aon pespo [95. £
* bebpo [p(w), ¢(v;)] rpada K. Monawe
‘Gep: rpa.(ba. G me COZIEPMUT MOHOXPO ATHYECKaA Pi-KaMKe lc—oro xmeu ANA
moGoro k, 1 g k Ss ﬂonycm poT ,
’ A  mmera Q. ‘Torma ((Q) svanerca
o uonoxpomameqtq, m-xmncoﬁ k-oro ‘nne'r Jmmoﬁ a—pacxpa.cm! pe6§p Kp.
U3 cooitctn atol pa: BriTenaer, Yro k'= ' p(Q) = {z,-7 4} Oro
“osnnqm, ‘n'oQ-’C VULLuY,
‘ npemonoamma, q10° nom‘pa(b (Vl U .U, He COREPHWT pj-KIMK. .
‘ HIlokasaTeanbhcTBO OCHOBHONR TeopeMH. Hpem!o.nomm, .
' 94ro BEmoAReno TpeboBanye p; = 3 moxycaosmsa a). Honycrum, uTo cymect- -
.BY€T (p;, p,)—rya.(b Pauce.ﬂ G c cl(G') < Ru W(G)I £ R+ 3. Iloﬁasnezmeu fi

on

'aoe, 1. e. xua uexomporb *® cymeéc-

Vpis UTO hﬁnne:ncs npomaopequem, TaK xax Mm s



@

M30JTMPOBAHHLIX BEPIIMH MoxkHO aobuthes |V(G)| = R+3. U3 nemmu 8 srrte-
kaeT x(G) = R. Cornacao nemve 9 mo6oe R-xpoMaTHuecKoe pasiiOKeHHE -
pepumms rpada G aaserca 3-naoTHHM. C Apyro#t CTOPOHEI, COraacHo Jemme 1
(r= R-—l) 6o cymecrsyer epmmna v € V(G), Takad uro G—v = Kg-3+Cs,
mbo G = Kr.4 +G1. Ilycts G—v = Kp_3+ Cs. B orom cnyuae G obna-
AaeT R-XpOMATMUECKMM pa3sioXKeHHMeM, KOTOpOe He ANASTCA 3-TLIOTHhIM (cm.
ZoKa3aTeabCcTBO NeMMH 2). Ilycts remeps G = Kg-4 + Gi. B [2] noxasano,
uro mmbo G, sBaserca noirpadom rpada Kz + Cs, mbo Gy = Cr. Ecim
G C K3+ Cs, torna G C Kp-s + K3+ Cs. I'pad Kr—4 + K3 + Cs ouenun-
Ho ob6nazaer R-XpoMaTHyecKMM Da3iOXKeHMEM BEPIIMH, KOTOPOE He ABJIAETCA
3-naoTasmM. Ho Torza u.G obxasaeT TakuM R-XpoMaTHIECKMM Pa3iioyKeHHeM.
Oxonvareinbno nonyuaeM G = Kp_4q + Cr.

~ IpeanonoxumM, uTo BHNOJHEHO TpeGosanue p; 2 4 moaycaosua 6). Ilo-
NyCTHM, YTO CymecTBYyeT (p1,...,p,)-Tpad Pamcea G c cl(G) < Ru |V(G)| £
R+4. Io6asnennem u3oaMpoBaHHKLIX BepmmH MoxHO Jobuthca |V(G)| = R+4.
CornacHo nemme 8 x(G) = R. CoraacHo nemme 9 mobGoe R-xpoMaTudeckoe
pa3iioxKeHMe BepIMH rpada G ABJIAETCA p;-NAOTHHM U TaK Kak p; 2.4, T0 OHO
apnaercs 4-unoraeM. CoraacHo Teopeme B (r = R—1) rpagp G = Kp-§ +Cp.
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GROZIO STANILOV, VESELIN VIDEV

s\

Tpoave Cmauuo;, Beceaun Budes. OBOBHIEHHE:OHEPATOPA JAKOBU B PUMA-
HOBOH! T'EOMETPUHM :

Iycts (M,g) pumManoBoe MBOroo6pasue PASMEPHOCTH 1 C TEH3IOPOM KDHBH3HEL R. Ec-
an X, Y npoxwsponnnas mapa KacaTeABHLIX nex'ropon B Touke p € M, Mu BBOAMM B pac-

CMOTDEHUM onepaTopa KpuBMSEE Ax,y(u) = —(R(u,X Y) + R(4,Y,X)). 9710 nunelnuit

cuuue‘rpuqecmﬁ onepaTop. Oro cCo6CTBEHRLIE 3HAUEHMS 38BMCAT OT Ga.suce X, Y xaca-
TeasHoro mogmpoctpancteo E%(p; X,Y) HaTamryToe Ha BexTOpPOB X,Y. Mu moxasmiBaeM:
1) oiliamrefinonsnic MEOroo6pasHA OMMECTBEHHEE AR KOTOPHX CieAs OTOrO ONEPATODA HE
3aBHCHT OT 6asWce HOARNPOCTPAHCTBA E*(p; X,Y); 2) memecTBenmbIe HPOCTPAHCTBEHEHE
$OpPMEL PAsMEPEOCTH UETHPE OAMHCTBEHHKE NNA KOTOPHX CIEKTP BTOTO ONEpATODA He
saBucut or E3(p; X,Y). B obokx cayuaes p npoussonbuag TOUKS MHOTOOGDASHH. ‘

Grozio Sumlov, Veselin Videv. ON A GENERALIZATION OF THE JACOBI OPERATOR IN
THE RIEMANNIAN GEOMETRY ‘

Let (M,g) be a Rxcmanmm manifold of dimension n with curvature tensor R. If X, Y
is an orthonormal pair of tangent vectors at a point p of M, we deﬁne‘t.he curvature operator
Ax,y(uv)= ;(R(u, X,Y)+ R(u,Y, X)). It is a symmetric operator but its eigen values depend on

the base X, Y of the tu;gcnt mblpu:ekE (»; X,Y) spanned by X, Y. We prove: 1) the Einstein
manifolds are the umqus for wlnch the trace of this operator does not depend on the base of

* ‘Research partmlly supported by the National Science Foundation at the Ministry of
Education and Science in Bulgaria under contract No 18 MM/91.
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E2(p; X,Y); 2) the real space forms of dimension 4 are the un.lque for which the spectrum of
this operator doés notdependon the base of E2(p; X, Y) Of course in both assertions p is an
a.rbxtrary point of M. .

1. INTRODUCTION

Let (M, g) be an n-dimensional Riemannian manifold, p — a point of M, M, —
the tangent space in p. We denote by R the curvature tensor of the manifold. The
well-known Jacobi operator in the Riemannian geometry is defined in the following
way: 1f X is an unit tangent vector of M,, then we consrder the linear mapping

defined vby /
Ax(u) = R(u, X, X)
- From the properties of R it follows that Ax is a linear symmetrrcal operator. Na.me- '
ly, it is the Jacobi operator in respect to ‘X. The geometry of this operator is
investigated very actively in the last years, see, for example, {1-3]. '
In this paper we state at first the problem about a genera.hzatlon of this oper-
- ator.
Let X, Y is a.n arbrtrary pair of unit tangent vectors. Then we define the -
mappms
A x'y H M'p — MP R
by .
' . Ax y(u) = —[R(u X,Y) + R(u Y, X)]
Evrdently, iti isa generahzatron of the Jacobi operator because of "y
' S Axx = Ax. o

Further we propom that X,Y isan a.rbxtrary orthonormal pair of tangent
_vectors. If z, y.is another pmr of tangent vectors in the 2-dimensional tangent
subspace E’(p,X Y) of. M, spanned by X, Y, we have the relations :
Q) z=cosp. X — ssmsoY o "
. .. y=sinp.X +e.co8p.Y, e=21. = AT |
By these formulas all orthogonal transformatlons in E"‘(p, XYy are represented |
- Now we estabhsh the relation - v

dey(v) = coszwxy(une“ 2"[3( X, %) - R, YY)

' ‘Hence the operator Ax y is not mvanant under the orthogona.l tra.nsformatlons in
E (?’ X Y) - . L :
" Itis evrdent that A Xy = Ay x and we can take e=1. ‘ v



Let now ey, ez, ..., e, is an arbitrary orthonormal base of the tangent space
Mp. Then we have (z =12..., n) \

‘<

Do y(e) = cos 20 xv () + ‘“2“’[1:( 0 X, X) - R(es,Y, Y)l

Hence we obtain

R(ei, z,y, ;) = cos 2p. R(e.,X Y, e.) + i’mm'o[R(c.,X X,e;) — R(e1,Y,Y,e))].
From thls equalities we get
@ Sew) = S0, Y) + 52 45(x, X) - S, V),

where S is the classical R.lCCI tensor of the mamfold M.

‘2. A CHARACTERI_ZATIQN OF THE EINSTEIN MANIFOLDS
BY THE GENERALIZED JACOBI OPERATOR ‘

In this part we prove the following

‘Theorem 1. Let (M, g) be an n-dimensional Riemannian manifold andn 2 2.
Then the followmg assertions are equivalent:

1) (M, g) is an Einstein manifold;"

2) The trace of the curvature operator Ax,y does not depend on the orthonormal
base X,Y of the tangent subspace E*(p; X,Y') (and it is equal to zero).

Proof. Let (M, g) be an n-dimensional Einstein manifold. Then at every point
p € M and for any tangent vectors r, y we have - '

S(z,y) = c’~.g(§;, y), ¢ = const,

LI

whence it follows that L : ,
) - S(X,Y)=0
for any arbitrary pair of tangent vectors X, Y. Also from the definition of the

operator Ax,y we have
c¢= R(4, X,Y, u)

where u is a.n elgen vector of A xy and c is the correspondmg eigen value, i.e.
Axy(u) = --[R(u X,Y) +R(u Y, X)] = c.u.

- Hence; if iq, Uz, ..., Uy, are the eigen vectors of Axy with oorrespondmg eigen
values ¢y, 3, ... c,., then:: v ‘

mxyezc. ZR(u.,XYu.) S(XY)

=1 =1

Accordmg to (3) we obta.m
trAxy =0.



Conversely, let at any point p € M and for any orthonormal pair of tangent
vectors X, Y of M, the trace of the operator Ax,y not depend on the bage of the
plane E? (p, X,Y). If the tangent vectors z, y are related to X Y by (1), then

S(=,y) = 5(X,Y),
whence from (2) we have

sin 2<p

S(X,Y) = cos 2. S(X Y)+ [S(X, X) - S(Y,Y)),

or N
S(X,Y) = cotg p[S(X, X) - S(Y, Y)]-
From the last equality by ¢ = ‘—% and ¢ = -:— we obtain correspondingly
S(X,Y)=-S(X,X)+S(,Y), S(X,Y)=S(X,X)-S(Y,Y),
whence it follows that (3) is satisfied for every orthonormal pair of tangent vectors
X,Y of M, and at any point p € M. Now we can apply (3) for the orthonormal
. pair
u v.g(u,u) - u.g(u,v)
lu‘ ’ jul.v/8(u, u).9(v, v) — g*(u, v) ’

where u, v are arbitrary tangent vectors of M,. We have

(u v.9(u, ) — v.g(u,v) ) .
ful’ |u|¢52‘5u) 9(v,v) — 9°(v,7)

S(u, v) _ S(u, u)
9(u,v)  gluu)
From the last equallty, if we change u by v and v by u, we obtain
S(v,u) _ S(v,v)
gv,u) ~ g(vr)
. Then the last two equalities lead to ‘ o
S(u u) _ S(v v) - L
: g(u u) y(vv v) » v \ '
whlch is satisfied for arbitrary tangent vectors u, b of M, and at every pomt PEM.
It means that (M, g) is an Einstein manifold.
From the theorem we get the following ' .
Corollary. Let (M, g) be a 3-dimensional Riemannian manifold. Then (M, g)
is a real space form iff the trace of the curvature opemtor Ax,y does not depend on
the orthonormal base X, Y of the plane E*(p; X,Y). .

Proof. Let (m, g) be a 3-dimensional real space form, i.e Rxemanman manifold
of constant sectional curvature u. Then

R(z,y,2) = plo(y, 2).2 - g(z, 2),-y]. ‘

whence it follows tha.t
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Hence 1 v |
CHE Axir () = —3 alo(u, X).¥ +9(u,¥).X]

for any orthonormal pair X, Y of tangent vectors of M, and at any point p € M.
Then for the spectrum Qx,y of Ax,y we have

y={-E &
Qxy = { 2’3’ 0} ,
whence it follows that tr A xy=0. :
Conversely, if tr Ax,y does not depend on the plane E.’(p,X Y), then from

Theorem 1 follows that (M,g) is an Einstein manifold and, since dimM = 3,
(M, g) is a real space form [6].

3. A‘ CHARACTERIZATION OF THE REAL SPACE FORMS
BY THE SPECTRUM OF THE GENERALIZE\D JACOBI OPERATOR

Now we investigate the Riemannian manifolds with the following properties:
at every point p € M and for any orthonormal pair X, Y of tangent vectors of M,
the spectrum of the curvature operator Ax, y does not depend on the orthonormal
- base of the plane E3(p; X,Y).

At first we remark that from this property it follows that the trace of Axy
does not depend on the orthonormal base of the plane E?(p; X,Y) and according
to Theorem 1 we get that (M, g) is an Einstein manifold. Also from this property
follows that the spectrum of the operator Ax,y has the form

(5) QX,Y = {01,—61,62,—02, -y C2k, c2h0 :o}s 2k s n.

Indéed let u be an arbitrary eigen vector of A x,y with a corresponding eigen value c.
It follows that u is also an eigen vector of the operator —Ax,y with a corresponding
eigen value —¢. But' from the definition of Ax y we, have

Axy = *-»\xy,

whence we obtain that —¢ is also an eigen value of A_xy. Smce the spectra of
Ax,y and A_x,y coincide, then —c is also an eigen value of the operator Axy.
That means that ¢ and —c are eigen values of X x,v, and Qx y has the form (5).

Let now (M, g) be an n-dimensional Riemannian manifold of a constant sec-
tional curvature u. Then from (4) we directly obtain that

©) | nx,y_—{ Lo, o}

which is of the form (5). Our conjecture is that the converse is also true. In this
paper we can prove it only in the four-dimensional case. ' »
From now on let (M, g) be a 4-dimensional manifold with the property given
at the begmmng of this section: p is an arbitrary point of M, X, Y is an arbitrary
orthonormal pair of tangent vectors of M,. Let 2, y be another orthonorma.l base
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. of the plane E%(p; X,Y). Further, if e, ég,'ea, e4 is an arbitrary orthonormal base

of the tangent space Mp, then every eigen vector v of the operator Azy can be
represented in the form

v=v el+v 32+v e3+v €4.
From the definition of ), .y We get the relatlon
R(v'e; + v?e; + vle + vieq,cosp. X —sinp.Y)
+ R(v'e; + viez + vies + vieq,sinp. X + cosp.Y) = c(v'e; + veq + v3ez + viey),
whence after scalar multiplying by ey, ez, es, e4 We obtain

o * aiv’ +i20% + aizv® + a¢4v4 =0,

where
ai; = 8in 2¢.[R(ei, X, X, &) — R(e;, Y, Y, €)] + 2. cos2go R(es, X, Y, &) - 2c,
ar; = sin 2p.[R(ex, X, X, €;) — R(ex,Y,Y, ¢;)] )
+cos2p.[Rlex, X, Y,¢j) + R(es, Y, X, cj)], k#j, i,5,k=1,2,34.
Since v is a non-zero vector, then '

)  det{ay) =0, i,j= 1,2,3,4.‘ | .

From here, by X =e1, Y = €3, ¢ = 0, we obtain the following equation:
~2¢° —Kia Rsin Rqz1 '
—Ki3 ~2¢ Rags - Ra124

Ry Razs 2Rsizs—2¢  Rass+Rems|
Ran ‘Rzm‘ 'R4iza+ Res 2R4124'- 2c

16c -411c —2Izc+I3-0 -

or

where

= 4R35 + (Ruza + Rs124) + R}, 93 + R + K.z 2+ Rha + Ruzn

' Iz = 2Ry123(Ra123 + Rs124) Rayaq ~ 2R354 Raizs — 2R2123R4124 -~ 2K13R491Rnizs
~ 2K13Ra121 Ra123 — Ra121(Razza + R3124)R4121 + 2Rz Raras — 2R4121 R3123,

Is = 2K2, Ra134 + K12Ra121 Ra123( Ras2s + Raas) + K12 Rs1a1(Ra123 + Rai24) Ra124
' — 4K 3Rayn RayaRarzs + K (Raras + Rsy24)? —2K12Rs191 Ra125Ra2a
+ R Rioa - 2R4121R212332124R:3121 + KnRunRzus(Ruzs + Ra124)
+ R@m}%m o

Here ‘ : -
Ri;kt R(ei,euehet)r ’Jah t—' 1,2,3,4,

" are the components of the curvature tensor R in respect to the base el, €3, €3, €4.

Alsofrom(7) and (8) be-el, Y_eg andg:— ;— we have

—Kj2~2 0 T-ngn o —R«im
' 0 Kia—2c Rsuz R4z =0
~Rgazn  Rasuz  Kis—Kaz—2¢ 2Rans T

~Rygn Ranz  2Ras o Ky~ Ky -2
) o .



or ’
' 16¢* — 4J1c* — 2Jac+ J3 = 0,

7

where
=K+ (Km — Ka3)? + Rlyyp + 4R35 + Rsnz + Rezzr + Riza1,

. Ja = K12(R333, + Rips; — Riyj1a— R4112)

+ (K13 — K33)(Riy12+ Rizgs — R31ia — Riza)

—~ 4R3114(Ra112R3112 + Raza1 Raam), |

' Js =—K13[4Rs112Ra112Ra113 — R3y15( K13~ Kas) ~ 4Ran1sKia — B3y (K14~ Kaa)]
+ Ki5(K1s — Ka23)? + 4K12Rs221 Ragor Rayis — 2Ra221 Ranna Razz Raina '
+ Ri113R330 + K1a(K1s — Ka4)? Rizg, — Rizp1 K12(Ks — Kas) + Riy1aRiz.

' Since the spectrum of Ax,y does not depend on the orthonormal base of the plane

E*(p; X,Y), we have - ’ . o

L=, h=Rh=0, L=/

Further we use the ﬁrst of these equahtles Then

9) 4R}y + (Rarzs + Ra124) + ans + Rzm + Ry + Ruzx

= (K13 = K33)® + Ri112+ 4Rins + R3y1p + Rizgy + Rigr-
Since (M, g) is an Einstein manifold, then:
, a) the sectional curvature of every 2-dimensional subspace of the tangent space
M, is equal to the sectional curvature of its orthogonal complements [4};

b) Risj + Rintj = 0 (cf. (3D, '#J:‘#‘»’#t:.?#‘,.?#t s# ¢
ij,8t=17234. :
Now from (8) we obtain

(10) . (K1 — Ka3)® + 4R35 = 4R340 + (Ruas + R4213)2, o

which is hold\ for any orthonormal base €4, €3, eg,e1 of My, ie. .

- (K= Ks2)* + 4R1442 = 4R35 + (Rusz + Risaa)’,

or | P : G o E

(11) (K13 — Kas)® + 4R§442 =F4RZm + (Rarzs + Rania)?.
Now from (10) we get '

Riyg = R,
and whence from (9) it follows that

(12) o Ry1as + R4213 = ¢(Kis — Kag), €= +1.
From (12) and the first Bianchi identity we obtain
(13) 4 . 2Rq23 + 34312 = (K13 — K3s).

If we change e3 by e4, we get
‘ ' 2Rs124 + Ranz = £(K14 — K34).
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Hence , |
(14) ' 2R4213 — Ra312 = €(K3zs — Kig).

Now from (13) and (14) it follows that
Ry123 + Ramia =
whence \
o Kis— Ka3 = 0

This equo.llty can be written in the form
KXAZ)=K(YNZ).

It holds for every orthonormal tripple of tangent vectors X, Y, Z in M, and at any
point p € M. We.conclude that (M, g) is a real space form [6] =
Thus we have proved the following
Theorem 2. Let (M, g) be a 4-dimensional Riemannian mamfold Then the
following assertions are equivalent:
1) (M, g) is a real space form; ' ~
2) The spectrum of the curvature operator Ax,y does not depend on the or-
thonormal base X, Y of ihe plane E%(p; X,Y) for every plane E? and at any point
PEM. \
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A GENERALIZATION OF THE LEVI—CIVITAE CONNECTION
ON RIEMANNIAN MANIFOLDS

IRINA PETROVA

Hypsna Mlemposs. ONHO OBOBUIEHVE CBA3HOCTH JIEBH—‘-!PIBMTA HA PUMA-
HOBHIX MHOI'OOBPA3MAX .

Hyc'rb M pumasosoe ulorooﬁpune € METPHURLIM TEHSOPOM g, Hllelnu CBASHOCTDH
v s M, oSnansiomuas crolicTeamu

U -Tx-xv]=0, o (Vxs)®2)=0,

nasusaetrca O6o6mennoit caasnocthio Jenw-Unsnra ans g. B crarbe zars npumeps
Takux ceasmocreit. Oama ms Hux oro (0)-cassnocts Kaprama u Cxoyrena ma Jlu-rpynne
Ans Kawpoft. mepounsapuanTHol merpuku. Onucana cBAsh ®THX CBA3HOCTeH ¢ MeTpHUU-
HLMyu cBEsHOCTAMMN. JIOKA3aHO, WTO HA KAN(IOS DMMAHOBOS MEOroo6pa3ue CymecTByeT
. O6o6mennas Jlenu-UnsuTa CBAIROCTHL, KOTODAR me spagerca Jleau—‘-'{uaun CBASHOCTBIO.

Iring Peirova. A GENERALIZATION OF THE LEVI—CIVITAE CONNECTION ON RIEMAN
NIAN MANIFOLDS
Let M be a Riemannian manifold with a metric tensor g. A lmear connection ¥ on M with
the properties ‘ . , . .
v, Y-V, X ~[X,Y] =0, Vyg) (Y, 2) =
x X —-1X,Y] x},z(.x")( 2)=0

L]

lsca.lledaGmnhnedLev:—CMtuconnecuoniorg In the paper are given examples of such .

connections. One of them is the (0)-eonnectlon of Cartan and Schouten on a Lie group for any left .

mvma.nt metric. A relation is described between these connections and the metric connections. It
is proved that there is a Generalized Levx—watu oonnecuon that is not a Levi-Civitae connection
on Riemannian manifolds. :

* Research partially supported by the Natlonal Science Foundation at the Ministry of
Education and Science in Bulgaria under contract No 18 MM/91. _
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1. GENERALIZED LEVI-CIVITAE CONNECTIONS. EXAMPLES

Let M be a Riemannian manifold with a metric tensor g. That means M is
considered with the tensor field g of type (0, 2), which has the properties:

1) g is symmetric, i. e. g(X,Y) = g(¥, X) for X,Y € XIM;

~ 2) for a point p of M and for X € XM, such that X, # o, g(X, X)(p) >0 -

holds. .

The metric tensor g is also called a (Riemannian) metric on M.

If M is a Riemannian manifold with a metric tensor g, there is an umque lmea.r
connection V:

1) Vis symmetnc, i.e. VgV =V X — [X,Y] =0 for X, Y € XM;

2) Vg=0.
V is called a Levi-Civitae connection for g (see [1]).

Notations. Let M bea R.lemanma.n manifold with a metric tensor g, V —
the Levx—Clwtae connection for g. If Visa linear connection on M, the symbols
oVg and og¥ are used for a denoting -

x%.z (ng) (¥,2) and x%.2 (ﬁxY, Z) '

. 'If t is a tensor field of type (1, 2), we denote by the symbols gt and ogt the tensors
9(UX,Y), {) and xg,,zy‘(t(X,Y),Z)

correspondlngly
Definition. Let M be a R!emanman ma.mfold w1th a metnc tensor g A linear
_ connectlon ¥ with the properties: -
1) V is symmetric;
2) chg 0, :
is called a Generalized Lev1—Clv1tae connection for g.
It is well-known that all linear connectlons on M are gwen by V4T, where T
is a tensor field of type (1, 2)
Proposltmn Thé connection’ V=v + T isa genemhzed Lem—C:mtae con-
nectwn iff T is symmetric, ag’tf =0. We have V=V iff T= '
* . It can be ‘proved by trivial calculations. ,
Remark, Let s be a symmetnc tensor of type (1, 2) It is easy to check that‘
the conditions:
1) ogs = 0;
2) g(s(X,X), X) =0, X €$M ,
are ‘equivalent. ‘ - A
' 'We propose two examples of Generalized Levi-Civitae connections. » '
Example 1. Let M be a Riemannian manifold, with a metric tensor g, for
which exists £ € XM, not identically equal to gero, globally defined on M. Then

V=v+T, where T(X Y)=29(X,Y)t — g(X, )Y — g(Y,6)X

+ 'is a Generalized Lev1—Clv1tae connectlon, which is not Lew—Clv:ta.e connection.

(

I
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It is so, beca.use T is a symmetric tensor, T ¢ 0, g(T(X X ),X ) =0. By {he
above remarg and the proposition it follows that ¥ is 8 Generalized Levi-Civitae
connection, V # V, and V has the following properties:

1) if X,Y e XM are such that X, Y, § form an orthogonal triple, then
VxY = VxY;

2) on the FM-submodule of XM, which is orthogonal to £ we have
Vy Vg =0.

 Example 2. Let G be a Lie group and 9 be the algebra of the left-invariant
vector fields on G. From the theory of the Lie groups is known that G is par-
allelizable and it has bases of left-invariant vector fields. Hence, we always can
construct a Riemannian metric tensor on G. Let we recall that a metric tensor g
is left-invariant iff it is invariant for the left translations. It is well-known that a
metric g on G is left-invariant iff for an arbitra;y‘ chosen base X, ..., X,, X; € G,
. / 9(Xs, X;) = const. :
Let X1,"..., X, be a base on G, X; € §."We consider the linear connection

This connection is mdependent on the choice of the base.of left,-mvorumt fields and

it is called a left-invariant connection. It.is proved in [2] that ¥ is complete, i.e.

its geodesics can be continued, being defined for all real values of their parameters.
' Let 7 be the tensor .of torsion for V We consider the symmetrization of V:

’ —V_' "'?v

It is also complete, because. the geodeuos for the both connections coincide, Vis -
introduced by Cartan and Schouten, and it is called (0)-connection (see [1] or [6]) '

Proposltlon Let G be a Lie group "

'1. For each lefi-invariant metric g the equation ¢¥Vg = 0 holds (i. e. Visa
Generalized Levi-Civitae connection for any lefi-invariant metric).

2. V is the wnique linear symmetric connection on G with the property 1

3. For a lefi-invariant metric g the oomm:tton V is the Levi-Civilae connec-
tion iff g is right-invariant.

Proof. 1. Let g be a left-mvarmnt metric. $ince arVg is a tensor ﬁeld to check
o¥g = 0 it is enough to prove it for the elements of a base on G. G admits a base
of left-invariant vector ﬁelds 80 it is enough to prove a’ﬁg =0 for lefb-mvana.nt
vector fields.

Let X,Y,Z €§. Wehave

Vxlf = X(const).Y = 0, :
X, Y) = V¥ =% X ~[X,Y] = ~[X,Y],

, ﬁxY =ny —';'7(X,Y) = %[X,Y], .

 (3re) (92) = X508, 2) - (72) - (1 5.2).



IfX YES, theny(X Y)-.const Hence

(%) .2) = 306012, XY - o(1X, v),2)

Now it can be checked easy tha.t
X%z (VX y) (¥,2)=0,
which proves 1.
-2, Let V be a linear symmetrlc connection on G such that. for each left-xnvanant
‘metricg - oo . . : ’ -

‘ _ a‘@g 0.
Let Xy, ..., Xa, X; €5, be a base on G. Then

VE =TEXs, T4 eFM.

- "We shall prove that I"‘ are defined-uniquely and hence V =V. Let we conslder ‘
only the left-invariant metncs, for which the base X, ..., X, is orthogonal i.e.

3 9(X"X.i) 0, i#j].
‘Let Q is the set formed by them. From the identity ch 0 we obtam after some
tra.nsformatlons
foreachg&ﬂa.ndeach:,g,kfromlton Weset
F,(i,j,b) = V g (Vx‘;Xh) ghi ""9(thk)
Then =~ )
T¥onn + Dhagii + T = Fn(-.: k)-

2. 1 Let $i=j =k Wehave 3I‘§,-m = Fy, by “That means I‘“ are uniquely
defined.
2.2. Let #J#b#:. Weconslderthreelefb—mvmantﬂ-metncsg , 92, %,

forwhlch .
S IR i 9“'951 ’ 11 1-
S o o dy) N\ 12 g
_ Then we have '

L l"}} + LT, + 1T, = Fginy,
1 Y +2\I‘,,,+1 I‘L; Feginy
o 1r51+1r;t+2rii- £200.5:4)-
These relatxons can be considered like a system of hnear equations about I'f;, T} ,,,,
1y, with determinant different from zero. Hence I‘,j, i, Iy, are uniquely defined.

fi



23. Let i = j # k. We have S
- Thaow + (I‘ +Th)9i = Fyiiny; . 9 € Q.

Analogously to 2.2 we can prove that I'};, I'f, + Ti; are umquely defined. But V is
symmetrical. Hence, for each g € Q:

Q(Vx" VX‘,,’ ) 9([XHXI:] X,),

4 - _ (Th = Thga = 9({Xi, Xa), Xi). \
That means I'i, =T'{; are uniquely defined too. Hence I‘{k, I, are uniquely defined; \
that proves 2. ’ ' :

3. Let g be a left-invariant metric, V — the Levi—Civitae connection for g.
- Since .G has bases of left-invariant vector ﬁelds the condition V = ¥ is. equivalent
to

W(Vx%,2)=¢(%Y.2), X,Y,Z¢€s.

‘But from the proof of 1 we know that for each XY Ze 9

2 (%v,2) =9(x,1,2),

20(VxY, 2) = ¢(IX,Y); 2) - 9([X, 2], Y) y([Y,ZI X)
‘Hence 9(VxY,2) = =g (VxY Z) is equlvalent to . .

—g([X,Z],Y) g([erLX) - s g([z X] Y)+y(x [Z Y]) 0
i.e. for each Z € G the operator

adz :§—§

X —(2,X]
is antisymmetric. ' '

'So we have got that if g is left-invariant then V = V iff adz is antlsymmetnc
for each’Z € G. But in [3] is proved if g is left-invariant then adz is antmymmetnc
for each Z € § iff g is right-invariant. That proves 3.

From the proposition we receive the following '

Corollary. Let G be a. Lie group that admits a bi-invariant meltric:

1. All bi-invariant metrics induce the same Levi-Civitae connecizou (Let we
call this common connectwn bi-invariant connection.) :

2. The symmetrization of the left-invariant connection, the symmetrization of
the right-invariant connection and the bi-invariant connection coincide.

2. A RELATION BETWEEN THE METRIC CONNECTIONS
AND THE GENERALIZED LEVI-CIVITAE CONNECTIONS.
AN EXISTENCE THEOREM |

Let M be a Riemannian manifold with metric tensor g. We recall the following
Definition. A linear connection D on M is metric, if Dg=0. .. .iaq01q

~
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Notations. M; is the seﬁ of the metric connections on M, Mz — the set
of the Generalized Levi-Civitae connections on M, (D,7) — a metric connection
D with tensor of torsmn T, M] = {(D,1) | o9 = 0}.

Proposition 1. Let DeM,ris thc torsion for D. Thcn V D— 3 T € My,

V and D have the same’ geodesics.

The proposition can be proved by tnvml calculations.

Remark 1. Let G be a Lie group, V is the left-invariant connection on G.
It is easy to see that V is a metric connection for any left-invariant metric g, i. e.
Proposition 1 is a generalization of Example 2 from Section 1.

Remark 2. Let D € M, 7 is the torsion of D. Let T be the t.ensor, D=V4T,
aT is the antlsymmetnc part of T, T — the symmetnc pa.rt of T. Then

1 .
"“T"i."r V= D—-2-'r.-V+T BN

Proposition 2. Let D € My, 7 is thcy torsion of D,V = D — -;-r. “Then
v=Vif gris anmymmetnc ' '
It is easy to check the assertion of the proposmon
Remark 3. Let T be a-tensor of type (1, 2), D V+T. Then Dls metrlc lﬁ',
9(T(X,Y), 2) +9(T(X, 2),Y) = 0.
Propontlon 3. The correspondence
M 1 Mz, ‘

D7) »F=D~ % r
¢ . '
is bijective. By it V (considered as a gen’emlued Levi-Civitae connectt'on) is gen-
erated by itself (conasdered as a meiric connection).. '
*  Proof Let 6 v +T be a Generalized: Lm—Cmtac connection. We search
for the metric connections D with torsion r, such that

. ’ e '1 L e i !
() | SACEE “‘D*§s\f—}7r-~-
o Le=on

(We show below there is an umque connectxon D with the property (a) ) It is
enoughtoﬁndalltensors 7 of type (1,2):. ( ,

T m antlsymmetnc,
@ | e, Y),Z)+g(T(X Z),Y) 0, where T =
‘ ogr_o : . ,

~

N&H '

Then D=V+ T T= -;-r-i- T, wxll glve a.ll the metnc connectlons with. the

property(s) ST
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It is easy. to see the conditions (s') are equivalent to |

- r(X Y) = —7(Y, X), :
(s") | 9(r(X,Y), 2) + 9(r(X, 2); Y) 2y(T(Y Z), X)
' ogr =0,

and (s”) are eqmvalent to
% sy, 7)= 2, 2),3) - W@ 3,7,

Hencé there is an' umque tensor T, t‘og which holds (a).
That proves the proposition.
Remark 4. If 7 is an aptisymmetric tensor of type (1, 2), there isa (umque)
metric connection D with tensor of torsion 7 (see [Bp. -
From this remark and Proposltlon 3 we receive :
Corollary. Let M bea Riemannian manifold w:th metric tensor g. Then the -
' foIIowmg conditions are cquwalent b
1 On M there u a symmetnc tensor T #£0 af type (1 2), for whtch holds
agT 0. .
2. On M there is an antwymmetnc tensor T ;6 0 of type (1,2), for which holds
ogr =0. ‘
Theorem. Let M be a R:emanman mamfald wdh metric tensor 9. Then:
1. On M there is a Gmcmhzed Lem-Cmtae cormectwn that is not a Lem—
Civitae one. : o ‘
2. On M there is 6 melric connectwn ihat is not o Lem—Cmtae one.
If M is a Hausdor(f space, for each PE M can be found a Generalized Levi-

Civilae connection and a metric connectwn, whtch coincide wtth the Lcm—Cmtae
connection locally around p. , :

Proof. In [1, 4] is proved the f?llowmg ‘ :

Lemma. Let M be a mamfold p is an arbitrary choaen point of M Uisa -
co-ordinate’ netghbourhaod of p. There isa functwn ,f € FM, such that f(p) =1,
f(M\U) =

From f.he proof of the lemma in {4] is clear that we can choose f # const even
on M. If f is such a function, then w(X) Xofi 1@ a differential 1-form, not
identically equal to zero. We set ‘ I ‘

r(X Y)= w(X )Y - w(Y)X

Obkusly, T is an antmymmemc tensor of type (1, 2) that is not xdentxcally equal ’ /,

to zero. It is easy to chéck a-gr = 0. From the last corollary we receive the theorem.
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_ ON THE THREE-SPACES PROBLEM AND EXTENSION
OF MLUR NORMS ON BANACH SPACES = - .

GEORGE ALEXANDROV

I'eoﬁu Aaexcandpos. O BAIAUE TPEX NMPOCTPAHCTB M MPOIOJKEHUAX
CHUMMETPYYHO JIOKAJIBHO PABHOMEPHO BHHYKJII:IX HOPM B NIPOCT-
PAHCTBAX BAHAXA

L]

Hoxnmo, uTo ecau X SanaxoBO BPOCTDAHCTBO; Y ero HOANpOCTPaHCTRO, KOTOpoe
MMeeT BKBHBAJIERTHON CHMMETPMUHO NoKkanLHC pasmomepmo bumnyknol (CJIPB) sopmo#t
II-]| m daxropnpocrpancreo X/Y cenn.pu&em.no, Toras nopuy Il || MOIHO HPOXOIKHTE AO
CJIPB nopuoﬁ B BceM ppocTpancree X.

George Alezandrov. ON THE THREE-SPACES PROBLEM AND EXTENSION OF MLUR
'NORMS ON BANACH SPACES ' -

We:howthatn.insaBanachapace,YuambspaceofX whlchadmtsmeqmvalent
midpoint locally uniformly rotund. (MLUR) norm || -1}, and if X/Y is lepu'able then the horm’
B ||huanextenlmwhlchunMLURnormonX ‘

o

) 1. INTRODUCTION

The three-space problem for a property A of Banach space X consists in the. -
question: If two of three spaces X, Y, X/Y (Y is.a snbspace of X) possess the
property A, then does the third space also have the same property A? Also, the
following question is close to'the three-space problem: If the norm || - | on the :
subspace Y of a Banach space X possesses the property A, then can the norm || - ||
be extended to such a norm || - ||p on X (i.e. the restnctlon of ]| -llo on 'Y is equal
to II *||) with the same property, A?.
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These problems are treated in [A1, A2, GTWZ, JZ1, 322] for locally uniformly
rotund and rotund renorming of Banach spaces. Here we discuss the same problems
- for the MLUR property. :

2 DEFINITIONS AND REMARKS

A norm |- |j of a Banach space Xi m called m:dpomt locally umformly rotund
(MLUR) if . /

tim (e + 2all* + e = 22" = 2lelf’) = 0, emEX,

: unphes hmllz,.l] =0.
A norm || ]| of & Banach space X is ca.lled Iocally umformly rotund (LUR) if
lufn('é’llf'tllz + 2Il=-'nll’- ~llz+= II’) 0, z,zm€X,

1mphes hm"z .z',,"- -

‘ Obvmusly LUR = MLUR.
IfY is a subspace of the Ba.nach space ‘X, then # means the element of X / Y
given by z.
« Lemma., Let X be a MLUR Banach space Then for each z € X and £ > 0
there is 6 = 5(c,z) > 0 such that whenever y € X,. Il:c - ll” < ) and Z€X,
, Ilu+ ZII’ +lly - zj* - 2Ilullz <4, we have ||z]| < ¢. .

3. MAIN RESULTS

Theorem ‘1 ([A3]) Let X be a Banach space and let Y 6e a subspace of X
 such that Y and X/Y admit, respectively, an eguivalent MLUR and LUR norm.
* Then X -admils an equivalent MLUR norm. . .
Theorem 2. Let X be a Banach space and let Y be e subapace of X which
admits an equivalent MLUR norm |||}, and let X/Y be: separable Then the norm
)} || ‘can be extended to an equivalent MLUR norm on X
Proof. We construct the extensxon of the norm || ﬂ on X foIIowmg the method
of [JZ2]. '
First, we extend the given MLUR norm || 1| on Y to an equivalent norm |} - |} -
on X. (For a simple construction of such a norm see e. 8 [322].)
Since X/Y is separable, then, as known (KD, the space X/Y adxmts an
equivalent MLUR norm |- flo:
. 'Let B : X|]Y — X be the Bartle—Greves contmuous selectlorn map (i.e.
Bi €'#) [BP].
" Let {a,.}n._l, i, #0,bea dense subset of X/Y. We assume that Gn = Ba,.
- For each n e N (N — positive integers) choose f, € X* such-that f,(a,) =1,
Nifall = flénll™2, fo = O'on Y and denote by Py(z) = f,.(z)a,,, n=1 - P,, (Iis
the 1dent1ty map on X ) and T, = Qn [(1+||Ps ||) ‘ : ) ‘
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For every z € X we put

|l¢ll1 =Q- b)Ille’ + 113 + Z ITa(2)I2/2",

n=1
where
o .
b= ) (A +|IR?, 0<b<.
n=1

Then | - ||; is an equivalent norm on X whose restriction on Y coincides thh
the MLUR norm [} - || ’ : )
We now are going to show that || - ||; is & MLUR norm.
For this purpose we assume there are £,0<e <1,z € X and sequence {y,,.},
such that

O | 1||,+,,mug+nzf-‘ym||§ ~ el 0
but SR
) ' lumll >, -

and shall find a contradiction.
From (1) and a convexity argument we get

® Nz + vl + llz — vl — 22| — 0, .

@ e gmlld+ 112~ GmllF 212 — 0

and - | «

(6) iTn(z + wm)I* + IIT,.(’z = ym)lI* = 2AITa ()| —-','0 :

for each n € N L
The norm || - |jo is MLUR on X /Y and therefore from (4) we have

(6) | [l — 0. |
Case i) Let z € Y. Accordmg to (6) for. every m there is y/,, €Y such’ that

Q o — dall 0. |

From (3) and (7) we receive that
_ iz + sl + llz = sl = 22 0,
and since the norm || ‘|l is MLUR on Y, then
(8) Il —O.

Therefore from (7) and (8) [l¥ml] = 0, whlch contradicts (2)
Case ii) Letz ¢Y,2#0. Put.z--—zo+yo,zo—Bz,yo€Y Choose
an € {4,} such that

(9) : | G — &,
and since B is a continuous map, then

(10) ‘ ! : Gn — To. -



A

" For each n €N, let z, € 4, and

(11) , Zp — .

Put 2z, = an + vn, v, €Y, and from (10) and (11) we have

(12) Un ~ Yo- )

Since | Pal| = l|an[|/|ldn|| and @n(20) = (2o — 6n) + fn(an — Z0)an, then |
(13) - |Pall — d

and ' v o

(19) . 1Q@n(za)ll — 0,

where d = ||zo||/l}1].

The assumption that ||-||is a MLUR norm on Y and the Lemma imply that for
our yo €Y and € > 0 there exists §, 0 < 6§ < £/6, such thatlfyGY Hyo—y||<6
andz €Y, |ly+z)2+|ly—z|* - 2||y| 2 < 6, then
(18) , ll=ll < €/8.

. Choosee 6; such that o _
. 0< 8, <6/[1+14(d +-'2)’(3K +1)],

where K = max(sup [lym|}, lzll, |uoll)- :
According to (6), (9) and (11)~(14) there is an 5y € N such that for each

n,m 2 no we have ‘
(16) O all<d+s

(1 - 1@n(zo)ll < 1, ‘
) o fe—mli< b,
(19) : | llvo — vnl} < &1
and . ' .
(20) C | (2 + $m) — 8nllo < 61/2.
~ Wefix n 2 np until the end of the proof
From (5)

lIQn(t +ym)|i? + IIQ»(z v‘m)ll2 - 2IIQu(ﬂv)Il2 - 0.
Therefore, there is an m 2 n such that '
@) D =IQ@u(z + )l +IQ@n(z ~ e - 2iQuI < b1
Choose t, € a5 (use (20)) such that ' :
(22) | bz ) — tall < 61
Put &, = a, + yo + Up, s € Y. Obviously, - ,
(23) Qn(zn) = vn; Qnlta) =g +un and Qn(z—20) = 0.

46 { R j



Furthermore, we have (use (23), (16), (17), (18), (21) and (22))
| it + 5l + 1 = 0 = 2ol = |
= ||@n(2n) + @n(ta) — woll* + 1Qu(2n) = Qalta) + woll* — 2|Qn(za)i* < .-

(28 < D+ 2(jQul (2 — zall + i@ + ¥m) — tall) +non(z.o)n)‘x

- x (lnl (lzall + ltall + Nzll+ llgml)) + looll) +

+ 2IIQnII2II¢' zll(ll=]l + llzall) < .
<6 [1+14(d+2)°3K +1)] < 6.
Therefore, by (19), (24) and (15) we get ||u,,|| < 5/6
Then

(25) lzn ~ tal| £ llvo — vp|l + llunll < 61 + /6 <€/3.
Thus, by (18), (22) and (25) ,
lwmll S 1(z + tm) = tall + Mo = 2nll + Hzn— 2]l < 26, + /3 < 2e/3< e,

which contradicts (2). -
The theorem is proved. ‘ -
Remark. Let E(X) be the metric space of all eqmvalent norms on the Banach -
space X, endowed with the metric of an uniform convergence on unit ball. If there
exists at least one equivalent MLUR norm p on the space X, then the set of all
equivalent MLUR norms M(X) is dense in £(X). Really, the set

R(X) = {1:: Ve +eip?: qu’(X), € >0}

is subset of M(X) and ‘dense in E(X). In this case, if Y is a subspace of X,
obviously “almost all” equivalent MLUR norms on Y can be extended to such
norms on X. Indeed, the set of all restrictions of norms from R(X) on Y is dense
in E(X).

We finish the paper wnth the followmg

Questions. Let X be a Banach space and let Y be a subspace of X.

1) If both Y and X/Y admit equivalent MLUR norms, does X admit an
equivalent MLUR norm too?

2) What are the conditions which the space Y has to satlsfy, so that the
equivalent MLUR fiorm on Y could be extended to an equivalent MLUR norm
on X? .
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ON REITERATION BETWEEN FAMILIES = |
OF BANACH SPACES -

LJUDMILA NIKOLOVA, LARS ERIK PERSSON .

-

Jodmuas Huxoaosa, Japc Epux Iepcox. O PEUTEPALINN B~CEMEnCTBE BAHA-
XOBbIX HPOCTPAHCTB

CTaThs HAUMHACTCA C KPAaTKuMM 0630poM TeopuM BemecTBeHHOM M KommiexcHoM ME-
TepNONAUMM MEIKAY KOHEUHBIM UMCIOM M Haxe B ceMelcTBe GaHAXOBHIX NPOCTDAHCTB. -
[IpeAcTaBNEHH HEKOTOPHE TEOPEMH! DEHTEDALMM M CAECNAHO NPKMEHEHHME BTHUX TEOpeM,
HAIDUMED AAHO MHTEPHNOJIAUMOEHOE NOKA3ATENLCTBO BEPCHMM HEPABEHCTBa leanaepa Ans
cemelictpa XP-DOCTPARCTE M PACCMOTPEHA TEXHMKS NOMATSIONIAN XADAKTEPU3HDOBATL
MHTEDHNOJIANMOREbBIE NPOCTPAHCTBA B  HEKOTOPHIX KOHKDeTHHIX ceMeHcTpax GamaxoBhiX
NPOCTPAHCTB. B KoRIe MMelOTCA npuMepH, HepemeHHbe NpobeME M pacCMaTPHBaeT-
Cfl OTHOWIEHWEe NPEeACTABJNEHHHX Pe3ylNbTaTOB K JAPDYTMM CBA3aHHHM ¢ orolt TemaTuxol
Pe3ybTaTOB. ' :

N

Ljudmila Nikolova, Lars Erik Persson. ON REITERATION BETWEEN FAMILIES OF
BANACH SPACES v
In this paper we briefly discuss some developments conceming real and complex interpolation
between finite many or even between general families of Banach spaces. Moreover, we present
and apply sothe reiteration theorems. In particular, we give an interpolation proof of a version
of Hoélder's inequality for families of X P-spaces and a technique to characterize the imterpolation
spaces between some concrete families of Banach spaces. Some examples, open questions, and the
relations to other connected results are pointed out. '

0. INTRODUCTION'

In the theory and applications of interpolation spaces we usually consider a
Banach couple (Ag; A1), i.e. Ag and A; are Banach spaces, which are émbedded
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in a Hausdorff topological vector space U. ‘There are several studied construc-
tions for obtaining interpolation spaces with respect to the couple (Ao, A1) and
the most well-stidied and applied such methods are the complex method [Ao, A1]s
(0's 6 < 1) and the real method (Ao, A1), (0 <8< 1,0< ¢ < ). Seee.g.
the books [1-3, 16, 25, 33] and also the Bibliography of Maligranda [18] (including
approximately 2500 references).
Parts of the theory concerning interpolation between two Banach spaces can
be generalized to cover ‘also cases where we interpolate between finite many Banach
spaces and even between general families of Banach spaces. Here we mention the
following developments: ‘
1) A theory for complea: interpolation between famihes of Banach spaces was
* developed by Coifman—Cwikel-Rochberg—Sagher-Weiss (see [6-8]) and, indepen-
dently, by Krein-Nikolova (see [14, 15]). Another complex interpolation method
between n-tuples of Banach spaces was suggested by Lions [17] and studied in detail
by Favini [10]. This method of Favini-Lions was extended by Cwikel-Janson [9] to
cover also complex interpolation between very general families of spaces.
2) A theory for real interpolation between n-tuples of Banach spaces was in-
troduced and studied by Sparr [31]. A similar theory for real interpolation between
2*-tuples of Banach spaces was studied by Fernandez [11]. In this connection we
also mention early works by Yoshikawa, Kerzman and Foias—Lions (cf. the discus-
sion in [31, p. 248]). Moreover, Cobos—Peetre [5] have developed a theory for real
interpolation between finite many Banach spaces, which, in particular, covers both *
~ Sparr’s and Fernandes’ constructxons for the cases n = 3 and n = 4, respectwely ‘
The construction of Sparr was extended by Cwikel-Janson [9] to: cover also real
- interpolation between a fairly general family A = {A;}eer, 'qvhexe A; are Banach
spaces and I is a géneral probability measure space. Some very new constructions

. have recently been mtroduced by Carro [4} and the preeent authors [21 (see also |
[20] and [22]). |

In this paper we discuss and apply some reltera.tlon results for fa.mlhes of Ba-

nach spaces. In Section 1 we present some well-known reiteration theorems. In
Section 2 we expose an interpolation proof of a version of Holder’s inequality for

- families of XP-spaces (cf. {23]). In Section 3 we point out a technique to characterize
. the interpolation spaces between families of Banach Spaces'in several cases of prac-

tical interest. Some concrete examples are given and discussed. Fmally, Section 4

is reserved for some further examples concludmg remarks and open questwne

1 SOME R.EITER.ATION RESULTS

In the sequel we let' D and P(z, t), z€ D, 0 g t < 21r, denote the open unit’
disc and the Poisson kernel, respectively. Moreovet, we let a = afe®’), p = p(e¥*)

... andg= q(e“) denote measurable functions on [0, 2#) such that 0 < a(e“) 1 md'
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p(e™), q(e“) 2 1. The fanctions a(z), p(z) and q(z), €D, are defined by

Fid

2x
1 it 1
) e)=s 0/ o{e)P(z, 1), roRb o/ mp(z,t)dt,
’. 21" \
I D

, respectlvely B= {B,}, t € [0, 2x], denotes an interpolation famsly in the sense of
" R. R. Coifman et al. [6] (sce also [7,8]). -

First we consider the complex interpolation spaoea {B]s and {B}, (see [6-—8])
The following reieration theoremi ([8, Theorem 5.1]) may be regarded as a genuine
generalization of the “complex” reiteration theorem (see e. g. [2, Theorem 4.6.1]):

Theorem A. Let (Ao,Al) be a compatible Banach couple and let B,

[Ao,Al],(,u) Thes B = {B:}, t € [0,27], is an mterpolatwn family and,
for any z € D, [B], = [Ao, A;]a(,) (with egquality of norma).

Remark. If there exist t,2; € [0,27] such that a(c“") = sup a(e“) a.nd
a(e'") = inf a(e’), then it is wellknown that [B], = {B},. '

Next we consider the following “mixed” reiteration result of Hernamdez {12,
Main Theorem] (¢f. [2, Theorem 4.7.2)):

Theorem B. Assume that (Ao, A1) is a compatible Banach cosple and let
B: = (4o, A1)a(.«)'q(,u) Then B= {Bg},t €.{0,2x], l& dﬂ mterpolaitu famdy .
Moreovcr, if . v

| (12) / (“)dt>0 /loga(e“)dt>-—oo, and/log (1- a(c"))tﬂ>——oo,\ -

then, for any z € D, [B}. = (Ao,Az).,(,) o) (w;th equwafem:e of normc)

Now we consider the real mterpolatlon spaces {B};, , (the K-methdd) and.
(B); p,q (the J-method) recently introduced by Carro (4] and state her- rexteratlon
result (cf. {2, Theorems 3.5.1 and 3.5.4])."

Theorem C. Let By = (4, A;)u(,u),,,(,n), ‘where (Ao,A;) is a compmbie

- Banach ooe'pl:e.‘ IfS= {a}.(t) = gna(e® ). [ne Z}, 1<q <00 andr 21, tl_cen, Yor
. A . . {B}zﬂ 1 = (AQ!AI)Q(J),Q = (B)f,q,r' . ’ '

Remark. The method of proof in [4] ensures the first: equality only with

¢ =1, but it is true also for any ¢21 whenever {B},. ' is contmuousty mbedded
inAo+ 4.

Remark. In [4] there is also stated a complex vanam; of Theorem C, where

B; = (Ao.Az)a(ou) g(est) 18 replaced by B = [Ao, At]ageiy. ‘ '




2. REITER.ATION AND HOLDER'’S IN EQUALITY FOR FAMILIES
OF X? SPACES

'Let X denotes a Banach lattice on a o-finite co’mplete measure space . The
space X?,p 2 1, consists of all z = z(t), t € Q, such that |z}’ € X and equipped
with the norm ||z|| xr = (|| lz@P] x)Y/P. First we recall the following result (see
[23]):

. Proposition 2.1. Assume that the Banach lattice X has the dommated con-
vergence property. Then ,

[Xp(c")] = xP(3),

. For the case X = Ly(p) see [8, Corollary 5.2]. Proposmon 2.1 is proved in [ 3,
p. 96] and here we present an alternative proof based upon Theorem A.

Proof. 1t is well-known that [X, Leo)s = X1/(1=9). Therefore we have X p(e™) =
(X, Loolasys where a(t) = 1 - 1/p(ef), and, thus, according to Theorem A,

[xre), = [ix, Loo]a(:)] = [X, Loola) = [X, Laoli-1/p(s) = X7,

The proof is complete
Next we recall the following generahzatxon of Hélder’ 5 mequahty (see [29]): If
X‘DJ 1<p,<oo,1—01 Nthen ‘ ’ ,

N N
(2.1) Hz,- € X", where ;;Ez,- and || [Tzillxn < H\nz,-nx..,
0 [} 0 0

By using the interpolation result in Proposition 2.1 we can prove the following
extention of this inequality to the case with families of X"spaces:

Theorem 2.2. Let X be a Banach lattice having the dominated converyence
property. If z, € XP(¢") and log|z:(s)| € L[0, 2) for s € Q z4(s) is measurable
on [0,27] x Q and log ||2¢|| x »eity € L[0, 27), then

z=z,(8) = exp ( é—W/logilz,(sNP(z,t) dt) € xr(2) »*‘a"4
: v ' 0 ‘ >

l . . 2z *
) el s exp( / log fze(s) sy P (5 t)dt)

Remark We note that (2. 2) ‘coincides w1th (21) if 2 = 0 and, for
0g ..<any =1, Ej = [aJ 1,a;], p(e**) = pj/m(E; ), ‘and z(8) =
= Iyt(3)|1/m(E’) te2rE;,j=0,1,..., N.
- Remark. A somewhat dlﬁ'erent versxon of Theorem 2.2 was proved in [23] (cf
also [24]) but the proof we present below is simpler and completely. different.
Proof (by interpolation). We adopt the notations and definitions of [23]. In par-
ticular (B]; and [B]* denote the interpolation spaces of Coifman-Cwikel-Rochberg-
Sagher-Weiss and the generahzed Calderon construction for the family B = {B;},
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t € [0,27], of Banach spaces, respectively. In view' of Proposition 2.1 we have -
[X’(““)] = XP(*). Moreover, according to Hernandes [13, Theorem 6.1] it yields

that [X?(’")] = [X"(‘")] . Now we consider

2x ’
1 ,
y:(8) = exp (ﬂ/log ly:(8)|P(2,t) dt) , where “[|y(8)]| xpeity € 1.

Then

(2.3) Nlys (Dllxrer = Ily,(s)ll[x,(.u)] = ||yz(3)"[x'(-")]
Finally, we obtam (2.2) by msert.mg )

w(®) = 5@/ l@lnan ad 2.(6) = exp ( 35 bogle)P(=, )¢t
into (2.3). ' - "

" 3.REITERATION AND CHARACTERIZATION OF INTERPOLATION
SPACES BETWEEN FAMILIES OF BANACH SPACES

Let B = {Bg} be an mterpqlg,tmn famlly of Banach spaces. Insplred by the
proof of Proposition 2.1 we find tlnt it is possible to characterize [B], for several -
concrete interpolation families of Bsnach spaces by using the following technique:

' (a) Write By, if possible, as By -PIAO,AI]a(ell) oras B; = (Ao,Al)a(,-t),'(,.t),
where (Ag, A;) denotes a compatible' Banach couple.

(b) Calculate a(z), or a(z) and ¢(z) (see (1.1)).

(c) Calculate [Ao,.A1)a(s) of (Ao, A1)a(s),e(s)-

(d) Apply Theorem A or Theorem B, respectively.

By using steps (a)—(c) togeth& with Theorem C we can describe the real spaces
{B}; 5,1 and (B)S #.0,¢ i @ similar way.

‘Nowadays we have very go fowledge concerning the possibilities to carry
out the crucial steps (a) and (¢) in’'séveral cases of practical importance (see e. g
[1-8, 16, 25, 33] and the Bibliography of Maligranda [18]). Here we only give some
examples of applications of this teehmque (cf. also [4 8).

3.1. CHARACTERIZATION OF mTERPOLATION SPACES BETWEEN SOME FAMILIES
05‘ LORENTZ Lp,¢-SPACES

Proposition 3.1. Lét 1< p(e”) < oo and 1< g(e*) € 00. Then
B= {L (,.-),,(,u)} telo, 21'], 18 an inlerpolation family of Banach spaces. .
(a) If the condmon it 2) is satisfied with a(e®) = 1 - l/p(e“), then

(Bls = Lp(s),q(s)- -
() If S = {a,,(t);:z»a(a“)]n €2},1gg<coandr 2 1, then {B},,1

= (B)I,q,r = Lp(z) ' \< e
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Proof. We use the well-known. equality - e
Lt atony = (Bt Les)aguin ey, Where a(e) =1~ 1lzl(e“)

We also note that a(z) 1 - 1/p(z) (-ee 1.1). Th,e:efm:e, uWMg to
Theorem B,

) [B]: = [Lla Leo]a(:),q(:) = [Ll: Loo]l-l/p(x),q(s) = Lp(;)',(,)
Moreover, by usms Theorem C, we find that - ' ; \

. {B}t,' 1= (B) 14w = (Ll’LOO)O'(')-l = Lp(l)'v
~ and the proof is complete. : :

Remark. The first part of Propoeltlon 3.11is due to Hema.nde: [12, p. 81]. For
the cise p(e'*) = g(¢**) we can use Theorem A and a complex varinnt 6f Theorem C
to find that Proposition 3.1 (b) holds also if we permit that p(e“) = 1 or p(e“) = 00.
In particular, for any p(e*!), g(¢’*) 2 1 and r 2 1, it holds that - «

{{Lp(a"‘)} },,,(.), = ({Lp(e“)}) ,,(,), = LP(;')"

3.2, CHARACTERIZATION OF INTBRPOLATION SPACES BETWEEN SQME FAMILIES
QF OPERATOR: IDEAL SPACES Lk

Let Ao and A1 denote Banach spaces and let L(Ao, A1) deno}es the space of
‘bounded linear operators between Ao and 4;. We can give more precize information
--about the operator T by cmmdenug the appro:umatxon numbers a,,(T), n - 1 '

‘2, . where . !

2 “n(T) mf{“g" To“ l"‘-nan < n,. Tn G L(:AO Al)}
, WesaythetTea,,,,l <p,q§oo, , ‘

Tl = (f::(pwmn ) <oo

with the. usua.l supremum interpretaion of | hen q = 00. The space Opp
coincides with the usual Schatten—von Neummptdﬁq p:
Proposition 8.2. Let 1,5 p(e" 9 € oo. Thes; »{«r,(,u)} t € [0,2x), is an
mterpolatwn family of Banach spaces uud [B]. = ,U.p:(‘ '
* Proaf. We use the fotmula [u;, Ooc)s = 01/(1—0): 5 0 <1, (see [30]) a.nd find
" that A \ '
‘ ‘ UP(‘“) = [61, aw]!»lfp(‘i“) ‘ ‘
‘ lfp:(e“) =1~ l/p(e"), then a(z) = 1= 1/p(2). Hence, by usms Theorem A we |
obtaxn t.ha.t

(Bl = [01,%]..(,) = [wx,amlx—x/mm;%(n) .
Propontmn 3.3. Let 1 < pleit) < oo and* 1 & ¢(¢*) S 0. Thcn B =
{a,(.“ (s}, T € [0,2x), is an interpolation family of | Bauacb spaces. |,
‘ ; t}ne coadstum (2 1) is umﬁed*untlx a(e) = 1 I/p(e“), then [B], =
"’(1),9(') S
"
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[}

d)IFS= {a,.(t) gna(e™) | n e Z} 154 < 00 ami r 21, then {B}, ol

= (B)z,q r= Up(:)
: Proof. 1t is well-known that (u;,a«,)a,, = 0300 0<0<1,15¢g500
(see [32)), :

Op(eit), ,(,.c) = (01, 0c0)a(eit),g(eit)) Where a(e“) =1~ l/p(e“)
Therefore the proof follows by arguing exactly as in the proof of Proposltlon 3.1.

3.3, CHARACTERIZATION OF INTERPOLATION SPACES BETWEEN SOME FAMILIES
OF BESOV SPACES

In this section we assume that the reader is acquamted w1th Peetre s abstract
definitions of the Sobolev spaces Hy and the Besov spaces B ¢ (see [2, 25]). It is
a difficult task to describe the real mterpolatlon spaces between Besov spaces for
the general (oﬂ'—dxagonal) case (see [25, p. 110] and [26, p. 228]). However, for some
special cases we have suitable such interpolation formulas (see [2, Theorem 6.4.5]),
e.g. thefollowmgonee Let —oo < 8y < 8y <oo,0<a< 1,8=(1-a)so+as
a.nd1<p,q<oo,then‘ , .

(3.1) ‘ pp*(BlliﬂséQO)a!é";a.';-‘.'l-l/p’ .
(8.2 B”—(H;“»HP |

We a.lso introduce another measurable functxon s(e“) on [0 2r) a.nd deﬁne

o) = 5 / o(e)P(s, 1) dt.

‘ Proposition 3.4. Assume that 1 < p(e“) < o0, and —00 < 89 < 8(e't) <
81 < co. Then {B'E:; s ¥ = e, t € [0,27), is an interpolation family of

~ Banach spaces’

" (a) If the condition (1. 2) is aatuﬁed w:th a(e“) =1~ l/p(e“) and q(e“) =

.P(e“) u‘e“ [BL = p(:; Pp(s)’ |

(b) lf S= {a,.(t) “gna(e) Ine z} 1£¢<o0 and r 2 1, then {B}m(:) N

\ (s)
= (B)"P(‘)l BP(‘)!P(‘)
Proof Accordmg to (3.1) we have

s(u)
C Be = (Bl Blen) sy .
where a(e“) = 1~ 1/p(e**) and s(e‘*) = (1 ~ a(e'))sg + a(ef)s;. We note that
a(z) = 1-1/p(z), 8(z) = (1 ~ a(2))s0 + a(2)a1 and thus, by usmg Theorem. B
and (3.1) once again, we find thet

-

u=et

(. !
(B, = (Bf ¥ Beo m)a(:),p(t) = ;(:),p(t)



Furthermore, according to Theorem C and (3.]),

{B }s.p(z),l =(B )fm(t).q = (B;:’l’ Bng)a(z),p(t) = ;gglp(z)"
and the proof is complete
Remark. By using the formula (3.2) instead of (3.1) and arguing exactly as
'in the proof of Proposition 3.4 we find that B = { '(;‘()“) u = ¢t t e0,27),
1 $ p € oo, is an interpolation family of Banach spaces and that the (Hernandez)
formula (see [13]) .

— p*3)
[B]‘ - BM(*)

. and the formula .
‘ {‘B}‘rq(‘)vl - (B)'DQ('))'. p,2(2).
hold under the correspondxng restrictions on s(e“) g(e*) and S, respectxvely

' 4. CONCLUDING REMARKS AND EXAMPLES

First we discuss the special case where B = {B:}is " finite family of Ba-
nach spaces, for example that By = 4, 2x{k - 1)/N.St gmrk/N k=12,...,N.
By a.pplymg the statements in Section 3 we obtain concrete descnptlons of the mt.er-
K polatxon spaces between N Banach spaces. Alternatively, we can use the technique
in Section 3 and the well-known reiteration results for finite families of Banach
. spaces (instead of Theorems A-C). We illustrate thxs idea by consxdermg the Sparr

spaces (see (31]) : - :

A A= (Al,Aa, W), vo<'A.-§1 k=1, 150500,

a.nd A= (A],,Az, LAN) is & N-tuple of compatible Banach spaces. We use the
reiteration theorem of Sparr and the arguments used in Sectxon 3.1 to present just
ome example of this technique:: -

Example 1. Let 1<q,p;,q;§oo, 0</\; 1 (s =12 ..., N), and
Th=1. co ~

N
Or=2

=0p,.

funt
b o

d ’and not all of p; m equal, then ('_’ri;ﬁ’ta’?mﬁaﬁ' <0 ’PN.QN)X,Q

‘_:9 |

o i
(b) Flspso and == Z =, then ("P.cn"?mv 1°'ﬂ¢N)X,g = a'P-C'

Questxon 1. Let 1g q,p,p.,q. < ,0¢8 ;\¢ < 1 (z = 1 2, R ; N), and

E'\; = 1. Describe the spaces (a-,,,,,,cr,,,,, "’p.m)x " when # E .

Thls queatmn is non-trivial also in the case N = 2 (see e. 8. [26 28])
Next we remark that it is well-known that if we interpolate between two Besov
spaces, then for the general (off-diagonal) case we need not obtain a Besov space (see
0 .
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‘the classical question by Peetre [25, p. 110]). A concrete (but somewhat curious)
description of these spaces is*given in [26, p. 228]. On the other hand, by making
reiteration of these (Beurling type) spaces it may happen that we return ta the
Besov scale of spaces. We illustrate this fact with the following examples:
Example 2. Let 0 < # < 1 and consider g(e®*) such that 1 < g(e**) g oo,
- g(e®*) £1/(1 —0), t € [0,27), but g(z) = 1/(1 — 6). Then each space

(4'1) , Bf - ( P12 p,oo‘)g,q(cic)‘l P ; 13 te [032")’
in the interpolation family B = {B;} is not a Besov space (see [25]). On the other
, hand accordmg to Theorems B and C, 1t yields respectively that

~a)If1<p<ooand/ e dt>0,then[B],_ (,),

lt)
b)IfS = {a,.(t) 2~a<e“> Ine z} and r 2 1, then {B}S (., = (B)S 00y,

m(i)
Question.2. Consider g(e*’) such that 1 £ q(e“) Looand B= ‘{B,}, where

' By is defined by (4.1). Describe [B]; for the case when q(z) #1/(1-0).
Question 3. Describe the spaces [B], when B = {B:}, By = B;E:; o(u)’
“u = e, t € [0,2x], without e. g. the restrictions p(e*) = g(e®*) or p(et) = p (cf.
- Proposition 3.4 or the remark after that proposition, respectively).
- The observation above, concerning off-diagonal interpolation between Besov.
spaces, is a special case of the results obtained in [26]. In our next example we

present sore similar situations with interpolation in off-diagonal cases.

' Example 3. Let 1 £ p,¢o,q1,9(¢"*) € 00,0<0< 1, and 1. = l——g+i
' 9 q 8]

(8) Bt = (Lp,g0s Lp,g1)g g(eit): q(c ) # s, is not a Lorentz Ly ,-space.
(b) Bt = (Lgo(wo), L,l(wl)),’q(e.,), q(e*) # qo, i8 not a welghted Lp-space.

() By = (Ig({Ar}), g, ({Bs}))s (et g(e*) # qo, is not a (strong) sequence
space of the type 1,({Cs}) (A, By, Ci, k=1,2, ..., are Banach spaces).

- These statements are all special cases of the descriptions given in [19] and [26].
Moreover, by arguing as in Example 2 and considering the case g(z) = gy, we find
‘that the reiteration space [B],, in fact, is a L, ,-space, a L,-space, and a (strong)
sequence space of the type l,({Ci}), respectively.

Question 4. Consider g(e"*) such that 1 £ g¢(e*) < oo and B= {B:}, where
By is defined as in Example 3 (a), (b) or {c). Descnbe [B], if g(z) #1/(1-8) in
_ each of these cases.

For several reasons it should be mterestmg to generalize Theorems A-Cin
various ways. In particular, by using such generalized forms of Theorems A-C and
the technique described in Section 3 we get a possibility to describe interpolation
spaces between more general families of Banach spaces than those studied in this
paper. For example, by replacing the spaces- (Ao, A1)s,q wWith more general param-
eter function spaces (Ao, A1)x,q (see {27]) in Theorems B-C it is possible to obtain
some weighted versions of the results obtained in Propositions 3.2-3.4.
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.Finally we remark that the problems posed in Questions 2-4 above are open
also for the case when the spaces [B]; are replaced by {B}f,q(,)’l or (B)f' o)
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'ON BOUNDED TRUTH-TABLE AND POSITIVE DEGREES"

,ANGEL DITCHEV

N ! . ’),
Angea ,a-m OB OTPAHHYEHO TABJIMYHBIX ¥ MO3UTHUBHBIX C'rEnEHEn

B erom cTaThE Aoununae-rca, uTO cymecnyerpexypcunno nepequcnnuu btt-cre-
HeHb, KOTOPAN COUEPMUT GecKoHeUwHAN ul-nmem. M3 PEKYDPCHUBHO nepeuucnuuux p-crene-
neit.

Angel Ditcbw ON BOUNDED TRUTH-TABLE AND POSITIVE DEGREES

- In the present puper it is shown that there exists:a recursively enumerable btt-deyee con-
tunm;nnmﬁnitemh—dmmofrecumnlyenummblep-dcm

In hia dissertation [1] Degte\w has studied the relatibnship between different
tabular degrees. It is proved there that if K* = {tt,],p,d, c,btt,bl,m}, r,R € K*,
r # R and r is weaker than R, then every coinplete R-degree contains infinitely
many recursively enumerable (r.e.) r-degrees In connection with this he puts the
questions, whether there exist a nonrecursive r.e. bp-degree, containing infinitely

many hd-degrees, and a nonrecursive r.e. btt-degree, containing infinitely many . -

r.e. bp-degrees. In [5] the first question-is answered posltlvely and in this paper
the second question is answered positively too. Here, as in [5], something more is
shown, namely, there exmts ‘an r.e. btt—degree contalmng an mﬁmte anti-chain of
r.e. p-degrees.

In connection with Degtev’s questions, mentxoned above, the followmg quest.lon
arises: - Let r and R be dlﬁ‘erent tabular degrees such that R is not weaker than r.

o * Reiearch partially supported by the Ministry of Science and Higher Educatxon under
Contract No 247/1988. , v . .
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Does there exist an r.e. R-degree contaxmng an infinite anti-chain of r-degrees. We
expect that the answer of this question is positive.

In this paper we use N to denote the set of all natural numbers {0, 1,2,. ..}

“Let pp < p1 < p3... be the sequence of all prime numbers and denote by M; the
set {z | Jy(z = pi-y)}, i EN.

If f'is a partial function, then by Dom(f) we shall denote the domain of

~ function f, and by Ran(f) the range of f. For any partial functions f and g by fg
we shall denote the composition of f and g, i.e. fg = Az.f(g(z)). If A is a finite
set, we shall use |A| to denote the cardinallity of the set A.

The sequence Ag, A1, ... ({Ar}reN) of sets of natural numbers is said to be
recursive (r.e.) iff sois theset {(n,z) |z € A,.} The sequence o, 91, - . . ({¥r}2eN)
.of unary functions is said to be total recursive (partial recl}rswe) iff so is the binary
function AiAz.pi(z).

It would be useful to remind some definitions from [1, 5, 6]

If § is a Godel function, then for natural numbers k,p,p1,...,px, i We use the
following notations:

‘ (Pl :pb) #P[ﬂ(?, 0) k &ﬂ(p’ 1) =p1 &. &p(Pa k) pk])

' o lh(p) = B(p,0); (P)' = f(p,i + 1);
Seq(p) <= Vz{z.<p = [Ih(z) #h(p) V 3i(i <lh(p)& (=) # (P)]};
Seq;(p) <= Seq(p)&, lh(p) = k.
-The set A is called positively reducible (p-reducible) to the set B (A <, B) iff
there exists a total recursive function f which satisfies the. followmg condxtlons

®) Vz{Seq(f(=)) & VE[k < Ib(f(2)) = Sea((f(=))]}; o
Vz{z € A <= 3k[k < I(f(2)) &Vi(i < I((f(z)a) = ((f(2)s)i € B)l}.

" The set A is said to be truth table reducible (tt-reducibdle) to the set B iff there
exlsts a total recurslve function f whlch satisfies the followmg conditions:

- Va{z € A = Jk[k < In(f(2)) &Vi(i < Ih((f(z))s) =
(tt) | | {[(((f(2))x)i)o € B&Seq(((f(=))e))]V
' ‘ [((f(2))x)s & B &not Seq(((f(=))e))IN]}-

Kre {p, tt}, then the set A is said to be br-reducible to the set B (A <vr B)
iff-there exists a natural number m a.nd a total recursive functlon f whlch satisfy
the conditions (r) and

Vz[IUU((f(z))k)-I sm].

Ifrisa reduclblhty, the set A is said to be r-eqmvalent to the set B (A =: B)
iff A<;Band B<; A o :
For any reduclbxhty r the famlly d,(A) ={B|B=; A} is called t-degree of
theset A.
. Theidea of constructlng a btt—degree which contains infinitely many mutually
incomparable p-degrees is the same as in [5] and comes from the proof of Skordev s

)
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comecture [f. 2, 3, 4]. Roughly speaking, we find btt-schemes which are not
p-schemes. More precisely, we shall construct an r.e. sequence {Bg}yeN of sets
of natural numbers such that the set B; has the same btt-degree as the set B; for
" any natural numbers i and j. At the same time, if i # j, then the sets B; and B;
will be p-incomparable. For this aim we shall prove the following

Theorem 1. There ezist recursive sequences {01,}p€~, {ﬂg,p}peN of total
recursive functwns such that for all natural numbers i and z the equwalences

A £ €M <> 0)2%(z) € Miy1 &053(z) ¢ Miys,
'z € Miy1 <= b1 9i4i(z) € M; & 02341(2) ¢ M;

hold, and such that if § and j are distinct and (Prs--os@h)s e os (Placad1s -5 P0)
is an arbilrary sequence of finite sequences of id or compositions of 0y 0,020,011,
02,1, ..., then there exists an z € N such that the equivalence :

zEM; <= (p1(z) € M; & . & (z) EM; V...V

** . ‘
) (Phrti(e) € Mik . kg (&) €M)
does not hold. ‘

-Proof. ‘The construction of the sequences: of fianctions {615} pen: {Og,p}peN we

shall perform by steps. At step s we shall construct finite approximations 63 , of

Orp, k=1,2; p €N, such that 6] , C g+t and 83 p(z) is a primitive recursive
function (p.r.f.) of the variables s, p, z, f = 1,2 At the end, we shall define
bup =. U 0&,,;1 =1 2)PGN

We need some auxiliary deﬁmtlons and lemmas : ‘

Definition 1. Let fi 0, f2,0, f1,1, f2,1, . . be an infinite sequence of unary func-
tional symbols. Terms are defined by means of the followmg lnductlve clauses:

(a) Every symbol is a term;

(b) i  and 7, are terms, then (711'2) is a term. .

We shall assume that there exist effective codings of all terms, of all finite
sequences of terms, and of all finite sequences of finite sequences of terms.

Definition 2. We define the length 1(1') of the term 7 as follows:

(a)l(fbi)—l E=1,2,ieN;

- (b) f r = (mymy), then () = 1(1'1) + 1(1'5) :

Type and anti-type of a term are defined sxmultaneously by means of the
following inductive definition:

Definition 3. o

+ (a) ¥ 7= f1,2, then 7 has type i = i+ 1;

(b) M 7 = fi,2i41, then 7 has type i +-1 — §; ' .

(c) ¥ 7 = fa,2, then 7 has anti-type i — i + L

(d) If T = fa,3i41, then 7 has anti-type i +1 =

(¢) ¥ 7 = (ry73) and 73 has type i — k and 7; has type (anti-type) k — j,
then 7 has type (anti-type) i — j.

We say that 7 has type (anti-type) iff 7 has type (antl-type) i — j for some
natural {, J; otherwise we say that 7 has not type (anti-type). -

63



" 'Definition 4. Let % = (N;0;,0,020,01,1,02,,. o) be a partial. structure The
value 7y of the term 7 in the structure 2 we define as follows:
(@) T=fay then rg =03, k=1,2;i EN;

(b) I 7 = (r'7?), then ry = r§73. :

Lemma 1. Let A = (N;0,0,020,01,, 02 1,..) be a partial structure such
that 015, 3 are finite funmona and for all natural numbers i ¢nd x the following
conditions hold:

(a) 2 € M; N Dom(61,3) = 0,3i(z) € M;.,.l,

(b) z € Myy1 N Dom(0y,2:41) => 61,2i41(2) € M;;

(c)zeMn Dbm(ﬂg 2) = 0, 2i(z) € Miya; ;

(d) z € Myyy N Dom(f3,9i41) => 82,2i41(2) € Miys;

(¢) = € [Dom(81,3) N Dom(05,2:)} \ M; => 01,2i(2) ¢ My V 92 ai(z) € M¢+1,

fze [Dom(91 3+1) N Dom(f2.2i41)] \ Migs =

01,2i41() ¢ M; V 03 2i+1(z) € M;.
Then for every term T which haa type (anti-type) fo — jo and for every partial
i structire A = (N 0; 0,05 0,0'1 1,0’2 11 ) such that . '

04, is an extension of f4i, :

0;, i satisfies the conditions (a)—(f) (when we replace Ot instead of 0;,.),
k=1,2;{€Nand

Zo € M;, N Dom(ar)

it Rolds To(z0) € Mj, (To(z0) & Mj,).
Proof. By induction on the length l(r) of the term .

If 05,0, 02,9, 01,1, 02,1, .., are total functions, then the conditions (a)w(f) of

Lemma 1 ensure the eguivalences (*) to be true for all natural numbers i and z.
. Lemma 2. For every partial structure

A= (N;0,020,011,021,- ),

for all natural numbera iy, ..., it; fi, ..., Jii @1y -1 5 Y, -, W, for every

. sequence of terms 1, ..., 7 auclt that the followmg nine properties hold

1) 84, 03¢ are ﬁmte ftmctwm, ieN:
*2) For all natural numbers i and z the siz condmona (8)~(f) of Lemma I bold
- 3) If r* has type:--r;, thcnc;éj or j _J,,
4) If 1° has anti-type i — j, then i # j orj # jp; .
SYIfl1Epqsl, P =71, z,,...z,, and 77 has typcl—-'b], thenz;éj,, or
) =12
B8 Ifl1spgsSl P = r' 2p = 2q_ and 7 has an auis-type i— g, then
i#Jdp '"'j # J¢s ’ ' :

7 z,, € Mg, [( U Dom(01,.)) (U Dom'(ag,g))]:;ig= 1,. , l;} ‘\

K

B u e\ [( U Dom(61,)) U ( Y Dom(ﬂzg))], t S
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9) If zp = 2, and 7P = 79, then g = y,,
{" there ezists a partial structure A = (N; 8} o, 05 0,91 15051, ..) such that 0} ; is
- a finite extension of O, 0} ; satisfies the condztwns (a.)—(f), E=121i¢€ N
zp € Dom(r],) end h(zp) =y, p=1, .
Proof. By induction on max (I(7),... I(‘r')) : -
First, let max (I(1),.. I('r’ )) =1 Then 2 has either a type or an anti-type.
If for example r? = fy 3, then ip ;é i or jp = ¢+ 1, and if for example 77 = f3 2:44,
then i+1 # ip and j, :,ét,p_l A Wecanassumethatlfp;é ,1Spq8
then 77 £ 79, - -
If foq =17, ‘then we define 0% «(zp) = yp and 8} ;(2) = Oai(2) for z # =,
and if fi; ¢ {77,...,77}, then 6, ; = O4;. It is eusy to check that the structure
= (N; 6 0,05, 0301 1:03,15. ..} is the needed.
Let us assume that Lemma 2 is true whenever max (I(7?),. .. () g < n, and
P be terms such that max (I(7'),.:.,}(7")) = n+1. We conmder all those p
such tha.t zp = 7 and 7P has the same last symbol as 7. For the sake of simplicity .

~ we can assume that z; = z3 = -~ = z; and 77 = 7P, 3 for some term 7P

ot = fia,p=1,...,1. Ifforsomep, 1g p <1, 7 = fi%, then we define
0y 2:(zp) = yp and 05 2&(’-‘) 01,3i(2) for 2 #.2p; 8] ; = by, for (k,9) # (1,2i). |

If P = 7P f) 5 for some term ™, p= 1 I then let 2z ‘be a natural

number satisfying the ‘conditicis: ‘ ‘
e g g {2y, ...,z,,yl, Laut U ( U Dom(ol,z.')) U ( u Dom(0z‘3,')) ;~
ieN ‘ ieN .

— if z1 € M;, then 2" € Miyy; e '
— if z; ¢ M;, then 2" ¢ M, for such a g that’ 7P has the last symbol which
has the type or anti-type ¢ — r for some r.

We define 87 5,(21) = ", o = .-+ = 2} = 2" and 8 4(z) = 01 2i(z) for
z # zy; 0, = 63 for (k,7) # (1,2). ‘Then for the structure 2" = (N; 67 0,0'2 0
6{1,05,,...), for the natural numbers &1, ..., &; 41, ..., Ji; %1, ..+, Zi5
Yt ..., y, for the terms 7{', ..., 7’ the condmons of Lemma 2 are satxsﬁed and

max (I(r” 1), (™) S n. Them, according the assumption, there exists such a
structure A’ = (N A 0,92 0,011,931, - ..) which we need, and Lemma 2 is proved.
Let us return to the proof of the Theorem 1.
At step s we shall define a partla.l structure A* = (N 8 0,0; 0. %, 1,0, TR
and at the end we shall deﬁne the structure % = (N; 8, 0, 83,0, 01 A 03 13
By the even steps s = 2n we shall ensure that the functlon O is total k =1, 2
ieN. By the odd steps s = 2n + 1, if n = (no, i, ), § # j and ng is & nuinber of
the finite sequence (71,...,71), .. (r’"-l‘"1 ceny ) of finite seqhiences of terms, .
and g, is the value of the term rP ,p=1,. I;,, we shall find an z such that the
equivalence (#+) does not hold, i. e. for some z we shall satlsfy at least one of the

. following two conditious:

()2 e Mk @ €M V..V L) EM) L. b
P G @ £V .V (6 € )]

65



PRI

() = ¢ Mik [(a(e) € Mk .. Lpr(e) € M) v

| (Phort1(2) € M & ... L, (2) € My)].
Let us descnbe the constructlon
Case 1. s=2n. -
We deﬁne 0} o(z) = 0} ,(z) for z ;& n and: : :
- if n € M;,

if n @ Dom(f;,3), then 8 2(n) = {::“’ othermise:

e i, - ifn€ My,
ifn¢ D°m(91,§i+,1), then 63 2i41(n) = { z: v, otherwis:l

. . ' i) if n € M;,
lf n¢ Dom(93 2), then 0,2:(n) = {::+1, ot;erwis;;

ifn ¢ Dom(ﬂg 2.+1) then 02 2;+1(ﬂ) {PH-I: lf_ﬂ € M.‘+1,

pi, - otherwise.
Case 1L s=2n+1. . ‘
‘ If not Seq(n) or (n); = (ﬂ)z, then we do nothmg ie. 8}, = 0';1 k=12,
p € N. If n = (no,d,j) and i # j, let ng be the number of t.he finite sequence
of finite sequences of terms (r!,...,7"), ..., (r*=1%1,..., 7). We consider two
subcases ’
Subcase A. There exists a natural number m0Em< k such that if
im +1 € 9,94 £ Im+1 and 7P = 74, then for some term 7 has a type (anti-type)
k—1, thenk#; orl=j(k#j orl;éJ) Wecanassumethatm 0 and I, = 0.
Let i be an integer such that iy # { and i # ', and 7P has a type or anti-type
¢ — j' forsome j', 1 S p £ l. Let maddmon

»

| i1 .?»"'—‘la fo, j1=--=d, =, «
Cmp=eman =20 € M\ (UDomto;,;% ) u (U pomies} )]’
. ieN . : ieN '
W € M\ [( U omeizh) u (U Dom(ﬂs,;}))].'
\ ieN iéN -
It is easy to check that the structure ﬁ"' (N 1,0 ,9531,9;-11:0;-11, oE the
natural numbers 4y, ..., i,; ji, . - ,J,,,zl,. oy Bigs Y1y -0y Wy, the terms 71, ., .,

rhh satisfy the condmons of Lemma 2. Therefore, there exxsts such a structure A=
(N;82,0:05,0,61,1,031, - . ) that 0] , satisfies the conditions (a)~(f) (1f we replace 6} ,
instead ofﬂp,,,) k=1, 2 p € N and 13s(2,) = 1p eM,,p_l oy Itlsclea.r
that this structure can be defined effectively.
: Subcase B. Assume that subcase A does not hold.
Then we do nothing, i.e. 8, =67}, k=1,2, pEN
The construction is completed.
It is easy to check that the followmg lemmas are eorrect
Lemma 3. 0y, is a total recursive function, k= 1,2,p€N.
Lemma 4. 0, satisfies the equivalences (), k=1,2,p €N.



Lemma 5. Ifi # J and (‘Pl’ ° ‘Ph): ceey (‘Plh-1+la 1501;) is an arb“m'y
sequence of finite sequences of id or compositions of the functions 0y ¢,.02,0, 61,1,
02,1, ..., then there ezists an z such that (++) does not hold.

The proof of Theorem 1 is completed.

Let 3 i(2) = (i, k,z), k=1,2;i,z €N, and

No=N\. (U Ran(spl,a') U (U Rﬂﬂ(‘h,d))

Deﬁmtlon 5. Let {Ay,} +eN be a sequence of disjoint subsets of No. We define
the sequence {[Ax]};en of disjoint sets of natural numbers by the following rules:

(a) if p € A;, then. p € [Ai]; ‘

(b)If1<1<2i€eN,pe[4i]and 01,4(k) = n, then gp;,.(p) € [A,.]

‘Lexnma 6. If {A"}EGN is a recursive (r.c.) sequence of disjoint subsets of
No, then {[Ai]}reN 15 a recursive (r.c.) sequence of disjoint sets. :
. Lemma 7. For every natural number z, either z € Ny or there ezisis an
effective way to find a function @ which is a composition of the functtons 01,0,
$32,0, 1,15 2,1, -+, and a y € Ng such that ply) ==.

Proof. Using induction on |z|, where |z| = 0 if z € N and'|(k,i,y)| = |y| + 1,
one can easily verify that Lemma 7 is true.

Lemma 8. Let {Ai};cN e o aequence of disjoint subsets of No. Then
: (a) For any function o, which is a composition of the functions ¢y 0, 2,0, ¥1,1,

¥1,1, ..., and for any natural number ¢ there ezists such a k that p([A:]) C [44].

(b) For any function p, which i i8 & composition of the functions $1,00.92,0, P1,1,

®2,1,...., and for all distinct natuml numbers i, j therc ezisis an effective way to
verify whether or not p([4]) € [A;].

The proof is immediate. : :

From now on if {Ap}xeN i8 a sequence of disjoint subsets’of Ny, then we

denote by Bk the set |J [4] Itis obv;oua that if {A;,},,EN is an r.e. sequence, - |

SEM,
then {Bk}keN is r.e. too. : '
, Lemma.9. If {Ak}keN is a sequence of disjoint subsels of Ny, then the
following equivalences hold for any natural numbers i and z:

z€e B.~ <= 501,‘2-'(1') € Biy1 & 2,2i(z) & Biya;
z € Biy1 <> ¢1,3i41(2) € Bi & pa2,3i41(2) ¢ B;.

Proof. This lemma immediately follows from Theorem 1, Lemma. 8 and the
definitions of Ay, By, k € N.

Corollary. If {Ai}icN is a sequence of dw]omt subsets of No, then the set

-B; is btt-equivalent to B; for all natural numbers i and j.
Lemma 10. If {A: }ieN s o sequence of disjoint subsets of No, and i # j,
kthcn for every sequence (¥1,...,%1,), ..., (¥1,...,%1,) of finite sequences of id or
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composmbns of the fanctions p1 0, 3,0, P1,1, P2,1, - - ., there ezists an effective way
to ﬁmf 1, such that for every z € A; the equivalence

2€B; = (vi(2) EBj& ... &y, (2) € B,) V.
(¢I._;+1(3) € BJ &...&dn(z)€ BJ) ‘

(% *%)

_ does not kold :
. Proof. This lemma follows again immediately from Theorem 1, Lemma 8 and
the definitions of Ay, Bx, k€N.
Let No = N; UNj, where N; and N, are infinite disjoint recursive sets and
v/ is a monotonically increasing functxon such . that Ran(r') = N; and r(n) =
r{n.(n+1)/2+n).
Addltlonally, let ® be a partxal recursive functxon (p r.f.) which is universal
for ail unary p rf. Let ®, = Az &(e, 2) and ®., be a ﬂmte p.r. approxlmatlon of
P, i.e.

B | 0,(3), ifze Dom(Q,) & ®,(z) is computable
D, .(z) = , . in less than s steps,
undefined, _otherwise. ‘ ,

 Theorem 2. There emta an r.c. btt-degree wluch contains an infinite anti-
*  chain of r.e. p-degrees. =~ "
" Proof. In order to construct a btt—degree conta.mmg mﬁmte(y ma.ny mutually

incomparable p-degrees, we shall construct an r.e. sequence {Ax}reN of disjoint
subsets of N such that if i # j, then B; and B; are p-incomparable. Then it will
follow from Corollary to Lemma 9 that the set B; has the same btt-degree as the
set B;. Therefore, the proof will be completed.

‘ We construct the sets {Ag},,EN by steps, 'bmldmg a ﬁmte approxxmatlon A,
of A;, i €N, on step's. (We shall denote. the set l{l [A,,,.] by Bi,.) .

At step s, if (8)o = (¢,4, j) and ¢ # j, our aim is to satisfy the condition that
the function @, does not p-rednce B; to B;,i.e. tofind such an # € Dom(®.) that
" Seq(®4(2)), VE[k < h(®(z)) = Seq((o,(z))»)l, and at least one of the followmg v
two conditions is satisfied:

(i) =  B; &3b{k < Ih(®4(2)) & VIl < (@ (2))s) = ((‘I’e(Z))b)l € Bjl}; . .

(iyze B; &Vk{k < 1b(®.(2)) = [l < h((Pe(z))s) & ((®(2))s)1 € Bj]}-

~ For this purpose, on step s, if 'we find such an'z, which satisfies (i), then we

would like to put it outside B., and if we find an z which satmﬁes (i), then we

weuldhketoputith. e

. If at step s z is placed in some- set Ap, in order to satmfy elther (i) or (u), then
we create an (s)o-nqummcnt 2. In this case, if z satisfies (ii), then we shall need
also some elements i, ..., yp which do not belong to any set [A;]. So we create
a negatm (s)o-rcqsmment {»1,---, %} To guarantee that, for any e, such that
'®, is total and satisfies the condmons Vz[Seq(Q,(z))] and Vk[k < Ih(®s(z)) =
Seq((®.(z))s)], and for-every i, j, such that i # j, there exists an z satisfying .
either (i) or (ii), we shall use a pnonty a.rgument 8o that the smaller (a)o will have

priority.
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If z is an (s8)o-requirement and {y, ..., yp} is a negative (s)o-requirement creat-
ed at step s, and till step ¢ the condition (ii) which is satisfied at step s is not injured,
then we shall say that the (s)o-reqmrement and the negative (s)o-requlrement are
active at step ¢.

If an (s)o-requirement z satisfies (i), then we call it active at every step t>s.

- If an (8)o-requirement (a negative (s)o-requlrement) created at step s is active
at every step ¢ > s, then we say that it is constant.

Now we can describe the construction of the sequence {At}reN-

Step 8 =0. Let N3 = {ao,a1,...}, where ag < 61 < ...; we take A; o = {a;}.

" Thus it is ensured that A; is nonefmpty.

Step s> 0. If not Seq((s)o) or [Seq((s)o) and ((3)0)1 ((8)0)2), then we do
" nothing, i.e. we take A;,, = A;,—1,{ €N, and do not create any requirements ‘
If Seq((s)o) and (s)o = (e, i,j), where i # j, we verify whether an active
(8)o-requirement exists. If there exists such a requirement, then we do nothing.
If such a requirement does not exist, then we verlfy whether there exists an
z € N such that :

z> r((s)o), zE Dom(Qe 3) Seq(;I’,(z)),

vl?[’c < lh(‘I’e(%)) = SeQ((Qe(z))b)L z¢J A;,._l,
‘ ieN
and z does not belong to any active nega.twe requirement, created at a step t < 6
such that (£)o < (s)o. If such an  does not exist, then we do nothing. .

Otherwise we denote by z, the least such z and create the (a)o-requlrement .
Let ; . . g

‘ QG("“) = ((21, (XX} zl’x): crey (zlk-_n+11 v ’z’b))’ ‘, 'I’P(VP) = vz.P’
where either ¥, is a composition.of the functions @10, v2,0, P1,1, ¥2,1, ---, OF
Yr=id, 1 £ p £ Ik, and y1,...,y, € No. We verify, whether there exist natural
numbers Ziyy ..., 2, such that %, ¢ B,,,..l, l-1+1 £ 4 S |, and z, #4%,,p=1,
., k. I yes, then

Apie = Ap; -1 U {z.} A(, = A: =1 for l#pi, 1€N,
and if {y.,, Uik \ ( U 4is-1 U ,{z,}) is nonempty, we kreate a negative ’
‘ leN ' - ‘ S :

(3)o-requirement

{yﬁ)' -"yl'k}\ ( U A' -1 U {z'})‘

- lGN

Otherwise we consrder all those p, 1 < p < &, such that there does not exist an ip
such that z;, ¢ Bj,.1, l,,..l +12id, £, and 2, # y,. Let us assume in this
case that all these p are 1, ..., ¢ and fg41, ..., 4 are such that z;, & Bj,_i,
b1+15i 2,4, ;&z,,p g+1,...,k Foranyp, 1< p < q, we consider
all those § such that [,_; +1 < i £ I, and y = z,. We assume that for any p,
12 p S g,allthose i, such thatly 1 +1 S 4 Sl and g = z,,are lp_1 +1, ..., .
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(

Q According to Lemma 10 there exists an [ such that if p € Az, then the eqmva.lenee T
(* * %) does not hold if we replace k by ¢. We define

Az, =A;,-1 U {z,} and 4,, -A,,,,_l jfor p#l, peN,

and we create a negative (s)o-requlrement

1" ) ) {yi,.n) ’ylk}\ (U A{)...] u {z‘})

1eN

-

if {Whouus--- 90} \ (U Ave-s U {z,}) is nonempty.
| Y, |
- Finally, we take A; = U Ais.

Obvmusly, this constructlon is effective, hence the sequence {Ak}ren i8 Tee.
Moreover, {A; }reN'i is a sequence of dstomt subsets of Ny, since one element may
be placed in only one A;.

In order to show that this construction works we need some lemmas. Let
A= |J A : '

ieN

Lemma 11. Tbc set Ni \ 4 is infinite.

Proof. Let (N;),. = {z |z €N &z < r(n)}. We prove that the set (Ny)r(n) N

. (N1\ 4) contains at least n elements or, equivalently, |(N1)s(n) N A{ < n.(n+1)/2.
Indeed, for every (e.i,j), i ¢ Jj, we have no more than (e,i,j) + 1 (e,i,7)-
requirements and each of them is greater than r((e,s,j)) and belongs to some
Ax € A Therefore, in (N1)r(n) N A there are only m-requirements for m < n, i.e. |
in (Nl),(,,) N A there are no more than 1424 ---+n=n. (n +1)/2 elements '
Lemma 11 is proved. ‘
Lemma 12. The set N; \A is immune.
... Proof. Let us assume that there exists a set C C Nl \4 whlch is mﬁmte and
r.e., and 2o € Nj. Obwou.sly, ,

_ ] {{zo)), lszC'
f(z) - {un;eﬁned otherwise

is a p.r.f. Let e be a natural number such that f=®., andlet z € Dom(f) such
- that z > r({e, 0, l)) and s; is the least s which satisfies the equality ®.,(z) = f(z)
Then z must be an (e, 0, 1)—reqmrement created at some step s > 8 such that -
(8)o = {e,0,1),i.e.C N Ais nonempty This contradicts the assumptxon There-
fore, Ni \ 4 is immune. ‘
. Lemma 13. For tmy natsral number e suck tlzat N C Dom(Q,) ami

Ve{z € N = Seq(@,(z))&.Vk[k < Ih(®.(z)) = Seq((®e(2))e)]}

. -and for all distinct i, j, there ezists a constant (e, i, j)-requirement.
Proof. Assume that there i is ‘no constant (e, 4, J)—reqmrement -where i # j,
N1 C Dom(@.) and. '

Vz{z €Ny = SeQ(‘Ps(z))&Vk[b < lh(@ (=) = SeQ((‘I’e(z))k)]}

P
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- We find an sp such that if s 2 so and (e1,%1,51) < (e,i,]), then every (es, 1, 1)-
requirement, is already created. Moreover, let z € Ny \ 4, z > r({e, £, j)) and s be
such that s 2 so, ®. ,(z) ®.(«) and (s)o = (e, j) Then on step s a constant
(e s J)-requuement z is created.

Lemma 13 is proved.
Now we shall prove Theorem 2. Let us assume that B; <p B; and i ;6 j.
Therefore, there exists a total recursive function f such that.

Vz{Seq(f(2)) & VE[k < Ih(f(2)) = Sea((F(=De)},
and o _ .
Ve{z € B; <= 3k[k < Ib(f(2)) &Il < I((F(2)) = (Fe € BN}

Let e be an index such that ®, = f. It follows from Lemma 13 that there exists a
constant (e, i, j)-requirement z, created at-step 5. Then z, € Ny,

f(z.) =,((z1, e .,211).‘, ‘o (zlh-rH) .o z;,,)), / '/’p(yﬂ) = Zp,

where ¥, is either a composmon of the functions @10, ¥2,0, ¥1,1, ¥32,1, +++y OF
Yp=id,p=1, ..., i, and g1, ..., g1, € No. ‘We assume that there exist natural
numbers z;,, ..., z.,, such that zi, € Bjs-1, lp-1+1 24 £ lp and z, # ui,,
p=1, ...,k Thls conttadxcts the fact that the function ¥i p—reduces B; to B;.
Therefore, there exists a p, 1 & p < k, such that there does not exist i, such that
zi, € Bje-1, -1+ 15 z,, lp and z, # y;,. Let all those pbe 1, ..., ¢ and
Zi, € Bjo-1,lp-1+1 2 4p £ < I and z, # Yipr P = ¢+1, ... k. For the sake of
simplicity we shall assume that n=--=y, =2 Then 1t is easy to check that
z, does not satisfy the condition (p) if we replace z with z,, A with B;, arld B
with B;, which contradicts the fact that f p-reduces B; to Bj.
Theorem 2 has been proved '
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I[nmo Tenses, Eaenxa Tenvesa. PAXTOPU3AUNMY I'PYIIIT PSpe(g)’
- Iloxasan cnemmmuﬁ pesynnTaT:

Ilycts G = PSpe(q) u G =.AB, rre A, B — cobctpennnie nelﬁenenuc BPOCTHie NOA-
) rpynnu G. Toras umeer uec'ro OZHO K3 CHAeRYIOmINX: ’
(1) g=2u ANU;3(3), B“Ug(2), :
(2) g=4u AR ], B~Ul(4): '
(3) 9= 2" w A& Ly(®), B & Lq(g) wm Us(a);
(4)g= 2" >InA Gz(q), B PSm(q), L4(q) uin Ug(q)

Tsanko Gentckev, Elenka Gentchcw FACTORIZATIONS OF THE GROUPS PSpg(q)

The folldwing result is proved. - N

Let G = PSpe(q) and G = AB, where A, B are proper, non-Abelnn simple subgroups of G
Then one of the following holds:

(1) ¢ = 2 and A & Us(3), B Uy (2); ‘

() g=4amd A% )y, BU(e); L ,

(3)g=12"and A2 Ly(¢®), B Ly(q) or Usla)s ' o '

(4) 9 =32" > 2 and A2 G1(q), B ™ PSpy(q), La(g) or Us(g). :

.

INTRODUCTION

‘ In 5, 6] we dete;mlned all the factorizations with two proper simple subgroups
_ of some groups of Lie type of Lie rank 3 “In the present work we extend this

. Ruenrch pa.rtully supported by the MSE Grant No 29/91
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‘investigation to the simple groups P,S'ps(q) of Lie type (Cs) over -the finite field
GF(q). We prove the following

Theorem. Let G = PSps(q) and G = AB, where A, B are proper non-Abelian
simple subgroups of G. Then one of the following halds

(1) ¢ =2 and A = Us(3), B = Us(2);

(2) g=4 and A= Jy, B = Uu(4);

(3) g=2" and A= Ly(q®), B = L4(q) or Ua(q);

(4) ¢=2" > 2 and A = G3(q), B = PSps(q), La(q) or Us(q).

The factorizations of PSpe(g) into the product of two maximal subgroups have

been determined in [8]. We make use of this result here.

Our notation is standard. Basic information on the known slmple groups can
be found in {2, 3].

- In the proof below we shall freely use the followmg directly verified properties
. of the group G = PSpe(g), ¢ = 2". Using the symplectic realization

G={Xx GGLs(q)IX'TX-_—.T}, where T = g g)

(E is the mdentxty matrix), G has four conjugacy classes of involutions denoted
here (2;), (23), (23), (24) with representatives

=(82) a=(89). w=(58) «=(5 )

respectively, where

o S 01 0
P = diag(1,0,0), Q = diag(l, 1,0), R= (1 0 0)
000
The only involutions of G which are squares (of elements of order 4) are those in
the classes (2;) and (24). Further, |Cg(iz)| = ¢°(¢? — 1) and [Cg(is)] = ¢°(g% - 1)2.
Lastly, G has no elementary Abelian subgroup of order ¢* all of whose involutions
are in the class (24).
' PROOF OF THE THEOREM -
A . . , . :
\ Let G = PSps(q) and G = AB, where A, B are proper non-Abelian sunple_
subgroups of G. The factorizations of PSps(2) and PSps(3) are determined in
[1, 7]; this gives (1) and (3) (with n = 1) of the theorem, Thus we can assume that
¢ 2 4. The list of maximal factonzatlons of G is given in [8]. This leads, by order
consldera.txons, to the following possibilities, where q= 2"
1) A= Ly(q), B = Us(q); . '
2) A= Uq(q), B = Ls(q); ’ ‘
3) A= Uys(q), B = Ga(/7), n even > 2;
4) A= Ly(¢°), B 2 Ly(q) or Us(q); -

5) A= G,(q), B = PSpa(q), La(q) or Us(g); :
6) A Jy, B Uy(4), n=2. | | B
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Note that PSps(2") contains subgroups isomorphic to U3(2”) or L3(2") if and
only if n is.even or odd, respectively.
We consider these possibilities case by case. c

Cases 1), 2), 3). Here [ANB| = ¢?>~1, ¢*~1, and ¢— 1, respectively. Each of
the groups Us(q), La(g), and Gg(ﬂ has elements of order 4 and hence B contains
involutions from at least one of the classes (2;) and (24) of G. Let L§(q) denote
~L4(q) if e = + and Uy(q) if € = —. Then any subgroup A = L§(g) of G contains
involutions from each of the classes (22) and (24). Indéed, A has two conjugacy
‘classes of involutions, central and noncentral, which are squares and so they belong -
to (22) or (24). The central involutions in"A have centralizers of order divisible by -
(g—¢1)?, whence they are from the class (24). But L§(g) has an élementary Abehan
subgroup of order ¢%. As G has no elementary Abelian subgroup of order g* with
involutions only from (24), it follows that A contains involutions also from (23).
Thus A and B necessarily have a common involution, which implies 2 [lANB|, a
contradiction. -

Now we prove the existence of the factonzatlons in the remaining three cases
4), 5), 6).

Case 4). Here we use the following symplectic :ea.lization of the group Lg(qa)

in PSps(q), = 2". Let K be a field extension of k¥ = GF(g) of degree 3.

There is an element w of K such that 1, w, w? form a basis of K over k, and set
= po + pyw +paw?, where p; € k (#=0,1,2). Further, let

.S__(ao+a1w+azw2 bo+b1w+b3w
~ \ eg + 1w + cqw? 'do+d1w+d2w2

be any matrix with det S = 1. Then the following matrices form a subgroup A of
G isomorphic to Lz(qs) / ,

)’ ai)bi)cl'ydiek (i=0,1,2)

ao poaz  wiz B by by
a1 ao+piaz was b1 f’z + p5  pabo + p1b1) g (bo +P152)‘
w=| 9%- a1+pea wss b . ppt(bo+mba)  pgl(br4paba) |
@' pa  we | do Sod o d
Poc2 we wez Poda do + p1da dy + pads
wey we2 wes  pody + popadz wes wee

where - _ . _
W13 = P61 +popada, Was = P16y +(P1P2+Po)az, Wss = ag+paai +(p3+p1)az,
 we =pocy +PoPaca, Wez = Poco + popacy + Poca(p3 + p1),
Wes = Popaco + poci(p3 + p1) + poca (P + Po),- wes = prdy + da(po + p1p2),
‘ wee = do + pady + dz(pg +p).
The momo:phlsm is given by the map 'S w.
Now let ‘B = L(q) be a subgroup of G. Then |[ANB| 2 ¢® - ¢l and using

the subgroup list of A, we see that |A N B| § 2(¢® — £1). The above realization of
A shows that the involutions in A are from the class (23) of G. However (as shown

\
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above), any L§(g) subgroup. of G contains involutions only from the classes (22)
and (2). Thus 2{|A N B| and then |AN B| = ¢* — €1, which implies G = AB.
This is (3) of the theorem. ’

Case 5). We use the following two realizations of the group G = PSpe(9),
g=2" ' -

@ PSpe(a) = {X € GLe(a) | X*'HX = H},
where H = disg(,9,7), J = (01 (1,)
(&) f PSpalg) = (¥ € GLo(@) V'Y =1},
‘ | S
1.
. T |
where I = 1
o1
1 | | .
_Let X,Y € GLg(g) and Y = Ty XTo, wh :
/1 000 00
foo0 o0 g 0 3
_too1 0 0] _p-1
To=|g00.100[=T0"
000010
o 010000
. Then Y'IY =Iifand onlyif X'HX =H

~ Now, with respect to (i), we have | ' o

& PSpa(q)-
On the other hand (see [4]), with respect to (i), a G4(g) subgroup of PSpe(g) is
_generated by the matrices X4, (1), r € {a,b,a+b, 2a+b,3a+b,3a+2b},t € GF(q),

'(1t‘00’00\“ 100000
v fo10000 gr:ggg
_loo1¢to00 C o 01
osleser o] PSS E)
‘ 0 1t - : ‘ ;
000001/ 00000 1/
/1°0 ¢ 0.0 0\ 10000t
| 0100t0\. 010¢t00
loo1000} _joo101¢0
Xew®=fg g g 10 ¢| Fen®=}o o0 100p
o loooo 10 - 000010}
+ \ooo'0,0 \0 0 0 00 1/

1/
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010000 | 81000t
00100t 01000
Xa..,..(t)‘: 000 1 g ol Xsasan(t) = 000100}
‘ Y0 00010 0 00010
0 0000©O01 0 000O0O0 1

" and the matrix X-.(t) is the transpose of X, (t). Now a direct computation shows
that the common elements of the a.bove PSp4(q) and G3(g) subgroups are exa.ctly
as follows: :

w 0 0 w4 0 0
010 0 0 0 | o
- To uql g '6’ ugiv 8‘“'{6?’"1 To (“YGGF('I)‘v ‘”’wEGF(q))"

000 0 0 1 0 - |
0 0 u-? 0 0 u 2y
(w00 v 0 .0

0 10 0 0 0 S
n|8 8 x 08 b5 weorw sear@)

0 00 0 10
‘N0 00 0 0 u?

Hence |PSpy(g) N Ga(g)| = ¢(¢* - 1) (in fact,
PSpa(9) NGa(e) =To (X3a+b(t), X_a+p)(®)) To = La(g)).
" Now order conmdera.tlon imply '

PSpalg) = Ga(a)-PSpalg).

' This is the first factorization in’ '(4) of the theorem.

Now let A = G3(g) be the subgroup of G described in the above paragraph, and
B, = 0%(q) = L5(q).2 be a subgroup of G. Then G = AB; and AN B, = SL§(q).2
(see [8]). Let B be the L(q) subgroup in B;. Now A has two conjugacy classes of
involutions — central and non-central. It is not difficult to see that these involutions
‘are from the classes (24) and (23) of G, respectively. Further, A has a single
class of SL§(q).2 subgroups (cf. [4]) and évery such subgroup contains non-central
involutions. Consequently, every SL§(g).2 subgroup of A contains involutions from
(23). But (as we have seen) B has no involutions from (2s). Thus AN B is a proper
subgroup of SL§(q).2. ‘Then (by order considerations) G = AB; in particular,
ANB = SL§(g). This gives the remaining two factorizations in (4) of the theorem.

Case 6). Now ¢ = 4. In case 5) we proved that G = AB, where A = G,(4),

B & Uy(4), and D= AN B  Uy(4), Talke a subgroup C & J; of A. Then (as

. shown in [9]) A = CD. It follows that |[BNC| = |DNC| = 150. This implies
G = BC, the factorization in (2) of the theorem. : '

"Fhis completes the proof of the theorem.
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FACTORIZATIONS OF THE GROUPS PSUj(g) *

' TSANKO GENTCHEV, ELENKA GENTCHEVA

Hanxo Ienses, Eaenxs Ienveda. d?AK’I"OPKSAlIHM TPYIII PSUs(q)

Jdoxasan creayiomuif peayanrar: ,
. Nlycts G = PSUg(q) m G = AB, rae A, B — cobGcrpennue ueabenennie npoc'rue‘
uoarpynnut G. Torsas HMeeT MeCTO OANO 3 CHEAYIOMMX!
(1) g=2m AN My, B2 PSUs(2); - . ‘ :
(2) g=2u A PSU(3), B~ PSUs(2); SR
(3)¢=2">2 n#2 (mod4) u A PSUs(q), B™ Ga(a); ‘ :
(4) g#F -1 (mod 5) u A & PSUy(q), B & PSpe(q)- . .

2

i

Tsanko Gentckcv, Elenba Gentcheva. FACTORIZATIONS OF THE GROUPS PSUs(q)

Thcfollmncmult uproved.
- Let G = PSUg(q) and G = AB, wlm'eA Barepropernon—Abelmnumplelubyouplof G.

' Then one of the following holds:
{(1)¢g=2and 4 ™ M;;, BN PSUS(Z),
(?) ¢ = 2 and A = PSU,(3), B & PSUy(3);
(3)g=2">2,n%2 (mod 4) and A & PSUs(q), B Gg(q),
OTE B! (mod Sland A @ PSUs(@), B PSps(q)

1. INTRODUCTION ‘
. .
In [4] the first author determined all the faetonza.tlons (with two proper szmple
subgroups) of the groups of Lie type of Lie rank 1 or 2. In the present paper we
extend thxs mvestxg&tmn to groups of Lie type'of L1e rank 3 Let PSUs(q) be

5

Rmch pa.ma.lly supported by the MSE Grant No 29/91.
o ' : 19



the simple group of Lie type (3As) over the finite field GF(q?). Assuming the
classification of the finite simple groups, we prove the following result.

Theorem. Let G = PSUs(q) and G = AB, where A, B are proper non-
Abelian simple subgroups of G. Then one of the following holds: .

(1)g=2 and A= Mj3, B o PSUg(2);

- (2) ¢g=2 and A= PSUL(3), B PSUx(2);

" (3)g=2">2,n#2 (mod 4) and A= PSUs(q), B = Gz(q), ,

(4) ¢ # —1 (mod 5) and A = PSUx(q), B 2 PSps(q). .

The factorizations (1) — (4) ezist.

The factorizations of the groups PSUe(q) into the product of two maxnnal
subgroups have been determined in [9]. -

Throughout this paper we use standard group-theoretxc notation. Simple group
means non-Abelian simple group. |G| denotes the order of a Sylow p-subgroup of a
group G and M(G) denotes the Schuur multiplier of G. Next, A, is the alternating
‘group of degree n and Ln(g), Un(q) stand for PSL,(q), respectively P.S'U,.(q)
Notation and basic information of the (known) slmple groups can be found in
(1, 2.

The factorizations of the groups Ue(2) and Us(3) are determined in [6]. This -
gives (1), (2) and (4) (with ¢ = 2 3) in the theorem. Thus we can assume that
924 ’
" 'The following lemrhas aze needed in’the proof of the theorem.

Lemma 1.1 ([7]). If q is odd, thes SLe(q) does mot contain an elemcntary
Abelian subgroup of order 8 such that its involutions are conjugate.

Lemma 1.2, The grosp U.(q) wntmu 'S u&msp mmorplnc to U;(q) af and
onlyifg# ~1 (mod5). - . .

. Proof f ¢ = -1 (mod 5) ﬂle group U;(g) hu an elementary Abehan sub-
group of order 25 all of whose non-identity elaments are conjugate. On the other
hand, it is easily checked that this is impossible in Us(q), so Us(q) cannot contain
Us(g). If ¢ # —1 (mod 5), the statement is clear. - -

- a, b are positive integers and (a,b) = 1, then. Ord.(b) detmtea the inultnphca—
tive order of b modulo a (i. e. the least pwtwe integer with ¥ = 1.(mod a)).

- Lemma 1.8 (see [8]). Let ¢ be'a prime power and o & positive integer. Then -
there ezists a prime r such thtOtdr(q)-t amlma...ﬁ omiq:-*? ors.. 2 and
g a Mersenne pmne o : ‘

"3 PrOOF OF i‘ns THEORE_M
 The group G = PSUq(9), q p" 'p a.ny pfi‘me, has order
0% - (> + D@t - D+ DEE /6. a+1).
UsmgLemmalil cho«eapnmerauch that Ol'dr(P)'= 10n. Thenr- 10nt+1'

forsomet 2 1. Now r|g® +1a.ndhenoerHGI WeahallsupposethatrHAi We
. next discuss the posslbxhtlesfor A '



Let A = A; (125). Then ! 2 r 2 11. Hence A contains a subgroup X .
isomorphic to Ly(8). As M(L3(8)) = 1, , X must embed into SUs(q?) and hence
_into SLe(g?). This contradicts Lemma 1.1 if p is odd. Thus p = 2. Set n= 3%n,,
where 31 n;. It is directly checked that if 3 | lGI then v £ 3a + 7. On the other
hand, |A4| is a multiple of 3#, where

Cn ] [g] 2 [ [ parez dtarmosee

3 9

unless n =t = 1 or n.= 3, ¢t = 1. This forces G = Us(2) and A = 4; (I 2 11)
or G = Us(8) and A = A (I 2 31). But |A1r| 1 |Us(2)| 2nd |Agy| 1 |Us(8)|, whence
|A] { |G|. This contradiction shows that 4 % A,.

" Let A be a sporadic group (2Fs(2)’ is excluded by r =1 (mod 10)). Kp=2
then the choice of r implies r = 11 (and n = 1), r = 41 (a.nd n=2), r=61 (and
n = 6), or r > 71. Now it is easily verified that there is no sporadic group of order
divisible by. at least one of these primes and dividing the order of the corresponding
Uc(z") (reca.ll g=2"> 2). So p > 2. Now if A ? My, My, Maa, HS, M‘CL, Suz

_then (recall | 4| is divisible by a prime r = 1 (mod 10)). A contains a subgroup Y

. (possibly Y = A) -with |M(Y)| prime to 6 and Y contains an Es subgroup all of

whose involutions are conjugate in Y (see [2]). This contradicts Lemma 1.1. Thus,

we have proved that if A is sporadic then A = Myy, M2, Mag, HS, McL or Suz;

- hence r = 11 and consequently n = 1, that is, G = Us(p) for odd p.

Further, let A be a group of Lie type of characteristic # p. Now [6] leads to
‘A = L3(11). Hence r = 11, s0 G = Us(p).

Finally, let A be a group of Lie type over the field GF(¢'), ¢ = p”‘ (see {1]
for the: ordera of these groups). If A 2 Ai(¢') ( & Lipa(q)),,[-2 1, then r||A|

- yields | ¢'* — 1 for some k, 2 < k < I +1. Our choice of r then implies 10 | mk.
Choose a pnme ry with Ord,, (p) k. This is possible by Lemma 1.3 and ry | |G|
(as obviously ry | |A[)s Since mk 2 10n, necessarily'ry |¢® +1,i.e. ry|¢'®—1 and
ther the choice of r; leads to mk|10n Thus 10n = mk, 2 £ k £1+1. Now as
[Alp £ 1Gl, = p'®", we have ml(l+1)/2 < 15n = 3mk/2 < 3m(1+1)/2 It follows
that [ =1, m =5n,0r [ =2, m =5norm= 10n/3(3|n),or1-3 m = 5n/2

(2] n), that is, A = Lz(qs), La(qs) Ls(g*/3), or Lq(g®/?). However, then |A} 1 |G].

If A= B(q) (2 PQuqi(e)) or A= Ci(g") ( = PSpu(e)), 1 2 2, similar
a,rguments produce A & P,S'p4(q“/ 2y (2] n), PSpe(¢*/®), or Pﬂ-z(q“/s) (3]n) and
again |A4{{|G]. -

' Let A 2 Dy(g") or 2Di(g"), | 2 4. 1t follows (just as above) that 10n = mk for
some k, 2 < k £ 2. But then’ ml(l —1) £ 15n = 3mk/2 < 3ml (as ||, < |Glp)
which forces I =4, k = 8, i.e. A% Dy(¢%/%) or 2Da(¢%4) (4|n) snd JAIfIG).

KA Gg(q'), we have similarly 6m < 15n and | 4| then-shows that r|g’® —1 -
which yields 10n | 6m. Thus m = 5n/3 (3 |n) and A = Gz(¢*/®). But then |4| f |G|
. KA Sz(q’) (m odd >:1), we have 2m < 15n and hence r must divide 7’
which yields 10n|4m. Thus m = 5n, 5n/2 or 15n/2 (2] n), that is, A = Sz(q5),
Sz(¢*/?) or Sz(q“/’) and again |A| ¥ IGI :

| ' - ' ‘ S8



Let A o 3D4(q') or A 214"4 ¢') (and mis odd > 1). Then 12m g 15n and the
choice of r implies that r | ¢’*+¢'*+1if A 2 3Dy(¢) and r | ¢’ 541 A 2Fa(¢")- In
either case r|¢'*? — 1 whence 10n|12m. Thus m = 5n/6 (6 |n) and A = 3D4(q5/6)
or 2F4(¢%/®). But then |A|{|G|.

Let A > 2G,(¢') (p = 3, m > 1, 24 m). Then 3m g 15n and hence r must
divide ¢’ + 1 which yields 10n |6m. Thus m = 5n and A 2Ga(¢®) orm = 5n/3

‘ (3| n) and A =2G1(¢®/®). However, then |A] |G|.

Let A = Fy(¢'), E@(ql)’ Ex(¢'), Eﬁ(q')’ or 2E5(q,)' Then [Al, £ p'®" means

" 15n 2 24m, 36m, 63m, 120m, or 36m, respectively. But r||A| implies r|¢'* - 1
- for some k, where k £ 12, 12, 18, 30, or 18, respectively. This leads to 10n £ km,

i.e. 15n £ 3mk/2 £ 18m, 18m, 2Tm, 45m, or 27m, respectively, a contradiction.
Let A = 24i(¢") ( = Uipa(¢)), 1 2 2. Now rlg* + (~1)*1 for some k,

| 2<k<1+1 Ifbweventhenrlq’k—lwhlchleadsto 10n | mk. As in the case

A= A(¢'), we have also mk | 10n. Now mi(I+1)/2 £ 15n = 3mk/2 g 3m(1+1)/2
whetice necessarily I = 2,7or I = 3 and k = 2 or k = 4, respectively. But then
A Us(¢®)or A U4(q5/’) (2|n) and again A} 4 |G|, Thus k is odd and r | ¢'* +1
whence r|¢’®* — 1. This leads to 2mk = 10n and then mi(l +1)/2 £ 150 =
3mk £ 3m(l + 1) yields | = 2, m = 5n/3(3|n), or | = 3, m = 5n/3 (3|n),
orl=4m=n,orl=56, m=mn,orl=6m= 5n/7(7|n) Accordingly,
A Ua(lf/s) Us(¢%/3), Us(q), Us(q), or U(g®/ 7) In each case either |A|{|Gl, or
A=G, or A Us(q). ‘
Thus we are reduced to the poaslbxlmes G = Us(p), p odd, A 2 Ly(11),
Mu, Myq, Ma3, HS, McL, q Suzand G = Us(q), A Us(q) In the first case

Ordyy(p) = 10 implies that p # 3, 5, 11. It follows that in gny case p“ divides |B].

‘We shall prove that there is no possibility for B.

Indeed, B $ Ay as otherwlse I must be too large and then we reach a contra-
diction just as in the case A & A; above. B is not isomorphic to a sporadic group
because if p is odd, p # 3, 5, 11, then pt* does not divide the order of any sporadic
group. Further, [6], shows that B cannot be a group of Lie type of characteristic
# p. Finally, if B is of Lie type of characteristic p then (checking the orders of these
groups) we conclude that B 2 Ly(p'?), La(p'®), La(p®), Le(p), Us(p®), or Us(p).
However, then either |B|{ |G| or B = G, an impossibility,. -

In the second case A & Us(g). Choose a prime ry such that Ord,, (p) = 6n

(the choice is possible as ¢ > 4). As ry |¢® ~ 1 and as ¢° — 1 divides [B: ANB| =

|G : A] = ¢5(¢®~1).(5, g+1)/(6, g+1), it follows that r; | | B|. Now we again consider
the possibilities for B (as for A above) taking also into account that q‘(q -1)|BI.
This leads'to B & La(qz) PSpe(g), PS(g) (24 ¢), or Ga(g)- ;

Note that if ¢ is odd then G does not contain a subgroup lsomorphlc to Gs(g)
and consequently a subgroup isomorphic to PQ2:(g) (as PSiz(q) contains G3(g)).
Indeed, this follows from Lemma 1.1, as B 2 G3(g) (¢ odd).has Schur multiplier of
order prime to 6, 2-rank three and only one conjugacy class of involutions.

Now, if B & G1(g) (g = 2" > 2) or B = PSps(g) we reach (3) or (4) of the
theorem. . _ . . , : , .
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Lastly, let A = Us(q), B = Ls(¢?). Denote D = AN B; then |D| =
g(g* ~ 1).(6,9 + 1)/(3,¢*> — 1) (recall (5,¢ + 1) = 1). By the known subgroup
structure of L3(¢?), it follows that D is contained in a subgroup of B isomorphic
to .

L]

| a,bce Gﬁ(zf); Ae GLg(qz), a.detA=1 /(wE),

where w is an element of order (3, ¢% —1) in GF(¢?). Further, H = FK and F<H,
FNK =1 where

| 1b,ceGF(gh) } = Ey,

|a € GF(¢%); A é'GLg(qz), a.detA=1 /(wE')

. & GLy(q? )/1(3 g2-1)-

Suppose that T' = DNF # 1. Then TaD and T & Epu, where p < p* < q. The
centralizer of any non-identity p-element in Ls(qz) has order dividing q"(q2 ~-1).
Hence |Cp€T)| divides g(g? — 1).(6,¢ +1)/(3,¢? — 1). Then |D/Cp(T)] is divisible
by ¢? + 1. However, D/Cp(T) is a subgroup of Aut(T) = GLy(p), so '

)  |GLe(p)l = p V¥ (p—1)...(pF - 1)

must be divisible by ¢2 + 1 which (in view of p* < ¢) contradicts Lemma 1.3.

Thus DN F = 1 and hence D is isomorphic to a subgroup of H/F = K. Of
course, K contains a subgroup L 2 SLy(g?) of index (q2 ~1)/(3,¢*> — 1) and then
DN L is a proper subgroup of L of order divisible by ¢(¢? + 1).(6, ¢+ 1). It follows
- that Ly(g?) has a proper subgroup of order divisible by ¢(g? + 1) whlch (forg 2 4)
contradicts the structure of La(g?). *

It remains to show that the factorizations in (3) and (4) actually exist. From
[7, Proposition 3.3] we have

SUs(¢?) SUs(q’) Sps(e)

with “natural” embeddmgs of SUs(¢%) and Sps(g) in SUs(g?). Factoring out by
Z(SUs(q%)), we obtam the factonzatxon in (4), as SUs(¢?) = Us(q) (by Lemma
- 1.2).

Now we prove the existence of the factorization in (3) of the theorem. We use
the following two realizations of the group SUs(g%): ‘
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" () | SUs(@)={X €GL(¢) |X'IX =1, det X = 1},

1

(i) - SUs(e?) = {Y € GLo(¢?) | 7Y = E, detY =1}.

(Here, if D = (d;;) is a matrix with entries in GF(¢?) then D = (df ;) and D* is the

transpose of D.)
Let X Y € GL¢(g?) and Y = T‘IXT where

0011 0 0 0 0 ¢ 10 0
010010 0t 0 010
r={1000 0 1| ., _|# 0 000T1]|
=lt 0600 0 t] =1t 0 0001
0t 00 tr 0 0 ¢t 0010])
00t 0 0 0 0 ¢t 10 0/

(t € GF(?), t +t' =1).

Then Y'Y = E if and only it X'IX = I. A
_ Now, with respect tc (ii), we have )

{ (=) e svs(qz)} o SU(e).

On the other hand (see [3]), with respect to (i), a Ga(g) subgroup of SUs(g?) is
generated by the matrices X4, (), r € {a,}, a+b 2a+-b, 3a+b 3a+2b} t e GF(q),
where ‘

¥

1¢0000 /100000
010000 fo1¢t000
_jootrtoo] ,._loo1000]
Xe®M=fo 00100 ®O={o0001¢ 0
~loooo0 1 ¢ loooo1 o0
000001 000001
10¢000y , 10000 ¢ty
fo100¢0 0 10¢00)
v 001000/ Joo1o0¢oaol
Xen®=10 0 010 ¢] Xen®=|g0 073088}
0.0 00 1-0 000010
000001/ 000001
10 0.¢ 0 0y 1000 ¢t 0y
R R S R (R SR S
Xoars®)= 10 0 0 1 0 0| Xerm®=fg g0 1 g of
EEERE: loooo1o
00000 \o 00001/

fry



and the matrix X. ~r(t) is the transpose of X, (t). Now a direct computation shows
that the common elements of the above SU5(q’) and Ga(q) subgroups are exactly
as follows:

v 0 00 vvis -0
0 v 00 0 vls »
885 Y o § |T Gecrar secFq),
10 0 0 0 o! 0
00 0 0 0 v-1
vl 0 00 u+uwllk O
0 w00 0 u+u-lik _
-1 0 0 10 0 -0 ’
T 0 0 01 0 0 T
) w! 0 0 0 ulk 0
0 wl 00 0. T

(u €GF(q)*; I,k € GF(g)).

Hence |SUs(¢*) NGa(g)| = ¢(¢® - 1) (in fact, SUs(¢>)NGa(g) Lg(q)) Now order
considerations imply
- | SUs(g®) = SUs(e)-Ga(g)
whence (again by Lemma 1.2) the factorization in (3) follows. -
This completes the proof of the theorem.

REFERENCES

1. Carter,R. W. Simple groups of Lie type. London, 1. o

2.Conway,J, R.Curtis, S.Norton, R.Parker, R.Wlllon Athsofﬁnitegroupl -
Oxford, 1985.

3. Cooperstein, B, Manmdmb;roupsong(z") — 11 Algebra, 70, 1981, 23-36.

4. Gentchev, Ts. FactmzatmmofthesroupsofhetypeofoeranklorZ’ —A.rch Math.,

: . 47, 1986, 493499,

5. Gentchev,Ts., K. Tchakerian. Fuctomahomofthegoupsolee type of Lie rank

’ " three over fields of 2 or 3 elements. — Ann. Univ. Sofia, 85, 1991, 8388,

6. Landaguri, V., G.Seite. Onthemmnnnldeyeeofthepmjecuvenpmutxomoﬂhc
finite Chevalley groups. — J. Algebra, 32, 1974, 418443, ,

. Preiger, U. Factorizations of finite groups. — Math. Z., 185, 1984, 373-402. :

. Seitg, G. Mmﬁumdﬁev&neymm -—-A.nn Math., 97, 1973, 27-57.

. Liebeck, M., O. Praeger, J. Saxl. Themmmnlfactonzahomofthe finite simple

groups mdthe:rnxtomorphlsm groups. —-Memonrs AMS, 86, 1990, 1-151. v

©w 0w~

Received 30.06.1993

-

85







FONNIIHUK HA COOUNCKMSA YHUBEPCHUTET ,CB. KIMMEHT OXPUACKHK®

®AKYJITET 10 MATEMATHKA ¥ MFHOOPMATHKA
Kaura 1 — MaTtemaTnks
Tom 86, 1992

ANNUAIRE DE L'UNIVERSITE DE SOFIA »ST. KLIMENT OHRIDSKI*

FACULTE DE MATHEMATIQUES ET INFORMATIQUE .
i Livre 1 — Mathématiques -
Tome 86, 1992

'O (3,4)-KPATHOCTAX PAMCESA

’

HUKOJIAW XAIKUUBAHOB, UBAH IIAIHOé

’ Huo.u#:Xabonc’Uuunoc, Heaxn Mawoe. O (3,4)-KPATHOCTHAX PAMCEA

Yepea M;.(3, 4) 0603HAUEHS MUBMMANBEAA CYMMA YHCEN 3-KAUK M 4-BHTHKIMK 4NN
n-sepmunnoro rpada. Jokasano, uto Mn(3,4) ~ m(3,4) (g), rae % S m(3,4) % % .

Nikolay Khadzhiivanoy, Ivﬁn Pashov. ON THE RAMSEY (3,4)—MULTIPLICITY ’

Let Mn(3,4) be the minimal sum of the 3-clique’s and 4-uihch;;ue'| numbers in an arbi-

trary n-vertex graph. The asymptotic fomnﬂan(SA) ~ m(3, 4)( ) with y S m(3,4) S }is
proved. : )

-( 1. BBEIEHHUE

PaccMaTpUBAIOTCA TOABKO obhIKHOBeHHHE rpadu. MHokecTBO, cocTos-
Iee M3 p BEPUIMH rpada, HAIWBAETCA P-KiAMKOMK (COOTB. p-aHTHKIMKOM), ecan
n106Kie [iBe M3 BTUX BePIIMH CMEXHH (COOTB. HecMexxHEl). Hepes ¢p(G) 1 a4(G)
6yaeM 0603HAYATH COOTBETCTBEHHO UMCIO P-KJIUK M UNCIO ¢-aHTUKIMK Ipa--
$a G. Cymma c3(G) + a,(G) HasuBaerca (p, g)-kpatHocthio Pamces rpada G
H o6osnaqaerca yepes M(G;p,q). Ecim saduxcupopats n, p U ¢, MUHUMYM
" M(G;p,q) no BceBo3MONHLIM n-BepIMHHEIM rpadam G ob6osHauaeTca depe3
Ma(p,q). Jlerxo coobpasmrs, ure Ma(p,q) = Ma(g,p), Tax xak M(G;p,q) =
M(G;q,p), rae G — nonommmrensnniit rpad rpada G. Oi_lenwmo M.(2,2) =

;) . Tymvan [1] bﬁpe,nem!’n M,(3,3). llpyrne snavuenns M,(p,q) npu p 2 2,

/
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1. 2 q 2 2 TIOKa HEM3BECTHH. ‘
I'puitusyn m I'msccon [2] yc-
7 N\ TanoBuim, uro M,(3,4) > 0 Tomb-
\ ' Ko Torma, Korza n 2 9. H, Henon

6 : ’ 3 uro My(3,4) = 1 m ycranosmam,
YTO MMEIOTCA TOJNBKO IABa rpada
(cm. rpader Gy n Gy Ha puc. 1 u 2),
ans xoropuix M(G;3,4) = 1. Onm
ke nokasamu [5], uro ecom 10-Bep-
mymebil rpag G He MMeeT 3-KiIMK,

5 9, : _rorna M(G;3,4) 2 5, a coBmecTHO -

¢ Ms. ITamoBeM [6] — uTo evant
Pue. 1 o 10-pepumpnnis rpad G He HMMeeT
' S 4-anTuramk, Torma M(G;3,4) 2 4.
.B HacToAmelf 3aMeTKe noKaxkeM, uTo Mio(3,4) =4 u :

f 1 . 1 '
Mn(3,4)~m_(3,4)(;),‘ rae -3-6 §"m(3,4) £ 5

2. EC/I¥ B G UMEETCH 3-KJIMKA U 4-AHTHKJIMKA BE3 OBIINX
BEPIIMH, TOTJA M(G;3,4) 2 4 -

Hycts G — rpad, B KOTOPOM UMEIOTCA 3-KiuKa ¢ ¥ 4-aHTViimKa g n
-tNq =@. Hoxaxkewm, uro M(G;3,4) 2 4. -

n H. Xamxuusanos [3,4] nokasanu, -



HepaBeHCTBO BHIIOJHAETCH, €C/IM HEKOTOPAA BePHIMHA M3 ¢ CMEXHA BCeM
TpeM BepmmHam ¥3 {, ToToMy uTo Toraa c3(G) 2 4.

HepaseHcTBO MMeeT MECTO M €C/IM CYMEe¢TBYIOT Takie ABe BepIIMHH U3 g,
n06an U3 KOTOPHIX CMEXHA ABYM BepimHam u3 {. B pTom ciyuwae c3(G) 2 3 -
M caenoparesmuo M(G;3,4) 2 4.

HepaneHcTBO BRIIOJIHEHO ¥ €CHIM B ¢ MMeeTCA OJHA Bepmmxa. 4, KoTopas
CMeXXHA POBHO XBYM BeplMHaM M3 f, & mo6as U3 OCTAJbLHEIX Tpex BepIIMH M3
q cMewsa ué 6oxntee omHolt pepumHe U3 {. B eToM caydae uMcaO IPOMEKY-
TOYHKIX péﬁep, coeuuAIOMHUX ¢ C ¢, He Gosee yeM 5 U moBTOMY CYMECTBYyeT
BépmmMia v U3 ¢, U3 KoTopolt BHIXomuT camoe Gosee oaHO IPOMEXyTOUHOE peb-
po. Ceityac'y sBaAeTcs BepmuMBON 3-Kawxu, oTaMuHOM OT ¢, & v — BepIMHONK -
4-aHTURIMKH, o'r:m‘n-rloﬁ oT ¢. DT0 NOKA3LIBAET, UTO ca(G) 2 2 a4(G) 22,
Tak uro M(G;3,4) 2 4.

Ecin B { MMeeTCH BepIIMHA, KOTOPAA He CME)KHA HU o,zmoﬁ BeplIMHe U3 ¢,
TOrZa OHA ABJASETICA BepIMHON 5-aHTHKIMKM, Tak 4TO a4(G) 2 5 w Hepasen-
CTBO CHOBA&, BHINOJHEHO. : ‘ ‘

" Yro6ul oKOHYWATENHHO NOKA38Th MCKOMOE HEDABEHCTBO, oCTAIOCH pac-
CMOTpeTh cyvait, Korna mobasa Bepumsa U3 ¥ cMeXKHA H,_eso,'.ropoﬁ PepIMHe U3
N omospeicemo mobas BepIMHA U3 ¢ CMexKHa He Gosee onHol BepmmHe U3
t. Teneps WACKO NpoMeKyTOUHEX pebep Be Gonbme 4 ¥ MMeEIOTCH Takue JBE
BepImMHKI 3 ¢, M06aA U3 KOTOPHIX MMeeT POBHO ONHY CMEXHYIO B ¢. YIOMA-
HyTHe JBe BEPHIMHK ABJIAIOTCH BepUIMHAMK IBYX 4-aHTUKIMK, OTANYHLIX OT ¢
1 Mexay coboit. Caenobaremuo ay(G) 2’ 3u M(G;3,4) 2 4.

Ionaaa-reJlbcTBo nepaneuc'rna. 3aBepHIEHO.

3. M3, 4) 2

.
.

" Hajto noKa3ath, uTo ecinu G — 10—nepmm~mbm rpad, Torna M(G; 3 ,4) 2 4.
910 yTBEpIKICHHE BepHo, eci B G Her 3-xaMk wiu 4-anTurimk (cM. m. 1).
Ono BepHO M TOrAa, Xoraa B G Mosato maiTH' ‘3-kmuky ‘u 4-aBTHRANKY - Ges
oSmnx BepIMH (cm. n. 2). MoeTomy B namnbHelimem 6yznem CUMTATH, YTO B
G umeerca xo1a 6l ofHAa 3-KauKa M XoTA 6K ONHA 4-AHTHKINKAE W IPHTOM
BCAxas 3-Kinka MMeeT oGIylo BEpIIMHY C IPOH3BONLHOR 4-aHTUKIMKOH. P

' Yepes t 0603HaUMM HEKOTOPYIO 3-KAMKY, Yepes ¢ — 4-a.n'mxnm<y', a yepe3
v — ux obmyio Bepumuy: Paccmorpum 9-pepmummnit rpad G — v, KoTophik
- monyuaerca u3 G yAajleHMeM BeDHIMHEI v M, pasyMeeTcH, Bcex pebep, mmim-
IentHnx ¢ v. Ecmu M(G ~ v;3,4) 2 2, Torna odenrmmo M(G;3,4) 2 4. Tlo-
eToMy B naibHelimeM GymeM cumrath, uro M(G —v;3,4) £ 1. Takkak G~ v
— 9-BepumHEHLIA rpag, To M(G-— v;3,4)=1 (cu. o 1).

HickoMoe HepaBEHCTBO BEPHO OYEBHIHO M €CIW v ABIAETCA Bepnmnoﬁ He-
KoTopo#t 3-kammm|, oTanuuHOR oT ¢, mm HexoTOpOH# 4-a.ﬂ'rm<nm<n, OTIMYHOM oT "
q. HosTomy Gyaem cumrath, 4TO ®TO HE TaK. : ‘

Bosmukalor npe BO3MOKHOCTH ' G~v=G nmn G~v =Gy '(cu.‘n. 1),
xaxumo u3 xo'.ropm uccnenyem B OTAEALHOCTH. S
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I G-v= G1 _

MHoxecTBO g \ v ABAAETCA 3—an’mxmn<oﬁ B Gi. 4-aHTNKINKa ¢ ROJDKHA
nepecekath 3-KmMKy (7,8, 9]; 63 orpanvwyenna o6MHOCTH MOXKHO CUMTATE, UTO
ux o6masa Bepmmua 7. OcTanbHble ABe BEPIUMHB MHOXECTBa ¢ \ v HaXouATCA
B mHoxkecTBax (1,2} m {4,5}. H3-3a cMMMeTpHMM ROCTATOYHO PacCMOTpeTh
TOABLKO ABa caywaa: ¢\ v = {7,1,5} umu ¢\ v = {7,1,4}.

HOycts ¢\ v = {7,1,5}, T.e. ¢ = {v,7,1,5}. Bepmmua v cMexHa Bepmm-
He 2, nrave {v,7,5,2} 6yner BTopas 4-aiTMKAMKA, Colepkamas v. Bepmuua
v cMexda Bepmmee 3, unauve {v,1,5,3} 6ynmer Bropas 4-aETMKIMKA, coxep-
xamad v. Bepmmua v cMexHa u Bepumue 4, unave {v,1,7,4} 6ymer sropas
4-anTuKAMKA, conepamad v. Torma [v,2,3] u [v,3,4] 6yayr mse 3-xmm,
coaepKamye BEPMMHY U, YTO SBJAETCA HPOTHBOPEUHEM.

Hycrs Tenepn ¢ \ v = {7,1,4}, 1.e. ¢ = {v,7,1,4}. Ceftuack v cMex-
He BepmmmHe 2, unade {v,7,4,2} 6yxer nTopas 4-a.u'rmmmca, cozepaiag v.
Bepnnmia v cMexxsa Bepmmre 8, uHaue {v, 1,4, 8} Gyzner BTopas 4-aHTHKIMKS,
conepyxaman v. HakoHel, BepmmMHa v cMexua Bepmuue 5, mHave {v,1,7,5}
6yxzer BTopan 4-anTHKIMKE, coaepmaman v. TakuM oGpasom [v,2,8] u [v, 8 5]
— 8-xnmaf, coaepKamume v, UTO ABJMACTCH MPOTUBOPEUMEM. ' ‘

Takum 06pasoM AOKA3AHO, YTO NMePBAA BOSMOKHOCTH H& CAMOM Aele He

' OpeAcTaBiAETCA. ' :

MNG-v=G, '

Ilycts t = [v, a, b, rae [a, 8] — pespo rpada G3. Us-3a cm\merpmq aTOro
rpaja uMeeT MeCTO OAMH M3 CJHEAYIOMMX TpeX Clydaes:

1) [a,8]=[8,1].

Tenepp BepIHa ¥ HeCME)KHa BEpIIMHAM 2 8, 5, 7, Tak Kak uHade Syaem
HMeTh BTOPYIO 3-KauKy, cosepkamyo v. Torza {v 2,5, 8} u {v,2,5,7} — mse
4-aHTUKIMKH, COAEPKAIIME V, YTO ABAAETCA npOTHBOpeMeEM.

2) [a,8] = [1,2]. .

Bepumsa v He cMexHa nepmmmu 8, 3, 9 6 n crexosatensHo {v,8,6,9},
{v,8,6,3} — 4-amTHKMHKH, collep:anme v — npomnopetme

3) fa, 4] = [2,6].

Celvach v He cMexkna BepmmHam 1, 3, 5, 7 u caenosareasso {v,1,3,5,7}
— 5-aHTMKAMKA, TAK YTO ¥ COAEPMKHTCHA HE TOABKO. B omoﬁ 4-aHTHKNMKe —
npoTusopeuse.

Taxum 06pa3oM AOKa3aHO, YTO M BTOPAS BO3MOMXKHOCTb Ha CAMOM Xejle xe
npeAcTasasercA. :

Oxcon!a.'rem,uo, nepa.nenc'mo M(G; 3 42 4 .noua.aa.no

4 IIPUMEP 10—BEPIIIPLHHOPO TPA®A G, ca(G) =ayG)=2

Ha ppc. 3 naoﬁpamex 8—Bepnnmmam rpacb 6e3 3-KIWK H 4-aHTHKIHK. Hpu-
COeMHAA K HEMY HOBYIO BepHMHY 4, o6baABNAA ee cMexHOM BepmmHaM 1, 3
u 5, nonyuun 9-BepmMEHLI rpad [ ool 3-xamxo#t u ommn 4-a.a'mxmoﬁ,
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(pi(é. 4). IIpucoe MAAA K nocieeMy rpady HOBYIO Bépnmuy b, o6naABAAsA ee
cMesigiol BepmmHaM 2, 4 u 6, noayunm 10-pepummakdt rpad G, n306paskeHHEIN
Ha puc. 5, auA Koroporo c3(G) =2 u ay(G) = 2, Tax uro M(G;3,4) = 4.

C noMommmio BTOro NpUMEPa M. .

yIBepKIeHUA, JOKa3aHHOTo B M. 3,
BAMM NOJIYYeHa CJeIYIOomad: ’

Teopema 1. Mio(3, 4) = 4.

5. HOCJIEIOBATEJIBHOCTD -

Ma(3,4)/ (;‘) HE YBBIBAET

- ©T0 yTBepkIeHME OYEBMIHO
OKBHBAJIEHTHO CleAyioeMy Hepa-
BEHCTBY: ,

(D) (p-3)Ma(3,9) 2 nMa:a(3,4).

HOycrs G S~ n-BepIIVHHEIR
rpap. Jlerxo coobpa3uts, uro:

Puc. 4

Puc. 5

o1



@ Yal@-v=m-9a()
@) - o | 254(G—v)=(n—4)a4(G).

IMounerHnmM CyMMEIpOBaHMEM, NONydaeM '
ZM(G-— v;3,4)=(n— 3)ca(G)+(n 4)ay(G) € (n 3)M(G 3, 4)

Tax Kak G — v — (n~ 1)-nepnmnm:xﬁ rpad, To
(5)  Mp-1(3,4) £ M(G - v;3,4).
M3 (4) u (5) Burexaer - |
(6) nMn_1(3,4) S (0~ 3)M(G:3,9).
Hepa.nenc'mo (6), xoTopoe MOMHO nepelmca.n. CHIEeAYIOIMM oGpa.aou

M(G 3 4) > n— 3Mn-1(3 4); .

mMeeT MecTo s moBoro n-sepmmuHOro rpada G ¥ mosroMy

Ma(3,4) 2 = Ma-1(3,4),

4To M rpeﬁon#nocb JOKA3ATH.
M3 (1) cneayer, uro -
‘ M,((3)4) ME;(:)Q’ n2l 10,
H Tax Kax Mw(3 4) =4, uonyqaeu ,
Teopema 2. Ma(3,4) 2 3 (;) npu n 2 10.

s OII_E'HKA CBEPXY IUIA Ma(3,4) /|

' o~ \ . n . H . .
Hpu (pmccnpona.nnou n cymMa (’;‘) + (';’) + ( 33) " rAe HE8TYPaJjbHbE
‘lllCJla. n; Hoauubers yc.nonmb " +n2+nz = n; NpHHAMAET CBOE€ HAMMEHb-
mee: 3gaqenue h(n) ro‘mo TOrZ8, KOTAa n; HOYTH pamm, 1. €. |ng — n,l g1l
Oqenmmo . o s

, 3(n/3) - , ec:m‘(lEQ (mod 3);
o = 5O ) 1 (CB), ezt ook
| 52((n+31_)/3) " ((n —32)/?),- ecmun =2 (mod ), '



-ﬁ——M , ecmun=0 (mod 3),
—1)(n—4)? _
‘ h(n) = | @—1—)5(‘11;4) , ecomn=1 (mod3);
: L
Q—-—g-)(ﬂ—{)), eciu n = 2 (mod 3).
L 54 mog.

PaccMoTpuMm Teneph n-BepIMHHEI rpad Gp, KOTOPHIL ABAAETCA o6beam-
HEHMEeM Tpex MU3BIOHKTHHX HOJHEIX rpaoB C MOYTH PaBHLIM KOJIMYECTBOM
piementoB. Ouesuano a4(Gn) = 0.1 ¢3(Gn) = h(n), Tak uro M(Gy;3,4) =
h(n). Taxum o6pasoM HaMM JOKA3aHO CleAylollee NPeIJIONKEnHHe:

Teopema 3. M,(3,4) £ h(n).

w

7. ACUMIITOTHKA ®YHKIINUA M,(3,4)

U3 Teopem 2 n 3 caeayer, 4o
Ma34)  Hm)

1 .
2 > 10-
ORI
3 3,
] Mn(3i4)

Tak KaKk HOCHEROBATEABHOCTE n — Hey06hiBalomad M orpaHMyeH-
3)

Had, oHa cxomurcA. ObosHauuM ee npexex yepes m(3,4). Joxasana ciienyio-
man ‘
1

‘Teope’ua 4. M,(3, 4) ~ m(3,4) (3) 20e % m(3,4) £
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A COINCIDENCE THEOREM FOR ORTHOGONAL MAPS

SIMEON STEFANOV .

Cumeon Cmegpance. TEOPEMA O COBNIAIEHUHM IJ1fl OPTOT'OHAJIBHBIX OTOB-
PAXEHUN : ,

Ilonyuena Teopema THna Teopemu Bopcyx-Y nama ana oproronanbunx oTobpaxennit
B KOHEYHOMEDPHMX BBKNMIOBHX HPOCTPAHCTBAX. ODTOT PE3YALTST OKBUBAJCHTEH QAKTY,
urto Z snnserca rpynnok Bopcyxa-Y sama OTHOCMTONLHO OPTOrOHAABNRKX. npeacTannenuit.
CaexncTeuen ZoKa3anO HECYMECTBOBAHWE NOJYCONPANKEHEOCTH MEMKAY HEKOTODHLIMH CTAH-
ASDTHUIMK nnHelBLIMN AuBAMUUCCKEME cHcTeMaMy Ha cdepax. Haxomen moxasamo, uro
xaxas rpynna suas G = AGZ™OR" O TV, e A — KoBewnas aGeness rpynna, ABJAETCA
rpynnolf Bopcyka~ Y nama OTHOCHTENbHO op'roronulbnux npeacrasnennit.

Simeon Sfefuw A COINCIDENCE THEOREM FOR ORTHOGONAL MAPS

A Borsuk-Ulam type theorem for orthogonal maps acting in finite-dimensional Euclidean
spaces is obtained. This result is equivalent to the fact that Z is a Borsuk-Ulam group with respect
to orthogonal representations. As a corollary, the nonexistence of a uélmeomupcy between some:
stahdard linear dynamical systems on spheres is proved. Finally, it is shown that every group of
the form G = AGZ™ GR™ @ T*, where A is a finite Abelungroup, uaBonuk—Ulungmup with
respect to orthogonal reprelentmom .

" 1. INTRODUCTION

Various theorems generalizing the Borsuk-Ulam theorem in different directions
have been obtained (see for example [3, 5, 6, 9, 11, 12]). All these generalizations
usually replace the antipodal map in the sphere by the action of some finite group,
or by a compact Lie group action. However, nothing is known about the action of
a noncompact group (say Z), as far as we know, even if this action is orthogonal or

. unitary.
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- We shall prove, in this article, some Borsuk-Ulam type theorems for orthogonal
maps in Euclidean spaces. Each map generates an action of the group Z in the
corresponding space. The main result is the following

Theorem 1. Let E and F be finite-dimensional Eucladcan spaces and
U: E—~E,V: F —F be orthogonal maps such that

dim E -~ dim Ey > dim F — dim Fy, -
where Ey = {z € E | Uz = 2}, Fv_.{zEFIVz-z}
Furthermore, let f: E— F be a ‘continuous map such that

fU(z) = V,f(z) for each z € E.

-Then for any open bounded set Q C E with O € Q there ezist z € 80 and
k € Z such that U*z # z but f(Utz) = f(=@).
‘It is easy to see that if U and V are t.he antipodal maps and 80 S(E) is the.
_unit sphere in E, we obtain the classical Borsuk—Ulam théorem, which asserts (in
our notation), that if dim E > dim F, then there are no odd maps f : S(E) — S(F).
The map U : E — E is called free if U*z = z and k # 0 imply z = 0. For
"such maps we prove a stronger result:
. * Theorem 2. LetU : E—~E and V: F — F be free ortkoyonal maps and
dunE >dimF. Let f: E — F be such that fU = Vf

* Then for any open bounded 0 C E with O € Q there ezists z € O such that .
f(z)=0.

This result yields that 1f m > n, then there isno f : S™ — S™ such that
fU = V£, where U and V are free orthogonal maps in S™ and S*, respectively. In
the context of discrete time dynamical systems (cf. 7)) it means that no two such
systems are semiconjugated, so the. dynamics of U : S™ — S™ is essentially more
complex than the dynamics of V: S - 8% An ana.logue of tlns result for flows
_ is also valid. ‘

Using the tenmnologr of [12], we may restate the main theorem to say that Z
is a Borsuk-Ulam group with respect to orthogonal representations (cf. Section 4
for the definition). Combining this with other known results, we prove that every
-group of the form .

G= Aez"‘ean"e'n*

where A is 4 finite Abelmn group, is a. Borsuk-Ulam group w1th respect to orthog-
onal representations. In [12] it is proved for compact Abelian Lie groups. _

- Naturally, all the results remain valid for unitary maps and representations.

One may ask whether we can take k¥ = 1 in Theorem 1, i. e. whether the
equation f(Uz) = f(z) has solutions on 90. In Section 5 we show that this is not
always true and answer, meanwhile, a question of Wasserman about the’ ex)stence
- of eqmva.nant ‘maps between spheres.

“The proof of the main theorem relies heamly on a recent result of Rabler [8],
generalizing the clagsical Hopf-Rueﬂ‘ theorem [4].
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2. PRELIMINARIES . | ' -

We shall recall some well-known results about the rational dependance of real
numbers, related to the Kronecker theorem.
Let 8y, ..., 8, be nonzero real numbers and

(1) i o Emjaj =p

where m;,p € Z. We shall write briefly (m, 6) = p. '
Definition. We say that the range of the system 61, ..., f, equals r, if the
space . :

-

{mel*|(m0)el}
is (n — r)-dimensional over Z. Then we write
rank(ﬂl, On) = T
In particular, the equality rank(fy,...,60,) = n means that the numbers 1, 01,

., 0 are rationally independent, so (1) unphe;s m=--=m,=p=0.
The following is a well-known geometrical fact (cf. [1, 2]).
Proposition 1. Let 0; be real numbers with rank(01, .y8n) = r. Consider
the following subset of the n-torus T™: .
(2) ‘ ' A= {(e2kﬂh .. 21:1"'0.) lk GZ}

Then the closure 4 is homeomorphic with the union of some (nonmtersectmg)
copies of the r-torus T". If (2i,...,2,) € R" are the co-ordinates modulo 1 in T",
then each such copy is a linear torus represented by the n-plane

”n . EN
Zm.-;-t,- =¢, i=1,..,n—-r

Here my; € Z, the range of the matrix (m;;) equals n —r, and 3_m;;0; € Z.
This proposition yields the following generalization of the Kronecker theorem:
Proposition 2. Let rank(ﬂl, ..+y0n) = r and- g be such that &

rank(pg,01,...,0,) =r+ 1.
Let, furthermore, A be defined by (2), (e2™1,...,e¥™¥~) € 4 and z €R.
Then for any m € N there ezists km € N such that
. TR | ' Ly :
|kmﬂo,+Po*3ol<";, Ikm0j+pj_yjl_< ;) i=1,...,n,
| foi' some invt’ege:rs Po, Pj. | '
Proof. Consider the set ‘
B {(eﬂ:ﬂpo e2km0; . 2kna.) l k e z}

Accotdmg to Proposition 1, B is an union of (r +1)- dlmensmnal tori in T"*?,
. though the projection of B over T" is A, which is an union of ~tori. Therefore
the projection of B over the first factor of T"*! is the whole circle S*. Then
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(eizo, e3%iv1 . . ¢2*¥%) € B, that unphes the needed property (passing to co- ',
ordinates modulo 1)

o

3. SOME LEMMAS

All the maps are assumed to be continuous. :
Given some 6; and z = (21,...,2) € C"; we shall furthermore use the notation
traj(z) = {(e** ™ zy,...,e%*"2,) | ke Z}.

This is in fact the trajectory of z with respect to the unitary map in C" with
eigen values e3*"%i. Then, as following from Proposition 1, the closure traj(2) is a
(finite) union of tori.

Lemma 1. Let 2 €C™, 20 # 0, and the map ¢ : tra,](zo) - St be such that

. (3) ) (62"0121 21“.2") — 62"“"‘0(21 ,’z")
Jor any z = (zy,..., ) € traj(zo), where 9;, po are nonzero.

Then ' .
mpp = ij‘o,- +p
for some integer m, m;, p, where m # 0. ,

' Proof. We may assume that z; # 0 for any j, since otherwise we simply ignore
the zero co-ordinates.

Suppose the contrary. It means tha.t

l'&nk(po,al, ] 0“) > rankl(oly )

Choose y1, ..., Yn 80 that (31, .. ") € 4, where A is defined by (2),
and an arbltrary zo € R. Then, accordmg to Proposxtxon 2, there is a seqnence of
integers ky;, — oo such that

‘ ‘ edknrit; _, e'?f!",', e3kmTiso _' ezﬁco N
as m ~ oo. The condition (3) then gives |
' @ (ezk..ﬁh P ezb...s_ka. z“) = eak,..m.,
- and taking the limit as m — oo, ,
/ @ (eﬂﬁy;zl . ezﬂ'y.z ) =‘e""°¢(zi z“)“ .
It turns out that the last equalxty is true for an arblttary zo € R, which is

impossible.
Lemma 2. Let 2 € C*, 2 # 0 the map ¢ : traj(zo) — S* satisfies (3), and'

mpo..-Zm,ﬂ,+p, m#0; mmpel.

V(zl 1311):

Suppose that ga(zo) =1 and z = (vy,.. v,,). For z € traj(zo) consider the
function : _ . A , :
: Q(z) =™ ..v;""zf" IR it

Then ¢™(2) = ®(2) for any z € traj(zo).
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AS

Proof. Let us note, first, the following: if d:(z) is another function satisfying
* (3) and ¥(20) = ¢(20) = 1, then ¢(2) = p(z) for any z € traj(zg)- This is due to
the fact that ¢ is uniquely defined on traj(zo) by property (3) and the value ¢(z0),
80 it is uniquely defined on tl‘a](Z())

Compare now the functions $(z) and ¢™(z). We have

& (62'“‘21, e 'e:hriﬂ,.zn) = vi—mx . v;m.CthijOj zi'_" I T
o, ‘

= eIImH(zy, ..., 2),

80 both ®(z) and ¢™(z) satisfy (3) with constants 6y, ..., 6,, mpo. Moreover,

®(z0) = ¢™(20) = 1, thus &(2) = ¢"‘(z) for any z € traj(zo). ‘
The following lemma is the main one in the article. . ,
Lemma 3. Let 6y, ..., On, p1, ..o, pn-1 be irrational numbers and

¢: C* = C™! be such that : :

@ o (2., 8 zy) = ez"“"‘ﬂk(n’h S,

fork=1,...,n-1, and each z = (zn,.. ,z,.) € C", where o= (P1,-+-,Pn-1)-
Then for any open bounded @ C C" with 0 € Q "there ezists z € 08 such that
pe(z)=0.
Proof. We shall reduce this propos:txon to a recent result of Rabier [8], which
generalizes the classical Hopf-Rueff theorem [4].
- Let rank(fy,...,6,) =r. Then by deﬁmt;og

(6) ' Zn.j05+q.—0 i=1,...,n=r,
Jj=1 ' ,
where the range of the matnx (nij) equals n—r (a.nd all the coeﬂiclents are integers).
Recall that if ‘
A - {(6901_"“1’ e ’ezmo.) ' s € Z} .
then Z is the union of 'r-’tori,uwhich are represented in co-ordinates (z1,... ,,‘z,,) €
R™ modulo 1 by some parallel r-planes

n . o ’ o
- (6) 'En.,-zj+c§m)=0,‘ 'z'=1'..'.,n-r,\m=1...,mo
=t : e <
where my is the number of these torx (Proposmon 1) Note that some of the planes
(6) pase through the origin O, since for s = 0, (1,1,...,1) € A, but (1 ES
(,...,0) modulo 1. Denote t.he corresponding plane by a, ,

(7) ’ X [+ 34 an"z, —0 i= 1,---,.”"-'.

ltis easy 0 see that the rational pomt.s are dense in a. Indeed, if det(n;;) #0
fori =1, ‘m—r,j=r+1, ..., 0, then @ is parametrized by the vari~
ables 21y e z,-, so giving them ratxonal values we obtam rational solutlons
Trgly oo z., of (7) ‘ :



We may guppose that go;,(z) # 0 for some z € C", since otherwise we ig-
. nore the k-th component of ¢ and keep on the same reasoning. So, the functions
Yi(2) = wr(2)/llpr(2)]] are well-defined on traJ(z) and satisfy (4). Then, according
to Lemma 1,

n ‘. ! .
; (8) mkl“k=2mjk0j+pk) k=1,...,n~-1,
. = ) '

where m; # 0. ’
. Now we shall prove that there exist mtegers Ai, ..., An such that:
‘ l) (Alv An) €a, ‘ : ‘
u)A, qéOfora.nyJ_l

m)Zm,;,A,;éOfora.nyk..l on-1

We shall show first that the plane a is not contained in a hyperplane R}~ 1=

{z € R" | 2j = 0}. Suppose the contrary: a C R;" . Then the plane a
En.,z, +¢=04= 1, ..., n —r,is parallel to a, therefore z; = const in
'.-But (01,...,0n) € o' (see (5)), thus zj = 0; in o’. On the other hand, the
ratlona.l points are dense in o’ (as well as in a), consequently 0; €Q, whxch is a
contradiction. .
- Consider now the linear map M : R® — R*~1 with a matnx M= (m.,) Let
R;~2 = {z ¢ R*"! | z; = 0}. We shall prove that o« is not contained in some
M {1 (R"") Really, suppose the contra.ry, then M(a) - R”‘z, go for z € a we

have (M(z)) = 0. Hence the equa.htles E njz; =0,i=1,...,n~r, imply
=

_ E m,kz, = 0. Then the vector (mu,, ,m,,;) ‘is a linear combination of the

n-—y
vectors (n.-;,....,ng,,), i=1,...,n-r. Somj; = E Binij, j = 1,...,n, where

B: € Q. The last equa;lity together with (8) and (5) gIV,es

My = E(Zﬂ,nu)ﬂ to= E(E n.,ﬂ,)ﬂ. +pi = E(-q:)ﬂ; +ps,

whichis a eontradlctlon, since the nght-hand mde is rational, though P 18 lrratlonal :
(and m # 0).
So, we conclude that a is not contained in the union of the linear spaces R"‘1

M- (R*~?). Therefore there exists a rational point (4; / B;. .yAn/B) in whlch
is not contained in this union. But then, clearly, (A1,.. ,.) €a, Aj #0,and

‘ Z mji Aj # 0, hence the conditions i) — iii) are fulfiled. = ¢

- Consider now the following flow defined in C“ \by the formula
(9) . z\_ (82"‘4“ Z1yee.,€ 2'”‘?“2,,) ,; t\E R.
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 has penodlc trajectoties,: since A E Z It is easy t.o see that the trajéctory
e z with respect to tlre flow i is conta.xned in the set traJ(z) ' ‘

' U{tz | t € R} C traa(z)

ed, suppose first that z; # 0 for any j and consider the pomt 2 -
‘,,..,z,./”z,.ll) € T®. Passing as above in ' z-co-ordinates modulo 1 the
of 2/ wrth respect to the flow is represented by the lme ; a _ '

A, _1 L teR:

- B k}l Ime obvxously lies in a, for o contuns two of lts pomts -~ (0 0)
Ay, ‘,A,,) Therefore

Uit 1€ R} T,

that unp course, (10) ‘To obtain the mclusron (1()) for arbitraty 2z € C2, one
g o8 zm = z, where all the eo-ordmaies of 2 ate nonxero, and

. Lent ' 2‘then nnplies tlmt over each traj(z) we haVe o
'Pl"‘ (2) &,,(z), '

Q.(g)-v ,i{;;""'"z’l"“ z” ,, R

- a.'nd’ 20 ,;_..; (55, ooy p.,) m a pomt of tra,}(z) sncb that gb;(zo) = 1 Smce qb, mdeﬂned

e ,c*-z,.) c""_%&»(za; ,zu)
| Thmmthe.emcmtpmpertymshaﬂimakeﬁﬁeof

) -ﬂam(zsfs" ).
(,’4-*:,,) = i;(zm )l Itu dueé to the fact that the
ect to. the ﬂow (9), fom cp;, sutufy (4) a.nd the ﬂoiv has

Cotaeai(R) |




This is a weil-defined map @ : C* — C®~!. Moreover, its k-th co-ordinate
®(x) has the property

Py (€M1 21, (A z) = CEM B (2, ., 20)

for any { € S. All the powers of { are nonzero integers, as following from i) —
iit).
) Now we refer to a theorem of Rabier, who proved in [8] that for any map
®: C" — C"! with the above property and for any open bounded 2 C C* with
O € Q there exists z5 € 09 such that ®(2) = .
Let zo € Vi. But then #;(20) # 0 and ®i(z0) # 0, so (2} # O, which is a
contradiction.
Lemma 3 is proved.

4. THE MAIN THEOREMS

We shall prove first some propositions concerning periodic orthogonal maps,
essentially following Wasserman [12] (with some insignificant modifications).

Let E and F be finite-dimensional Euclidean spaces with given (linear) repre-
sentations of a group G. We say, for brevity, that E and F are representations of
G. Amap f: E — F is equivariant, if f(gz) = gf(z) forany g€ G,z € E. It
is said to be tsovariant, if it is equivariant and f(gz) = f(z) implies gz = z. An
isovariant map is one-to-one on each orbit. Denote, as usual,

Eg={z€E|gx ==z forany g€G}.

Definition (Wasserman [12]). The group G is a Borsuk-Ulam group if for any
two representations ' and F' with a given isovariant map f: E — F we have

dimE — dimEg £ dim F — dim Fy.

It is shown in [12] that every finite Abelian group is a Borsuk-Ulam group.
We shall prove here a stronger version of this result — namely the following
: Lemma 4. Let E and F be represeniations of the finite Abelian group G,
Q C E be an open bounded subset with O € Q, and f: E — F be an equivariant
map, whick is isovariani on Q. Then o '

dimE —dimEg £ dim F — dim Fg.

(The map f is isovariant on 8Q if f(gz) = f(z) implies gz = z for any z € Q).

Definition. The group G is a strong Borsuk-Ulam group if for any two rep-
resentations F, F with a given equivariant map f : E — F, which is isovariant on
the boundary 9 of some open bounded @ C F with O € 2, we have

dimE —dimEg £ dim F — dim Fg.

Lemma 4 may be then restated as follows:

Lemma 4'. Every finite Abelian group is a strong Borsuk-Ulam group.

We shall suppose furthermore that all representations are orthogonal, since any
linear representation of a finite group is equivalent to an orthogonal one.
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Lemma 5. The group G = 1, for p prime, is a strong Borsuk-Ulam group.
Proof. Suppose the contrary, i. e. that dim E — dim Eg > dim F — dim Fz and
f: E — F is isovariant on 852, Decompose E = Eg® E', F = Fg @ F’, then
dimE’ > dim F’. Let # : F — F’ denote the projection over the second factor,
S(F’) be the unit sphere in F', and r : F'\ {0} — S(F’) be the radial projection.
Consider the set
Q={gz|9€G, z€Q},

which is an invariant partition in £ between O and oo (in other terms E\ Q =
Ey U E;, where Ey, E, are open invariant and nonempty, Eg 3 O is bounded). It

is clear that G = Z,, acts freely on {31 E”, as well as on S(¥#”), and the map
raf: QNE — S(F)
"i8 Zp-equivariant. But no such maps exist {for dim E/ > dim F'), as shown for
example in [9].

The following lemma is a reproduction of a proposition of [12] in the context
of strong Borsuk-Ulam groups.

Lemma 6. Let 1 — H — G — K — 1 be an ezact sequence of finile groups
and H, K are strong Borsuk-Ulam groups. Then G s also a strong Borsuk-Ulam
grosp.

(In [12] it is proved for ordinary Borsuk-Ulam groups).

Proof. Let E and F be representations of G and f : E — F be an equivariant
map, which is isovariant on 8§, where @ C F is an open bounded set with O € Q.
Since f is also H-isovariant on 8§ and H is a strong Borsuk-Ulam group,

dimE —dimEg £ dim F — dim Fy.

On the other hand, Ex and Fg are representation spaces for K =~ G/H, more-
over fIE”: Ey — Fy is K-isovariant on QN Eg. Therefore dim Ey —dim(Eg) k.

< dim Fy - dim(Fg)k . Cleatly, (Eg)x ~ Eg, (Fy)k = Fg, thus
dimEy — dim Eg £ dim Fy —~ dim Fg.
Consequently

A

dimE - dimE¢g £ dimF — dim Fg.

" .Lemma 4’ is now an immediate consequence of Lemmas 5 and 6.
Pass now to the main theorem. _
Hereafter E, F are finite-dimensional Euclidean spaces. For a given orthogonal
map U : E — E we shall denote by Ey the subspace

Ey={zecE|Uz =1z}

Theorem 1. Let U : E — E and V : F — F be orthogonal maps and
f: E — F be such that

fU(z)=Vf(z) forany z€E.
Suppose that dim E — dim Ey > dim F — dim Fy..
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Then for any open bounded set @ C E with O € Q there exist € 9 and
k € Z such that U*z # = but :

fU*z) = f(z).
Proof. Let Eper = {z € E | UFz = z for some k # 0}. Clearly, Eper is a linear
subspace of E. Moreover, f(Eper) C Fper. (Where Fper is appropriately defined.)
Let m € Z be such that U™z = z for any z € Eper and V™ = z for any 7 € Fper.

Then a Z,,-action is defined in Eper and Fier as follows: if w is the formant of Z,,,
let wz = Uz in Eper and wz = Vz in Fper. Obviously, flE,,,,: Eper = Fper i8

Z,»-equivariant, since fU =V f. If f | E.. is not isovariant on 81 N Eper, then for
some z € 80N Epe; and some k € Z wepl;ave Utz # z and f (U"ﬁ:) = f(z), so the
theorem is proved. Suppose now that f ] Eper is isovariant on 952 M Eper. Then, a8
following from Lemma 4,
dim Epe; — dimEy £ dim Fper — dim Fy .
Consider the orthogonal decompositions
E=FEp®E', F=Fp®F'

By the above inequality and the condition of the theorem we have dim E’
> dimF'. Let # : F — F’ be the projection over the second factor. Consider the
map f' = mo f|,,: E' — F', which commutes, clearly, with U and V (f'U = V§).
Note that the restrictions U’ = U] g V= V| g+ have no periodic points different
from O, thus E’ and F’ are even-dimensional spaces. Then one may diagonalize U’
and V' with an appropriate change of co-ordinates, so that in complex notation we
have E' = C™, F' = C” and

U'(Zl, “.’zm) = (ezﬂ'i31zll . _’ez‘l'l'omzm) ,

V(21,0 ,20) = (€2712y, ... €2 e )
where 0;, p, are irrational numbers (for U and V' have no periodic points different
from O). Let f/ = (p1,..+,¢n) : C™ — C". The property f'U’ = V'f' is written
then in the form

(P!' (ezri‘lzl, ey e?riom zm) = ez'iﬁr‘PT(zlJ R | zm)

forr = 1,...,n. But m > n and Lemma 3 implies that f’(z) = O for some
2z € QN E'. Then nf(z) = f'(z) = O, thus f(2) € Fper. Let k # 0 be such that
V* f(2) = f(z). Then U*z # z, since z € E’, though
f(U*2) =VEf(2) = f(2).
The theorem is proved.
We shall give, in the next section, an example showing that wé cannot claim

the existence of z € 39 such that f(Uz) = f(z), hence the presence of the integer
% in the theorem is inavoidable. However, in case of free U, V a stronger result is

valid.
Recall that U : E — E is called free, if U*z = z and & # 0 imply z = 0.
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Theorem 2. Let U: E — E and V : F — F be free orthogonal maps, and
f: E— F be such that fU = V. Suppose that dimE > dim F.

Then for any open bounded Q C E with O € Q there exists z € 5Q such that
f(z)= 0.

Proof. We have Epe; = {0}, Fper = {0}, hence, following the proof of Theorem
1 we find some z € 9 such that f(z) = 0.

Corollary. Letm >nand U: §™ — S™, V : S™ — S be free orthogonal
map:. Then there is no map f: S™ — S™ such that fU=V{.

This proposition may be interpreted in the context of dynamical systems. In-
deed, U and V define discrete time dynamical systerms in $™ and S™, respectively,
and a map f : S™ — S™ such that fU = V f is a semiconjugacy between them (cf.
[7]). Then the corollary claims that no two systems of that type are semiconjugated
for m > n. So, the first system is, in some sence, essentially more complex than
the second one. '

Theorem 3. 7 is a (strong) Borsuk-Ulam group with respect to orthogonal
representatiions. )

This theorem is an immediate consequence of Theorem 1 and the definition of
strong Borsuk-Ulam group.

Corollary. R is a (strong) Borsuk-Ulam group with respect to orthogonal
representalions.

Progf. Consider the exact sequence

0-Z—R—S5" 1.

It is shown in {3] that (in our terminology) the circle S! is a strong Borsuk-
Ulam group. Then Lemma 6 and Theorem 3 imply that R is also such a group.

As above, we may restate the last corollary in terms of nonexistence of a
semiconjugacy between linear flows on spheres. This result partially intersects
with a theorem in [10] concerning such flows.

Another corollary of Lemma 6 is that the direct sum, G @ G, of two strong
Borsuk-Ulam groups is also such a group. We may formulate then the most general
result of this type.

Theorem 4. Every group of the form

GCG=AdI™"dR" o T,

where A is a finite Abelian group, is a (strong) Borsuk-Ulam group with respect to
orthogonal representations.
The proof follows from Lemma 4’, Theorem 3 and the previous remarks.

5. AN EXAMPLE

In this section we show that, in the setting of Theorem 1, the equation
f(Uz) = f(z) may not have nonzero solutions. This example answers, meanwhile,
a question of Wasserman [12].
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Let E =R%, F = R®, and
U(a,b,c,d) = (—d,—c,b,a), V(a,b,c)={(—a,—b,~c).
Then, obviously, Fy = {0}, Fv = {O}. Define f: E — F by
(11) f(a,b,c,d):(az-l-bz-cz—dg,ac+ bd, bc — ad).

This is in fact the Hopf fibration when restricted to S2. One easily checks that
JU =V f and that the equality f(Uz) = f(z) implies z = O.

Therefore we cannot take & = 1 in Theorem 1.

Let S(FE) denotes the unit sphere in E.

In his paper [12] Wasserman asked whether there exist a group G representa-
tions E and F of G, such that dim E > dim F, Fg = {0} and a G-equivariant map
f: S(E) — S(F). Our example answers affirmatively this questions for G = Z4,
gince U4 = idg, V* = idp. It is easy to see then that the map f : E — 7,
defined by (11), transforms S(£) into S(F) and is Z4-equivariant. Note, finally,
that Fg = Fy = {0}. ’
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