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NPUBERIAHE HA JEPVMHUIINOHHUTE OBJIACTU
HA OCHOBHUTE EJIEMEHTAPHU ®YHEKIIMNU
KbM IIPOMU3BOJIHO MAJIKU UHTEPBAJIU

IVMHWTBP LIUIIKOB

Jumumsp Huwxos. IPUBENEHWUE OBJIACTEN ONPENEJEHUA BA3OBBIX DJIE-
MEHTAPHBIX ®YHKUUM K IPOU3BOJILHO MAJIBIM UHTEPBAJIAM

PaccMmaTpuBaloTca aJITOPUTMBI OPUBEAEHMUA Y>KE€ CTECHEHHRIX HEOTDAHMUEHHHIX 06-
nacTeif onpeXAesieHNA 6a30BbIX @eMeHTapHBIX GyHxuuit cucremut {e*,Inz, tgzr,arctgz,sinz,
cosz,arcsinz} K AOCTATOYHO MaJIbIM MHTEPBa/aM. ,

Dimiter Shishkov. REDUCTION OF THE DOMAINS OF BASIC ELEMENTARY FUNCTIONS
TO ARBITRARY SMALL INTERVALS .

Algorithms for reduction of the initially constraint unlimited domains of basic elementary
functions of the system {e®,Inz,tgz,arctg z,sinz,cosz,arcsinz} to sufficiently small intervals
are treated.

BaskHa yacT Ha (He)amapaTHOTO MATEMATUUECKO OCHUTYDABAaHE Ha BCAKA
yHuBepcaJsHa kKommoTbpHa cucteMa (KC), KakTo M Ha eEKTPOHHUTE KaJKy-
natopu (EK) ¢ noBulIeHM BBH3MOMHOCTH, € MAKET'hT €AEMEHTADHUM (YHKIUM
(E®): noka3aTesHu; JOrapUTMUYHH; CTENEHHN; TPUTOHOMETPHUYHM, XUIep6o-
JUYHYA ¥ 06paTHATE UM.

[IporpamupaHeTo Ha MakeTa ce NpeIIIeCTBA OT CHEAHUTE €TAMM:

IIspsu eman. W36op na E®, kouto e 6baat Brpagesu B aagena KC niou
3a KOWUTO me 6baaT HampaBeHn cTannapthu mporpamu (CII). Tlpu anaparna
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peanu3alMa Haji-dyecTo ce u3bupa cucrema ot 6azosu E® (BE®), upes kosa-
TO ce mpecMmATaT ocTaHaauTe. EjHa Takapa cucrema e [e”, Inz, sinz u tgz)
[1]. Hpu HeamapaTHa peaM3alUMA NPaKTUUECKM BCUYKM Nporpamupanun EP
ca BE®, T. e. HUKOA He Ce IPECMATa 4Ype3 APYTa.

Bmopu eman. W36op Ha anropuTMu 3a CaMOCTOATENHO NPECMATAHE Ha
BE® ¢ naneHa, 0GMKHOBEHO ro/iAMa M e AHAKBA (K'bAETO € B'b3MOXKHO) 33 BCUY-
KM OTHOCHTEIHA TOYHOCT £ory B AOCTATHYHO MAJKH MHTEDBAJIHA.

Tpemu eman. N360p Ha ajropUTMHU 3a I'bPBOHAYAJHO CTeCHABaHE Ha He-

orpanndernTe pepunnnmonnu ofractu ([10) va BE® (ot E® camo arc [z;’;;]

T
u arth r umaT orpanudvenu JO). [y} 03HaYaBa T WIA Y, UK 2.
Z

Yemespmu eman. V1360p Ha aJropuTMH 3a JOI'BJIHUTENHO IPUBEXIaHE Ha
Te3W IbPBOHAYAJHO IOJIyYeHU MHTEPBAJIM KBM AOCTATBUYHO MAJKd, B KOUTO
BE® me ce npecMaTaT CBrIACHO pe3yATATATE OT BTOPUA €Tall.

Tyk ce pasriexna camo wemespmusm eman 3a E® fi(z), j = 1,7, or
cucremata [e%, Inz, tgz, arctgz, sinz, cosz m arcsin ], KouTo Ine HapHya-
me ocHoBHuM (OE®). Ilpu neanaparsa peaiusamma obuxkHoBeHo Te ca BE®,
JOKaTo NMPU allapaTHa — CaMO 4JacT OT TAX. Pe3yaTaTUTe oT TpeTud eran
ca Bsetu ot [1], kbaeTo e pasrielaHo mpecMaTaHeTo Ha K@ upe3s BepmkHU
apobu. AnroputMmmTe oT ueTBbpTHA eTan B [1] ca paspaGoTenn Ha 6a3zaTa Ha
pe3yaTaTUTEe OTTYK.

Ilpexnmnonara ce, 4e croifHoctute Ha aprymeHTuTe Ha OE® M crodHOCTH-
Te Ha MOCJEJHUTE CHOTBETHO C€ 3aJaBaT U [10JiyUyaBaT ¢ MOAYJIOrapUTMUYEH
3anmMc M m-pa3pAgHa HOPpMaJM3aupaHa MaHTUCA, m — LAN0, m 2 2, B p-MyYHa
6poiina cucreMa, p — uato, p 2 2. Cbllo Taka BPeMeTO 3a M3II'bJIHEHHE Ha
aputMeTnuruTe uHCTpyKuMu (AWM) oT Tun ymuHoxkenue (X, :, VORI R AN
€ 3HaYUTEJIHO NO-TOJAMO OT TOBa Ha THII cbbupane (4, —) t4 u t_ HanpuMep,
KaKTO € NP NoCJIef0oBaTeHa aPUTMETHUKA.

BaxkHOCTTa Ha 4eTBLPTUA €Tall HapacHa MHOro ¢ nosBara Ha KC ¢ npo-
MeHnuBo m (danpumep or cepusta MUP). Ile noxaxkeM, Ye Ipy aaropuTMu
OT BTODMA €TAIl C €HAKBA CTENEH Ha CIOMHOCT, NpUGIN3UTeIHO PAaBHOCHIIHA
Ha npecMsarae Ha OE® ¢ momomunra Ha mbpBUTE n+1 WieHa 0T CTENEHHOTO UM
pa3suTHe (n — QUKCHPAHO) X HapaCTBAIA C M TOUHOCT Eory < C'p™™ (KoATO
HaMaJIABa KaTo YKCJO C PACTEHETO Ha M), MHTePBall'bT, B KoiiTo TpAbGBa Ja ce
npecmarar OE®, namangsa. W3bpanute OE® uMaT MakiIopeHOBO pa3BHTUE

o0 . x

() — I

(MJIP) fi(z) = ). f (0)7'— ¢ M3KJIIOUeHue Ha ln z, KOATO He e AedUHUpaHa 33
1=0 .

r = 0, Ho uMa ygobHO oT usuncauTenen acnexT (MA) relinbposo paspurme

okoyo ToukaTta 1. [lopaam ToBa caMo cera, 3a yao6ctBo BMecto In z 1me cmara-

n . zt
me 3a OE® In(1+ z), koato mma MJIP. Heka osnauum ¢ Sjn(z) = 3 f](z)(O)—,-'—
1=0 .
NapUMAaJHATE CYMH oT O'bpBuTe n+1 yinena or MJIP na OE®. 3a nocrarbuno
ronamo n Sjn(z) = fj(z) ¢ TOUHOCT £ory. JleCHO MOXKe Na Ce MOKaxKe, Ye IpU

- If](l') - sj,"(x)l < Cu'ﬂll(n)

|z] < 1 3a Bemurm fij(x) €orn = %) Ok kbaero l1(n) e




. ' 1
munelina dynxima va n, C" < 1 (npu arcsinz — 3a n 2 4) u |f;(z)] > §]m| c

n
usKiIodeHne Ha €% (e° > e 1), T. e. €orn < C"'|z|*(™) C" < 1 u Ip(n) = {2';1‘, ] :
2n+42

ToraBa NpHM QUKCUMPAHM Eory U M, ¥ PACTAMO M OT Eorn < C|z|?(M) < C'p~m
ce noijiy4aBa, ue |z| TpAbGBa Xa HaMallABa.
Cpuio Taka NpuAoGUBAT BasKHOCT aJrOPUTMH 33 CTECHABAHE HA UHTEPBa-

T
IV KaTO HAaIIpUMEDP LEHTpAaJHa XOMOTETHNA 0T BUIOA —, N — UAJO, KOUTO MMAT
n

no-maiko 6bp3oneiicTBue (3aeano ¢ npecmaTanero Ha OE®) or mpyrm, Ho ¢
TOBa HEOLEHMMO IIPU ITPOMEHJIMBO M CBOWCTBO [a He U3UCKBAT C'hbXPaHABaHe-
TO Ha KOHCTaHTH, uniiTo 6poif M ABDKUHA Ha MAHTHCATA 3aBUCAT oT m. [lpm
[pOMEHJIMBO, HO OFpaHMuyeHo m TpAGBa Ja ce Ma3AT KOHCTAHTUTE 33 Mmax, KO-
- MTO ¢a MaKCUMaJHO Ha 6poif 1 ¢ MAKCUMAaJIHa QbJ/PKUMHA Ha MAaHTUCATA Mmax, &
TOBa BOJHM [0 rojiiMa 3aryba Ha ollepaTUBHA MM [TaCMBHA ITaMeT B CpaBHEHUE
¢ ,, 06UKHOBEHUTE “ CTOMHOCTH M & Mmax. IIPU FONAMO Mpyyy KOHCTAHTUTE 34
pa3yMHO M36paHO M) < Mpyax C AbJRPKUHA HA MaHTHUCaTa m; TpAbGBa la ce ma-
3AT B IIaMeTTa, JOKATO TE€3M — IMOoBede Ha Opoil, ¢ paspAMHOCT Myay — B'LB
B'bHIIHATA NamMeT. [lpu HeorpaHuueHo m NpobaeMBT € aJropUTMUUYHO Hepe-
MM, ako 6e3 ga ce ChXpaHABAT ChbOTBETHUTE KOHCTAHTH, Te HE Ce N0JyYaBaT
[10 HAKAK'bB IPOCT HAUYMH, HAIIpUMEP PEKYypPeHTHO, [10 BPEMe Ha BCAKO MPecMA-
tane Ha OE®. Te3un pascbmaeHN UIMAT CMUCHII, IOHEXKE CA UBECTHU peaulia
3ajayd — Hanpumep oT ¢U3HUKa Ha MJIa3MaTa, KOMTO Ce pemraBaT caMo 4Ype3
06paboTKa Ha yMclla ¢ ABJDKUHA HA MAHTUCATA AeCeTKM AeCeTHUYHU pa3panu
(¢ TakuBa 2amaum ca GUAM TECTBAHW apUTIMETHKATa W NpecMATaHeto Ha EP ¢
npoussosso m Ha KC or cepmara MUP).
Ille BbBegeM HAKOU TIOHATHA, KOUTO 1€ M3MOI3BaAMe II0-HATATbK.

. m
,BbCHU® uncia 1me HapuyaMe Te3U C = 5 WM TIO-MaJlko p-Ludpu, KO€TO

W3MCKBA MO-MaJIKO [1aMeT 3a CbXpaHABaHeTo UM. (OCBEH TOBa, KATO MHOXKUTE-
JM, ¢ TAX C€ U3B'bpPUIBa ,KbCO“ MUKPOHNPOrPAMHO YMHOMEHHE B CPaBHEHME C
OOMKHOBEHOTO, CPEAHOTO BpeMe Ha KOeTO 3aBHUCH OT CPeIHOBEPOATHATA CyMa

g+(m— l)p—;—1 = 0,5(m(p~1)+1) Ha unpUTe Ha HOpMaaU3UpaHaTa MAHTUCA

Ha MHOXHTeN . K'bcuTe unciia ¥ K'bCUTE MUKDPOIIPOIPAMHYM apUTMETUYHM OIle-
paluu MMaT BaXXHO 3HaueHKe IIpy JeCeTHYHaTa aPUTMETHKa, 0COBEHO KOraTo
TA Ce U3II'BJHABA Upe3 MHTEpPIpEeTalHA.
. = [ {1
Ile ne¢punrpamMe MEAYKTUBHO 5-TU Gasos unrepsaa (BU) Bj, = [I] ,; I},]

Ha OE® f;(z) ¢ OO Dy, axo e HeorpanwdeHa, u Dj, ako e orpaHudeHa.-

Bio= D;-”, Bj1 = D;. Torasa B; 41 C Bj, chorBetHo 3a s > 0 u s > 1, kaTo
BKJII0YBaHeTo e crporo. OrpaHudeHua MHTEPBaJ Bj1, B KoiiTo ce TpaHCHOp-
mupa D (mo-touno D§°\ Bj,) upes ciemmanna 3a seaxa OE® (¢ D°) nupsa
cy6erurymma, me HapudaMe ocHoBed BU (OBM) na ¢yuximara. Tlpuserkna-
weto Ha Df° na OE® B Bj; e pasraenano B [1].
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B uskou cayvan (Bx. T-meron) D; me ce npuBeskia B Bj, upe3 s moc-
e {0BATENIHN CMeHM Ha NpoMeHIuBara Ha E®, kato B B;, ce npusexxaa camo
Bjs-1\ Bis, s 2 1. CroifHocTTa Ha s, CbOTBETHa Ha NOCTeIHUA (KpaitHuA)
BU(KEW), B ko#ito fj(z) me ce mpecMmsaTra N0 HAKAKBB alrOPUTBHM C AaleHa
TOYHOCT, uie GejexuM ¢ fj unu camo f npu koukpeTrHa E®. IIpu duxcupano
Bj,; f 3aBucu ot 3akoHa, o xoito ce onpenenar Bj . llle uscienpame camo
ciyqaure, Korato B # Bjy, T.e. f 2 2. C tr"® me 6enexnm mMakcuma-
HuA Gpoif mocienoBaTesiHU TpaHcpopMaumy, 4pe3 kouto Df° ce nmpuBexxna B
Bj . Bpoar tr"® e f naun nousxora f—13a f 2 4. OqupmHo tr"** npn D;
(manpumep npu arcsinz) e Haii-mHoro f — 1. '

B apyru caydam (Bx. C-meton) Bj, \ Bjst1, s = 57,82, 1 £ 51 < 83
< f—1, f 2 3, ce upusexnaT camo C eAHa, Pa3NNAYHa 33 BCAKO § TpaHcdop-
MaluA, HampaBo B Bjs,q1. Ako sy =1, so=f—1u f>2, rotrf*™ =2< f
npu D, ‘

BU B;j,,2 £ s £ f—-1, f 2 3, me Hapuuyame mexxuuan (MBU). C z, me
GelleXxuM T € Bjy,\Bj’H.n, s=0, f-1, Ty € Bjyf, a Ts\f € B; \B]"f.

Korato f;(x) e ¢ukcupaHna, HaBCAKDIe MHIEKCA j 1€ 3aMeCTBaMe C WAEH- '
tudpukaTopa Ha E®, Hanpumep Bexp,1 € OBU Ha ¥, B,y e KBU na Inz, a
Bigs,2 < s < f—1,e MBU na tgz.

Heka pasriienaMe cucTeMaTa [Bj,,]le, f 2 2, or Bnoxenure BU B; , (npu
f = 2 ue cvmectsysar MBU — B, ; e OBU, a B;; = Bjy e KBU) na f;(z),
Bj 41 C Bjs, s =1, f — 1. Baxparkocr me benexum I, = [; s = IJ oo Is > Isga,
U aKo BJ-‘.J ca CUMETPUYHU OTHOCHO HAa4ajao0To, TO I_;s = —IJ’-”3 = —J,. Camo
npu Inz I, = [; ; = Iln o Iln s = lnf’ I, < Iiy1. Ijy (c w3kmovenne Ha Ijn 1)
He 3aBUCH OT p u m, a camo oT OE® upe3 cneunanyaTa nbpsa cy6CTUTYIMA.
I; ; 3aBuCcH OT m upe3 €orn- MBMW ce ompenensar usobwo no enHoobpaseH

HAauMH B 33aBMCHMMOCT OT BUJaA HA n36paﬂ[;£g] Cy6CTV[TyHVI[;ﬂ ul;;.

B; s f_ nopax»xaa BBbPXY IT0JOXUTEJHaTa NOJYOoC CUCTEMaTa OT HeENpe-
J,8ls=1

cuuamu ce unTepBamu (cermentn) I = [H)/Z! I = (I,41, L], xato camo
Ii" = (I, I,+1). ToraBa 3a BCAKO r1\; MOXe Ja ce HaMePU TOYHO €IUH MHAEKC
s,1 <s < f—1, TaksB Ye z1 = T, (21| = |&s| € I].

3a rpancpopmupanero Ha OB B KB na OE® me 61aaT usanonspanu
pa3aryHK TPaHC)OpPMalMHU:
— JUHeMHAa:
~— HeXOMOTeHHa ¢ ‘brJoB Koedumment 1 (TpaHciaamus) npu e, tgx;
— XOMOr€eHHa ¢ HyJIeB 0Tpe3 (LleHTPAHA XOMOTETUA, HAKPATKO XO-

. 1 .
MOTETHA) ¥ BrIIOB KoedMUMeHT k& = — < 1, n — usano, npu e
n
sinz, cosz u tgz, u k — apobHo — mpu Inzx;
. ar — 1
— npobHo-nuHelHA oT BUIA fy(z) = e [Z] > 0, npu arctg z;
r+a

— or suza f(z) =0,5(v1+2—+1-x), |z| £ 1, npu arcsinz.



C M3KII0YeHMe Ha XOMOTeTHA C k = — TOBa € B'b3MOKHO NOPA, A HaJIUYUM-
n
eto Ha ynob6Hu or A nceBnocs6upaTenuu Gpopmyiu 3a chorBeTHuTe ED:
T — [(z-C)+C C_z-C.

- _ _ tg(e-C)+tC
= —ee tgx_—l—tg(m—C')th”

InCe —InC; arctgr = arctgé-% arctg 9::_;01;
T

arcsin ¢ + arcsin¢ = arcsin 2z¢v/1 — 2  uan, mo-ToUHO,

arcsinz = 2arcsin0,5(v/1 4+ z — V1 - 2).

IIpu xomotetusa ¢ k = — chorseruure OE® ce u3pasABaT palMoOHAIHO
n

Inz

It

z . [sinz sin] €
qpe3_fj (;) : [CO”] ~— 4Ype3 MOJWHOMHU Ha {cos]z’ tgx — upe3 ApoGHO—IHU-

x z\"
HellHa QYHKIMA Ha tg —; a e® = (en) .
n

Ile usnom3Bame Tpu MeTona 3a ompedensaHe Ha BU B;,, s = 2, f — 1,
fz3
Opu nvpusa C-mexoxn B; ;\ Bj 41, s =1, f — 1, ce Tpancpopmupar upes
elHa, PA3/IMYHA 3a BCHKO S, HO €IHOTUNHA TpaHcdhopmanma B B; ;. Ille xa3pa-
me, e C-MeTOMBT € npuioxeH 3a Bj ) u B; y, kato Bj 1\ Bj,; e Cermentupan
gpe3 cucremata I/, b = 2.

\%

Axo ce u3non3sa TpaHciauma (€7, tg r), AbDKMHATA dj ; HA Hys=1,f-1,
1~ Lis]
i

dj ;-1 < dj s, KaTo Aajau I wn I}_l e c d <djy, e 6e3 snauenne or A~
Axo ce usnonssa xomoretus U f = 2, To B;, \ Bj; ce npuBexna B Bj;

e uzobmo 2I;y = dj ;. Axo He e LAJNO, To WM d; i < dj 7, UK

Z1 ijl z o
qpes cy6GcTUTYUMATA Tf = —, N 2 7. = €1, 7 uano (e®, sinz, cosz, tg z)
n i
I ‘
n, —
Mz =qaZ1, Qin2 = ! — g, npnlnz (f=2, ak0 [}, , =/ In1 In,2)-
In,1

[lpu xomoretus u f > 2 I;, ce onpenenar npu s = f — 1, 1, 3a ma mMoxke

npu apobHo g2 mo-Manbk cerment (I1) na ce Tpancdopmmpa c Haif-somara oT
T

WA cyberurynma ¢y = Enna Bb3MokHa (HO He OIITHMAJIHA) CHUCTEMa.

Tmax

erasu ¢ Ij, = (f~s+ D, s = f—-1,2, f =la[+1. ]z[ e TaBan 3a ¢ —
Haji-MagkoTo nano umcao (HMIY), mo-ronamo uau paBHo Ha . |z[= [z] 3a
¢ — nano, u |z[= [z] +1 3a £ — npobro. Torasa Bj;\ Bj 41, s =1, f—1,

T
f—-s+1"

B nakou ciyyaum C-MeToABT UMa, clefHuA HenocTtaTbk. Ilpm pactene Ha
m u/UNM yBelU4aBaHe €orn dj ; HaMaJABAT, f; HApPACTBAT, a C ToBa U Bpo-
At Ha MBU u ma cermentnte IJ. Ilpu Tpancaammua (nam Inz) ToBa BoM

ce TpaHchopMmupar B B; ; 4upe3 £y =

7



[0 HapacTBaHe Ha MaKCHMaJjHuA 6poit Ha npoBepkuTe (0 eAHAa HpoBeEpKa)
3a ycTaHOBfBaHe MHIEKCa Ha T € B; 1, T. e. IpUHALIEKHOCTTA HA T KbM HA-
Kolt 0T cermeHTUTe IJ, KakTO M 10 yBeJuyaBaHe Ha GpPoA Ha KOHCTAHTHTE
3a CchbXpaHeHHe (IO TPU KOHCTAHTHM Ha cerMeHT) — [, djs = [, — I;; u
fildjs),s =1, 1 f-1

Opu Bropua T-merom Bj, \ Bj,+1 ce Tpa.HCCbOpMPIpaT B Bj;si1, s
=0, f—1, 7. e. Bjo (vmm Bj ;) ce cBuBa Teneckonmyecku B Bj ; upes bR =
f tpancdopmanuu. Tyk e chbllecTBeHO onpeleliAHeTo Ha [j ; MMEHHO IpH §
= f—1, 1, nonexxe npu f 2 4 B HAKoM cnyuau (3aBucu ot I, u I ¢) B; 1\ B;2
MoXe Oa ce TpaHchopMupa Hampaso B Bj,, s 2 3 (a He B Bj ), npu koeto
tre = f — 1.

Axo ce msnonssa tpaHcramA u f > 2, I, =3 7L, s = F—=1,2, f ce
lln q31 [-{- 1. Bjyl \ B]',2
ce Tpaschopmupa BB;,;, , s1 ce onpenensa karo HMIIY, ynosnerBopsaBaIlo

onpenens karo HMIY, 3a koeto I;, £ 3/~ 4, f :]

Iiq— I

Ij,l_lj,Z § 2.3f_5 ify 51 :]ln <Llél—ﬂ) /1n3[+1 Axo npu f ; 4 81 g 3,
I

to Bj1\ Bj2 ce Tpanchopmupa none B Bj 3 u tre = f — 1. Ako 51 = 2, TO

trex = f.

Korato npu ronaamMo f He € U3roQHO Aa ce MPUIOXU HallpaBo C-MeToa’bT,
Moxke Jna ce usnoisBa Tpetu K-meron, KomOrHauma Ha nbpBuTe asa. [lpu
Hero C-MeToqbT ce mpunara He 3a B;, u Bj s, a 3a B;; v uaxoit MBU (ce-
ra CT'bIIKaTa Ha CerMeHTIWpaHe He e dj ;, a AbKubata Ha MBUW), ciex toBa
OTHOBO 110 oTHolieHue Ha To3M MBW u apyr, Bnoxken B Hero, u 1. H. Torasa
npu D;j° tr}’® e paBeH Ha Gpos Ha Tesu MBH, yBemuuen ¢ 1Be.

Tyx ce pasriexa IpuBexIaHeTo Ha Bj1 B Bjy (npu arctgz — Ha Dz
B Bj ;). Npusexnanero na D§° B Bj1 e pasriaenano s [1].
Inp In
1.y =¢€", 21 € Bexp,1 = [_Tp’ 2p]

I
1.1. Axko npunoxum C-meTona ¢ Tpancnammda, f = } 121 [+ 1 u 3a

cucremara cermentd I°*P npu f 2 3 ce monywamsa d;, = d = I, — I,y = 2I;,
I =hL—-(s-1)d,s=2 f-1uli—Ip<d Axro f =2, to I* = I[P
(roraBa I £ 31y = 3I;). Heka ompelenum KoHCTaHTUTE ¢; > 1 oT Ine,
=L -I; =L —-(2s—-1)I; >0,s=1, f—1. 3a BcAKo z; 35 — eIUHCTBEHO,

-1
S:f—]m;Tf[, 1 <5< f,rakavez; =z, T e &1 =z, = sgn z1([, —2tIy),
!

0 £t< 1. Axo3a | & Bexp,j U3BBDIIUM CYyGCTUTYLUATA £y = L1 —SgN Z11nc,,
z; = sgn z1(L, — 2tI;) — sgn z1(; — I;) = sgn «1([; — 2tI;), 7. e. HamcTUHA
Ty € Bexp,f, trmax — 2’ el — ezf+sgn zylne¢, n efl = cign flezf (05].[10 R Xe
cyberurymmara 1+, 1x kbco).

Kenaremro e ¢; u ¢;! ma ca Kbcu 3a HaZEeHOTO p. 3aT0Ba IIPAKTUYECKU
ce n3bupa KbCo C 2 ¢, a IT*P c’bOTBETHO Ce HaMaJlABa, KaTo ;4] ce 3aMeHd ¢



I341 2 Ls41. Roraro €/ ce npecmATa upe3 Apob, AOCTATBYHO € CaMO €JHOTO

1

0T Cs U Cs_ Ja € KbCO, 3a Ja UMa BUHATU KHCO YMHOMCHUE. Tosa cjeaBa oT
— ~1
et = é €%l — S8R T1 Ty (csA)/B - A(Cs B), Ty > If > 0)
B s Af(esB) = (¢s'A)/B, =z, < —I; <0.

In10

IOpumep. Bap=m=10f =2, [; =L =046, Inc; =, - =
—0,46 ~ 0,691. Usbupame ¢} =2 > %% ‘Inct =1n2 =~ 0,693, c‘l‘_1 =0,5.
1 .

f—1 3aBucu ot (—%E — If> /21;. Touexe Iy He 3aBuck ot p, f—1 pacre

¢ p, a IpU QUKCUPAHO p — C M, [TOHEXe ToraBa [; U CTHIKATa Ha CErMEHTH-
paHeTo d HaMaJfABAT.

1.2. [IpunaradeTo Ha T-MeTona C TpaHCHalMA He Ce pa3juyaBa OT ONU-
CaHOTO B'bB BbBEIEHUETO, cbuyeTaHo ¢ pesyararure or T. 1.1. Cera lnec,
=I, — Is+1 = d3+1 = 2'3}'—3—111,'

1.3. Axo f e MHoro rojaMo, MOXe [a Ce& U3M0J3Ba K-MeToIbT C TpaH-
cnanmsa, karo C-MeToanT ce NMpuaokm 3a Bexp1 u eaun MBU, manpumep
Bexp,f—1 = [-31Is, 315] . Cera cermenTHTe Ha Bexp 1 \ Bexp,f—1 1le UMAT AbIKU-
Ha 61§, @ Bexp,f—1 \ Bexp,y c€ TPaHCHOPMUPa B Beyp ; UPe3 elHa TPAHCIALMA.
tr™®* = 3. IIpu mHOrO Maiko Iy K-MeTonsT ce npusara sa Hakoaxo MBU.

1.4. Hpunaranero Ha C-MeTona ¢ XoMoTeTus 11pu f = 2 e C’BrIACHO BbBe-

1 ,
nesmeto. WapbpuiBa ce cySCTUTYUMATA &p = Ty = kxy, k= —, n 2 HMIY,
n

z

1
33 KOeTo S 15, n 2 nmin :]ql[:]ﬂ[, e”r = (e*2)",

21,

Toszu aJlfOPpUT'bM M3MCKBa ChXPaHABAaHETO CaMO Ha —. HenoctaTbk Ha
n
MeToJa € HaMaJIABaAHETO Ha 6%p30ﬂ6ﬁCTBHel‘O B CpaBHEHUE C OCHOBHVIH METO L
C TpaHCJHaUMA — HMU3UCKBaA Ce X —, KOETO He BUHAru € KbCo, U NIOBIAMI'aHE Ha
n

crened n. CbllecTByBa ONTUMAJEH AJCOPUTHM 3a IIpecMATaHe Ha L™ KaTo
ncepnoaautuBHa pyHkuus (ITA®) [2]. Eana ¢pyuxums e [TIAP cnpamo neno-
YUCJIEHNA CU I'bPBU apryMeHT, ako f(ni+nq, z) = ¢(f(n1, z), f(ng, )). OnTn-
MaJIHMAT ajIFOPUTHM 3a npecMATaHe Ha f(n, z) upes f(1, z) ce Ga3upa Ha Ta3m
3aBYCHMOCT ¥ ABOMUYHOTO NMpeJcTaBsaHe Ha n. OyHkuuure 7 : 2P1172 = ghighz,
e e"* = (e*)* u tgnz ca IIA® cnpsamo n. [lpu [TA® Hali-usrozeH e ciyya-

Arn =27, 2""1 < npin < 27, ipu KoiiTo £ ce mpecMATa 3a ry M 1 X —, KoeTo
N = ) X Tl’

Moxe 1a e Kbco. CIlydasaT n = fgin, 271 <n< 27, e 110-HEM3r O [IgH, -FIOHKE,
T el L _:'\
1 HEE 1 3™

Cce U3UCKBAT He MO-MAaJKO OT Ty M 1 X —. N VT (LT
n e T M

b

1}




z\" . In
IIpecMmAaraneTo Ha e upes (en) e Hal-6/1aronpuATHO npu <——£> 3a
min

1
p=2un=2 Torasa —%ﬁ =0,25ln2 ~ 0,173 (n = 2, axo 0,173 £ I;). 3a

NpeCMATAHETO Ha €” Ce U3UCKBa 1X M HaMaJsBaHe ¢ 1 Ha mopsaabka Ha T (¢ 2).

Cpasnenue. Ilpu p = m = 10 C-meToxbT ¢ TpaHcaauua usucksa 2+ (1—
— 3a npoBepkata [€1] € Bexp s, ¥ 1+ ¢ Incf!) u Ix wwveo ¢ ¢! moxarto npu
Inp

C-merona ¢ XOMOTeTHA W f= 2-2—— ~ 1,15, =046 un 23 3an=3ca

HeoOxomuMu 3%, a3an =4 — 2X 1 1X Kbco.
1.5. Ilpwu npuaarane ga C-meTona ¢ xomotetua npy f =2 I; = 2f‘slf, $=

f—1,2, f ce onpenena karo HMIUY, 3a xoero I} < 2/711;, f:}l—n—g—l[-kl.

In2
Ty
3a BCAKO Z)\f = ¥, Ce mpuiara cybcTurymmara x; = 7= 1gsg -1,
HO I'bPBOHAYAJHO B LMKDBJ TpAOBa Ja ce HaAMepPKU ChHOTBETHOTO § — W3BbP-

mBaT ce nposepruTe &y £ Iy &~ [,, [; ca xwveu, 2 £ s £ f, KaTo ce modyHe OT
s = f. BpoAT Ha npoBepKMTE C U3BAKAaHE, yBeaudeH ¢ 1, naBa f —s:(: 2/~
e ocofeno usromno npu p = 2). Torasa ca neobxomumu (f — s)x 3a moay-
vaBaHeTo Ha e’1\f upes e/, 3a na He ce nasAr I} 3a HpoBepKUTe, MOXKE Zda
Ce M3NON3Ba CAEJHUAT peKypeHTeH aaropursm: X, £ Iy, X,41 =0,5X, (x0,5
ca kbcH, ocobero mpu p = 2), r 2 0, Xo = z\y. IIpu nppBoTo 71, KoeTo
YAOBAETBOPABA HEPABEHCTBOTO, NPOLECHT Ce HPEKpaTABa, Xr, = & = %I;\l—f
et = (e%7)*" 3a (r1)x.

1.6. Ilpu npoMeHnuBO ™M TPAHCIALMATA € NIPAKTUUECKU HEB'L3MOKHA, II0-
Hexe lnecg, a oTTaM M ¢, 3aBUCAT OT Iy, KOETO HaMalABa C PACTEHETO Ha M.
CaneznoBaTenno 3a IpynM OT MOCHENOBATENHM CTOMHOCTU Ha m, 3a Kouto Iy
e elHO Y CbINo, TpAbBa NpeABAPUTENHO Ma 6bAAT M3UNCJEHU U 3arla3eHu f10
TPU MacCHBa OT 4uciaata Incs, ¢, U I; ¢ ABIKHHA CbOTBETHOTO MAaKCUMAJHO
m 3a rpyrnaTa, KoeTo € HeJONYCTHMO.

XomoTeTuara e 0cobeHo yA06HA, HO C MO-MAJKO G'bpP30AeACTBHE TIOPaIM
rX NPV DOBIWCAHETO Ha cTeneH n = 27.

1
2.y=Inz;, 21 € Binp = [5’ l'f,hf]'

Ot MJIP na In(l + z) ce Bwkaa, we In(1+2z) ~ +z = In(1 F z), 1. e. 32
Maiku |z| In{1+2) e mouTH HedeTHA, CJIELOBATENHO 3a CTOMHOCTH Ha T, 6JIM3KK
M CUMETDPUYHU OKOJIO 1, CHOKHOCTTA Ha ajilOPUTHMA 3a NpecMATaHe Ha Inz
e moutu ennakBa. ITopamu ToBa Bi,; Morat aa ce uabupatr npubausuTesnHo
CAMETPHUYHO OKOJIO 1 ¢ OTKa3 OT TpaJULMOHHOTO }’ = 1. Ilpu ToBa, 1OHEXKE
Inz e mo-crpeMHua 3a x < 1, ako In(l — ) u In(1 + ) ce npecmaraT upes HA-
K&K'bB aJCOPUTBM, TOUHOCTTA, C KOSATO ce moaydasa In(l + z), He e mo-maika
oT Tasu Ha In(1l — z).
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Iy
1 Ilpu

Inz Tpancianmsa He MOXKe Aa Ce IPUACKH, NOHEXKE He € NCceBochbcTpakTHa

dyuxuma (IICP). IC® f(x) e 1a3u, 3a koaro f(z1 — z2) = g(f(z1), F(z2)).
2.1. Axo npunoxum C-MeToAa ¢ XoMoTeTud, cuctemara 1" ce onpeaenﬁ

saemto ¢ koHctaHTuTe I, ot Ly = Ip, s =1, f~1, f 22 u L1, = f,

5:1’f—2rf;3
7 I

AKo O3HauMMm g3 = ——, Torasa {; =
If s+1

Ia npunomumm, e I, = Iy, [, < Liyy, I} = 1Y, s = 1, f-1,q2=

u I;4y = gqal;, OTKBAETO MHAYK-

tupHo ce Hamupa 41 =¢30, =1, f—2, f 2 3, ul, = q2/q3" Ls=1 f—1,
l
f 2 2, nan (3a pekypeHTHo mpecMmATaHe) Ly = —, | = g3 u Ly = g¢3l;,
3
- f-1 Ing,
s=1, f—2,f23. feHMIY, saroero I; < ¢ ' Iy, f=]gal+1, g4 = o
ngz

In(zy/1
3a BCAKO T1 18 — eIUHCTBEHO, § = ]-%LQ{—{- 1,1 £s £ f, raka ue
ngs
I
T =&, T.e. 1 =25 =1, 1 €1 < —‘}-ﬂ = q3. AKo 3a z,, s < f, U3BBpP-

S
wmM cybctutymmara ¢y = L, zp = L(tl,) = t(l,1,) = tIy, 1. e. HamcIUHa,
Tf € Binj. tr™* = 2. Inzy =lInlzy ulnz; =lnzy—Inl (obmo 14, 1x KbCO).
Ha npbB morne[ 4opu e BpelHo CTOWHOCTH 1, JajedHd oT 1, Ja ce TpaH-
chopMupat B 61M3KK A0 Hero, mopaay 3ary6a Ha TouHOCT 0T usBaxgaHe (Inz
= In(1 + (z — 1)) ce npecmara or MJIP Ha In(l + z) upe3 z — 1). Ho ToBa ¢
WIIO3KA.

1 1
Hpumep. 3a 371:§+5, £=p ™, lnxlzln§+5’:—ln2+e’,g’ze, a
21}1 1
Inzl—ln—?_l n2 5 +e|]—-In2=~-In2+n(14+2)~ —-1n2+2¢, 2e = ¢

1. e. Aaym lnz me ce npecmAra 3a x = 0,5+ p~ ™ AupekTHO Wiy upe3 In2z —1In2
e BCe €IHO OT IJIefHa TOYKa Ha IpeiikaTa OT IpecMsaTaHe.

Inplnl
Bpoar na cermentute f — 1 3aBucH oT ¢4 = %(%,I;Tff) [Tonexe [; n I}’
He 3aBuUcAT oT p, f — 1 pacTe ¢ p, a npu GUKCUpPaHO p — C m, Tbil KaTo
" . T4
TOraBa [g] — 1 [Haf)w:czfé%iﬁxuy a I—;— HamaaaBa. Ilpu p=m =10 J; = 0,8,
I =1, f-1=10, anpup=16 m=10, L =1/16,I; =0,8u Iy =1, T e.
f— = 12. Tosa o3nauaBa, Je TpaAbBa na ce C"bxpammam TPU MACHBa OT IO

f— 1 xoucrautu: Inl, (avarn), l, u I,, s =2, f (uucaata Ha MocjeHUTE ABA
MacuBa Morar jaa 6baar uzbpanu kbcu). Upes I; ¢ nali-muoro f—1 nposepkn
¢ M3Ba)kJaHE ce€ HaMUpPa MHOEKCHT S Ha 1. llpm I}’ > 1 f—1 e no-maixo,
OTKOJKOTO HPH I” = 1.

" taka C- MeTOL[’bT ¢ TPaHCJIalMA e ¢ N0-206po 6bp3oaeiicTBHE (namais-
Balllo Npu &1 — Iy C NpoBepru § = 2, 9, fuey—~I, —nopus=f 2) HO TIpH
roJieMHM p ¥ ™M U3UCKBa CHXPAaHABAHETO HA TOJIAM OpPoil KOHCTAHTH.
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2.2. Ako npunoxum T-Meroza c xoMoTetus, cuctemata I'™ ce onpenens
saemuo ¢ s or: Lly = Lyy, s = f=1,2, f 23, u Lyl =1f, s = f~1,1,

I" I2
f22 OTTyKls:Iil,szl,f-l,fg2,1/1]8: ’;,:1,3~2 F=1,f 23,

okonuatedHo l, = g3 1 2/7*"1, s =1, f—1, f22, ul, = $/(gs 1 2/-9),
s = 21 f—' la f

— I —
s=f~-1,2 fz3, ul_, = i—s—, s=f3, f23 f e HMIUY, 3a koe-

s—-1
In(gq + 1)
-1 _

o /(s 127 s h, f= ]T
Liga 127226 = 1)/(gs 1 277%). Awompn f 24 Li(gs 1277 2 Iz =
I}’/(qg 12/-3), 10 tr™3 = f — 1, B npoTMBeH cayuai tr'®** = f. 1% e nporpa-
MHCTKOTO O3HAYEHWE 3a CTEIIEH.

Hpumep. 3a p=m=10,1; =01, Iy = 08, [{ = 1,25, f ce noanyyana 4.
L =01 =059) I, =021 (I; =2,43) I3 = 0,51 (I3 =1,56) I, = 0,8. Ako
n3bepem kpcu umena: Iy = 0,1 (I} =6) Iy = 0,2 (I; = 2,5) Is = 0,5 (I3 = 1,6)
I, =08.

Pascpxaenusara 3a f — 1 or 7. 2.1 Morar ga ce HNOBTOPAT HOCHOBHO U
Tyk. 3a cpasuenyie Ha fr (npu T-meroma) m fc (npu C-metona) Tpabsa xa

In(1+ ) Hr e = _Ing

1"
If =1, n T —— 400, NOHEXKE g3 ——— 1 1pn [5’] ——— 1. Nla m3caeasa-
m—r400 r—r 400 flmotoo

I-n_(_l%:_c_)_. go(z) > 03a x> 2o = 1—131—1211—2 < 0,6 <1, rorasa
In(1 + x)

In2

ToBa He € JOCTATBYHO, 3a & TBBPIMM, ue fr < fo, nouexe |z e crunado-

BUAHA QYHKUMA U Moxe |z1{ =]z 32 6ausku ¢ < 22 1 Jz1[ <]zs[ npyu mo-cunno

pa3nauyaBaliy Ce.

v

3, mu (3a pekypenTHo npecmATane) l,_; = [2 lro1 = g3,

[+ 1. Cera I; ce Tpancdpopmmupa B

ce CpaBHAT > 0, nonexe Ingy = 0 npu

Me go(z) =z —

go(z) > g(1)=0. N raxampu z> 1, 1. e. g2 > gz u Iy > |/ [},

In(1+3) __

n2 = — (k-1

Cwecem curypro fr+(k—-2) < fo, k22, a

Ila pasraename gr-1{z) =z —k+1— —g gi(@)=golx)mg_((z) 2 0

opu = 2 Heka z; = 2F -1 2. Torasa gr—1(%) 2 gr—1(zk)
2,

1
=2¢—~2k > 0. U Taka upu z > z; fr+(k—2) < fc. B gactHOCT
fr<focupuz 2zo=3,1r.e.q22¢im ,4/111” ToBa e DOCTATBHYHO, HO

He 1 HeoOXOAUMO yCIOBMe, IOHeXKE fr < fc IopH ¥ 3a HAKOM T, 1 < z < 3.

H raxa npu T-MeTona ca HeoGXOAMMK HO-MaJIKO KOHCTAHTH 3a ChbXpaHe-
HU€e U [IPOBEDKM 3a HaMHMpaHe Ha UHIEKCa § Ha Zp, HO 3000 IoBede TpaHCc-
$popMalmm 3a TpaHCHOPMUPAHETO HA Z1 B Zj.
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2.3. lIpu T-merona ¢ XOMOTeTHA ¥ IPOMEHJINUBO M

I }’ HaMaJIABaMKU
S |
Ij | motoo pacreliku

a f —-T» +0o. Tyk I, He TpsA6Ba ma ce HamupaT oT I;_; KbM [, moHEXe

m—+00
I; ce MEHM C m U He MOXKe Aa G'blle Hauyajlo 33 PEKYDEHTHO HaMMpaHe Ha
CerMeHTUTE NMpU Mpou3BoaHO m. Tbit KaTo [; 3aBUCK OT p, HO HE U OT m,
I ce m3bupa 3a TaxkoBa HauaJo. ToraBa MoKe Ia C€ IIPUJIOXKHM AJITOPUTBM,
HU3MCKBAll CbXPAHABAHETO HA IIeT MaCHUBa OT MO fmax — 1 KOHCTAHTH (fiax Cb-
OTBETCTBA HA Mpax) C LBJDKUHA Ha MAHTUCATA Mmax: TOPHATE PAHUIM Ha
MHTepBaJUTE 33 m, B Kouro I; e eano u cbuo; cvorseTrnre If; I, I, u Inl;,
s = 1, fmax, K&TO IOCHENHUTE TPU MACUBA 3aBUCAT CAMO OT Mpax X TO Ype3
nbipkuHaTa cu. Camo Inl, ca aparu. Bmecto I = I}, xoero ce menu ¢ m,
mexa I;+ 1) =2, 1! =2~1,, 1. e. By, ca CUMETPUYHMA OTHOCHO 1.

Heka onpenemum I; u iy o1 L, = Iiyy v [y l, = Iy, s =1, f—1 (mony-
YEHOTO 110 TO3M HauMH [y e M306110 NOo-TOJIAMO 0T 3aaAeHOTO, HO MOCIEIHOTO

I 12 )
ydacTsa B nposepkure). Torasa l, = il L b R Loyr, 120, + L1y

I, ' I,
-2, =0u Ij41 = %(\/If + 81, — I;) — m3bupaMe 3HAK ILIIOC NpeJ KOpEHa,
unave [;41 < 0.

1
e noxarkem mHAykTUBHO, ue [, < 1. Iy = — < 1. Ot nmomyckauero, ue
p

I, <lmpus > 1, cnensa I,41 < 1 kato paBHocuiHO Ha \/I? + 81, < [, +2, a 10
—mna I, < 1. Ot ToBa cienBa, ue I, < I;41, 3alll0TO OT JOIYCKaHe Ha IPOTUB-
woto I; 2 I;4; ce monyyaBa upe3 npeobpasypanus HeBApHoTo I, 2 1. Torasa
ls — Is+1
I,
¥ OrpaHWuecHa, TA € CXOoIfAlla 3aefHO C NMoApeauuaTa cu ¢ obm uien [,y u
cjleJ| rpaHMYEH TIpexol B u3pa3a 3a [,y (upes ;) ce nonyqaaa-sgrfm I, =1.

>1,s 2 1. lonexe peauuata ¢ obuyg 4ieH I; € MOHOTOHHO pacTALIA

2 — I 1 2 24l
ls:__IL_ﬁIS___I_:l _§_+1_____) s _ s+

) =y s T g U
21 2\ I 2 so+4 l?-}-l, l?+1 +ls+1

1
oxonuaTenno I = /Iy + 1,25 = 0,5, kato [} = 5(\/8p+ 1-1).

lle mokaxem, ue ¢ Iy By \ Boy1 = [Is, Li41)U (L)1, 1] ce Tpancdopmupa

- x,
B Bsy1, s=1, f~1. [I;, Liy1) ——»[Is+1, s+1) nopaiy oCHOBHUTE paBeHC-
Ay 1
ma 3a by, I, Ly w Iy (I, 1] —— (Lo, 1) Jlecho ce mwxna, ue
8
1

1 S 1"
s41 > 1 Haunctuna cnex n3passaBade Ha I, n
3

tBane Ha [;_1 c 2 +1; — 1, xoeTo ce Hamupa OT m3pa3a 3a [, (upes l,_1), ce
mony4aBa BapHoTo HepaseHcTBo (I, — 1)%(l; +1) > 0, nonexe [, > 1. Hemo

vvq upe3 ;) m l; u 3amec-
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'I//
nmoBeve, OTTYK cielBa, 4e 3aemuo c (I, I;, IV] — 1, A —l-’—— — 0. U taka

S

Is
f} C (Ly1, Iyy] m By \ Bogr —— [Li41, I') = By \ Iy C Byqa.

AKo e HeZONycTMMO CbXpaHgBaHETO Ha IeTTe MacuBa, I, u I, Morar xa

Is 1

+

ce HaMupaT pekypeHTHO (41 = Ly, 41 = 7 ), Ho ToBa HaManfiBa 6 p30-
s

AEHCTBUETO He caMoO IIOPAJM MPECMATAHETO UM, HO W MO CJeAHATa NPUUMHA.

AKo ce M3M0J3BAT NEeT MacCHBa M &, C€ TPAHCHOPMHUDA HE B Ts41, & B Ty,

51 > s+1, c npoBepka MoXke fa ce HaMepy Iy, U IPOUECHT 4a NPOXhIKU. AKo

I, u [, He ce cbXpaHABAT, 33 BCAKO 1 Te TpAGBa Ja ce NpecMATAT MOCIeNo-

BaTeJIHO [0 MHIEKCA §, 33 KOHTO T — £y CaMo ¢ eAHa TpaHcdopmauwmsa. Tosa

3gauy, 4e 3a r > I, s =1, f— 1, Tpaba na ce npecmarar scuurute I; u I,

I//
(Is+1 )

s =1, f—1. Axo npu ToBa Cce M3UCKBa DPEKYPEHTHO Oa ObIAT IPECMATAHU
kbcn Iy n I (kaTo ce masaT camo ,abirute” Inl}), ToBa TpAbBa da cTaBa 10
€IH ¥ C'bIl HAUMH OT Pe3YJTaTUTE, IOJyYaBaHU PeKypEHTHO.

[Ipy NpoMeHIMBO M MbPBOHAYANHO Ce HAMUPA CHOTBETHOTO My I; u ce
M3N0J3BAT HAKOM 0T HavasuuTe f — 1 kouctantu I, I, u Inl, ¢ He noseue
oT m IMGPM Ha MAHTHUCATA, KOUTO Ce MOJIy4yaBaT HAlpUMeEp uUpe3 OTpA3BaHe
0 M-UA pa3pAld Ha KOHCTAaHTHTE, 3alaleHN C Mmayx Lbpu ([, u l; ce mazar

1
6e3 nopambk). IloHexke npu — £ ¢ < 1 p-NOPAABKBT Ha T € Hy7da, a IpU
p

1
1 £2 £2— - -~ eAMHUUA, JIECHO Ce ONPeAesA B KOA MOJOBUHA C& HaMuUpa

IA

£, OTTaM 4pe3 CpaBHeHMe CboTBeTHO ¢ [, wmm [ = 2 — I (I ce npecmsATaT
IUHAMHYHO) Ce ONpeneiadT C’bOTBETHUTEe HA JaleHMA etan s u Iy u £ = 5 ce
YMHOMKABA MM Heau ¢ [, B 3aBUCHMOCT OT ToBa, AaJu T, < 1 mim z, > 1. Tosnu

~ 1 1
»,MaKpOAJropPUTBM “ 33 CTEeCHABaHE Ha [—, 2 — —| TpAbGBa ma ce geTaitnusMpa
D p
3a Bcika kouxpeTrHa KC ¢ nmpoMeHIMBO m.

T T
3. y=tgz, ¢y € Bz, = [ ]

4’ 4
3.1. C-MeTOoBT C TPaAHCAALMA MOXKe Jla Ce IPUJIOKM ChBCEM aHAJOTMYHO
Ha ToBa B T. 1.1 — tTpabsa ma ce 3aMeHu lne, ¢ iy, a ¢, — ¢ tgt;. Axo

M3BBPIIMM CyGCTUTYIMATA 5 = &1 — (Sgn&1)ts, &5 € Big g, 1™ =2 n

tgz sgnry)tgt '

tgry = gzs + (sgnzy) tets (obmo 1: 1x u 3+).

1 — (sgnzy) tgzy tgt,

t; MoraTr na ce 3aMeHAT c t; = t,, Taka noxbpaHu, 4e tgtl, ¢ KouTO Ce
yMHOxaBa tgry, da ca Kbcu. ToraBa i = arctg(tgtr).

T

™
¥ 24
12 05

[Ipumep. 3ap:m:10f£2,lf:12: ,tlzll—lgzg

n tgt] = 0,564.
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In
Pascoxaenuara 3a f — 1 ca cpuumre kato B 1. 1.1, Ho 1) = -2—2 TpaAbBa

aa ce 3aMenu ¢ [ = %

3.2. Ilpusnaranero Ha T-Merona c TpaHCJAUMA HE ce pa3juyaBa oT OU-
CaHOTO B'LB B'bBEICHMETO, CHBMECTHO € pesyirarure ot T. 3.1. Cera ¢, = I,
—Lip=dsqa = 2.3f~8*11j«

3.3. Ilpu ronamo f K-meToasT ¢ TpaHCHTalMsa MoXe [a Ce NPUIOXKU aHa-
JIoruyHo Ha 7. 1.3, KaTo MHAEKCHT eXp Cce 3aMeHM C tg.

3.4. C-meToabT ¢ XoMoTeTHs U f = 2 ce npuiara aHaJIOTUYHO Ha T. 1.4,

7r
[ »VOBANTRIE HA CTeNeH n “umz™ — ctgney, a pascrex-
IeHueTo 3a p = n = 2 ornaza. Ocraba Aa e AANAT allOPUTMY 3a MpecMATaHe

Inp
KaTO ~—— C€ 3aMeHM C

z
Ha tg 1 = tgnzy ypesa tg—nl— =tgx,y.

Heka ca maneHM XxapMOHWMHHMTE NoJuHOMHM [3]:

Bz, 3) = g—w‘ e

H,(ll)(iﬂ,y Z( 1)} (22+1) n-2i=1,2i41,

Torasa

(=]
sinnz = H{(cos z, sinz) = Z (_1)i< o ) cos" 21 g gin?t] o

i=0 2 + 1
A G
cosnr = H,,(IO)(COS z, sin .z-) = (..1)71 (21',) cos™ 2 g sinzz z
1=0
2zt
~1 t 2‘L+1
sinne H,(ll)(l, tg ) zz (1) (21+1) g
cosnr  Hy(1, tgx) (2] o
20 —1) (21‘) g™ e

OKoHYATEJNHO 110JIydaBaMe
tng[ - ](tg z2)
2
Szte" )

tg.’Bl = tg'l’l$2 =

Kb IOETO . n
zs2y(®) = Z](' (21+1> = S[%](”:g(_l)i(;i)mz
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Itg,l

Ako BMmecto n = ng =|qi, ¢1 = I uzbepeMm n, = 2" 2 ng > 2771
tg.f
log, n
r= g, 2 | tgn,x = tg2"x Moke Ja ce UpecMeTHe PEKYDEHTHO OT tgz 3a r
o
P
. 2tg2'x e
utepamuu upes tg2tle = —Z 20" i =01 — 1 (ry, 7., 74, Tx Ca KbCHU).
p p g 1— tg2 2,£) ( X : + X )
[Ipecmaranero Ha tgnory upes R n S (3a BCAKO n TOYHO €AUH OT ABATA
MONMHOMa UMa cTapliy KoepuumenT 1, a apyruar — # 1) npur 2 2 (ng 2 3)

mancksa 1, 2x, (N —1)x kbcu, Ny u cbxpaHaBaneTo Ha N + 2 K'bCH KOHCTaH-~

-1 . .
™, N = [no } + [@] =ng—1. Aro osnauum ¢ A, M, M, u D cboTBeTHO

2 2 .
6poa Ha cCbOMPAHUATA, YMHOMKEHUATA, K'bCUTE YMHOMKEHUA U JENEHUSA, U KaTo
usnonsBaMe, e 2771 € N =ng—1 < 27 — 1, nonyuyasame

D(no) =1, M(no) = 2,271 =1 £ Mg(no) € 27 —2, 2771 < A(ng) £ 27 — 1,
D(n;)=r, M(n;) =r, Mg(n,) =r(upup > 2), A(n,) =r.

1
He e B3ero npeAaBn yMHOXKEHNETO —I1, KOETO MOXKe Ja € KbCO, a IIpu
n

n=2"up=2 ce U3BDBPIUBA C U3BaXKAaHe Ha T OT [IOPAABKA HA T.
Ako ¢, &ty He oT/iMYaBaMe KbCHUTe 0T OGMKHOBEHUTE YMHOMEHUA U MpHU-
cheauenm Mg (n,) xvm A(n,), nonyqyasame

M(n.)+ D(n,) =2r <2771 42 € M(no)+ Mi(no)+ D(no) £ 2+ 1npur 2 4,
An )+ My(n,)=2r <2771 < A(no) €27 =1 mpn r> 4.

Cpasnenve. Heka r = 2, n, = 4. Ako By; = l}l‘%’ %:], Ty = %1—

= 0,25z, u tg x| ce npecMATa ¢ UTepalyn, Heobxoaumu ca 2:, 2X, 2X KbCHU
4tg .’L’g(l - th 1,'2)

x2u x0,25) u 2—. Axo tgr, = At - dgs;’ HeobBxoanmu ca 1:, 3x,

3x kbveu (x4, x0,25) n 2—.

Ilpm p = m = 10 By = [—%, —17—;-], ng = 3, xo = —;—:zl u tgz;
_ tgza(3 - tg? zo)
B 1-3 tgz o

OueBuaHo npu ng = 3 U 4 6bp3oaedcTBMETO U IIDU ABATA METOJA € Mpak-
TUYECKN €IHAKBO.

3.5. C-meToubrt ¢ xoMoTeTHA 1 f > 2 ce mpuiiara C’hBCEM AHAJIOTMYHO Ha
T. 1.5, KaTo ce M3non3BAT pe3ynTaTUTE OT T. 3.4 U tgx ce MpecMATA PEKYpeH-

(1:, 3%, I1x xbco (x3), 2—).

Iy z\ "
THO 4ypes tg o Or 1. 1.5 ornasat pa3cbkAeHUATA, CBbP3aHM C € = (en) ,

KOETO TYK He e npuimoxumMo. 3a ) € Big1\ Big 2 ipu I} — I, £ 215 Moxe BMec-
TO XOMOTETHA, KOATO B ciiydasd (n = 2"m*x) mie 6bae Hail-HebaaronpuaTHa, Aa
€€ W3M0JI3Ba TPaHCIIalN.
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3.6. Ilpu npoMeHAUBO M BaXaT Pa3ChXAeHUATa OoT T. 4.6, amanrtupanu
KbM tgx.
I

35__11 S ; 27 Btg,l

ce cTecHsABa 3° M'BTU 32 § UTepalU¥, HO TpAOBa J1a Ce CHXPAHABAT ABA MACUBA
cts utgt; ¢ IbKAHA HAa MAHTUMCATA Mpmax U Opolt, CbOTBETEH HA Myax -

IIpu T-meToma ¢ TpaHciamud I; ce oupenenar or I, =

1. I
Ipu C-metona ¢ xomoTetua k = —, n = 27, [, = F, s 2 2, tgzxy ce
: n - =
npecMAra pexkypentHo. CrecHaBaHeTo Ha Big 1 e mo-6asHo — 2° wbTH 3a s

uTepaluyu ¢ IPAKTUYECKH €[HAKBO O0bp30AeliCTBME NpPU BCAKA MTEpalMd, HO
He TpAGBa Ja Ce CbXpaHABAT HUKAKBM KOHCTAHTH.
—_— oo —
4. y = arctge, ¢ € DR, = (—00, +00).
4.1. llle xa3BaMe, ye eana Qpynxuma (Tpanchopmanua) f(r) crecHsBa no

moayn (CM) umnrepsana [0, [tﬁo]] 1o uHTepBana [0, az], 0 < ay < aj, ako

[ag, [%°]] I, a5, a3] € [—az, @3], 7. €. axo z € [ag, [7°]], |f(2)] = [2*] £ as.
3a BcAKa TakaBa TpaHchopMalWmsA, Npedd A& Ce CBbpPKE ¢ IPECMATAHETO Ha
arctg z, TpabBa Aa Ce OTrOBODY Ha HAKOJKO BBIpoca: 3a AaleHu f(z) u [+a‘:°]
MMa JI1 TAKUBA dp; aKO MMa, UMa JIM e[HO Hali-MajlKo MeXIy TAX; 33 JaleHH
f(z) n a; uma an [‘*;‘:"], 3a kouro f(z) aa CM [0, [*:c]] no [0, az); ako uma, uma
SV elIHO HA-roNAMO Mexay TAX u Ap. IloHee arctgz e HedeTHa, JOCTATBY-

Ho e ga 3f(z), xoaro na CM D (o = D} = [0, +00) a0 [0; Iat ;] (orcera

JOJIHUTE MEJEKCH arctg me 3amectBaMe ¢ at). f(r) He moxe na 6bae nuHelHa,

[OHEMXe D;'t°° e HeorpannueHa. [Ile pazriename Hail-61u3KaTa o NMHeHHaTa,

J0CTAT'bYHO MPOCTa U yAoGHa IpHM ITpecMATAHETO Ha arc tgr ApobHO~JIUHEeHHa
azrs_1 a?+1

dyHKIMA, CBBP3aHA CbC CYGCTUTYLUMATA Loy = ——— = a— ———, a > 0
rs+a Ts+a

(1:, 2+; a®* + 1 ce npecmaATa NpeABapUTENHO), C Hel Aa 6bJe U3NON3BaHA NPU

rs > 0 cwbupaTenHaTa dopmya

1
arctgr, = arctg — 4 arctger,41
a

(saemno cbe cybermryumaTa ca Heobxomumu 1 :, 3+, arctg— ce npecmAra
a

fipeIBapUTEIHO), KaTo a ce u3bupa Taka, de |z,41] < |z,].
['panuuen caydaii ce monydasa npu a >0, a — 0:
Tsp1 = —%, arctges = g+ arctgzsp1, x>0 (1@ m14),
M0-06110:
folz) = —%, (£1, £o0) LN (F1, 0), arctgz, = (sgnxs)g +arctg 2,41, 25 # 0.
Ille n3cnensame no-noApo6HO ApOBHO-IMHERHATa TPAHCHOPMALIUA fla, z)

ofa [ +1
ol = (@+a)?

. T

>0;fae

= folz) = fo = % :'fx(a), a # 0. Iouexe
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CTPOro MOHOTOHHO pacTAlla GpyHKuMA (c. M. p. ¢.) 1 Ha ABaTa CU apryMeHTa.
Hexa orbesrexxuM, ye HAMA Aa OTJAENAME ONpeleJIAHETO Ha B,y 0T Apyru-
te BU, kakto npu apyrure OE®. 1lle uu mutepecysa rak f, Tpanchopmupa
mosnyGeskpaiiHu MHTEPBAJM C JIABA TIOJOKUTENHA TPAHMAIlA WM KpaltHu — ¢ IIo-
noxutensy rpaavmiy. Ilopaan Hammumero Ha c'bbuparenHarta gopmyia f, e
ynobua or MA | Ho He e sacHO xauu 11put Ya CM TakvBa MHTEpPBAJM, B YACTHOCT
mamu Jz,  # 0, kouro f, Hamanasa no moxyn (HM), t.e. |fa(z)| < |z| npu

a#0.

Ille uscnensame xora |fy(z)| =

ar —1
. < |z|. Bbamoskuu ca mBa caydas:
a

1) az = —|allz|.
B ro3u ciay4ait B cpbupaTenHata GpopMyJiia Moxe Ja GUrypupa KaTo Ho-
BO chbupaemo +7 B 3aBUCHUMOCT o ¢ 1 . Te ca ¢ 0BpaTHU 3HaKOBeE, |z + al
laflz| +1
= ||z| - |a]| ¥ HepaBeHCTBOTO € eKBMBaileHTHO Ha T2 = Tall < le|.
OT nBaTa eKBMBAJIEHTHU II0 OTHONIEHWE Ha HEPABEHCTBOTO MOACITyYaf
a<z,z>0 ma>0, <0, we pasriename IbPBUA U 1€ JOKAKEM CIEAHOTO
Tewpaenne 1. lipu a < 0 u z > 0 3f,, koaro na HM z € [0, 1].
1—az
— <z
|z + al
a)z > —a > 0. Torasa l—az < z?+az, £24+2¢2—1 > 0, z; 5 = —a+Va? +1,
Ho € > 0, CIeNOBATENHO HEPABEHCTBOTO € U3I'bIHEHO pHt & > Va? 4 1+|a| > 1.
6) ¢ < —a. 1 —az < —z? — ar He e BAPHO.
W taka npu a < 0 u ¢ > 0 eBenryasno camo 3a ¢ > 1 Af;, koaro ru HM,
1. e. 3f,, koo CM [0, 1] B yactrocT 10 [0; Bay f], aKo Bag s < 1.
2) az = |a|lz|.
a U r ca c eXHaksBM 3HakoBe, |z + a| = |z} + |a] > 0 u HepaseHcTBOTO €
exBuBasenTHo Ha |la|lz] — 1] < |z|(J2] + |e]). Anamormuno usbupame a > 0 u
z—

Loxazameacmeo. Cera HEPABEHCTBOTO € DaABHOCHUJIHO Ha

z > 0. Torasa f.(z) = %IG—

z > 0, Ho He BuHArY no Moayn. Ille nokaskem
Teoepaenne 2. 3a Vz >0 3f,, a > 0, kosaro ro HM:
Joxazameacmeo. B To3m cayyvait |f,(z)| < = e eksuBanentHO Ha |az — 1| <
2
¢+ ac.

< z, Ho He BuHary |f.(z)| < z, 1. e. f, HamansaBa

a)z 2 —. ar — 1< z? 4+ az e BapHo.

Bk gom—

6)z< ~. z2+2az—1>0, 1= —a+Va?+1 u nonexe & > 0, HepaBeH-

: » 1
CTBOTO € €KBMBaJIEHTHO Ha va’+1—a < z < —, KOeTo 3aeHO C NOACIydait
a

a) gaBa, ye 3a z > Val+1—-a>0f, HM z. Ho Va?+1—-a —— 0, 1. €.

a— o0
3a Ve, £ > 0, £ — npousBoJsHO Majko, 3a, ¢ > 0, ¢ — KOCTATHYHO COJIAMO,

[fa(2)] < .
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W raka npu maxeno a > 0, f,, HM camo z > Va2 +1 —a. Yucaoro
a? + 1 —a me urpae BaxkHa poJid mo-HatarTbk. llle ro HapMyuaMe NOJIOKUTE-
Ha, Hero gBiwkHa 1o moayna touka (IIHMT) na f,, moHexe Moxke ma ce moayum
ar — 1
r+a
noxuoTO My uncao. Ouesuano Vf,, a > 0, uma Touno emna [THMT.

OT YCJIOBUETO

=—z,z >0, T.e. f; To TpaHCcPopMUpa B NPOTHUBONO-

OxonuaTtenso e nacnensame fy(x) camo 3a [;] >0 . Br. 421 4.3 me ce
ThPCAT @ U [*flo], 3a KouTo 3aq, f, CM [0, [':1‘:"]] o [0, as).

4.2, Tlpn CM Ha [0, +00) mo [0, as] e ecTecTBeno na ce M3CIeaBa 3a KOM

©
a ay = a, nonexe fq(z) — a. H306mo [a, +00) —— [a*, a), a* = fa(a)

T—+00
a’ -1
=3 < a (¢ z* we o3HavaBaMe o6pa3a Ha ¢ upes f,, KoATo ce noapa3bupa
a
= _ . _ 0fa
ot rekcta). Heka M§°(fs) = max(|a*|, a) = max(|fa(a)|, a). Ilonexe Bz >0,
z

,fa(l‘)’ S Mg°(fe) 32z € [a, +0). Ako a2 1, a > a 20u M§°(fa) = a
ITo-untepecen e cayvaar a < 1, ToraBa a* < (. Ille xka3paMme, ue f, noBeue
HM [a, +00) oTkoskoto fp — [b, +00), ako M§°(fa) < M§°(fy), npu ToBa He
ce usucksa HUTO f; Aa CM [0, +o0) no [0, a], uuro fo — xo {0, b]. Axo u f,,
u fy ro CM cporsetro go [0, a] u [0, b], ToraBa M(f,) = a, MZ(fi) =bu
oT M (f.) < M§(fs) cnensa, 4e a < b n f, CM [0, +00) zo [0, a] noseue,
otkoakoto f; — mo [0, b] ([0, a] C [0, b]). Ille mokaxem, ue 3f — emuncTBeHa,
¢ Hait-Manbk ME°(f), xosro ocser ToBa CM [0, +00). ETo 3amo mie s Hapedem
Haii—cTecHaBaia no moays Tpancpopmarua (HCMT) 3a [0, +00). Camo 3a
nea M§°(f,) nocTura TouHaTa cu AosHa rpasuna (T. A.1.) — Mg§°(fa) e orpa-
HuueHo otaony ~— MEP(fs) 2 a > 0, a uATEpBaANDBT, A0 KOKTO f CM [0, 4+00),
e Hail-MaJIKUAT Bb3MokeH. EneMenTure Ha f wie Gesexum ¢ ~.
Teopema 3. f = fi.. ¢ [IHMT ao, € eamncreenata HCMT 3a [0, +00).

Joxazamencmao. G Ce ToJiyyaBa oT ycioBuero fi (Ge) = —oo,
=2
az, —1 . 1 . . 1
= —lc, = +—, oT > 0 ciemBa 8o = —= =~ 0,57735...
T Goo, Goo 7 HO Ao cileBa Qoo 7
faoo ~
OT [, +00) —— [—@co, doo] crtemBa, 4e fi, CM [0, +00) a0 [0, Goo]-
AKo a > oo, MP(f.) = max(la*], a) 2 a > G = max(| — Geol, Goo)
= M§°(fa..)-
= a? -1 i 2 = =2
Ako 0 < @ < G, a* = < —Qoo, MOHEXKE a° + 2ado < 3a%, = 1.

2a

ToraBa |a*| > Goo 1 M (fs) = max(|a*|, a) 2 |a*| > Go = M§°(fi.). C TOBa
TeopeMaTa € HOKa3aHa.

Caencreue 3.1. Vfy, a > doo, fo CM [0, +00) 1m0 [0, a]; 3 fa, 0 < a < dco,

fo CM [0, 400) mo [0, a]; 3a Vf,, 0 < a < @eo, ¥ 33 Vay, az 2 Va?+1—a, fo
CM [0, +o0) mo [0, as].
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Hoxazameacmeo. Ao a > G, OT ] >0 caenBa —a < —lq = fa,, (Geo)

a[
fa

< fiu(a) < fale) < @, T e. |a"| <a m 2, +o0) —— [a”, a) C [~q, a]. fo CM

[0, +00) ;o [0, a], Ho CM e nmo-maJKo, NOHEKE 0T @ > doo caenna [0, x| C [0, a.

Ako 0 < a < G M momycHeM, ue Ify, [a, +00) L[fa(a), a) C [~aq, 4],
10 fa(@) < faro (@) < fau (Go0) = —co, [fa(a)| > Goo > a 1 [~a, a] C [fa(a), d],
KOETO NPOTUBOPEUM HA IOIYyCKAHETO.

Axo ce otkaxem f; ga CM [0, o0) o [0, a], [0, +00) moxe aa ce CM
upes Jo, 0 < a < @, 40 [0, az], ap 2 Va?+1—a> e (a2 2 THMT wua f,),
[OHEXe € eKBMBAJJEHTHO Ha a® + 2ad, < 3&30 = 1. Hauncruna oT a < Qg
<ay £t <400 cnenpa, ye —ay = fy(az) £ fa(z) < fo(400) = a < @ < ay,
T. €. |fa(2)| £ a2 u fo CM [0, +00) mo [0, az].

Cuencrue 3.2. Ilpu Iy < @ C-MeTombT € HempHIOXKUM 3a arctgz
upe3 f,. CnenBa oT BTOpOTO TBBpJAeHUE Ha cielcTBre 3.1.

4.3. Hle nokakeM, ue npu [u ; < G T-METOABT e NPUIOKMM 3a Kac-
kaaHo CM Ha [0, +00) o [0; far ). 3a Tasu ues e M3ciesaMe 3a KOM a
uar fo CM [0, a1] mo [0, fa(a1)]. Ananoruuso Ha T. 4.2 BrBexaame Mg (fs)

= max(Lf?(fa(al))I, |fa(a1)]). Iouexe %J;a > 0, |fa(z)| € M§(fa) 32 =

€ [fa(a1), a1]. Ille xasBame, ue f, HM [fa(a;), @] noBeue, oTkoaKOTO f3 —
[fo(ar), a1], ako Mg*(fa) < MG (fe), xaTo He ce m3sucksa f, 1a CM [0, a1]
o [0, fa(a1)], Huro fy — mo [0, fi(a1)]. Axo f, m fy ro CM cborBETHO
10 [0, fular)] # [0, folar)], 10 fular) > 0, folar) > 0, ME(fa) = fular),
M (fs) = fo(ay) m ot Mg'(fa) < Mg*(fe) cnemBa fo(a;) < fy(a1) (rorasa
nua<bor % > 0) u fo CM [0, a1] mo [0, fq(a1)] noeue, oTkonkoTO f3 —
1o [0, fi(a)))([0, fa(ar)] C [0, fo(a1)]). Ile moxarkem, ue 3f — emuHcTBeHa, C
nafi-mMaibk Mg (f), xoaro oceen tosa CM [0, a4], u we st Hapeuem HCMT za
[0, a1}. Camo 3a Hea My'(f,) mocTura T. 4. T., a MHTEpPBaIbT, 40 Koo ce CM
[0, a1], e Hali—-MaNKUAT BB3MOMKEH.

Teopema 4. f;n), koAaTo TpachopMmupa a; B cBoara [THMT ag ), e eIuH-

creenata HCMT 3a [0, a1].
9fa

L] )
(2 ) < fam(ay Qs )) = 5(21) \ToraBa
[falfa(a)))] > @ ~(1) = max(| — (l)l ~(1))

< famla) = & u falfalar) < fol@
Mg (fa) = max(|fa(fa(a1))l, [faar)]) 2
= Mg*(fam)
Axo a > &0, ME (o) 2 1fala)] > faw(a)] = 8 = Mg (fr0).
Cswecmeysane na HCMT. [lle moxaxkem cnennata

2
Jema 5. Axo a; > 0, aV) = ctg <§ arctgm), &gl) = tg <éarctga1),

1
(2—\/5)(11 §a§1)<§a1 3a a; =1n2-—\/_<a < Ao 3a ay > 1.
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3 1e)
3a yao6cTBo B T. 4.3 Ile U3n0a3BaMe {5“2] BMECTO [Zm}.
2

Loxasameacmao. Ionexe 0 < dy =Va?+1-d <1, or f3(d2) = —dy noay-
1-a2
2a,

moJydaBaMe

JagaMe G = > 0. Axo samecTuM u3pa3a 3a G B ycioBueTo f5(a;) = as,

da,(82) = @5 — 34,32 — 333 + a; = 0.
9s,(G2) = 0 ¥Ma BMHATM TPU peajiHM KOPeHA, JBA OT KOMTO He OTCOBAPAT
Ha ycaoBusara 0-< ag < aj:
g(—o0) <0, g(0)=a; >0 — g,,(@;) uma Bunaru nysa a; < 0;
g(a1) = —2a1(1 +a?) < 0, g(4+00) > 0 — gq,(@2) ¥Ma BUHATH HYTa &y > a;.
a) a; £ 1.

Ilpu a; < 1 g((2 — \/?:)al) =(5- 3\/§)a1(a% -1)>0,¢ <a?1> =1 <0

~ . a
N raka dJa,, (2 — \/§)a1 < dg < ?1 OmneHkaTa 0TAONY ce JOCTUra TIpH

. a 1
a1 =1, g1(2—+/3) = 0. OueHkata oTrope He ce AOCTHUTa, IIOHEXKE lim 2= 3
a)— ay
1
6) a; > 1.

(a1/3
9(2 = v3) = 4(3v3 = 5)(a1 — 1) > 0, [ (1/;) )3\/5 < 0. Cnenosarenno
9 me——
9

- . 1 a) - ~
2 -3 < — L) < deo. OT g (@) =0
V3 < @3 < min (\/5 3) <a T gq,(d2) a, ce ompeuesfa KaTo

5 52
= a3 —-a3) _ (2
GyHKIMA Ha Ay, a1 = 1332 = a;”’. AKo cbIOCTaBUM TO3M M3pa3 C tgz
—3a
2

T 2T
ez -1 3 | 1
= ——— 1 03HAuUMM T = arctgay, Moay4aBame Gy = tg <§ arctg al), a
1—3tg? g

tg 2 2tgz uapaMme @ 1 /282 e (2 aret
Xz = —_— I10J aMe = = —a
or tg o yuaB =4 gl zarctgar

2
= ctg (5 arctg a1> .

ExcnaMmuTHOTO U3pa3ABaHe Ha napaMmerpute @ U Gy Ha HCMT upes ag
JIOKa3Ba ChIIECTBYBAHETO M U C TOBA OKOHYATENHO Teopema 4.

. 1 T .
Hea aamcnu waemuy cayad. AKO a1 = G = % = tgg ~ 0,577..., as

1 1
= tg (garctg $> = tg1—7r8- ~0,173..., 4 = ctgg ~ 28. Tosa e HCMT 3a

[0, Goo] (citen xato [0, +o0) e CM mo Hero ¢ HCMT f;.,).
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Ako a; = 1, Beye monyunMxMme d; = 2 — /3. OTHOBO, CBIIACHO JIEMaTa,

_ 1 _ L . ~_1——(2——\/§)2_
tg(Barctg1> tg12~0,268... 2-V3, a= 2= B) =3
V3l1-1
1+3
Caencreme 4.1. 3f,, koaro CM IpoM3BOJIHO MHOTO [0, [‘Z‘zo]]
Loxasamescmeo. Ot Teopema 3 u cirencreue 3.1 caensa, de [0, +00) Moxke
aa ce CM Haii-muoro o [0, 8 ) upes fa, . Ot Teopema 4 ciensa, ue [0, ay]
Moxe aa ce CM wmabi-muoro o [0, @, ga,(@2) = 0. C T0Ba ciaencrsueTo e
JOKa3aHO.

=2-3.

T - -
= ctg 3 ~ 1,732. Upes a 3a TpeTu mbT HoJNydyaBaMme ap =

a1 ai
MHopanu @z < min \/_ 3 < 3 e BAPHO
Cunencraue 4.2. Upes npunarane Ha T-MeTo,1a uHTepBAIDBT [0, +00) MoXke
na ce CM npousBosIHO MHOTO.
Jloxazameacmeo. Axo npuinoxkum cepus ot k 2 1 nocnexosarennu HCMT

1\ F1
xbM [0, +00), Toit me ce CM o [0; ag k-1)), @2,k-1) < (§> Goo - 0,
—00

T. €. g (k—1) MOXE Jla CTaHEe IIPOU3BOJIHO MAJKO IIPU JOCTATBUHO roJIAMO k.

C TOBa OKOHYATENHO C€ pemaBa BBIPOCHT 33 FOAHOCTTA Ha TpaHcop-
maimute fo(x) no orHomwenre CM Ha [0, +00) mo [0; Lat ]

B 1 4.4 + 4.6 e 6baaT pasrienaHd BBIPOCU, CBbP3aHU ¢ u3bopa Ha
Had-moaxonama or A cepus or mocieroBaTelHU Tpchq)opManvm OT BUIA
fa, xoaTo CM [0, +00) npu manenu p n m(Mmax)-

4.4, Hexa M3pa3yuM BCeKWd [ABa OT TPUTe NapaMeTbpa &, di U dp HA elHa
HCMT f; upe3 TpeTus U I'M U3cienBaMe KaTo GYHKUMA OT HEro.

B 1. 4.3 HaMepuxMe KaK G M d; ce M3PA3ABAT Upe3 Qz M KaK a4 U 4 —

ype3 @;. 3a XaleHo & dy ce Hamupa Kare [IHMT na f;. OcraBa na Hamepum
1 . 1 1

ap, fa(a)) = @2. Ako @ = G = 7 TO azzﬁnalz-%oo. Ako @ # 7
-1 ar +1 -
e M3Mol3BaMe f; = T3 r # @, koATO e oBpaTHa Ha f; M ce HaMu-
T TB¥IECCTBOTO f, (f‘l(x)) = afs z. @ f_l(& ) ads + 1
oT T (2 -y Ha 70 _ — _ aap+1
pa 9l a\Jg ) fa_l+a 1 a 2 ._62_+_a
1—&%+&V&2+1 ,/&2+1+2& _ ~ )
= a F RN ~ . a1 > 0 npu @ > ay, KoeTo e pas-
2a-va’+1 V@ +1+a>— 1

HOCUJIHO Ha a >. T. €. CaMo0 33 @ 2 [+_°°] Taka, 4ye @, a1 U ds Cca

st»~

L
\/g)
enementyt Ha HCMT f;.
Opusep. Hexaa=1, =20 fri= 211 G o814 =visl
p p. - 1, 1—x+1y 1 ——.'L'+1, 2 — y U1 — ,
h
V21, VI+1] ——[-(vZ-1), V2-1].

Jla pekanuTyiMpaMe U u3CleJBaMe M3MEHEHHETO Ha BCEKM OT MapaMerT-
pute ta HCMT kato GyHKIMA TTOOTHEJHO Ha OCTAHAJIWTE ABA.

22



4.4.1. JaneHo e a =4 2 Ge. Lorasa 0 < d, =vat+l—-a<lmu

o0
an = vaz+1+2a 50 )
T aalyl+az -1

G2 € C.M. H (1) Ha a ( ~2 C~12 < 0) ~ - ( 1 )
. . H. . s — = T === , Gomax = @ —_— =
2 ! [___,2“_“1 2 2 \/—

o
—
Vol
e
an
3

)

Sl

ay —— 0.
a—+o0.

. . [da, 3asva? +1 . -
ajec.M H.d.Ha d ——7:-—:———:—2—<0,a1———>+oo,a1————>0.
: da (@a— as) oo d—to0

. . . 1 -
4.4.2. Haxgerno e ay = Gy, 0 < d € —= < 1. Ako noJjoxuMm ay = tgz,

V3

. 1 —a?
¢ = arctgay, a'® = ~a2 = ctg2z = ctg(2arctgay) >0 n
a
o0
32(3 — a3 a2 5 =a
6(12):Ezg——;g—zztg3x:tg(3arctgag)>0 ’ <3
1 - 3a;
da® 1al+1 1 1

i e c.om u b HA G =BT o) d® —a@( ) = —
a CCMu(bHaarz(d&? 2 & ),amm a 5 7

i) — 400, koraro ay — 0.

. d”’(z) 3 =2 1 2
&gl) e c.M.p. . Ha ay ( ;&12 = (fa_z ;_aggz >0, 5(12) — 400, KOraTo

. 1 2 .
dy — —=; ‘1(1)”01 korato az — 0.

7

2
4.4.3. Jlanedo e a; = a; > 0. Torasa @) = ctg <§ arctgal), dgl)

1
=tg <§ arctg dl> .

g1 2(aM? 11
a e c.m H $. Ha &1(da = *(a S+

di, 3 al+1

a; — +00; ah) — 400, xorato a1 — 0.

dath 7012 1
&gl) c.M.p.¢. HA a1 ( ;;1 = (g(ga%)_:;) >0, Ez(zl) — 0, xoraro a; — 0;

<O>, all) - ——1— KOraTo

7

~(1 ~
a.(2 )5 Korato ai — -+00.

L
\/—3'7

I'paduuyHo ToBa MoXe Oa ce OpeacTaBu 3a @~ < @& < at Taka:

—
ar o
-1V
P—
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400

ar

4.5. Ille pa3srienaMe BPb3KHUTE MEXIy a, [ ] u ay, korato f, CM

[0, [t*°]] zo [0, az], Ho He e HCMT.

ay
4.5.1. [laneno e a > 0. 3a koum [t‘io] May fo CM [0, [t‘f]] no [0, ag]?

AKo a 2 Qe = , 3[+-°°] 1 Jdz, KOUTO 3aedHO C a4 ca eJeMeHTHM Ha

ay

1
V3
HCMT f, 3a [0, [+‘i°]] Torasa f, me CM scexu mutepsan (0, [**]] xo [0, a3),

ay
ako @ < ap < [+°°] < d;. Toma cremsa or —ay = fo(dz) £ falaz) £ fo(z)
<

< o (1)

)
fa e HCMT 3a [0, [+°°]], T8 He Moxke na CM [0, 1], @1 < a1, m0 [0, a2], a2 < @s.

ay

< a;]’ T. €. |fo(Z)] £ G2 < ag 3a = € [ay, a1]. Honexe

1
Axo 0 < a < G, 82 > —=. Torasa f;, CM [0, a1] no [0, a3], @z £ a»

V3

< aj, NoHeXe oT a < —= < az < a»

V3
1

= fa(@) < fa(®) < fa(+00) = @ < —= < GpSay, Te [fale) Saz 30z €

V3
[(12, al].

4.5.2. NaneHo e a3 > 0. 3a kou a 1 a1 fu CM [0, a1] 1o [0, as]?

A

z £'ay < 400 cnexgsa —ap < —as

iA

1 -
Axo as 2 %’ 3a BCAKO a1 > ap noHe fz, e CMT, nouwexe do £ as
< a; < 400, a fa,, cbraacHo 1. 4.5.1 ocen [0, +00) CM u [0, a1] no [0, as).
Ho uma u apyru a, 3a kouro f, CM [0, a;] mo [0, az]. Ule nokaxem, ue Te

~ - 2
YAOBIETBOPARAT HEPABEHCTBATA G < a < &) = ctg <§ arctgay | Hauctu-

0fa
Ha oT &(21) <o £ag £2La1< +oomn Tfa > 0 caexnsa, ue |f;(z}| £ as 3a
z € [az, a1]:
~a3 £ = oo = fa () S fan(2) S fal2) £ fam(2) € faoy(@) = @5 < aa.
1 1-a2 1 )

Heka orbenexnm, ye npu ag 2 £ —= U YCIIOBUETO Ao < A €

=B 2w N3

1-a3
€KBMBAaJICHTHO Ha max (aoo, 2 2 < a.
: as
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1

Aro 0 < ayg < -—3, 3a(2) u 36(12) takuBa, ge a2, &(12) U Ay Ca eJIeMEHTU Ha
HCMT. Torasa 3a [0, a1], a2 < a; £ &(12), s € CM mo [0, a;]. Haucruna,
cnex kaTo fizy ¢ HCMT 3a [0, & a2 )] o [0, az], ot ay £z £ a; £ 6(2) ciltenBa
~ay = fam(a2) £ fio (@) € fan (@) = a2, 1 e [fa(2)] € a2 32 7 € [as, @3]

Ho ako a; u ay ne ca enementn na HCMT, 1. e. ay = a( ) = g»
uma u apyru a # @1 = @ 3a kouro f, CM [0 ai1] zo [0, ag]
_ 2
1—2—a9—?- =a® Lat &(1):ctg (%arctgm), agl) Sap £xga; £ agz) "

2

0fa
aj; > 0 monywabame —ay = fym(a2) £ fam(z) £ falz) £ fan(z) = faw (a1)

3a a,

(1
a(2 )< ay, e |fa(z)] £ a2 3a z € [ag, a1], wan rpadudecku:
i pa___palt
] ]
1 1 1 1 1 ‘(2)
0 alt az ay a
1 1—a?
—, a® = 2> G, T. €. YCIOBHU-

Heka or6enexnm, ue nipu 0 < ag < 7
as

- l—a
ero @® < a e eKBUBAJIEHTHO Ha Max <a°°, 3 ) <.
as

Karo obenuHUM aBaTa ciayyad az 2 ﬁ nl<ax< ——\/——g, nojyyaBaMe, ye

fo CM [0, dl] 1o {0, as], ako 0 < ap < a1 < a( )

- 1—02 2
max { Geo, Sa ctg garctgal .

2(12
4.5.3. HaxeHo e a; > 0. 3a kou a u ay f, CM [0, a;] xo [0, a2
Heka &(21) € a3 < a;. Cwraacuo 1. 4.5.2 f, CM [0, a1} mo [0, az2], ako
max(deo, a?) < a £ @M. ,
4.5.4. Janeuu ca a; ¥ ay. 3a kou a f CM [0, a1] xo [0, a3]?
oT 1. 4.5.2 u 4.5.3 cnensa,

A

1?7

Axoa()=a2<a1 < [;?)’]Mo<a2[<]—\}—§,

ue f, CM [0, a;1] mo [0, az], ako a yaoBaieTBoOpsABa ycaoBuero ot T. 4.5.3.
4.5.5. Ilanenvt ca a; u az, 0 < as < a;. Torasa 3a(b?)| f, 1.2 (a1) = az,

(1.2)g1 1 :
a—al_;—c;%ﬂ =ay, r.e aV? = E—;:(%' Kora f,a.2 CM [0, a1] mo [0, az)?
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Coraacuo 1. 4.5.1 npu a1?) > doy fou. CM [0, aq] mo [0, az], ako Zzgl)
ay<a; £ aﬁz), unpu 0 < al?) « (oo, KO &gl,z) <ay<a;.

4.6. OT rnenHa TouKa HAa MKOHOMUA Ha pecypcH IIPU NPOrpaMUpaHeTo e
BAXKHO 4 Ce W3CJeldBa Kora ce mojiydyaBa rociegoBateindo CM Ha eauH uH-
TepBaJl Ype3 MHOI'OKPATHO HMpuUiaraHe Ha ejHa U cbia f, (nporpamara Ha
HAKOJIKO pa3JIMYHU Tpchd)opMauym, 33€JHO C KOHCTAHTUTE UM, € MO-I'bJa
0T Ta3WM Ha elHa, W3M0J3BaHa B LIUKLIJ, Hali-MaJIKo [MOPAJU eJIUMUHUADPAHE Ha
MacUBa OT mapaMeTpure a; Ha fq;). AKO [y § 2 @, TOBa Ce U3BBPIUIBA el-
HOKpATHO IOoHE C fz__ .

4.6.1. Teopema 6. Ype3 MHOrOKpaTHO mpuiarae Ha f, [0, [
na ce CM zmo [0; Tag f], fat,s < oo, 3a TaKoBa a, e @y S la .

Hoxasameacmeo. f, ne moxke na CM [0, @s] mo [0, aq], az < @2, noHexke oT

+oo

o 1] moxe

%, . - -
(9]:: > 0 cnensa, ye fq(az) < fa(@2) = —@2, |fa(az)| > @3 > a3 u caenoBaTenHo
wsama CM. »

1-1?

2L S G > Lt s

Heka @2 £ lary, Vaitl-a S lay <o, 0 2 5T
at, f

Crnen mwbpBoTo npuiaaraie Ha f, [0, +00) ce CM mo [0,a], a > Iaf > @s.
Axo Gy < fu(a), npu BropoTo npuaarate (0, a] ce CM xo [0, fo(a)]. HaucTu-
Ha 0T @y < fu(a) € = € acnensa, ue —fu(a) £ —az £ fa(@z) £ fa(z) £ fa(a),

1. e. |fa(2)l € fala) m [0, a] ce CM mo [0, fo(a)]. Awmamormuno, axo G
< fa(fa(a)), npu Tpetoro npunarane Ha fo [0, fa(a)] ce CM no [0, fa(fa(a))} u
1. H. Heka o3HauuM az; = @ = fala )_ﬂﬁ___i k>1, a1, =400

- A 2,k — 1,(k+1) = Ja\B1 k) — ark +a 3 = y 41,1 — 3

azy = a1 2 = a. Axo'ayr £ lay < az(k-1), kK > 1, caen k-KpaTHO TpuNara-
we Ha f, [0, +00) ce CM mo [0; Ia;s]. Ho chbimecTByBaHero Ha Takopa k He
e ouepnaHo, monexe f, He e HCMT 3a unrepsanute [0; a1k] ¢ U3KJIIOYeHME
Hali-MHOro Ha eJllMH, He BaXKAT OLIEHKMUTE 70k < agy < 301k M €BEHTYaJIHO
6u Moruao ag — @z > lat s, KoraTo k — +00. 3a na NOKaXkeM, 4e TOBa He €
B'b3MOXKHO, IIle M3ToJ3BaMe TPHUIOHOMETpUYHATA WHTeprpeTauusa Ha f,.

4.6.2. Herka a = ctgy > 0, 0 < ¢ = arcctga < I, z =ctgy, 0 < ¢

2
t t -1
= arcctgz < g Torasa fu(z) = % = ctg(d; + ) , aHajoOrU-
ano frl(z) = ctg(y — ). OTTyK MHAYKTMBHO ce moyuaBa fqn(+00)

= fa(o (fa(40)) ..) = fan-n(a) = ctgnp u fri(e) = f1(..(f (). )
——— N !

n NI'bTHU n I'bTU

ctg(y — np). Como Taka d; = Va?+1—a = ctg (Z_f) = tgg u

2 2
N 1/ T P T 3P\ 3p
a; = f7l(@) = ctg 5-5)—¥) = ctg 575 )= tg 5 WM rpadu-

YECKU:
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r—0
r>0,% >0
w— I

2 —a

= arcctg0

v | =

iy falz) = ctg(d 4 ¢) JH(x) = ctg(¥ — @)

=1
IN)

OC Ha KOTAaHreHcuTe

OT TpuUroHoMeTpUYHATA UHTeplperalua Ha f,(z) Morar ga ce M3Bedat
BCUUKHTE ¥ CBOMCTBA, KAKTO U pe3yJTaTuTe, MoJy4dyeHU HOTYK.
Cera uje NnoKa)KeM, 4e TBHPCEHOTO k C'bllecTByBa. 1o ce onpezaess oT

tg I
ypaBHeHUETO fop(400) = ctghkp =Ly >0, 0 < kp < k= LECE NS

b

2’77 arcctga
noHexe [¢; < a. W taka cnen k-kparno npuiarame na f, +00 ce Tpancop-
mupa B a7, [0, +00) ce CM 1o [0; fa f], ¢ kKoeTo Teopema 6 e noxasaHa.
4.6.3. IlpakThuecku UHTEpEC TIPEACTABIABAT f,, KOUTO Ce | M3YCPHBAT“
ciaen ApykpatHo mpusarane npu CM na [0, +00). 3a ga uma CM Ha [0, +00)
no [0, a] npu wbpBOTO NpUNaraHe Ha f,, HEOGXOMMMO € a 2 do. 3a A3 MMa
makcumaado CM wa [0, a] a0 [0, d2] npm BrOopoTo npwiarate Ha f,, TpAG-

21
Ba a" £ @y, T.e. fila) = a < Va?l4+1—a, 0<3a® -1 < 2ava?+1,

2a

5a¢* — 10a? +1 < 0. Tosa ¢ uanbaHEHO 3a

2 1 1
— — < ——, ocTtaBa okoHyaTenHo — < a £ /14 —= < 1,376... Ho-
VERVE] . V3 = 5 =

Hexe dy e ¢. M. H. @. Ha a, Npu ABYKPAaTHO IpWUiaraHe Ha f; IMe MMa MAaK-

N PRI S
a= 1+——2—_ \/5 \/E_)
V V5

2
~ 0,326. U raka f,, a=,/1+ 7 CM [0, +00) no [0; 0,326], koeTo e Makcu-

7

MaJIHO 33 ABYKPATHO [IpUJaraHe Ha elHa U c'blla fg,.

4.6.4. MHOroKpaTHOTO M3N0JI3BaHe HA €JHa M Cbila f, CK'bCABA MpOrpa-
MaTa 3a cMeTKa Ha Obp3ojeiicTsue. Hanpumep 3a [y = 0,1, a > 4,95, nexa
a = 5. Torasa fs Tpabpa xa ce npuioxu Jo 8 nury, 32 ga ce CM [0, +o0)
o [0; 0,1]. Ako ce mpuioxat pasnuuau TpaHchopmarmu, Hanpumep HCMT,

1

cumasiio CM Ha [0, +00) 3a Gomin = @2

fico ftg%

. T
JHOCTATHYHU ca camo Tpu: [0, +00) —— [0, Goo] —— [0, tg E]’ tg 3~ 58
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tg 1% ~ 0,173, n Hakpasa TpeTa M nocieiHa f,, a > 4,95, koaro CM [0; 0,173]

zo [0; 0,1] nanpumep f5. C HamanABaHeTo Ha [ ¢ OT IieAHa TOYKa Ha 6bp-
30eiicTBUE cTaBa BCe MO-M3roJHO U3NoJ3BaHeTo Ha cepus or HCMT.

4.7. 1lle mokakeM KaK IpaKTHUYECKH ce npuiara T-MeroasT npu arctgz
3a CM na [0, +00) 10 [0; Lae f].

Axo I 2 G, AOCTATBYHA € CAMO eJHa TpaHChopMaum#A, HAIpUMep
fiw, 32 CM Ha [0, +00) 10 [0, o] C [0; Tat,s]. B uactHOCT, ako larf > oo,
fr; CM [0, +00) no [0; lae f] uam, ako ce usbepe a, deo < @ < lat g, fo CM
[0, +o0) mo [0, a] C [0; Iat s].

Hexka [, < doo. [la pa3sriiename cucremara [®*, onpenenena ot I; = dgf,
I = 5(123)+1 =dys = f a®), )(Is—H) = tg(3arctgds (s41) = tg(3/ " arctgIy), 1. e

s+1
[0, I,] ce CM 1o [0, I,.H] upes HCMT, s = f—1,1. f ce onpenena xato
\/— < tg(3f Larctg ), f= ln(7r/61ar3c tg ly)

OcTaBa aa ce pasriena nbpBodadansoro CM ua [0, +00) no [0, a) C [0, I1]
upe3 f,. fi., CM [0, +00) a0 [0, o] C [0, I1]. fr, To CM 1o [0, ;] . U B
mBata caydas tr™®* = f ([;, +oo) ce tpaHchopmupa upes f; B (I, a}. B Ha-
kou caydau —a < [T = fo(I) nanpumep 3a a 2 \/I# +1—1; = a; Ha fr,. Axko
VIZ+1-I £a £ It,2 £k £ f—1, ToraBa 3a Toukure ot [I}, +00) me ca He-
06X011MMH He TIoBeue TpaHchopMalmm, OTKOJIKOTO 3a te3u ot [0, [x_1], u Torasa
1-1¢

HMIY, za koero tg +1.

trm* = f 1. Topa e BB3MOXKHO, ako /12 + 1 -1} £ I,

_ 1= 1-8, o _ . 2 "
Iy = ag g, Iyo1 = ay ks 2]kk = 2&2,1; = a‘k) = afk) = ctg <§arctga1yk>.

CJ'IeJ.IOBaTe.HHO HEPaBEHCTBOTO € €KBMBAJIEHTHO Ha

< I,. Tlouexe

ctg <§arctg[k_1) < I, te ctg(2.3 Farctgly) < tg(3/"tarctgly),

g—2.3f_karctglf < 3f_1arctglf, g—3f’1arctglf < 2.3f_ka.rctglf,

/ I 3f-1
n — —
d4arctg Iy 2

In3

oTKbAETO k = f —

Ako It = oo, T. €. Tav s = fa,1(fa,(s-1)(- - - (faos (+00)) .. ), BCuuruTe TpaH-
chopmarmu ca paznmuar 1 HCMT. Ako 6baat usbpauu Apyru TpaHchopma-
UMy, obmuAT UM Bpoii e ce yBeIuuM MOHE ¢ €AWHMUA.

Ha npaktura I; > au, T. €.

fas( o (fae(+00))..) < Latyy < fa(1-1)( - (fa (4+00)) .. ).
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Ako @, umm arc tg~L 1psabpa na ca kbcu, HCMT tpabsa xa ce 3aMeHAT C
S

6au3ku Ao Tsx, 6e3 Aa ce HapyWIaT HepaBeHCTBATA 3a [y . B To3m cayuvait

TpabBa Aa ce M3M0A3BaT pesynataTture oT T. 4.4 + 4.6. Koakoro Iy e mo-

61m30 10 fa,(f-1)(- - (fag (+00)) . ..), TOMKOBA BBL3MOKHOCTTA 33 U3MEHEHME HA

TpaHcpopMaimuTe Ge3 yBenuuaBaHe Ha 6posA UM € MO-TOJIAMA.

Ako cepmaTa TpaHcdopmaimm e camo or HCMT, MHTepBaJIATe [dg,s; @15,
CLOTBETHM Ha f; ,, C'BBHAJAT C TE3W OT CMCTEMATA Ia‘t M [0 C’BUIMA HAYUH Ca
O JIeTIeHn (KOHKaTeHupaHM) elVH 33 Apyr. AKo IIOHe elHa 0T TpaHCpOopMaum-
ure He e HCMT, e MMa nmoxe €IHO IPUIIOKPUBAHE HAa UHTEPBAJM, ChOTBETHU
na fz ,, koero e 6e3 3HadeHMe, aKO HUK'b/Je HAMA PA3CTOSHUE MEKIY MHTEPBa-
JMTE Ha ABE IOCJEA0BATENHNA TPaHCHOpMaluu.

CM Ha [0, +00) n0 [0; Iae,s], Iat,f — cboTBeTHO Ha p = m = 10, e pasrie-
naHo noapobuo B [1] Ha 6a3aTa Ha MOJIYyUYEHUTE JOTYK Pe3yJITATH.

4.8. TIpu npomennmso m (f pacre ¢ m, a [y HamandBa) TpabBa na ce
CbXpaHABAT YeTUPU MacHBa OT KOHCTaHTUTE G s, 6?3 + 1 (moxke na ce mpec-
MATaT ¢ 1x u 14), az s v arctg ?z,';l C I'bJXXUHA HAa MAHTUCATa Mpax, BCEKU C
JUbJDKUHA fm_ ., KaTo ce m3noasaT HCMT unn Gnusku go tax. |z] £ 1 ce
HaMmaJifiBa 0T 3° A0 4° MbTH cien § TPaHC(HOpMALMM.

T 7
5. y= [cos]wl’ T € B[:m] 1= |i—-—2-, 5]
UssectHo e [3], ue sin(2n + )z = (-1)" T2n+1(sm z), cosnz = Tp(cosz) n
sin 2nx He MOe [a C€ U3Pa3u PalUMOHAJHO Upe3 sini.
(2]

. s n n—1 Y
T.(z) = z(—l)’2"‘“‘1————_< . ]z"~?% ca noamnomnre Ha Yebuies ot
i=0 n—1 ?

n (n—i) n(n—l——i)
; . = - . , HO TpaAbBa Oa ce
n—1 7 H 1—1

-1
IpreMe, e %<n 1 ) = 13a:=0). Torasa cos(2n + 1)z = Tanti(cos z),

I-u pon (or MA e mo-nobpe

n

in2(noiy 2n+1 2n+1-—1 nei .
Tinia(e) = (20 B (T et < e
i=0

kbaero Pp

2) = TZn—{-l(\/E) = Z(_l)iQZ(n—i)_?E_t_l__ (2n +1- Z) " E

z ~ n+1—1 7

sin -1)" sin z ~1)"sinz| _, { [sinz 2
cos 1 cos T oS & cos I
T.e. CM Ha [0, —g] € NPaKTUYeCK! eTHAaKBO 34 SINT M COSZ.

cos 2nz = Typ(cos &) = Pr’:*(cos2 z),

2 - )
kbaeTo Ton(z) = Z( 1)ig2n—i)= IQnii<2ni 1)1.2(71—-1) = P (a?),
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a P (x) = Ton (V) =

s

(__1)1'22(71,—1')-—1 2n i <2n _ Z) l_n—i.

=0 2n — 1 )
, T ow
WY raka mpw sinx {— 33 TpaAGBa Aa ce HaMaJlABa HedeTeH GpOH mbTH,
JIOKATO [pU COS & HAMA TaKoBd orpaxmqe}me
Ot Ty(z) = 22T, —1(x) — Th_2(z) necHo ce mojyyaBa

Th(z) = 2(2;1: — DTh_a(z) — Th-a(z).
Torasa Ton+1(cosz) = 2(2 cos? g ~ 1)Tan—1(cos &) — Ton—3(cos z),
T. €. cos(2n + 1)z = 2(2cos? z — 1) cos(2n — 1)z — cos(2n — 3)z
MoskeM ma MOJy4MM cile[HAaTa, KAKTO ¥ ChOTBeTHaTa M 3a sin(2n + 1)r,

- sin sin
peKypeHTHa 3aBUCUMOCT U OT npeiAcTaBaHero Ha 0] (2n + 1)z + [Cos] (2n—3)x
KaTO [pOU3BedeHue!

2 = Azoos — Bng, n2], Ty = [sm(—l)x] _ [— sin z]) o= [sm(l)x] _ [s1n x])

cos(—1)z cos cos(1)z cos

Alz) = 20222~ 1), A= [”A(Sin ””)], zn. = [Si“] (2n+ 1)z,

A(cos ) cos

UM T, = [S;“Si], KaTo T B Z_1, To 1 A € 3aMeHeHO ¢ m
Ananoruuno Ty,(cosz) = 2(2cos?z — 1)Ton_s(cosz) — Ton_s(cosz).
A(cos z)

T, = cOS$2nz NpW HaYaJIHKU ycJoBuA r_; = cos(—2)z = , &g = cos Oz

2

T
=1, win x, = cosz, KaTo ¢ B _1, g U A € 3aMeHeHO C o

2N
sin

*n](2n + 1)z) ce m3mckBar eHokparHo 1:, 1x

3a npecmaranero Ha A (|
¥ 3+, a 3a BcAKa uTepalma — mo 1x u 1+. 3a z, = [i;’;i] ca Heo6xoauMu
n uTepauMu, kouro 3aemHo ¢ A waucksar 1:, (n+ 1)x n (n+ 3)4, nokaro 3a
npecmsATanero uM upe3 Pr(z) ce wsucksar 1:, 2x, (n+1)4 n ny Kbcu, 3aeaH0

¢’bC CbXpaHfaBaHEeTo Ha n + 1 kbhcu koepuurenta Ha P, (z). U Taka pekypen-

sinz

THOTO HpECMATAHE Ha [Cosz] upes [°

o) 2nxT e mo—6aBHO 0T ToBa upe3s P (z)
no XopHep, HO JMUICATa Ha KOHCTAHTU € [OJIAMO IIPEMMYIIECTBO IIPU MPOMEH-
JMBO ™M, TIpU KoeTo z ce memu Ha 2n + 1, n = n(m). B To3u cayuvait TpaGaa
Ila ce NMa3AT kKoepuumeHTUTe Ha n+ 1 nosmuoma P (z), s = 0, n(mmax), UM 32
BCAKO ¥, 3a/a€H0 C m IM(PU, Aa Ce U3YNUCIIABAT PEKYPEHTHO KOeQUIIMEHTUTE
Ha P;(z), KbAETO N CHOTBETCTBA Ha ToBa m. Jlopyu mpM AOCTATHLYHO I'OJIAMO
GUKCUDAHO ™ U CHLOTBETHO CBIIO TFOJAMO n MMa cMucba [2?] na ce mpec-
MATAT PeKypeHTHO, ocoGeHo mpu p = 2 , KoraTo ty > t4 U TOHATHATA KbCO

YUCHAO0 U KbCO YMHOKEHHUE Ca 0e3 3HaUeHUE.

Tow
IIpumep. Mpu p = m =10 I[Zi:,]:f <= f=2, B[un] ;= B[::.s] g = [—g, 6]’
1

sz, [z = [0, [sm] zy — 3], (3x, I+ n 1 x 4 kbco). Ilpu sinz

g =
3 cos cos.

30



T .
He MOXKe 13 ce usbepe Bgn s = {—— —J, NOHE&XKE SINT He ce M3pa3fABa pa-

8’ 8

.z '
LMOHANHO 4Ype3 sin 1 Ilpy cosz = Moxke na ce HaMaau 4 T'bTH, KaTo COS T

8 cos? 0,25z (cos? 0,25z — 1) + 1 (2%, 24+ u 2x wwcu). Ilpu ToBa Beos,f

8 8
6. Yy = arc Sinilﬁl, T € Darcsin = Barcsin,l - [_17 1]
Hlonexe arcsinz e HedeTHa, Barcsin,s = Bas,s €& CUMETPUYHM OTHOCHO HY-
naTa u e gocTtarbuHo na ce nmoxkaxe Kak [0,1] ce CM mo [0; Ins f].
C-MeToabT € HENPUIOKIM MPHU arcsin .

e npunokum T-merona 3a CM na [0, 1]. Heka pasraename popmymnata
1

vz
Heka mspbpumm cy6cturymmara X = 2zv/1—z2. Or |z] £

, _ lx/T-X? 2]

|X| 1. Hamupame z° = — HO 3 no ycjioBue, a

L4 VI=XT 1 e ot = LT VI X X? 1
—_— - €I0BaTENHO = = < -
2 2 2 2(1+ V1= X?)

AKo cera pasMeHMM CTDAaHUTE Ha PaBEHCTBOTO M 3aMeHuMm X C z, ojlydaBame
Apyra cbbrpaTesHa ¢opMyliia, KOATO IIe U3MOJA3BAMeE [0-HATATbK:

[—I I] 3ap=10n m=11.

arcsinz + arcsinz = 2arcsinz = arcsin(2ev'1 - z?), |z| £

ciieaBa

DO =

HA

arcsin r = (sgnz)2 arcsin 2] ,

21 + V1= 22)

||

1
lzl <1, Slal <

< < —=lzj
2 21 +vize) V2

(paBeHcTBOTO 0TIABO ce qocTura 3a & = 0, a oraAcHo — 3a |z| = 1).
Pemuuara {2,152, ¢, 2 0, 3ananeHa pexypeHtHo ¢ 0 £ 21 £ 1 ¥ 2,41

Ln
2(14 /1 —1z2)
1 n

-1
(7) — 0 npu n — +00, nmoHeke , < 1, x9 =

, n 2 1, ce Mmaxxopupa OT HyJleBaTa peauna ¢ 0Bl 4leH

V2(1+/1-4af ‘[

1 1\"*"

£ —=, a OT HOIlyCKaHeTo, ye , < | — , QHAJIOTWYHO CcllelBa, Ye U Tp41
2 V2
! A

< —) . CnenoBatenHo u z, — 0. Ako |z;| £ 1

2

arcsin 21 = (sgnzi)2arcsiney = - - = (sgnz;)2" aresin 2p 41,
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A
p—
v
\‘O

Oxonuarenno arcsinzy; = (sgnz;)2”arcsinzny; 3a | Ty

2

_ e~ (1 ~, 1., 14 u 1x KBCO).
I R A

Ot UA e mo-mofpe BMeCTO Zp4q Aa Ce MOJyYaBa OT Ty U Ja Ce IIpo-

BEPABA AU Tt S lag g, $721+1» Ja ce mojydaBa OT :11:,21 1 Ja C€ MpoBepABa

ulx(z2 5 /1~ 1z2)

Ha BCAKa WTepalMsa, KaTo caMO Hakpaf Tnp4) = ;r?H_l. Winn, nonexe z,4q

n i 1) IZ+1:

2 2 . =
namm xn g £ L5, ToBamnecrnmo 1 - | 2nyy =

= 0,5(VI+zn = VI—zn), (2, 34+ ¥ 1x Kbco), uspbpmsatr ce 1, n 24
cpemy 1 : Ha BCAKA MTepaluAa.
CxomumoctTa Ha {2,}3 , Hamauassa ¢ |¢1| — 1, KaTo e nait-6apHa 3a I;
1
= |z} = 1. Torasa I = z; = —\/—5 ~ 0,707, I3 = z3 ~ 0,366, I = 4 = 0, 186,
Iy = 25 = 0,009, I¢ = x¢ = 0,047, It = z7 = 0,023, Iy = z3 =~ 0,012, Iy = x4
~ 0,006 n 7.5 pup=m=10 Iasf =0,1, f=5n tr™* = 4. B nwaii-gomua

ciyyail KoeQUIMEHTbT Ha HaAMaJsBaHe ky Ha £ = 1 ¢ 75, anpux, s 22—

nA

1 1 /1N 2
TIpUB IU3UTETHO 3 T.e. MpU s MTepaunu k; Ha @1 € ky < —= | = = -,

V2 \2 29
Tosa Boan Ao no-6aBHA CXOAMMOCT, OFTKOJIKOTO NPU arctgx, kbjaero ky > 3

3a HamMupaHe Ha Toyuus Opoit MTepauvm npu |z| £ 1 mMoxke aa ce: us-
non3Ba 06GpaTHATAa DEKypeHTHA GopMyna T2 = 4;1’n+1(1 :%H). AKo Tpy4
=x; = lasf, npu p=m = 10 monyuasame r;_; ~ 0,2, 1. e. 32 ;1 € (0,1; 0,2]
e HeoBXooMMa caMo ejHa UTepalMA. Ypes ABykpaTHO NpuiaraHe Ha Gopmy-
Jnata noygyvaBaMe xy_y & 0,392, 1. e. 32 253 € [0,2; 0,392] ca HeoOxomuMu aBe
urepailuu ¥ T. H. '
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NPUJOREHUE HA METOIUTE
HA MATEMATUYECKATA MOPQOJIOT U
B TEOPUATA HA PASMUTUTE MHOMKECTBA

AHTOHUH 11OTOB

Awmonui Monoe. NPUJOKEHUE METOAOB MATEMATUYUYECKOW MOP®OQJIO-
I'MU B TEOPUMW HEUETKEUX MHOMKECTB

B nactosnieit pabore oTMeUeHbl OCHOBHBIE CBOUCTBA MOPGONOTMYECKUX ONlEPALIANA HaL
DONHBLIX pelleTKaX — AMUaTaluM, PO3UN, OTKPLITUA U 3aMblkaHuf. Jloka3wlBaeTcs, UTO
onpenenenus Bepmana u Ilenera uevetrkux mopgonornueckux oneparopos (cm. [10]) snu-
chiBatoTcA B 6osee ob6mylO KOHIENHUIO HEYETKON Mopdosnorumu, Kotopas BRe/leHa B paboTe
[9] u 6asaupyeTcs Ha NOHATHMM MHAMKaTOpa. B nocselueil dacTH, ¢ NOMOWBIO AMIATAIUA
Bepmana u [lesera, paccmarpunBaercn noHsTHe HedeTKol nmddepenunpyemoil dpyHKmum.
DTo onpencliedne aHalloTMUHO olnpefenennio u3 paboru [5]. 3xecs ucnpasnena omubxa,
Aonyednan B (5], KoTopas BO3UMKAaeT M3-3a TOLO, YTO Helbsa onpedennts Xaycuopdonoe
PACCTOARME MEX )Y HYCTbIM U HEIYCThIM MHOMCCTBOM.

Antony Popov. AN APPLICATION OF THE MATHEMATICAL MORPHOLOGY METHODS
IN FUZZY SETS THEORY

In this paper we briefly recall the definition of a complete lattice and some basic properties
of morphological operations — dilations, erosions, openings and closings, used in the sequel. For
completeness, we recall the properties of the dilations and erosions in the family of convex compact
sets in ®7. In this paper special emphasis is set on the fuzzy dilation and fuzzy erosion. It is
shown also how Werman and Peleg’s operations could be defined in the more general indicator
framework. In the last section of the paper it is shown how the Werman and Peleg’s notion of
fuzzy dilation can be used to define the concept of Frechet-type derivative of a fuzzy function.
The presented approach is analogous to those in {5], but a contradiction in Puri and Ralescu’s
definition is overcome. )
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1. BLBEJIEHUE

MeronsT Ha MaTeMaTHdecKaTa Mopdoiorusa e cb3ganed or Cepa u Ma-
TepoH [4, 7], paboTemww no npobiaemMure Ha MUHEPAJOTUATA M IETPOrpaduUATa,
ITO-TOYHO 10 ONpellelIAHe Ha CBOMCTBATA HA IIOPECTH MATEPUAJIM B 3aBUCUMOCT
OT THAXHaTa reoMeTpuuHa CTpykrypa. OCHOBHATA MUEA Ha TEXHWUA HOLXOM €
CpaBHABAHETO HAa I'eOMETpPUYHATA CTPYKTYpa Ha M306parKeHMeTo C MaJKM 06-
pas3iy, HaJaralki I'M Ha pPa3iMYHU MeCTa 10 n3006paskeHneTo.

IInpBoHavanHo mateMaTuueckaTa Mopdomnorua e paspaboreHa 3a aHa-
13 Ha ABOMYHM M300paKeHWA, KOUTO MoraT Aa 6bIaT MHTEPUPETUPAHH Ma-
TeMaTHUYeCcKH KaTo MHOxKecTBa. CboTBeTHHMTE MOPGOJNOFMYHKA OllepaTopu ce
M3rpaxkaaT Ha 6a3aTa Ha TeOPETUKO-MHOMECTBEHUTE oliepalnuu obeIuHeHUE,
ceyeHue, JOI'bIIHEHNE U Ha ['€OMETPUYHOTO Npeobpa3oBanue Tpadcaaima. Ho
[MO-HATATBK CE ITOABABA HYKJlaTa OT I10-MOIIHa Teopud, paboTeuia BbpXy npoc-

TpaHCTBA OT 3ATBOPEHUTE MHOMECTBA Ha JaJeHO TONOMOrUUHO IIPOCTPAHCTBO,

0T U3IN'bKHAJUTE MMOAMHOMECTBa Ha JIMHeHO MpocTPaHCTBO, a CBHIO Taka U
BbPXY GYHKUMOHAJHM NPOCTPAHCTBA, KATO LeJTa € Ja Ce aHAJU3UPAT TOoJy-
toHosu usobpakenus. IIpbB Cepa [8] 3abensssa, ye NPOCTPAHCTBOTO, B'HPXY
KoeTo JeficTBaT Mop(OJOruyYHNUTE ollepaTopu, TpaGBa Ja UMa cBoHcTBaTa Ha
I'bJIHA pemleTKa.

Hacrosamara paboTta u3noa3Ba AeUHMIMATA Ha MODPQOJIOTMYHATE Onlepa-
TOpM MUIATallMA U €PO3UA B'bB BUAR, AaldeH B [2]. 3a mwinora ca npeicraBenu
HAKOM HIMPOKO M3BECTHU IIpUMepU Ha TakuBa ornepalmu. OCHOBHOTO yjape-
HME e [T0CTABEHO B'bPXY OIMCAHMETO HAa MODPQOJOTMYHUTE OMEpalMUU B'bPXY
[IPOCTPAHCTBA OT PAa3MMTM MHOXKECTBa. IaKTo € M3BecTHO oT paboTUTe Ha
Bepman u [Tener [10], nonyToHoBuTe n306parkenua MoraT Ja, ce MHTEPIIpeTH-
paT KaTo pa3sMUTM MHoxecTBa. JlepuHMpaHeTo Ha MOP(OJIOrMUHU OrepalUmn
BbPXY pa3MMTU MHOMKecTBa JaBa JApyl NorjejJ BbPXY aHajiu3za Ha MONYTO-
HOBM M300parKeHMsl ¢ IIOMOINTA Ha MeTOJUTe Ha MaTeMaTU4eckaTa MopdoJio-
rUsa ¥ IpefoCTaBA B'B3MOKHOCT 3a NWPEKTHO IpeHaCAHE Ha MeTOOV 3a aHa-
JIM3 OT ABOMYHHU M300parKeHNA KbM I10JyTOHOBM n3o6parkeHuda. B cperauHata
Ha MODQOJOrUUYHUTE ONepalMu eJeraHTHO Ce U3CJelBaT M3II'bKHAIW pPa3MU-
TU MHOXXECTBa M Ce B'bBEXIa MOHATHETO AMdepeHIMpyeMa pasMuTa QyHKIMA.
BbBenena e npomsBoaHa oT Thi Ha Ppelie, KOATO € aHAJNOT Ha IPOU3BOIAHA
Ha MHOXKeCTBEHO3Ha4Ha GyHKIMA [5)].

2. OCHOBHHI IIOHATHUA HA MATEMATUYECKATA
MOP®OJIOrUs!

Exnmo ot ocHOBHMTE CBOMCTBa Ha MaTeMaTU4ecKaTa Mop(doJIOTUS € TOBa,
ye JeMHMLMOHHATA 06/1acT Ha MODP(GONOTUYHUTE ONEPATODPH € IhJHA pelleT-
Ka, KoATo 1e o3HauaBaMme ¢ L. Tosa o3HauaBa, dye B £ ¢ 3aialeHa YacTUYHA

1 o o
IletafinHo onucanue Ha OCHOBHMTE CBOMCTBA Ha MOp(‘pOHOX‘M‘lHMTﬁ oneparopu 4Yyu-

TaTeNAT MOXke Na Hamepu B paGorute Ha Matepon (4], Cepa [7, 8], Xaiimanc u Pounc [2}.
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Hapenba , <“ M BCAKO MMOAMHOMKecTBO H Ha L npuUTexaBa TOUHA MOpPHAa X TOUHA
JI0JIHa I'paHMila, o3HadaBaHu cborBeTHo ¢ \/ H m A'H. WUaenturera Bvpxy L
Lle 03HAYABAME C €, & MUHUMAJHUA ¥ MAKCUMAJIHUA eJieMeHT Ha £ — CbOTBeT-
Ho ¢ O u I. Onepatopure, AeiicTBanm BLpxy L, cbUIO NpUTeKaBaT Hapeaba
» < ¥, o3nadasama o(X) < Y(X) 3a seako X € L. Tyx me pasraename camo
AUCTPpUBYTUBHMA pEUIETKU, T.€. TAKMWBa, 33 KOWUTO

XAYVEZ)=(XAY)V(XAZ),
XVIYAZ)=(XVY)A(XVZ).

JMepmaumusa. Oneparopst ¢ : L — L ce Hapuya: .

o Juaamayud, axo Y(V,c; Xi) = Ve ¥(Xi) m ¥(0) = 0;

® epo3ud, ako 11)(/\1-6, Xi) = Nier 9(Xi) m () =1.

JlujaTalliiTe M ePO3MMTE ca MOHOTOHHO pacTAILM onepaTopu. Kassa ce,
ye gBoitkata (£,6) ¢ cnpeznama, ako 3a BCeku ABa edeMeHTa X,Y € L e us-
I'bJIHEHO

S(X)LY <= X <e(Y).

Cnespaldte TB'bPAEHUA ca AOKa3aHu B [2].

Teopema 2.1. Axo (£,8) e cnpeenama dgoiika onepamopu nad pewemxama
L, mo ¢ ¢ eposus, ¢ § e duaamayud.

Teopema 2.2. Axo § e dadena duaamayus nad pewemxama L, mo ms npu-

mexcasa eduNCMAEeHa CRPpezZRAMA ePo3Ud £, U 06pamno, axo £ € dadena eposus
nad pewemxama L, mo ma npumexcasa eduncmeena cnpesnama dusamayus 6.

Teopema 2.3. Axo (¢,6) e cnpeznama dsotixa, moe<ed u be <e.

JlecHo mMorat Ha ce IoJiyuaT ClleAHuTe cieAcTBudA (Bx. [2]):

2.4. Axo (¢,6) n (¢/,6') ca cupernartu asoiiku, To (€'c,66') e cpo cnper-
HaTa IBOWKa. »

2.5. Axo (g;,6;) ca cupernaTn mBoiiku, 1o (A;€,V,;6) e cpuo cnpernara
IBOMKa.

2.6. Axo (g,8) e cripernarta ABoiika, To €66 =€ U dcb = 6.
IlocneanoTo OT TE€3U TBbPIAEHUA CIlleBa OT BEPUTHMTE HEPABEHCTBA

(2.1) 6 =0be<b(cb) = (be)b <eb=4,

(2.2) e=ee<(eble=¢(be)<ece=c¢

M OT MOHOTOHHOCTTA Ha AWIATALMATA U €pO3UATA.

OrnepatopbT @ = €6 ce HapuU4a 3amseopena obeuska M vMa CBOWCTBaTa
X < o(X) n ¢? = . OneparopspT ¥ = 8¢ ce Hapuda omeopeno 40po U
npurexana cBoiictBata Y(X) < X u ? = 1. Te3u cBolicTBa Ha OTBOpEHUTE
ANpa ¥ 3aTBOPEHUTE 0GBMBKM MOACKA3BAT B'b3MOKHOCTTA 3a U3NOJI3BAHETO UM
npy ¢uarpupase Ha curHanu [1]. [Mo-HaTaThk m0A MOPPONOIUYHYU OIEPATO-
pY Hal JaleHa pelleTKa lle pa3bupame epo3uuTe, AUAATALMUTE, OTBOPEHUTE
AApa M 3aTBOPEHUTE OGBUBKM.
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3. IPUMEPHW HA II'bJIHA PEIIETKUH U MOP®OJIOT'UYHU
OIIEPATOPU, IEPUHNPAHU B TAX

Pasrnexxgame rpyna ot aBToMop¢usmu 7' Ha L. Eaun oneparop ¢ : L+ L
ce Hapuua T-MHBapuwaHTeH, wiM npocto T-onmepaTop, ako KOMyTHpa C BCEKU
enemenT Ha T, T.e. 7 = 79 3a Besako T € T, Jlecwo ce moxassa, ue axko eau-
HUAT ONepaTop OT clIperxHatara ABodka (e,8) e T-uHBapuaHTeH, To U APYTUAT
e TakbB. Ako 7 € T, 10 ABoiikaTa (7!, 7) e T-uHBapUaHTHa ClIperHaTa ABOM-
ka. llokasaTencTBa Ha TE3M NPOCTU TBBPIAECHUA MOraT Aa 65IaT HAMEepeHU B
[2, 8] :

Enno noxmuoxkecrso | C L ce Hapuda cynpeMyM-TeHepUpalllo, ako BCeKU
ejleMeHT Ha L MOMe Ra ce MpeACTaBU KATO TOYHA COPHA CPAHULIA HA CLBKYII-
HoCT 0T eneMeHTH Ha [. [lo-HAaTATDBK lie pasriexigaMe caMo pewieTku L, MpU-
TexxaBamy abeneBa rpyna aBToMophuamMu T M CyNpeMyM-TeHepUpallo 110/~
MHOMKecTBO [ ¢'bec caesHUTE CBOMCTBA:

(i) T sana3zsa l.

(ii) 3a Bceku aBa ejementa £ € { U y € | cbumectByBa 7 € T, Taka 4e
(z) = y.

B cBoiicTo (ii) 7 ¢ eamHcTBeHo. [la folycHeM, Ye CHIIECTBYBAT ABA aB-
ToMopdU3Ma T U Ty, TakuBa ue Ti(z) = To(x) = y. Torasa 1, '7y(x) = z. Heka
z e npom3sBosien eiiemeHT oT [. CrenoBaresiHo cbuecrByBa 73 € T, Tbil ue
m3(z) = z. Torara

' ra(z) = (77 tra)ma(a) = () (2) = ma(e) = 2,

T.€. 1'1_172 durcupa Bcexn enemert ot I. Ho 1vit kato | e cynpemym-renepu-
pallo MHOXKECTBO M aBTOMOPOM3MUTe KOMYTUPAT C OlepalMATa TOUHA FOPHA
rpaHMia, cilenBa, 4e T, 'Ty = €, C KOeTO eJAMHCTBEHOCTTA € JOKa3aHa.

Kato cnemsame [2}, Hexa QuKcupame ejieMeHT o € [, KofiTo Lile Hapuduame
navaao. Heka h € | e npoussosen enemenr. C 75, 03HauUaBaMe €IUHCTBCHUA
aBTromopdusbsm ot 1, noBewxnaall o B h. Heka A e npousBosien eneMent Ha L.
Osznauasame I(A) = {a €[ a < A}. Torasa moxeM sa AePuHUpPAME CIETHUTE
orepalum:

(3.1) ba= \/ 7,

agl(A)

(3.2) ea= N\ ol

acl(A)

Or tebpaenue (2.5) ¥ ot dpakra, ye (7,1, 7,) e T-uHBapUanTHA CriperHaTa
nBOWKa, cienna, ve (€4,64) e cupernara T-uHBapUaHTHA ABOMKA ONepaTOpPU.
B [2] e nokazaHo, ue Npu Taka HallpaBEHWUTe NPEINOJIOKEHUA 33 pelleTKaTa
L Bcaxa T-ueBapuaHTHa ABoika Mma Buaa (3.1)—(3.2). Ilo-matatbk A me
Hapuuame cmpyxmypen eaemenm. OcpeH ToBa npu npoussonau A u B or L
uMaMe 64(B) = ég(A).
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Ipumep 1. Heka £ e C'bBKYNHOCTTA OT BCUYKU IT0AMHOXKECTBa HA AAJEHO
JiMHEeHHO NPOoCTpaHcTBO M Hal [10JIETO OT PeaJIHUTE YUCia ¢ pejallifd Ha Ha-
penba A C B. Touna ropHa u TouHa AOJIHA PpaHUIla Ce 33JaBAT NOCPCACTBOM
onepanuuTe obeauHeHue U CeYeHNe, A UMEHHO:!

\V{Hiieny={JH,

el
N{Hiiel}=()H.
i€l
CynpeMyM—reHepupamo TIOAMHOMXKECTBO MOXK€ [da Ce 3a/age 4pe3s
l={{z}: 2z e M}.

Kato rpyna ot aBromopduamu I' Moske Ja ce pasriela IpyHarta Ha TpaH-
caammute [2]. e 6enexum X, = 7,(X) = {x+a:z € X}. 3a navaio Baemame
HyJIcBUA ejemeHT Ha npoctpanctsoro M. Torasa Beska T-vnBapmaHTHa Iu-
JAaTallUA peaCcTaBABa cyMa Ha MUHKOBCKY C HSIKAKBO (PUKCHPAHO MHOMECTBO
A (Bx. [2]), a nMenHO:

(Xy=XpA= UXG:{x+a:$€X, a€ A}
a€A
ChoTBETHATA ClperHaTa epo3ust € pasjimka Ha MMHKOBCKM C'BC CBHILOTO

MHO€ECTBO, T.C.

eX)=XoA=[)]Xa

agA
B cayuana £ npencrabissa Bynepa pemneTka, T.e. BCeku ejeMeHT A mpure-
xapa JomrbiauuTesen enevent A° = {z 1z € M,z ¢ A}. Ot 3akoHure Ha

e MOpI‘&H 3a 00eqUHEHNETO U CeYEeHUETO cliellBa CJelHaTa BPb3Ka MexXay
onepanuuTe Ha MuHKOBCKU:

(X ©A) = X°® (-A),
KblleTo —A o3HauaBa LEeHTpaJHo cuMeTpudnaus obpas na A. [loapoben o63op
Ha cBoiicTBaTa Ha chO6UpaHeTO W U3BaXkAaHeTo Ha MUHKOBCKM € HafleH B [6].
PasrieaHuTe B TO3M [TPUMED ONEPATOPH CE HAPUUAT OUHAPHU MOPPOAOZUNNY
onepamopu (7).

Ipumep 2. Heka £ e CHbBKYNMHOCTTA OT BCUYKKA QYHKUNMU C AeOUHULIM-
OHHa 06JaCT TUHEHHOTO MPOCTPAHCTBO HAJ MOJAETO OT pealHUTe uucaa M u
croiinocty B R = R U {—00, 00}, kato

(\/ F)(z) = sup F(z),
iel . el
(A F)(@) = inf Fi(z)
/ iel
1€l
3a BcAko £ € M. 3a Besako £ € M u Bearo § € R nedpunupame QyHKIMUTE

fea(y) = {

t, npu y = z,
—o0, 1npuy#z.
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ITo 103 HaymMH depUHMpaMe CynpeMyM-TeHepupallo cemeiictBo | = {f; 4 :
z €M, t€R}. 3ascako h € M u Beako v € R 3anaBame aBToMOpdUIMA T, 4
ypes

(3.3) (Tho(F))(z) = F(z —h) +v
nT ={m, h€ M, ve R}. T neitictsa TpaHsuTUBHC B'bPXy L, 3a10TO
Th,u(fr,t) = fz+h,t+u-

B’bBG?‘Kﬂ&Me aHaJO3MW Ha ollepalluuTe Ha Musnkoscku B L:

(3.4) (F & G)(z) = sup (F(z — h) + G(h)),
reM

(3.5) (FoG)(z)= 1&{4([”(1: + h) — G(h)),

IIpY HOIbIHATENHU upeanojoxenud, ue F(z — h) + G(h) = —oo, xorato

F(z—h) = —o00 nm G(h) = —oc0, n F(z+h)—G(h) = oo, korato F(z+h) = oo

nim G(h) = —oo. Ilopaayn csolictBa 3.1 u 3.2 Bearka T-aunaralmsa vma BuU-

na (3.4), a Bcaka T-eposua — Buaa (3.5). Pasrmenauure B T03u TpuUMep

olepaToOpy Ce HAPUYAT noaymonosu Mopdoaozuunu onepamopu [7].

Ipnmep 3. Heka £ e cbBKYNMHOCTTZ OT BCUYKM U3N'BKHAJIN KOMITAKTHU
MHOxecTBa oT R™ ¢ penauus Ha Hapenba A C B. Touna ropua u TouysHa LoJHa
I'PaHMI@ Ce 3aJaBaT TaKa:

\/{H: i€} = cl(eo(| | Hy)),
icl
Kbaero ¢ co(A) o3HavaBaMe U3I'bKHaJaTa oOBuska Ha A, a cl(A) e Hali-man-
KOTO 3aTBOPEHO MHOMECTBO, ChbADbpKaIo A,

N{Hi i€} =) H..
i€l
CpreMyM-FeHepMpa.IHO NMOIMHOXECTBO MOXKe Ja C¢ 3a1ade 4ype3
I ={{z}:z e R"}.
KaTO rpyna ot a,BTOMOp(i)M,'SMI/I T le pasrijeldaMe rpynara Ha TpaHCHaUVMUTE

kakTo B npuMep 1. CrnbupaHe v miaBakiaane Ha MUHKOBCKA ce HepuHUPAT
CbIO KakTo B npuMep 1, a MMeHHO:

(3.6) X@eA={z+a:z€ X, ac A},
(3.7) XoA=(]X_a
a€cA

OueBnaHo e, Ye ceyeHUETO HA M3I'LKHAIM MHOxecTBa e uambkHa o, e no-
KaXKeM, 4e CyMaTd Ha MUHKOBCKM Ha [BE U3IMbKHAJIN MHOMKECTBA € U3MILKHAJIO.
Heka p v ¢ ca nBe touku or A@® B, kbnero A u B ca usirbkHasn. Torasa
p=x+y, ¢ = u+v, KbIETO T U u npuHaaaexaT na A, ayn v — ua B. Torasa
ap+ (1 —a)g = (o + (1 - a)u) + (ay + (1 — a)v). Or usnbrHAKOCTTE HA A U
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B cnemsa, ue ar + (1 — a)u € A v ay+ (1 — a)v € B, oTkbaeTo noaydasame,
ye ap+(l—-a)g € A® B, re. A® B e uanvkaano. Jlecno ce nposepsBsa, 4e
cyMaTa Ha IB€ KOMMaKTHU MHOMKECTBa € KOMMAKTHO,

CneqoBaTesHO U B TO3M ciydait BcAaka T-uHBapUaHTHa AUMaTalldA [peac-
TaBJABA CyMa Ha MUMHKOBCKHU C [TOAX0AANL CTPYKTYPEH €JIEMEHT, KAKTO M BCAKA
T-epo3ud e pasznura Ha MUHKOBCKM C NOAXOAALL CTPYKTYPEH €JEeMEHT:

(3.8) 5(X) =X & A= cl(eo(| ] Xa)),
a€A
(3.9) f(X)=XoA={y:A, C X}

Heka P 1 () ca ABe HENpasHM KOMIIAKTHM MHOKecTBa B R". BbBexaame
$yHKIUATA

(3.10) dn(P,Q) = inf{e . QC P B, PCQ B.),

kwaero B, = {z : |lzll < €} e kpwruT € nenrvp B Havanoro (0,0,...,0) u
paanyc €. Tazy GYHKUMS NPUTEHKABA CICTHUTE CBOUCTBA:

(3.11) C dp(P,P)=0, du(P,Q)>03a P #Q,

(312) dh(P’Q) = dh(Q) P):

(3.13) dn(P, Q) +dn(Q, R) 2 dn(P, R),

KOeTo [0Ka3Ba, 4ve TA 3ajaBa MeTpuka. [lo-rtoutio ToBa e XaycmopdosoTo
pazcrosHye [7] ¥ 10 TO3M HAUMH MHOXKECTBOTO OT KOMIIAKTHMTE MHOXECTBA OT
R" ce npeBpbilla B ILJIHO METPUYHO NpocTpaHcTBo [6].

Heka P u @ ca ABe U3ITbKHAIW KOMOAakTHA MHOxkecrBa B R™. Ot cBoifcr-
BaTa Ha OlepalrATa 3aTBOpeHa 0BBMBKA 3HaeM, 4e

(3.14) (PBQ)oQ> P

B [4], kKaTo ce u3NoON3BAT CBOMCTBATA Ha OIOPHUTE XWUINePPaBHUHU Ha U3II'bK-
HaJIUTe MHOMXKECTBA, € JOKa3aHO 1 00paTHOTO BKIUBAHE! :

(3.15) (PeaQ)oQCP.
‘ OT ABeTe BKJIOYBAHUA IO ydaBaMe paBeHCTBOTO
(3.16) (PeQ)oQ=P

Ot pasetctBOTO P @ Q = R@ @ cnemsa P = R, 3amoTto
P=(PeQ)eQ=(RoQ)oQ =~

4. PABMUTU MHOKECTBA
U MOP®OJIOTMYHU ONNEPATOPU B'LPXY THX

PasMuTuTe MHOKECTBaA Ca B'bBEACHU 3 MPbB IIbT oT JloTdn 3ane  Hamu-
paT WKWPOKO MPUITOKEHKE B CUCTEMUTE 33 YIPABJIEHUE C €JIeMeHTU Ha U3KyC-
TBeH MHTEJEeKT, B COLMOJIOTMATA, NICUXOJIOIUATA, JNUHIBUCTAKATa B Ap. [e-
¢UHUIMA Ha TOHATHETO PA3MUMO MHONCECMAB0 KAKTO W OCHOBHMTE CBOMCTBA
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Morar fJa 6bnaaT HaMmepenu B [11]. Ila pasriemame MHOxecTBo U, KOeTO Ha-
pudaMme yuugepctano. EIHO pa3sMUTO NOAMHOMKECTBO A Ha YHUBEpPCAJHOTO
MHEOXECTBO U c€ OT'WKIeCTBABA C IPOU3BOoNHA (GyHKIMA py : U — [0,1], Ko-
ATO ce Hapu4da rapaxmepucmuyna gynxyus na A, a pa(r) ce Hapuua cmenen
na npunadaencrocm na mowkama r xem A. ObudaiiHuTe noaMoxkecTsa Ha Y
MOTaT [a ce pa3TASXIAT KATO YacTeH ciydalk Ha Pa3MUTM MHOMKECTBa, IpU
KOMTO XapakTepUCTU4YHATa (QYHKLMA B3eMa CTOMHOCTH CaMoO B KpaliHUTE TOY-
1 Ha unTepBadta [0,1]. TeopeTuko-MHO¥eCTBEHUTE OHmepalUyd U PeNalUU Ce
o6obuaBaT ecTECTBEHO 33 Pa3MUTU MHOMECTBA I10 CJEJHMA HAUMUH:

o AC B, arko pa(z) < up(z)Vz € U,

e ANB =C, aro uc(z) = min{ua (), up(z)}Ve € U;

e AUB =, axo pc(z) = max{pa(z), up(z)}Ve € U,

® JOITbJHeHUE Ha A e MHOXeCTBOTO A° ¢ XxapakTepucTuuHa yHKIMA

pac(z)=1-pa(z) Ve ell.

[Tpa3zno pa3MHUTO MHOMXKECTBO & ce HapMya MHOMXKECTBOTO C XapaKTepuc-
TUYHa QYHKHUA KOHcTaHTaTa (0, & YHHBEDPCAJIHOTO MHOMXECTBO U Ce OTbIKAEC-
TBABA C Pa3sMUTOTO MHOXKECTBO C XapaKTEepUCTUYHA (GYHKUUA KOHCTaHTaTa 1.
Touna ropHa U TOYHA JOJHA I'PaHUIE HA CUCTEMa pa3MUTH MHOXecTBa {H; :
i € I} ce NedUUMPAT TO CICAHMA HAUMH:

(4.1) U=\/Hi, pu(z)=sup{un(zx):i€l},
el

(4.2) L= A\Hi, po(x)=inf{ug(x):i€l}.
1ef

Touna ropHa IPaHMLA HAa CHUCTEMAa OT JBE MHOXKECTBa e TAXHOTO obeam-
HEHUE, a TOYHa J0JIHA I'DAaHKIIA ~—— TAXHOTO ceveHue. 1o To3M HAUUH CBHLBKYII-
HoctTa L 0T pa3MMTH NOAMHOMeCTBa Ha U ce 1peBpbiua B ByneBa pemerka.
Moxe na ce nepunupa u rpyna T = {r, : A € R*} or aBToMOp{uUMU-TpaH-
cnawnn 74(X) = Xa, px,(y) = px(y — a). IlpeacraBnasa npobiem obaue
HaMUpaHeTo Ha CYNPEMYM-TeHePUpallo CeMelCTBO Pa3MUTU MHOXKECTBa. 3a
HebMHUpaHEeTO Ha IBOWKM CITPErHATHM JUIATALMM W €PO3UM HoMalra IOHATUE-
1o unduxamop [9]. Mumuxarop ce napuva dyuwimsara [ : £ x £ — [0,1] cbe
caennuTe 8 cBoMcTBA:

L I(A,B) =0 <= {2 ia(s) = 110 {z < po(s) = 0} £.0,

Or B C C cuensa I(A,B) < I(A,C).
Ot B C C cnensa I(C, A) < I(B, A).
I(A, B) = I(1:(A), 7:(B)).
I(A, B) = I(B®, A9).
](\/iEJ B,’, A) = inf,'e_] I(B,,A)

[(4 /\ e B) = ;nfiEJ I(A B)

14, Vies Bi) 2 supiey I(4, By).
Pasrnemname cinefHuTe GYHKIMHU:

(4.3) L(A, B) = inf minf1, (sa(x)) + M1 = un(2))]
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gbaero A : [0,1] — [0,1] e Barb6HATA, CTPOro MOHOTOHHO HamaJlABalla GYHK-
‘uma, 3a koaTo A(0) =1 u A1)=0,u

(4.9) L(A, B) = inf max{us(e), 1 - pa()]

Teopema 4.1. Ycaosugma 1-8 ce ydosremsaopsgam om dynwyuume I1 v I5.

loxaszameacmeo. 3a BepHOCTTa Ha TBbpAeHUETO 3a [; Bx. paboraTa Ha
Cunxa u Moxeptn [9]. Tyk me AokaxkeMm TBLpaeruero u 3a [;. Croitctso 1,
MOHOTOHHUTE CBOWCTBa 2 u 3, KAKTO U cBo#icTBa 4 U 5 cilenBaT HENOCPEACT-
BeHo oT AepunuumAara. llle poxaxem csoitcrBo 7. Cpoficrpa 6 u 8 caeasart
aHAJOIMYHO. 3a KPATKOCT Ha 3amMca Ile U3NycKaMe UHIEKca 2.

I{A, /\ B) = il;lf max(irilfugt(z), 1~ pa(z))

= inf{inf[max(up, (z), 1 - pa(e))]}
= inf{infimax(es, (2), 1 — pa(@))]}.
MpemtocienfioTo 0T paBeHCTBATa ClelBa OT PaBEHCTBOTO

max(inf a;, ¢} = inf max(a;, ¢),
2 1

M3ITBLJIHEHO 3a [IPOM3BOJIHM PCAJHM YKCIA 4; U ¢, KOCTO NPeACTaBlABa 0606-
wenme Ha 3axkona Ha Jle MopraH. KomyraTuBHOCTTa Ha aBaTa MHOUMYMa.,
0T KOATO CienBa IOCIEJHOTO paBeHCTBo, e ouenaHa. C rTopa cpoiictBo 7 €
HOKA3aHO. m

WniukatopbT 11 B [9] ce Hapuya undukamop Ha 6KXA0UEANEMO, 3AILOTO OT
AC B cnensa [1(A4,B) =1. Arko Axz)=1—=1, B custa e 1 06paTHOTO TBBPJIE-
ane. Taka [;(A, B) Moxe na ce pasrilela KaTo AUNZEUCTRUNNA NPOMENAUBE,
Bx. [11}, omucsalna monarunero A C B.

C nomointa Ha NOHATHUETO unldukamop 1e AehUHUpaMe oIECPATODP E4 3a
BCAKO pPa3MUTO MHOXeCTBO A C PaBEHCTBOTO

pea(8y(z) = I(72(A), B)
¥ onepaTop §4 C PABEHCTBOTO
64(B) = (e-a(B"))".

O1Tyk HaTaTbK, AKO € JaJeHO PA3MHUTO MHOXecTBO A, 3a KpaTKOCT e 03Ha-
uyapame A(z) BMecTo pa(z).

Teopema 4.2. Hefunuparume upes I} onepamopu npu dadena ynxyus A u
pasmumo Muooxecmeo A obpasyeam cnpeznama dsotina (€4,64).

Iloka3aTencTBOTO Ha TOBa TB'bPIEHNe € CKAUMPpaHo B [9].

Teopema 4.3. Om defunupanume upes Iy onepamopu npu dadeno pasmumo
Muoxcecneo A b4 aunazu e JuAAMAYUA, 4 4 BUNAZY € EPOIUA.

Hoxaszamenscmso. CpoiicTBaTa

(4.5) 6A(/_\ B;) = /\6(Bi),
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(4.6) ea(V/ B) =\ e(Bo)

i
CcaeaBaT AMPEKTHO OT CBOWCTBO 7 Ha uuaukaropute. Tl KaTo

(5a(B))(z) = st;p min(A(b), B(z — b)),

to (64(D)Nz) = supmin(A(0),0) =0, 1. e. 4() = &. Taka noayuasame, de
b

84 e aMaaTalnus.
(ea(B))(z) = ir;fmax(B(b), 1— A(b - 1)),

crenosarenno {e4(U))(z) = irblfmax(l, 1—Alb—z)) =1, 1. e ca) =U. Mo-

rat ma O'bJaT JajeHn IpuMepH, Korato 3a makoc A apolikaTa (c4,04) He €
cripersata -— Hanpumep Korato p(A) = 0,5.

5. PABMUTHU USII'BKHAJIU MHOKECTBA
N JUNPEPEHIMPYEMOCT HA PABMUTU ®YHKUUU

Tyk pasriexxjgaMe oneparopute, AeGUHUpaHU ¢ MHAMKATOPa Iy B CbBKYI~
HOCTTa OT pasMUTU MHOxecTBa Haa R™.

(5.1 | (da(B))(z) = bseuf{)n mi’n(A(b), Bz — b)),

(5.2) (ea(B))(z) = biér}{" max(B(b),1 — A(b — z)).

Hekxa A e pasmuro MHoxecTBO, a a € (0,1]. C ,A 6enesxnm a-ompesa
Ha A:
(5.3) wA={z € R": A(z) > a}. -
Torasa AUNaTallMATa Ce NpeicTaBa KaTo
(5.4) : (64a(B))(z) =sup{a:z € ,AD B}

PasMUTOTO MHOMKECTBO A cC HADUYA UBNFKHAALO, AKO

A(Azy + (1= X)zz) > min(A(zy), A(x2))

3a Bceku 11,22 € R™ u A € [0,1].

Jema 5.1. E0no pasmumo MHONCECMEO € UIMFKHAAO MO2ABA U CAMO MO2a-
ea, x02amo nezogume a-ompesy ca usnsknary npu « € {0, 1].

Jloxasameacmeo. Heka A e manvkuano. Heka o € (0,1] e Takosa, ue
WA #£ D, mxy, xy € 4 A Torasa A(Azy + (1 — Nz2) > a.

O6paTHo, HeKa o4 e uambkHaIo 3a Besako o € (0,1]. Hexa ¢,z € R”,

o = min(A(z,), A(z2)) 1 0 < A < 1. Torasa Az; + (1 — A)zy € o4, T.e.
A(Azy + (1 = Nz2) > o = min(A(z,, A(z2)),

KOeToO IIOKa3Ba, 4e A e uanbkHATO.
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Pasraexzame npocrpatcrso C(R™) 0T pasMuTU MHOXKeCTBA A CbC Cllen-
HUTE CBOWCTBAa:

1. ®yHKIMATA [L4 € TTOJIYHENPEKLCHATA OTrOpe.

2. A e U3II'BbKHAJO.

3. oA e xommakTHO B R™ 32 Beako o € (0, 1].

4. [H{aA :a >0} e orpannueno.

B C(R™) BbBeRIaMe ca6UpaMe U YMHOHNCENUE C HEOMPUYATNEAEH CKAAAD TIO
cJie iHMA Ha4MH:

(5.5) A+ B =6a(B),
A(%x) npu A # 0,

(5.6) AA@={0"" npuA=0 z#0,
1 upu A =0, z =0.

HeHOCpCllC'I‘HSHO ce npoBepsBa, 4e

1 nopumz =0,

04 =9, Q(x):{o npu x £ 0,

u 3a Bcako B € C(R™) umame B+ Q = B.

B C(R") moxeM na BbBeleM MeTpuka [5]
(57) d(ArB) - Supdh(aA,aB):

a>0

KkbaeTo dp e Aegunupatioro upes (3.10) xaycuopdoso pascrosune. Karto wms-
I10J13BaMe [IHJIHOTATA HA HPOCTPAHCTBOTO OT HEIPA3HUTE KOMITAKTHA MHOMXKeC-
TBa, cHableHo ¢ xaycaopdoBaTa MeTpuka (4], secHo ce nposepsasa, ye C(R™)
e C’bUIO II'bJHO METPUUHO NPOCTPAHCTBO ¢ METpHKa d.

Teopema 5.2. Axo A v B npunadaexcam na C(R"), mo (A + B)
= JADLB.

Hoxazameacmeo. (A+ B)(z) =sup{a:z € ,A® oB}. Heka z € ,A D oB.
Toraba cpuecrByBa f > o rakoBa, ue (A + B)(z) = f, 1.e. ¢ € g(A+ B)
C «(A+ B), nnu :

(5.8) oA ®oB C oA+ B).
O6patHo, Heka ¢ € o(A + B), karo (A+ B)(z) = a.
(5.9) (A+ B)x) =sup{B:z € gA @3B}

Pasrnexname cTporo MOHOTOHHO pacCTAIla peinua {a;},_; , . , KIOHALIA
KbM (. @; He e ropHa rpanuna B (5.9), clleloBaTelIHO 32 BCEKU HOMED i Cb-
uecteyBaT r; € R™ u y; € R™ takusa, ue

r=ux;+y, Alz:)> o, By)> o

Pemvuara {z;} e orpanudena, 3amoTo &; € 4, A, KOETO € KOMIIAKTHO O yCJI0-
sue. Torasa Moxem aa usbepem cxoasma noJpeanna {2;, } ¥ HEKA 0O3HAYUMM C
ro HeliHata rpannua. CiefoBaTesHO CHIIECTBYBA M TPAHMLATA

Yo = lim ¥, =z — lim z;,.
k—o0 k—o0
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ToraBa = = z¢ + Yo, @ OT NOJYHENPEKHCHATOCTTA OTIOPE HA Lig U B CIEABA
Azg) > o u B(xo) > o, 1. €. 2 € AD ,B. O1Tyk monydaBame

(5.10) . oA® B D (A+B).

Ot nBere pruousdnus (5.8) u (5.10) cieasa BepHoCTTa Ha TeopeMaTa. m

CuencrBue 5.3. Hexa A, B u C ca pasmumu muoncecmea om C(R™).
Tozasa om A4+ C = B+ C caedsa A = B.

Caencrsue 5.4. Hexa A, B v C ca pasmumu muoxncecmaa om C(R™). To-
zasa d(A+ C, B+ C) = d(A, B).

Pasraeskname muoxkectsoro C(R™) x C(R™). Karo ciensame mosHatara
KoHCTpyknus (Bk. [5]), e uarpalum JIMHEHHO HOPMHUPAHO npocTpaHcTBO. B
C(R") x C(R™) BBbBeknaMe pejlallus Ha eKBUBAJEHTHOCT

(A,B)~(A',B") <= A+B'=B+ A"

OsznauaBame ¢ B akTopu3MpaHOTO NPOCTPAHCTHO [10 OTHOLIEHWE Ha Ta3u pe-
naumda. llle nokakem, ue B e I'bJIHO NMHEHHO HOpMUpaHO HpocTpaHcTBo. la
osnaunm c (A, B) cpBkynHoctTa 0T enementy Ha C(R™) X C(R"), ekBUBaIeHTHU
na (A, B). Cyma Ha ABa eneMenTa Ha B nepuHMpame 4ype3 paBeHCTBOTO
(A,B)+(C,D)={(A+C,B+D).
[Iporusononosxen exemedt ua (A, B) napuuame (B, A). IIpoussenenuero cbe
ckaqap ¢ € R ce 3ajnaBa Taka:
cA,cB) pu ¢ > 0
A B) = (cd, =
{4, B) { {(=¢)B,(=c)A) upmc<O.
Hynes enement Ha B e (A, A), 3amoTo
(A, A)+ (B,C)=(A+ B,A+ C) = (B,(C),
it kKaTo (A + B, A+ C) ~ (B,C).

3aBUCUMOCTHTE
(5.11) a(A, BY + a(C,D) = a{A + C, B+ D),
(5.12) alA, B) + B{A, B) = (a + B)(A, B)

ce mposepABaT HenocpenctBero. OTTyk cnensa, ye B e nuHeiino mpocrTpan-
cTBO. Pasnuka Ha ABa eieMmeHTa Ha B ce ompeness CTAHAADTHO MO CJACAHUA
HaYUH:

(A,B) = {(C,D) = (A, B) + (=1)}{C,D) = (A+ D,B+ C).

Hopwma B B me nedpunupame upes merpukara B C(R™):
(5.13) (4, B} = d(4, B),
kbleTo d e pa3crofinuero, Aepurmpano upes (5.7), sxk. [5]. Ille ce ysepum,
4Ye Ta3u QYHKUUA € LeACTBUTEJHO HOPMaA!

1. 0=||(4,B)|| &> d(A,B)=0 <> A=B <= (A,B)=0.

2. Jle(A, Bl = d(jel4,1c|B) = |eld(4, B) = Ie| |(4, B}

3. (A, B) +(C,D)|=|{A+C,B+ D)|| =d(A+ C,B+ D)
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<d(A+C B+ C)+d(C+ B, D+ B) = ||(4, B)|| +I(C, D}||.

[Ibanotara Ha B cieiBa oT I'bJIHOTATA HAa METPUYHOTO NPOCTPAHCTBO
C(R™) ¢ merpura d. C(R™) we BIOXUM M3OMETPUUHO B MOANPOCTPAHCTBO-
to Y Ha B, nopoaeno or enementure {(A, Q) : A € C(R™)}, 1. e. BbBeskname
uzo6pakenuero Y : C(R™) — Y upe3 paBeHCTBOTO

Y(A4)=(A4,9Q).
WNszomerpuvHocTTa CllefBa 0T paBEeHCTBOTO
d(A, B) = [[{4, B)|[ = (4, Q) + (2, B)|| = [[Y(A4) - Y(B)]|.

Heka X e nomvuokecTBo Ha R™ | CcbABbp:Kallo TOYKaTa @ 3a€QHO C eAHA
HelHa oxonHOCT B(a). Pasmura ¢yukims f Hapuuame wuszobpaskeHue
f X — C(R"). ®yurummara [ nie pnapudyame aupepeHIMpyeMa B TOUKATA
@, AKO C'bIECTBYBa JUHeNHO uzobpaxenue K : R™ — ) Takona, 4e
o WYU@) =Y (@) = Ke =)l _

T—a |z — af

(5.14)

KbaeTo |- | e npoussonna Hopma B R™. 1lle napeyem K nupowmssoana na f B
Toukata a u 1me GenexuM ¢ f'(a). Taka aeduHMpanaTa 1POU3BOAHA CbBIAJA
¢ rtasu, nepuampana B [5]. M3bernatu ca HAKOM NPOTHBOpEUUS, HANPUMED
taM ce 3anaBa Biaraneto Y(A) = (A,J), koero He e MOAXOAMIO, T'bi KaTO
xaycaopdoBoTo pascToAHUE He ¢ AcPUHAPAHO 3a ITPA3HU MHOxecTBa. Taka
JeprHIpanaTa AMGePeHILMPYeMOCT MOXe Ha MOCAYXKM IpU [OCTPOABAHE HA
pa3MATH YIpaBIeHUA Ha AMHAMHUYHWA CUCTEMU U M3CJIeJBaHe HAa TAXHaTa yc-
TORUMBOCT 110CPEACTBOM [TOCTPOABAHCTO Ha aHaJOr Ha dynkuusara Ha Jiany-

HoB [3].

Bnaro,uapHO(:Tn. ABTOp’bT N3Ka3Ba 6JIELFO,ZIZLPHOCT Ha DPELICH3EHTUTE 3a
[ICHHUTE TIPCTIOPBKU.

Summary

Mathematical morphology has been created firstly as an approach in image processing based
on geometrical concepts as transformation groups and metric spaces. It is a method which strength
lies in the quantitative description of geometrical structure and shape, and has proved to be
useful in many image processing tasks [1]. It has been created originally by Matheron and Serra
[4, 7], studying the properties of porous media with respect of their geometrical structure. First,
morphological techniques are applied to binary images which can be interpreted mathematically as
sets. Corresponding morphological operations are based on set-theoretical concepts and operations
like union, intersection, complement, and on geometricaj transforms like translations or rotations.
Later, the method is extended to spaces of numerical functions for the study of grey-tone images.
The initial framework is later replaced by a more general one, namely the framework of complete
lattices. (For a number of related results see {2, 8].) So, mathematical morphology is a theory,
which appeals to mathematicians since it allows a rigorous mathematical description and derives
its tools from several disciplines like algebra, topology and geometry. In this paper we briefly
recall the definition of a complete lattice and some basic properties of morphological operations
— dilations, erosions, openings and closings, used in the sequel. We use the fact that in the
case of binary morphology every translation-invariant dilation is the Minkowski addition and
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every translation-invariant erosion is the Minkowski subtraction with an appropriate set, called
structuring element [1]. The dilations and erosions in the family of convex compact sets in R™
are considered also.

It is shown by Werman and Peleg in [10] that grey-tone images could be successfully inter-
preted as fuzzy sets. Werman and Peleg have made an attempt to apply morphological techniques
on the complete lattice of fuzzy scts in R™. They have defined a fuzzy dilation by equation (5.1)
and erosion by equation {5.2). In our paper special emphasis is set on the fuzzy dilation and
fuzzy erosion. We denote a fuzzy subset A of an universal set I{ via its membership function
ua(z). For any element © € if () denotes the degree to which the element z belongs to A,
pa(z) € [0,1]. A general construction of fuzzy morphological operators, based on the so-called
indicators, is presented by Sinha and Dougherty in {9]. The indicator I(A, B), where A and B
are fuzzy subsets of R™, is a function defined by a collection of eight axioms (nine axioms in [9]),
described in the fourth section of our work. Our paper shows how Werman and Peleg’s operations
can be defined in the more general indicator framework. In the last section of the paper it is
shown how the Werman and Peleg’s notion of fuzzy dilation can be used to define the concept
of Frechet-type derivative of fuzzy function. The presented approach is analogous to those in [5],
but a contradiction in Puri and Ralescu’s definition is overcome. This contradiction is based on
the fact that the Hausdorff distance between an empty set and a non-empty one is not defined
{6]. The proposed notion of differentiable fuzzy function is useful for the theory and the practice
of fuzzy control systems [3].
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AN EXTERNAL APPROACH TO ABSTRACT DATA TYPES I:
COMPUTABILITY ON ABSTRACT DATA TYPE

ALEXANDRA SOSKOVA

Aacxcanpe Cocxosa. BHEIIHBIY NMOJXON K ABCTPAKTHBIM TUITAM JAHHBIX
I: BBIMMCJIMMOCTEL B ABCTPAKTHOM TUITE JIAHHBIX

[IpencraBnena xapakrepusaunsn addpekTUBHBIX aBCTPAKTHLIX TUNOB JaHHBLIX C TOUKM
3peHus reopumn pexkypcun. OCHOBHBIM MHCTPYMEHTOM HBJIHETCA NOHATHE BBIUMCIMMOCTH
MHOI'OCOPTHBLIX aBCTPAKTHLIX CTPYKTYP. DTO MNOHATHE MMeeT HEKOTODbie MaKCUMaJbHbIE
CBOMCTBAa DU €CTECTBEHHEIX yCJIOBUAX.

PaccmoTpeHb! CBA3K Mex Ay ClleRUaNbHBIMK CBOHCTBAMM O/IHOTO GHpeae NIEHHOIO KIac-
ca BBEIUYMCIMMBIX GYHKIUI B a6CTPpaKTHOW CTPYKType M CYILECTBOBAHMEM HEKOTOPBIX CIlE-

UManbHbIX HyMepalunii.

Alezandra Soskova. AN EXTERNAL APPROACH TO ABSTRACT DATA TYPES I. COM-
PUTABILITY ON ABSTRACT DATA TYPE

A characterization of the effective abstract data types from the recursion theoretical point of
view is presented. The main tool is a notion of computability on many-sorted abstract structures.
This notion has certain maximal properties under natural conditions.

The relationships between certain special properties of the class of the computable functions
in an abstract structure and the existence of some special enumerations of it are considered.

1. INTRODUCTION

An abstract data type (ADT) is usually considered as a class of many-sorted
first order structures closed with respect to isomorphism (I, 2, 4, 6]. Using only
this property, we are going to discuss the following problems:

* This work is partially supported by the Ministry of Science and Higher Education, Contract
No MM 43/91.
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e Dcfine the class of computable functions on an ADT.

o Characterize those ADT which are effective.

It is natural to insist that the notion of effective computability on an ADT
agrees with the classical notion of computability on the natural numbers. In other
words, over all structures on the natural numbers in our class the computable
functions should be among the relatively partial recursive functions. We call this
property effectiveness.

Considering the ADT as a class of structures, the second condition is that our
notion of computability should be invariant with respect to isomorphisms, i.e. the
class of computable functions of a given structure is preserved under isomorphisms.

Our third assumption concerns the use of the sorts during the computation.
We consider two kinds of sorts — “effectively enumerable” and “general” ones.
During the computation of a function # we allow a search trough the data of the
effectively enumerable sorts while for the general sorts a search is not allowed. This
idea is described by the so-called substructure property of the computability, defined
in the next section.

In the first part of the paper we present a notion of computability having the
above properties. From the normal form of the computable functions on an ADT,
given in Section 4, 1t will be clear that the so defined functions are effective in the
intuitive sense. Moreover, each computability having the above three properties is
weaker than our notion.

Having an-appropriate notion of computability on an ADT, in the second part
of the paper we shall define the so-called effective data types with respect to this
computability. It will be proven that a data type is effective with respect to all
programming languages iff it admits an effective enumeration.

2. PRELIMINARIES

Let a many-sorted signature ¥ = (S,[E,F, P, p) with equality be fixed. Here
S = {1,...,m} is the set of sorts; E C S is the set of the effectively enumerable
sorts; F = {f1,..., fa} is the set of functional symbols; P = {T},...,T;} is the set
of predicate symbols; and p is a mapping which assigns to each f; of F a type p(f;)
over S of the form (s1,...,84,,5), where sy, ..., 3,4, are the sorts of the arguments
and s is the sort of the result, and it assigns to each 7 of P a type p(7}) over
S of the form (s1,...,s,) for some s1,...,5,, of S. The equality for each sort is
supposed. The only difference from the usual definition is that we include the set
[E of the effectively enumerable sorts as a part of X.

Let A = (A1, A2,...,Am; 01,02,...,0,; £1,2,,...,Z;) be a many-sorted
structure of signature X, where for all s € S the initial set A, of sort s is dénumer-
able and non empty; 61,0y, ...,0, are the initial functions, 6;: A;, x ... x A,, —A;;
¥1,%y,..., X are the initial predicates, ¥; : A;, x ... X Asb]v—l{O, 1} (0 for true,
1 for false). If : A, x ... x A;,—A;, for some s1,...,5,,5 € S, then we shall
call the function 6 of type (si,...,sq4,5) correctly defined. By Jy we shall de-
note the set of all correctly defined partial functions on %, ie. of a fixed type
on 2. '
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Let \A be a class of many-sorted structures of signature .

Computability on A we shall call every mapping C on A such that if %€ A,
then C(A) C Fa, i.e. C(A) is a set of correctly defined functions on 2.

Denote by N the set of all natural numbers. If the structure %A is on N, i.e.
Ay =As = - = A, = N, then a function 6 of Fqy is called partial recursive in U
iff there exists an enumeration operator I' such that if the graph of 8 is Gy, then
Go=T(8y,00,...,0,, £1,2q,..., %) [9].

2.1. Definition. A computability C' is called effective if whenever 21 € A and
A is a structure on N, then all elements of C(2() are partial recursive in 2.

Let 2 = (Al,..‘,Am; 81,02,...,0,; 21,22,...,2k) and B = (Bl,...,Bm;
©1, 02, -+, Pn; 01,03,...,0k) be many-sorted structures of signature £. Consider
an one-to-one mapping a; from B; onto A, for all s of S.

The m-tuple (o, ..., &) is called E-isomorphism from B to U iff the following
conditions hold:

(1) es(pi(zr, .., xa,)) = Oi(es, (21), .- s, (24,))
for all z; € Bs,, ..., 24, € By, ;
(it) oj(@1, .. 2p;) = Bj(as, (1), - o, (21;)) for all 23 € Bs,, ..., 2; € By, -

2.2. Definition. A computability C is called invariant if whenever 2 and B
belong to A, (ai,...,am) is a L-isomorphism from B to % and § € C(A), 8 is of
type (s1,...,5a,5), then there exists a function ¢ € C(B) of the same type as ¢
such that for all @, € B;,,...,z, € B;,

(%) as(e(zy, ..., za)) = 0(as, (1), . .., a5, (2a))-
The structure B is called an extension of Y iff the following conditions hold:

(i) A € B, for all s € S, but Ay = B, for all s € ;
(i) 8i(ty, ... ta) = pi(ty, ... tq,) forallty € As,, ... t,, € As..,;
(i) Z;(t, ..., t;) = o5(tn, cooty) forallty € Ayt € ASbJ.

By A C B we denote the fact that the many-sorted structure 98 is an extenston
of A.
Let IQHZAIU...UAm .

2.3. Definition. A computability C has a substructure property if whenever
2 and B are elements of A, % C B and ¢ € C(), then there exists a function
@ € C(B) of the same type as 0 such that for all ¢;,...,t, of ||

(*%) B(t1, ..., ta) = o(t1, ..., ta).

To explain the last property assume that § € C(2). Now the above condition
follows from the assumption that in the course of the computation of 8 if an addi-
tional information is needed, then it consists only of elements belonging to some of
the effectively enumerable sorts.
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Let C; and C3 be two computabilities on A. C 1s said to be weaker than Coy
on A (Cl gA CQ) lff Cl(Ql) g Cz(m) for all A Ofﬂ

In the next section we shall present a concept of computability satisfying these
properties and such that if the class A is rich enough, then each computability,
which has the above properties, is weaker than ours. )

3. A MAXIMAL CONCEPT OF COMPUTABILITY
ON MANY-SORTED STRUCTURES

Let 2 = (A4; 0; ¥) be a many-sorted structure of signature X.

Combining the assumptions from the previous section, we come to the following
technical notion. Suppose that 2 is denumerable and A; is infinite for each s € [E.

For each sort s consider an one-to-one mapping «; from a subset of N onto
A, Let B = (N; B; 7) be a partial many-sorted structure of signature ¥ on the
natural numbers.

3.1. Definition. The tuple {ai1,...,am; B) is called an enumeration of 2
iff the following conditions hold: .

(i) if 2, € dom(as,), ..., zq, € dom(e,, ) and p;(zy, ..., z,,) Is defined,
then ¢i(z1,...,zq,) € dom(ay,);
(i1) if ) € dom(as,), ..., e, € dom(as, ),
then as(pi(x1, -, 24,)) = 0i(as,(21), .-, s, (%a,));
(i) if 21 € dom(as, ), ..., Ts; € dom(asbJ h
then o;(z1,...,25;) = T, (21),. .-, Qs (z3,));

(iv) for all effectively enumerable sorts s € E : dom(a;) = N.

In fact, (@1, @3, ..., am) is a E-isomorphism from the structure (dom{e), .. .,
dom(a,,); B; @) to A

Let (o1, ag,...,an, B) be an enumeration of .

3.2. Definition. A function 8 is admissible in (a1, ay, ..., am, B) if there ex-
ists a function ¢ over NV, partial recursive in B, such that if z; € dom(e,,),...,z4 €
dom(as, ), then:

(i) if p(z1,...,24) is defined, then p(z1,...,24) € dom(ay);
(“) as(¢(x11 R l‘ﬂ)) = B(QM('TI)) R asn($a))'

3.3. Definition. 8 is computable in U iff 4 is admissible in every enumeration
of 2.

The class of all computable functions in 2 we shall denote by C*(2).
From the above definitions and the Normal Form Theorem in Section 4 the
next proposition follows directly.

3.4. Proposition. The computability C* on A is effective, tnvariant and has
the substructure property. n
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Morecver, we have the following theorem.

The class A is closed under isomorphisms if whenever 2% € A and {(a1,..., o)
Is a X-isomorphism from B to U, then B € A.

The class A is closed with respect to extensions if whenever % € A and A C B,
then B € A.

3.5. Theorem. Let A be a class closed under isomorphz'sms and with respect
to extensions. Every compuiability C' over A which is effective, invariant and has
the substructure property is weaker than C* on A (C Ca C*).

Proof. Let C be a computability on A with the desired properties, % € A
and 6 € C(A). Consider an enumeration {a1,as,..., oy, B) on A, where B =
(N; 3, 7). Let B = (dom(ai),...,dom(am); B, @). So (@1,az,...,am) is a
S-isomorphism from B’ to Y. Hence, by the invariant property of C, there exists
a function ¢/ € C(B') such that (x) is true. And B’ C B. By the substructure
property there exists ¢ € C(B) such that (x#) holds. But B is a structure on the
natural numbers and by the effectiveness of C ¢ is partial recursive in B. So 6 is
admissible in {a1, ag, ..., am, BY, and hence 9 € C* (). n

4. NORMAL FORM THEOREM

The presented approach to the notion of computability is called “external”. It
was used first by Lacombe in {5]. The equivalence between Lacombe’s notion of
“¥-admissibility” and search computability on total structures with equality was
considered by Moschovakis in [7, 8]. This approach over arbitrary structures (single-
sorted) was extended by Soskov in [11] and further external characterizations of
other well-known concepts of abstract computability as prime computability [8],
computability by means of effective definitional schemes [3, 10] and definability by
logic programs were presented in [12, 14, 15]. The idea to consider the behavior of
a computability on a class of structures and the concepts of maximal computabili-
ties among these ones satisfying some natural conditions, were introduced in [13].
Our concept of maximal computability on many-sorted structures combines two
maximal concepts — of search computability of Moschovakis (over the effectively
enumerable sorts) and Friedman’s computability (over the general ones).

While the external approach leads usually to maximal concepts of computabil-
ity, it is necessary to show that the computable functions are “effective” in the
intuitive sense. So we need a normal form of the computable functions on %. From
this form it will be clear that these functions are computable by means of some
reasonable algorithms.

Suppose that an infinite list of variables of sort s, for each sort s of S, is fixed.

Terms of given sort in ¥ are defined as usual.

4.1. Definition. Let II be a finite conjunction of atomic formulae and negated
atomic formulae, 7 — a term of sort s, and Yi,...,Y; — variables with sorts of IE.
The expression of the form 3Y) ... 3Y,(Il D7) is called an s-conditional expression.

Let @ = 3Y;...3Y3(II D 7) be an s-conditional expression with free variables
among Xi,...,X, and ty,...,t, € [U|. The value Qu(Xi/t1,..., Xafls) of @ is
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the set

{TQL(Yl/ph--wa/pb,Xl/Sl, . ~~,Xa/8a) :
Hm(Yl/pl,,,.,Yb/pb,Xl/tl, ...,Xa/ta) =0,
for some py,...,py with sorts as Y7, ...,Y,}.

4.2. Proposition. If (@, B) is an enumeration of U, 7(X1,...,X,) is a
term of sort 5, II(Xq, ..., Xa) is an atomic formula and z; € dom(as,), ..., 2, €
dom(a;, ), then:

(1) as(te(X1/21,..., Xo/za)) = (X1 /s, (21), ..., Xa/as, (24));
(i) Ng(X1/21,..., Xa/xa) >~ DXy /s, (21), ..., Xa/as (24)). ]

4.3. Definition. A function 6 is said to be definable on 2 iff for some re-
cursively enumerable set {@Y}yev of s-conditional expressions with free variables
among Z1,...,%r,X1,...,Xq and for some fixed elements ¢y, ..., q, of || the fol-
lowing equivalence is true:

O(ty,.. )t eV &teQylZi/a1,...,2: /g, X1 /t1,..., Xa/ta)).

4.4. Theorem (Normal Form Theorem). The function 0 is computable in U off
0 1s definable on .

Proof. The fact that every definable function on 2 is admissible in all enumer-
ations of U follows from the last Proposition 4.2.

To prove the other direction, we will actually prove the contrapositive. Thus
we suppose that 6 is admissible in 2, but it is not definable on 2. We use this fact
to construct an enumeration (@, B) of U such that 6 is not admissible in (@, B).
The basic idea of the construction is to ensure that the pullback of § (by @) is
not partial recursive in B by diagonalizing over all possible partial recursive in B
functions.

For ease of exposition we will suppose that all functions and predicates of the
signature ¥ are unary and 6 : A,,—A,, is of type (sg,s;). The general case is a
trivial rewriting of the argument below. If (&, B) is an enumeration of U, where
B = (N; ¢1,¢2,...,%n; 01,02,...,0%), denote by

(B)={(t,z,6): (1<i<n & pi(x)2e)V(n+1<i<n+k & g;-n(z) =)}

It is clear that a function ¢ is partial recursive in {¢1, @2, ..., ¢n;01,02,...,0%}
iff ¢ is partial recursive in (B).

The enumeration (@, B) we shall construct by stages.

On each stage { we find a finite approximation (called finite part) A; of (@, B),
so that on even stages we assure that range(a,) = A; for every sort s € S and
dom(ay) = N for s € E (effectively enumerable sorts).

On odd stages | = 2n + 1, if T, is the n-th enumeration operator, then for
every enumeration (@, B) 2 Ay there exists ¢ € dom(e,,) such that one of the
following conditions is not fulfilled;
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(A) Vy({z,y) € Tn({B)) => y € dom(a,));
(B) Vi(t € 6(cvs,(2)) <= Ty(as, (y) = t &(z,y) € Tn((B)))).
First let us fix some notations.

4.5. Definition. A finite part A; is called each tuple A= (3’, iZk

where:

, B, 7,

(1) 6! is one-to-one partial mapping N—A, and dom(é) is finite for each
SES; .
(2) H! is a finite subset of N, so that dom(6!) N H! = § for each s € S, but
H! = @ for s € E;

(3) b H —H} Udom(8!), where p(fi) = (si,s) for 1 <i < m;

(4) o} :HSIJ-—\{O, 1}, where p(T;) = (s;) for 1 <j < k.

Given A; and A, — finite parts, denote by A; C A, the fact that 8 <69,
H CHIforse€Sand ¢! <¢f, i=1...n, 0']1. <o, j=1...k Here by p <%
we mean that if ¢(z) is defined, then ¥(z) is also defined and ¢(z) ~ ¥(x).

4.6. Definition. If A; is a finite part and (@, B) is an enumeration, then
A C (@, B) iff:

(1) 8! < a, for s € S;

(2) dom(a, )N H! = @ for each s € §;

(3) ¢l < i for 1 < i< m;

(4)0}5@ for 1 <j<k.

Construction:

Stage 1 = 0. HY =0 and 62, ¢?, 0’;-) are totally undefined.

Stage | = 2n, n > 0. For each sort s consider the first z, ¢ dom(6!) U H! and
t, ¢ range(8!). If there is no such t,, do nothing. Otherwise, let §:*!(z,) = ¢, and
Al = (g’“ T 7, 7).

Stage | = 2n+ 1. Let Ay = (31, }71, 7, @), where dom(¢8!) = {w$,. .‘.,wgy}
and range(6)) = {t},...,1} }.

Let T, be the n-th enumeration operator. So, if R C N, then

z €T,(R) < Fv({v,2) e W, & E, CR),

where W,, is the recursively enumerable set with code n and F, is the finite set
with code v.
Let z € N and z ¢ H!,. Then

Vy((z,y) € Tn(R) <= Fv({v,z,y) € W, & E, C R)).
- Denote by Unz = {{v,y) : (v,z,y) € W, }.
The main tool is the construction of a definable function £ : 4,,—A,_, based

on [y, using the following translation. By ¢ we denote the list of all elements of
range(8!)U. . .Urange(&in). For each sort s consider an one-to-one mapping var; from
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N onto the set of all variables of sort s. Let vary,(z) = X and W = {W;,..., W,}
be the corresponding variables to the elements of the set dom(é6{)U...Udom(é!,).
Let ¢, be a new constant of the sort s,.

4.7. Lemma. Lel p € Ay,,t € A;,. There exists an effective way, given
v,y € N, lo define an s,-conditional expression QI¥¥) (X, W) such thai:

(1) oft € Q(Qf’y)(X/p,W/{), then there exists a finite part A D Ay such that
for every enumeration (@, B) D A: E, C (B) & a,,(z) =p & a;, (y) = ¢,

(2) ift ¢ Q((;’y)(X/p,—W/f), then one of the following is true:
(a) there exists A D Ay such that for every (@, B) D A

(B, C(B) & a5, () = p = y ¢ dom(ay,)), or

(b) for every (@, B) 2 A; (Ey C(B) & oy, () = p == a,,(y) #1).

Proof. Let v,y € N be fixed. Consider the finite set E, with the code v.

4.8. Definition. The finite set E, is called correct if the following conditions

hold:

(1) each element w of E, is of the form u = (i,z,¢) and 1 < 7 < n or
(n+1<i<k+nandee{01});

(2)if (1, z,e1) € E, and (i, 2,63} € Ey, then ¢, = £9;,

(3)if (i,2,€) € E,, 1 < i< n, z € dom(8! ), where p(f;)} = (s:,5), and i(z) is
defined, then ¢!(2) ~¢;

(4) if (j,z,6) € By, n+ 1< j < n+k, zedom(sy), where p(Tj_n) = (s5),
and o}_,(z) is defined, then o} _, (z) ~¢.

If £, is not correct, then put Q¥ = (X # X D¢,,).

Let £, is correct. Denote by

M, ={z i e((i 2rc) € B & (i <n & plfi) = (5,50) V (1 < § & p(Tin) = (5)}
U{z:30, z1({1,z1,2) € Fy &1 < n & p(fi) = (s5,5)}.

N ifsek,
Ds; = dom(éi)u{w} fs=s; & sq4 ¢E,
dom(6}) otherwise.

Let K9 = M, N D,. Suppose that for each s of S the set K is defined. Then

KM ={z2:3.2((i,21,2) €E, & 2¢ KU - UK! &i<n
& p(fi) = (si,8) & zy € K )}

Since the set E, is finite, there exists an 7 so that K7+! = .

Let Ky, = K2U - UK and if z € KY, define |z| = ¢q. For each element z of
K, we define a term 7% by induction on |z|.

Let |z} = 0, then 7% = var,(z). Let |z] = ¢ + 1, (i, 21,2) € E, for some 21, so
that |21| = p < ¢+ 1. Then 7* = f;(7°1).

Some of the elements of E, we shall call appropriate. Namely, u = (i, z, ;)
from FE), is appropriate if: ‘
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()i <nandp(fi)=(s51) 2z€K,, 21 € K, ;
(2) n <t and p(Ti—n) = (s), z € K,.

So we are ready to define the desired conditional expression Q{V¥)(X, W). If
for some s € S H N K, # 0, then we define Q¥ = (X # X D ¢,) as in
the case where £, is not correct. We keep in mind that the initial functions of an
enumeration on 2 should be closed under the domain of the enumeration {Definition
3.1 (1). |

Let for all s € S H!N K, = @. Then we check if y € K. If not, we put again
QWY =(X # X D) '

Otherwise, for each appropriate element u = (i, z,¢) € E, we find the corre-
sponding formula I1* under the following rule:

(1) if i < n, then II* is f-( ) =715,

(2) if n < 7, then IT¥ is T;_n(7%) for € = 0 and I1* is ~Ti_, (%) for e = 1.

Let uq,...,uq be all approprlate elements of E,. Denote by Il the conjunction
o« & -+ & M4« & V, where

&  var,(z) #van(z;) & & X #var,,(2) if 2 ¢ dom(é!));

2i#3;,0€8 2€ K, ,\{z}
24,2;€K s
V= : ‘
méf,sﬁ varg(z;) # vary(z;) & X = var,, (w) if £ = w € dom(8}).
z,,2;€EK,
Let y1,...,y be all elements of K, for those s € E (effectively enumerable

sorts) not belonging to dom(8}) U ... Udom(8},) U {z} and var, (y:1) = Y1,...,
vars, (y5) = Ys. From the construction it follows that the variables of I are among
X Wi, . W, Yi,..., Y.
Define
QWY (X, W) =3y, ... 3%(IT D 7).

Let consider some properties of the constructed in this way conditional expres-
“sion Q!V¥) From the above construction and Proposition 4.2 follows:

4.9. Proposition. Let (&, B) D A, a,,(z) =p, By C(B) and o, (v) = ¢,
t=1,...,b. Then:

(1) v 18 correct;
(2) K; C dom(ay) and HIN K, =@ for eack s € §;
(3) Vz € K(as(2) = m&(X/p, W/, Y1/q1, ..., Yo/ b)) for s €S,
( )Hm(X/p,W/t,Yl/ql,...,Yb/qb)20. | |
We are ready to prove that Q{"¥) satisfies the conditions of Lemma 4.7.

Case 1. Lett € Qg"y)(X/p,_W—/f). So E, is correct, H! N K, = @ for each
sort s and y € K,,. Thus there exist different elements ¢i, ..., g of [U| with sorts
S1,..., 8 from E, so that

Oa(X/p, W/t i/ q1,... . Ys/s) =0, t = 73(X/p, W/E,Y1/q1,. .., Ys/ ).
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Define a finite part A D A!, where A = (X, H, B, 7), as follows: Let A, (2) = p,
Ao (1) = g1, A, (ws) = ¢ and Ag(2) ~ 8!(2) for all other z, s € S. Let
H, = H! U (M, \ K;) for each sort s.

Define ;1 ¢! < p; fori=1,... n and cr]-:d;» <o;forj=1,...,k sothat the
extensions are defined under the rule that for each element u € K,, which is not
appropriate:

if u= (7,21, 22), 1 <n, then p;(21) ~ 27, and,

fu={j,z,e), n<j, then o;_,(z) ~¢.

Let (&, B) 2 A. From the definition of A and Proposition 4.2 we have I, C
(B), as,(r) = p, and since y € K;_, then from Proposition 4.9 it follows that
a5, (y) = t. So the condition (1) from Lemma 4.7 is satisfied.

Case 2. Let t ¢ QYY) (X/p, W/1).

We have the following possibilities:

(a) Ey, is not correct. Then, since for every (@, B) O A; : E, € (B), the
condition (2)(b) from Lemma 4.7 is trivially satisfied.

(b) Let £, is correct:

(b.1) If HEN K, # 0 for some s, then there is z € K and z € H,. Therefore
for some ¢ € {1...n},z; € K,,, {{,21,2) € F,. If (@, B) D Ay, then it is not
possible that E, C (B), since H, Ndom(ay) = 0. Then (2)(b) is fulfilled because
of the same argument as in (a).

(b.2) Let H'N K, =0 for all s €S. Denote by C*¥) = 3y; .. 3,(II).

(b.2.1) Cg}’y)(X/p,W/f) % 0. Then suppose that (@, B) D A;, E, C (B) and
as,(z) = p. Let

{y1,..,w} = (K5, U...UK,)\ (dom(&)) U...Udom(8 U {z}), -

$1,...,8; € E. From the definition of enumeration of % we have that o, (v;) = ¢
for : = 1,...,b. Then from Proposition 4.9: Céf)’y)(X/p,W/f) =~ 0, which is a
contradiction. So (2)(b) holds trivially.

(b.2.2) Let ¥ (X/p, W/T) ~ 0:

(b.2.2) (i) y ¢ K,,. Then we construct a finite part A D A; in the same way
as in the Case 1, but with only one difference — we put y € H, . If (@, B) D A,
then we have again that £, C (B), a,,(z) = p, but since #, Ndom(e,, ) =0, then
y ¢ dom(ay,). Thus the condition (2)(a) from Lemma 4.7 is fulfilled.

(b.2.2) (ii) Let y € K. Suppose that (@, B) 2 A; and E, C (B), a,,(z) = p.
Then by Proposition 4.9 1t follows that -

y € dom(a,,) and o5 (y) € Q(glj'y)(X/p,W/Z)-

So a;,(y) £ ¢, i.e. the condition (2)(b) of Lemma 4.7 is true. n

We return to the proof of Theorem 4.4. For each u € U, , denote by Q*(X, W)
the conditional expression found effectively in Lemma 4.7.

Let fix an ¢ ¢ dom(6! ) U H! and dom(8!)) = {wr,...,w,}. Consider the
function € with the following definition: '
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tellp) <= Fuel,,(te Q&(X/p,W/Z))
V3u; € Un,uu(t € lel()(/p:W/z))

V3ur € Unw, (t € Qy (X/p,W/i)).

Then £ is definable and therefore £ # 6. Using this fact we ensure that one of the
conditions (A) or (B) is not satisfied. There are two possibilities:

(a) There exist p € A,, and t € A such that £(p) >~ ¢, but 0(p) # t.

Let p ¢ range(8!,). From &(p) =~ t it follows that for some u € U, . we
have t € Q4(X/pW/t). Let u = (v,y). From Lemma 4.7 we know that there
exists a finite part A D A; such that for every enumeration (@, B) O A: E, C
(B) & as,(z) =p & a,, (y) =t. Define Ajp; = A. Then if (&, B) D A1, there
are ¢ € dom(ay,) and y € dom(e,) such that o, (y) = ¢, (z,y) € [n({(*B)), but
0(as,(z)) # t. So the condition (B) is not valid.

If p = 6%, (w), then for some u € Up  we have t € Q%(X/p, W/T). Then using
Lemma 4.7 we prove that (B) is not valid analogously.

{(b) Let &(p) #t, but B(p) = t, p € Agd, t € A;.. We shall consider the case
when p ¢ range(6! ).

Let have the following situation:

There exist v and y such that (v,y) € U, I,Q 'y)(X W) =3y;...3n0 >
), ¥l = 3y, ... 3Y(1), C'Ql ’y)(X/p, W/f) ~0and y ¢ K,,. In this case we
choose Ajy1 = A from the proof of Lemma 4.7, Case 2, (b.2.2) (i). We know that
if (@, B) D Ay, then z € dom(ay,), By C (B) and therefore (z,y) € ['2((B)),
but y ¢ dom(a,, ), t.e. the condition (A) is not valid.

Otherwise,

Yu € Up (Co(X/p,W/[T) 0=y € K,,).

Put 6/*1(z) = p and 6/F'(z) = &(2) for all other 2 and s and Ay =
(EIH ,ﬁl,ﬁl,b"). We shall prove that in this case the condition (B) is not valid.
Let (@ B) D Aip1. So ay,(z) = p. Suppose that there exists y € dom(as,)
such that a, (y) =t and (z,y) € Tn((B)). Then for some v: (v,z,y) € Wy, l.e.
(v,y) € Uny and F, C (B). From Proposition 4.9 we have that F, is correct,
H!'N K, =0 for each s € S and C Uy)(X/p,W/Z) ~ 0. Hence y € K,,. Since
t ¢ Qm’y)(X/p, W /t), from the proof of Lemma 4.7 it follows that the condition
(2)(b) is valid, t.e. ay, (y) # t, which is a contradiction.

The case when p € range(éﬁd) is considered similarly.

End of construction.

Consider an enumeration (a1, as,...,anm, B), where B = (N; 1, ,¢n;
o1,--.,0%), defined as follows:

= U 8! for each s €S,
1=0
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o0 o
gpf:Ugoi» for 1 <i<n, o;:Ua( for1 <j<k,
=0 1=0
From the construction it is clear that range(a;) = A, for all sorts, dom(a;) =
N for every s € E and dom(a)NH! =0 fors€Sand /€ N.

Let "
v S Oilas(2)) if z € dom(ey,),
oile) = { o; (z) otherwise,
v Ei(as (=) if z € dom(ay,),
oi(z) = { o} (z) otherwise.

and

Suppose that the function 8 is admissible in (&, B). Then for some n, if ', is
the enumeration operator with number n, for each = € dom(a;,,) we have:

(A) Vy({z, y) € Tn((B)) = y € dom(as,,));

(B) Vi(t € 0(as,(z)) <= (s, (y) 2 t & (z,y) € Ta((B))))-

Let { = 2n+ 1. Then there exists ¢ € dom(8!*?) such that for every enumera-
tion (@, B) 2O A4y the condition (A) or (B) is not valid. Hence, # is not admissible
in (@, B). . ]

4.10. Corollary. If the structure 2 is single-sorted, then:

(i) if the only sort is effectively enumerable, then C*(2) is the class of search
computable functions of Moschovakis on %,

(i1) otherwise C*(A) s the class of computable functions of Friedman. ]

In [17, 18] several notions of computability on ADT were considered. A gen-
eralized variant of Church-Turing thesis for deterministic and non-deterministic
computation is announced. It is easy to see that their notion for deterministic
computability — star computability, coincides with our in case that all sorts are
not effectively enumerable, i.e. E= 0. If E = S, then our computability coincides
with the projective star-computability.

Remark. All results could be generalized for ADT without equality, con-
sidering another algebraic transformations — special homomorphisms instead of
isomorphisms [16].
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CHARACTERIZATION OF THE EFFECTIVE COMPUTABILITY
IN f+~-ENUMERATIONS

RUMEN DIMITROV

Pymen dumumpos. XAPAKTEPU3AIINA DPPEKTUBHON BBIYMCAUMOCTY UE-
PE3 fHYMEPALWU

B navane cTaTenm AaHHBI gedpuuuumMyu nouaTuit f-Gasuc, f-mymepamma u f-momycru-
moctb. OCHOBHBIM pe3yJILTATOM HBJIACTCA BKBUBAJICHTHOCTh [-LONYyCTUMBIX QYHKUMHA M
upocTo puiuucHUMbIX $yHkumit B crpyktype 91. B koHue Aoka3biBaloTca TpU BapuaHTa
ocHOBHOM Tcopemni. [lTepBble sBe naior o6obiuenuna yacTn ,<“ u = riaBHoil TeopeMsl.
TpeTuii xapakTepusupyeT NoTeHOMalbHLIC f-JOMYCTUMBbIE GYHKLNAM.

Rumen Dimitrov. CHARACTERIZATION OF THE EFFECTIVE COMPUTABILITY IN
FFENUMERATIONS

The main definitions of {-basis, f-enumeration and f-admissibility are given. As a main result
the equivalence between f-admissibility and prime computability in 91 is proved. Finally, three
variants of the main theorem are proved. The first two ones are generalizations of the directions
“¢<" and “=" of the main theorem. In the third variant potentially {-admissible functions are
concerned.

1. INTRODUCTION

The notion of prime and search computability on abstract structures was in-
troduced by Moschovakis [5] in 1969. An equivalent but more natural definition
of prime computability was given by Skordev {8]. An important question is to
characterize the prime computable functions on structures with domains the set
of all natural numbers N. A well-known result is that all functions which can be
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computed using the functions S (successor), P (predecessor) and the predicate Z
{zero recognition) are the p-recursive functions. Here we study computability in
the structure M = (N; P; Z).

Our approach Is external and is based on the characterizations of abstract
computability by means of enumerations. This approach was initiated by Lacombe
[4] and studied in [2, 3, 6, 9, 10]. In this paper we study a special class of enu-
meratious of the structure 91 — the f-enumerations. We prove the equivalence of
f-admissibility and prime computability on 9. As the set of f-enumerations is a
proper subset of all enumerations, where P and Z are effective, in this case the
result in one direction is stronger than that proved by Soskov in [10] or in [9].

2. NOTATIONS

Let M = (NV; P;Z) be the structure with a domain N, a single operation
P(z) = z =1, and a single predicate Z(x) which gives true for z = 0 and false
otherwise.

Let p; be the i-th prime number. We write (z); for the primitive recursive
function

o [ max{t:pl/z} forz #0,
7($’L)_{O for z = 0,
and vo(z) for v(z,0).
We shall fix a coding () of the finite sequences of natural numbers such that

(w1, 22, xa) = ps[s > 0&(s)o =n&k(sh =z:1 & ... &(s)n = 24],

le. {z1, T2, .. &q) = 235 .. pli~.
We shall write | f(z1,...,zn) if f(z1, ..., Zn) is defined, and 1 f(z1,...,z,)
if it 1s not.

3. BASIC DEFINITIONS

Definition 1. A set A C N is called f-basis if there exists a total function
¥ : N — N such that A = {{¥(0),...,¥(z:—-1)) : i€ N}.

Definition 2. The ordered pair (4, «) is called f-enumeration if A is an {-basis
and o = 7 [4 (l.e. a({z1, 2, ..., 2Za)) = n).

Note. If (4, o) is an {-enumeration, then « is an 1,1 mapping from A to N.

Definition 3. Let o : A — B be a surjective mapping, where A C N. A
function f : B" —e> B is called effective in (A, a) if there exists a partial recursive
function p : N —» N such that

(Va; € A)...(Van € A) (f(a(ar),...,a(an)) >~ a(p(a,. .. an))).

Remark. It is clear that given a code (¥(0),...,¥(i — 1)) of an i-tuple, we
can effectively recognize whether ¢ = 0 (i.e. whether the sequence is empty), and if
i # 0, then we can find the code of the sequence ¥(0), ..., ¥(: — 2). It means that
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n every f-enumeration P and Z are effective. Notice that in a fixed f-enumeration
(A, a) the function S (successor) is effective iff the function ¥ is recursive.
Definition 4. A partial function f : N® — N is called f-admissible if it is
effective in all f-enumerations.
~ Remark. The definition is correct, because for every f-enumeration (4, a) the
mapping « is surjective.

4. THE MAIN RESULT

Soskov has proved in [11] that a function f is prime computable (see [5]) in
the structure N iff it is partial recursive and

Vxl...Vany(f(.’L'l,...,a;n) =y — y £ max(xe, ..., z,)),
Le. _
Vo, .. Ve, (| f(z1,...,2n) — f(z1,...,20) £ max(zy,...,z,)).
Heré, for the proof of Skordev’s conjecture (the main theorem), we are not going

to use the prime computability.

Theorem 1. A function f : N® —e» N is f-admissible iff it is partial recursive
and there exists a natural number ¢ such that the following condition is true:

Vo, .. Ve, (| f(zy,...,zn) — f(z1,...,2,) £ max(zy,...,zn,c)).

Proof. A. Let f be a partial recursive function and ¢ be a natural number such
that

Vzi .. Ve, () flz1,...,z0) — f(z1,..., %) € max(z1,...,2n,¢)).

Given an f-enumeration (A, a), we shall construct a partial recursive function ¢, so
that

fa(ar),. ., alan)) = alelar, .- ., ax))
for all ay,...,a, of A. The construction is standard and we shall not go into details.
Since « is an 1,1 mapping from A to N, there exists a € A such that a(a) = ¢. Fix
a and let Max : N® — N be the primitive recursive function such that for all a,
..., ap of A :

_ fa;i ify(a;) = max(yo(a), vo(a1), - - -, 70(as)),
Max(ar, ..., an) = { a if yo(a) = max(yo(a), yo(a1), ..., vo{a,)).

Let PRED : N — N be the primitive recursive function such that PRED(z) gives

the code {aq, ..., a,-1) of the sequence aq, ..., a,_1 if z is the code of the sequence

ag, ..., dn-1, Gn, and PRED(z) = z if z is the code of the empty sequence.
Define S1: N? — N by the following equations:

Si(z,0) =z, SI(z,t+ 1) = PRED(S1(z, t)).
It 1s clear that 51 is primitive recursive and for z € A

70(S1(z,1)) = 7yo(z) ~¢.
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Let S2 : N™ —e» N be defined in the following way:

S2(a1,...,an) = pt [(vo(S1(Max(ay, ..., an), 1)) = f(yo{a1),. .-, volan))) = 0].
Finally, if ¢ : N™ —+ N is defined by the equation
p(ay,...,an) >~ S1(Maxy,(a1,...,an),S2(a1,...,a.)),
then it 1s easy to prove that ¢ is the function we are looking for.

B. In this direction, we shall prove that if f is f-admissible, then f is partial
recursive and

(*)  3IVay .. Van (] flay, ... an) — flai,...,an) £ max(ay,...,an,¢)).

From the result in [9] we can obtain that if f is effective in all enumerations of the
structure 9, then f is definable in 91. Here we require that f be effective only in
f-enumerations of 9 and we prove something equivalent to definability.

First we shall prove that f is partial recursive. Let (A, ) be an f-enumeration,
where A = {(¥(0),...,¥(i — 1)) : ¢ € N} and ¥ is recursive. It is clear from
the definitions that o and a~! are partial recursive. We know that there exists a
partial recursive function ¢ such that

fla(ar), ..., a(a,)) = ale(al, ..., an)) forallay,... a, of A
Since « Is bijective, we obtain
flen,zn) = a(p(a™(z1),. . a7 (zn))) -

Hence f is a partial recursive function.
Let us now suppose that () is not true, i.e.

(*)  Veday...3a, (] fla1,...,an) & (f(a1, ... an) > max(ai,. .., an,¢))).

First we shall prove the following

Lemma. The set {(z1,...,2,) : f(z1,...,2z,) > max(z1,...,2,)} is infinite.
Proof. Suppose (x(ll), .. .,x%l)), . ,'(x(lk), e :cglk)) are all elements of this
set. Let ¢; = max (f (a:(ll), ...,xg)) s f (xﬁ"),...,xﬁf’)), and ¢; = 0 if the
set is empty. By (%) we can find numbers yi1, ..., yo such that (f(y1,"..,yn) >

max(y1,...,Yn, ¢1)). Then, obviously, f(y1,...,¥) > max(yy,...,yn), but
flyr, - un) # (x&“,...,z@) for all ¢ = 1,...,k. We have supposed that the

set 1s finite and obtained a contradiction.

Let g, @1, ... be a list of all partial recursive functions of n variables.
Definition 5. Let (A4, a) be an f-enumeration. An n-tuple (ai,...,a,), where
ay, ..., a, belong to A, is called witness for the condition
() =(f(a(ar),. .., a(an)) > a(pi(a, . .., an)))

if | fleay), ..., a(an)) and one of the following is true:
1) T @i(al) Tty an);
2) | pi(a1,...,an), but pi(a1,...,a,) € A, L.e. T a(pi(a1,...,an));
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3) L alpilar, ..., an)), but fla(ar),...,alan)) # alpi(a, ..., a,)).

An f-basis A that consists of the numbers ag < a; < ay < --- will be defined in
steps. In each step { (for | = —1,0,1,2,...) we shall define a finite approximation
Ay = {ag,a1,...,ag }. In other words, at the step [ the values W(i) fori =0, ...,
k; — 1 will be defined. In the step ({ 4+ 1) we shall build a set A;y1 D A; such that
Aryq will contain a witness for the condition ({ 4 1). Together with the set A we
shal] also define a set A~ such that AN A~ = @. In each step (I + 1) the condition

ALy 2 A7 will be met.

We Shdll prove that the set A is an f-basis. Next, if (A, @) is an f-enumeration,
then we can find a witness for each of the conditions (z), where i € N.

Step ~1. Let k-3 =0,a0=1, A, ={1}, A, =

Suppose that in step (I) we have built the finite set A and the finite set A;
which consists of the elements ag, ay, ..., ag,. Suppose ¥(7) has been defined for
1< k‘]

Step [+ 1. We shall define the sets Aj4; and A |, so that Aj41 contains a
witness for the condltlon (I+1).

Let (/cIH, 'ie1> - K1y 1) be an n-tuple such that

Flllbpy, oo k) > max(hiyy, .. k) > ki
The choice of such n-tuple is possible because the set
{(z1,...,en) : (Vi £ n)(z; € k))}
is finite while the set
{(zy,. . 2n) @ flxr,. .. 20) > max(zy, ... 2n)}

is infinite by the previous Lemma. Let k}+1 = max(k},,..., k). Note that
kigi > ki Let h = (kig1 — k). We shall define ag,41, ..., (Lk,+l and ¥(k;), ...,
W(kiy1 — 1) successively, so that the following is true for ¢ =1, ..., A:

1) ag4s = 2ap,4i- 1Pk,(k'+z RE

2) Ak i ¢ A :

The first will ensure that a; = (¥(0),...,¥(i — 1)) for all € N and thus A
will be an f-basis. The second will ensure that the requirements (1), ..., (I) are

not injured for the sake of ({ + 1).
Since A] is finite, we can define W(k; + ¢ — 1) and aj,4s successively for i =
, b in the following way:

. P - . Uk
\I’(kI + 17— 1) = ut [Zak,+i—1P§c,+,' ¢ Al ] and Apy 45 = Zak,+i_1pkl(+;+l 1)

Note that 1) and 2) are true now.
Let Ajpy = AU {ak,+1, Ce ak,+1} and

A Udprpi(ags oooakp )Y L pa(ag, oo akp ) & Ay,
141’ + t41 +1

A7 otherwise.

From these definitions we can see that A4y and Ap,, are finite, A C A4y and
AT C AL,
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o0 e
Let A= (J Aiand A~ = |J A]. Now we have to prove that A is an f-basis

i=—1 i=—1
and (4, a) (o = v0[A) is the f-enumeration that we are looking for. It is clear that
ag, @1, ... are all the elements of A. In the following lemma we prove that A is an
f-basis.

Lemma 1. a; = (¥(0),...,9(:—1)) forie N.
Proof. Using the definitions, we can prove Lemmma 1 easily by induction.

Next we shall see that A~ N A = &. For this purpose we shall prove

Lemma 2. Ay NAy =Q forallk 2 — 1.

Proof. An induction is applied.

For k = —1 we know that Ay = {aq} and A7, = & and obviously the
statement is true.

Let suppose that for some natural I we have AT N 4; = &. By construction
Aip1 = AU {ak,H,...,ak,H} and ax,41,...,ak,, ¢ A;. Using the induction

hypothesis we derive that A" N A4y = @. If A7 = A[,,, then there is nothing. to
prove. Else

A=AV {301+1(ak;+17 . ~-;ak,"+1)} and <)01+1(‘11c,1+l . -,akr+,) & Aig1.

In this case it is obvious that A, N A4 = ©.

1+1
Now we are ready to prove

Lemma 3. ANA- =@,

Proof. Suppose that there exists a number a such that a € AN A~. We can
find ¢ and j such that a € A; and a € A . If k = max(3, j), then A N A # &,
which contradicts Lemma 2.

We shall see next that for each i ¢ N (ak‘l ey aky) is a witness for the con-

dition (¢). Let ¢ be a fixed natural number. The n-tuple (k}, kZ,...,k") has

been chosen in such a way that f(k},... k) > max(k},... k') = k;. Note
that f(a(ag1),...,a(axp)) is defined. We shall consider the following cases for

(Pi(akll, .. .,akn):

L Lpi(agy,. .. arp) € A;.
Since A; = {ao, ..., ax,}, then

(Va € Ai)(a(a) =yo(a) £ ki) and a(pi(ags, ..., ar)) £ ki
We know that f(k},..., k) > k; and hence
alpi(ags,- - arr)) # fla(ag), ..., aaen)),

ie. (a1, ...,axr) is a witness for the condition (i) by 3) of Definition 5.
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2. Twilag, .. akp).

Since T a(pi(ags,...,agr)), we obtain that (a,-c'l, ...,akr) is a witness for the
condition (i) by 1) of Definition 5.

3.1 goi(ak:, Cey ak:‘), but ()Oi(ak‘l, Coy ak:u) g A;.

In this case @;(ay:, . - apr) € A7 € A7, By Lemma 3 AN A~ = J and hence
pi(ags, ..., axr) ¢ A. We obtain T a(pi(ay:, ..., axr)) and then (ag,...,az») is a
witness for the condition (i) by 2) of Deﬁmtzon 5.

We have derived that (ayy,...,axr) is a witness for the condition (i) and the
theorem is proved. -

Remark 1. In the construction of the set A we have not used the partial
recursiveness of f.

Remark 2. The construction of the set A~ could be avoided because the
requirement 2) (i.e. akr, ¢ A ) in step (I+1) of the construction of the set A may
be changed by the condition:

if for some I; £ 1 y:gp;l(aklx ,--+,agr ), then akp, £y
1 1 . t

5. THREE VARIANTS OF THE THEOREM

First we shall prove a stronger result than that proved in the direction “<=" of
the main result.

Definition 6. Let o« : A — B be a surjective mapping, where A C N. A
predicate P(z1,22,...,%,) on B is called effective in the enumeration (A,«) if
there exists a partial recursive function ¢ : N® —e+ {0, 1} such that

(Va1€ A)...(Vane A)(l p(ar,...,an) & (Pla(ay),...,alan)) © elar, ..., an) = 1)).

Theorem 2. If f is a function such that
AcVzy . Ve, (l flzr, .. 3n) — flz1,...,20) € max(z1,..., 2ns,¢)),
then [ is effective in all enumerations of the structure M.

Proof. First we shall note that enumerations of the structure 91 are those for
which the functions and predicated of the structure are effective. Obviously, the
f-enumerations are enumerations of 91.

Let (A, @) be an enumeration of 91. Let Z : N —» {0,1} and PRED : N —» N
be partial recursive functions such that for all a € A:

1) (PRED(a)) ~ a(a) = 1'

1 ifafe)=

2) 2(a) = {0 if a(a) #

Obviously, | PRED(a)
alla€ Aandt € N.

€ A and | Z(a) for all a € A. Thus | Z(PRED'(a)) for
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Now we shall see that there exists a partial recursive function v such that
7[A = «. Let us define v : N — N in the following way:

v(z) = pt [Z(PRED'(z)) = 1] .
We shall prove that y(a) = a(a) for all a € A4, ie.
W  a(a) =t [Z(PRED!(a)) = 1].
Since | afa) € N for a € A, then (1) could be proved by induction on a(a). The

proof of this fact is left to the reader.
We are looking for a partial recursive function ¢ : N™ —e> N such that

(Va1 € A)...(Van € A)(f(afar),. .., a(an)) = ale(ay,...,an))).

The construction of ¢ is the same as the construction of the function ¢ in the proof
of the main result.

In the proof of the main result we observed that if
Vedzy ... 3zn (] flzr,. .., 2a) & f(z1, ..., 2a) > max(zy, ..., 2, C)),

then there exists an f-enumeration (4, &) such that f is not effective in {A, a). We
built the set A in steps. In each step we built a finite approximation of A. We
shall analyze that construction and obtain a stronger result than the one proved in
the direction “=>" of Theorem 1. We have noted that the construction of A could
be modified in such a way that the use of A~ be avoided. We shall use that f is
partial recursive and modify the construction of A in the following way.

On the step (I+1) we define effectively a code of an n-tuple (k},,, k7, ..., k},;)
such that

f(k,lH, o k) > max(lc,l+1 v k) >k

Later we define the recursive function S : N — N such that S({ + 1) gives the code
of the n-tuple (k}+l,k,2+1, .+, k1), which was defined on step (I + 1).

Let F' be a primitive recursive function such that

(xly‘rZ)"')xnay) € Gf < EZ(F(xI,EZ,--',mm%Z):0)

and let g(z1,22,...,2n, 1) = F(z1,22,..., 2, L(t), R(2)).
We know that f has the normal form

flzy, e, ... xn) >~ Lpt{g(zy, 20, ..., 20, t) = 0]).
Let J be a standard coding of ordered pairs in N. We denote
JP=J, Tz, 29, ., 00, Ta) = J(J™ (21,2, .., ), Ty ) for n > 2.
Let Pry;, (m £ n) be a primitive recursive function such that
Pri (J"(z1,22,...,20)) = T,

(for n = 2 we write L for Pri and R for Pr3).
Define the functions S: N — N and M : N — N as it follows:
1) S(-1) =0 and M(-1) = 0;
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2) S(U+1) = L{uslg(Pri* (s), Pry*i(s), .., Pr¥i(s), Prifl(s)) = 0
& L(Prﬁﬁ(s)) > max(Priti(s), Prit(s), ..., Pritl(s))
& max(Prit!(s), Priti(s), ..., PritY(s)) > M(1)]) and

M1+ 1) = max(Pr}(S({ + 1)), Pr5(SU{ + 1)), ..., Prp(S(I + 1))).

Remark. We shall define S and M for n = —1 in order to unify the definitions
of S and M for n = 0 and n > 0, but we shall think that they are defined only for
n 2 0.

By induction we shall prove that S and M are totally defined.

1. For { = —1 we have S(—-1).= M(-1) =0.

2. Let | S(I) and | M({) for some natural [.

3. We know that the set {(z1,...,2n) : f(z1,...,2n) > max(z1,...,z,)} Is
infinite and there exists (z1,...,za) such that

L f(za, ..., zn) > max(zy,...,zn) > M(I).
Using the normal form of f, we derive that there exists s such that
g(Pri*i(s), Pry*i(s), ..., Prn*i(s), Priti(s)) = 0
& L(Prrti(s)) > max(Pr"“( ), Prati(s),..., Pr2t(s))
& max(Pr7ti(s), Pri*i(s), ..., Priti(s)) > M(D).
From here we can easily see that | S({ + 1) and then | M({ + 1). Thus, using the
definition of the functions S and M, we derive that they are recursive. We can see
that S(! + 1) is the code of the n-tuple (kf,,, k7, .., kf\ ), which was defined on
step (I+ 1), and that M (I + 1) = max(k},, k1, ... k) = kg
Let § be a universal for the partial recursive functions and recursive predicate

such that: i(z1,...,zn) =y & 32§, 21,...,Zn, ¥y, 2). Weshall define a predicate
B(z) such that B(z) & = € A. For this purpose first we shall define the predicate

o in the following way:
Co(s, z,i) & Vi £ pll(M(1) < ((2)o =) &(((z)o =4) £ M1+ 1)),
(Vy¥z(3(l1, PREDE) = PrE(SM))(g)  PREDE) = PESUI) () y )
— (2PRED™(2)p,, -, # ).
Next define the predicate €; as it follows:
Ci(s,z,1) © Cols,z,7) &Vs1 < s0C(s1,1,17).

Note that if z = (a1,...,a;) (j > i), then €;(s, z,7) is true if and only if 5 is
defined just the way ¥(j ~ ¢ — 1) is defined in the construction of the set A in the
main theorem.

By the expression (M(I) < ((z)o 1)) & (((z)o ~1) € M(l + 1)) we find a
number [ such that (/ + 1) is the number of the step, where PRED'(z) is defined.
Then for all l; £ 1 we calculate the code of the first n-tuple (k}l,k,zl, k) (Le
S(11)) such that

flki kR, k) > max(k]  kE, .. k).
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Further we find the least s such that for all §; £ 1if ¢, (Z‘klx ,--,Tgn ) =y, then
1 1
i+1 s
2PRED'* (:L‘)p(l)0 = FY
Since M and S are recursive functions and F is a recursive predicate, there
exists a recursive predicate 3, such that

Ci(s,x,1) © YPi(s,z,1,91) & (Vs1 < s)=Vg2P, (51, 2,1, ¢2),
i.e.
(**) Ql (87 l’, Z) Q Vqlml(sl .'l', i: ql) & aqst(sa Iv i) q3)1
where P, is again a recursive predicate.
Let us define % in the following way:
B(z) < (PREDEP(2) = 1& (Vi < (2)0)(€1((2) () ~ iy, T, 1)).

Let notice that B(z) is true if and only if z = 27.3%(®) . .pg("~1), where ¥(0),
U(1), ..., ¥(n — 1) are exactly like those ones, defined in the construction of the
set A n the proof of the main result. In other words, B(z) < z € A.

Using (%), we can find recursive predicates P; and P, such that

z €A Blz) & Y9 Pa(qa,2) & IqsP4(gs, 7).
The set { : 3¢spa(gs,z)} is recursively enumerable. The set {z : Vq4pa(g4,2)} is

co-recursively enumerable. Thus the set A could be represented as a difference of
two recursively enumerable sets. We proved the following result:

Theorem 3. If the function f : N —= N is effective in every f-enumeration
(A, a) such that A can be represented as an intersection of a recursively enumerable
and a co-recurstvely enumerable set, then f is partial recursive and there exists
c € N such that

Ve Nep{) flze, . 20) — flzy, .., 2,) € max(zy,...,2,,0)).

For the proof of the main theorem we have defined the term witness for the
condition (i) —(f(a(ai), ..., alan)) = a(pi(ai,...,an))), where the left-hand side
of this conditional equality was defined for every witness. Now we shall use this
fact to prove another variant of the main theorem.

Definition 7. If « : A — B, where A C N is a surjective mapping, then
f 1 B® — B is sald to be potentially effective in the enumeration (4, «) if there
exists a partial recursive function ¢ : N? —e» N such that

(Vay € A)...(Va, € A)( | fla(ar),...,a(an)) — | ale(ar, ..., a))
& fla(ar), .. a(an)) = alp(as, .. -, an))).

Definition 8. f : N® —e» N is called potentially f-admissible if f is potentially
effective in all f-enumerations.

Theorem 4. A function f: N —e> N s potentially f-admissible if and only if
[ s potentially partial recursive and there ezisis ¢ € N such that

Vey.. Ve (] f(zi,...,20) — f(z1,...,2,) € max(zy,..., 2y, ¢)).
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Proof. A. Let {A,a) be a functional enumeration, f be potentially partial
recursive, and let exist ¢ € N such that

Vay .. Voo (| f(z1,...,20) — f(z1,...,2,) € max(z1,...,2n,¢)).
We shall find a partial recursive function ¢ such that
(Va1 € A)...(Va, € A)( | fla(ar), ..., a(a,)) — ! a(e(ay, ..., a,))
& flalar),...,a(an)) = a(e(ar, . .., a,))).
The construction of the function ¢ is the same as the construction of ¢ in the

proof of the main result, but here instead of the function f we shall use its partial
recursive continuation.

B. In the direction “=” for the proof that f is potentially partial recursive we

can see that a(p(a™(z1),...,a7Y(z,))) Is a partial recursive continuation of f.
For the proof that ¢ € N such that
V.. Vool flzg, ..., 2n) — flzy,...,z,) £ max(zy,...,Tn,c))

we can construct a set A just the way we built it in the main theorem. We can see,
that | f(a(zg1), ..., a(z»)), but either
[ a(pi(zer, .. i)

B

or

(Lalpi(zer, i) & alpi(zr, . xkp)) # fla(zn), . a(zkp))

for all natural ¢. Thus there exists p such that _
(Va; € A)...(Van € A)( | fa(ar),...,a(a,)) — | a(e(ar, ..., an))
& flalay), ..., alan)) = olplay, ..., a,))).
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PEHIEHUE HA ITIPOBJIEM HA
*bLOJOPOB-TPIOHBAYM

HUKOJIA MAPTUHOB

Huxoaa Mapmunos. PEIUEHUE OINHOM MPOBJIEMBI #bOJOPOBA-TPEOHBAYMA

Onpegenaem B nosHocTy MuoxkecTso L nap (n, f) UesnbIX uncen, ANA KOTOPHLIX CYUECTBYET
pa3MellleHre M3 N NPHMBIX U f KJIETOK, MJIM B LPYTO# UHTEPNpPETalUu — JUIA KOTOPBIX
CyumecTByeT 30HOBApP C n 30Hamu 4 2f Bepumuamu. l[lapa (n, f) npunagnexxut £ toraa
U TONBKO TOrJa, KOTJa CYUIECTBYIOT HEOTDHIATENbHbIE LeJsible unciaa k u t, JNA KOTOPbIX
t < (:) u Takue, uton 2 k+t+2u f=(n-k)(k+1)+ (’;) —t. Jna kaxkawpix k u ¢ Toyku
(n, f), ynosBneTsopsiomue ®TUM yCnoBUAM, o6pa3yior muoxkectso R(k,t), copmapaioinee
C MEJIOUMUCIERHBIMY TOUKaMM OAHOFO Jlyua, u oTu MHoxecTBa R(k,t) Hencpecekatommeca.
Haunee, xaxkaaa Toura (n, f) € £ MoweT GbITH MOJIyYeHa U3 JIEIKO ONMCLIBAEMOTO pa3me-
uieHMA npAMelX. [loJslyueHbl M HEKOTOpPBLIE XapaKTepHble CBOWCTBa pa3meleHuit, coorserc-

TBylomMe omHoit u Toit e nape (n,f) € L.
Nicola Martinov. A SOLUTION TO A PROBLEM OF FEDOROV-GRUNBAUM

We determine copletely the set £ of pairs (n, f) of integers for which there exist arrangements with
n lines and f cells or, in other interpretation, for which there exists a zonohedra with n zones and
2f vertices. The pair (n, f) is in £ if and only if there are non-negative integers k and t satisfying
t < (:) such that n 2 k+t+2and f = (n—k)(k+1)+ (5) —t. For each k and ¢ the points (n, f)
satisfying these conditions are all the lattice points on a halfline R(k,t), and these halfiines are
disjoint. Moreover, each point (n, f) € £ can be obtained from an easily described arrangement.
We have found out also some characteristic properties of the arrangements corresponding to one
and the same pair (n, f) € L.
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1. BbBEAEHWE U TEPMUHOJIOTUS

Hle n3nonssame TepmuHosoruaTa Ha I'poonBaym [4] ¢ manka momuduka-
umA. Mpexa ot npasu A Hapu4yaMe BCAKa Kpaiina pamuiusa ot n(A) 2 2 pas-
JVYHU TIpaBU B peajHaTa MpoeKTuBHA paBHUHa P. C Mpexara A acouumpame
2-MepHUA KIEThYEH KOMITIEKC, oJydeH oT pazbuBatero Ha P or nmpaBuUTe Ha
A; BbpxoBeTe, pbboBeTe U KieTKUTE {MHOTOBLI'LIHUIMATE) Ha KOMIIJIEKCA Ca
BbpXoBe, pLboBe U KieTky Ha Mpexara. C f(A) o3HauaBame GpodA Ha KIeT-
ruTe Ha Mperkarta A, a mBoiikara (n(A), f(A)) nmapuuame monycTuMa ABOHKa,
choTBEeTCTBalla Ha MpexaTa A. MHOXKECTBOTO Ha HOMYCTUMUTE ABOWKM, C'h-
OTBETCTBAIlY Ha BCERL3MOKHUTE MpEXH, o3HayaBaMe ¢ L U Hapuuyame f-am-
arpama. lIpo6ieMbT 3a olpezelAHe KOra elHa LejoducieHa aBoika (7, f)
npuranexd Ha L ce muckytupa ot ['pionbaym [4], a MHoro mpeam ToBa (B
JIpyTa MHTEpPIIpeTalua) U oT pyckus kpucrajorpad ®vonopos [10]. OcnoBHa
uea Ha Ta3u CTaTUSA € I'bJIHOTO onpeaedsHe Ha f-amarpamata L.

AKo v € BpbX, TO t(v) € cTemeHTa My, T. €. BpofAT Ha NpaBUTe, MHIMAEHT-
i c v. C t(A) o3sHauaBaMe MakcUMaJIHaTa CTEIIEH Ha BbPXOBeTe Ha MpPeXaTa
A. Ako g e nmpaBa Ha Mpexara, r(¢) ¢ GPOAT Ha BbpPXOBeTe, MHUUIEHTHU
cg. Cr(A) o3snauaBaMe MakcumalHUA Gpoit Ha BHLPXOBETE, MHUMAEHTHU C
npasa Ha Mpexkara A. Ako t(A) = 2, A ce mapuva IpocTa Mpexa, a aKo
t(A) = n(A) =n, A ce napuya n-caom.

Henocpenctieno ce chobpa3siBa, 4e 3a BCiKa Mpeka A ¢ n IpaBu € U3-
I'bJIHEHO

n < f(4) < (’;) +1,

KaTO paBeHCTBO OTJABO Ce NOCTUra, KOraro A e CHOI, a PaBEHCTBO OTIACHO
— KoraTo A e nmpocTa Mpexa.

Ilenute yncaa ot MHTepBaga J = [n, (g) -+ 1], KOUTO He ca U3MEXAY CTOH-
noctute Ha f(A) 3a Mpexxa A ¢ n npaBu, Hapuyame Hefonyctumu. JlecHo ce
c¢bobpassiBa, 4ye OTBOPEHUTE IMOAMHTEPBAIU Ha J:

Ji=(n,2n—-2)3an. 24 nu Jy=(2n—-2,3n—-6)3an 2 6,

CBABPKAT CaMO HEJONyCcTHMM yucia. Cnopen xumoresa 2.4 ma I'prorbaym
[4], noxasana mo-pano ({1}, [10], a 3a n 2 40 s [7]), noanHTepBANBT

J3=0B3n-54n~-12)3an 2 9

C'BIO CHABPMKA CAMO HeZOMyCTrMY uncia. B [5] ca HamMepeHu BCUYKM 1MOAUH-
TepBaJin HA J, KOUTO C'BABPMAT CAMO HEAOMYCTUMM YMCIa, a CIeAOBATENHO U
BCUYKM A0y CTMMU ABo#kH (n, f) mpu dukcupano n. Tyk upes Mmoauduuupate
M Hopa3BMBaHe Ha HAKOM LeTaiiny Ha U3JoKeHueTo B [5] lie mosydymm KakIo
I'BJIHO OMUCAHME Ha ChBKYIHOCTTa L, TaKa M Pa3aUUHMA XapaKTEePU3aUUMU Ha
HAKOU OT KJIaCOBeTe Ha NMoJy4decHaTa KiIacuprKaima.

Ioka3zaTencTBaTa, KOUTO TYK Cce AaBaT (C U3KMIOYEHME Ha, [0Ka3aTeJCTBO-
TO Ha Teopema 1), ca YUCTO KOMOGUHATODPHM, KOETO o3HAYABA, Ue pe3yATaTUTE
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Ca B CMIIa U 33 MPEXUTE OT IICEBJIOIPABM, a C'bIO U 332 OPUEHTUPAHUTE MAT-
ponay € paHr 3.

Pesynrarure 3a MpekyM OT NpPAaBU Ce OTHACAT TPAKO U 3a 30HOCAPUTE.
30HOEeIbP Ce HaPUYa BCEKM U3I'bKHAJ MHOTOCTEH, YAUTO CTEHHM Ca IeHTpad-
HO-CUMETPUYHMA MHOTO'BI'BIHUIN (M, KAKTO € U3BECTHO, TOii € LeHTpaJHO-CHU-
MeTpudeH). 30HOeIpUTe Cad BbBEJEHU U UACTUYHO M3YyUaBaHU OT PYCKUA KpUC-
ragorpad ®Pronopos [10] npu M3cnenBane Ha reoMeTPUIHUA CTPOEHK Ha KpUC-
TaJuTe. 30HA HAa 30HOENDbPA Ce HAPUYa BCEKH IMKDBI OT IOCJAEI0BATENHN
C'bCEIHY CTEeHU, YMUTO o6y p'b6oBe ca B3aWMMHO ycliopeAHu. KakTo e usBec-
THO [2], Mpe)krTe OT npaBy Ca KOMOGUHATOPHO €KBUBAJEHTHU CbC 30HOEAPUTE:
Ha [paBUTe, BbPXOBETE U KIETKUTE HA MPEKa ChOTBETCTBAT 30HUTE, ABOHKM-
Te CPEIYIONOKHN CTEeHN U ABOUKUTE CPEMyIoJOKHNA B'bPXOBE HA 30HOEIbP.
Cnenosareno npo6ieMbT 32 HaMUpaHe Ha BCUUKM B'b3IMOKHOCTH 33 GPOA Ha
KJeTKUTE Ha MpEXa ¢ N NpaBU (IIpU NpoM3BOJIHO Nn), KoiTo npobieM Tyk e
penleH OKOHYATEJIHO, MOXKe Ja CE CUATa, Ue BOAM HAUYAJIOTO CU OT U3CJelBa~
nuata Ha $Poomopor or 1885 r. AwnasiorvunmaATr npobiieM 3a onpenesiaHe Ha
BBL3MOKHOCTHUTE 3a OpoA Ha B'BPXOBETE Ha MpPEXa C 7 IIpaBU, T. €. 3a Olpe-
AeJIAHe Ha B'b3MOKHOCTUTE 33 OPOA Ha CTEHMTe Ha 30HOEAPUTE C n 30HU, €
pemasan B [3], [6], [8] u Ap., HO ome He € TONY4YMI OKOHUYATENHO pelICHUE.

B [8] ce mocouBa, ue pe3yATATUTE 3a BH3MOMHOCTUTE 3a 6pOs Ha BbPXo-
BeTe Ha MpexknTe (4 BEPOATHO M APYIMTE Pe3yJITaT 33 MpEH OT IpaBM) ca
CBbpP3aHU M ChC CTATUCTUYECKATA PU3UKA.

2. IPEABAPUTEAHU PE3YJTATHU

Ot HarJeqHU cmo6paﬁ<em/m JIECHO Cce CTUra A0 cJieAHaTa

Jlema 1. Axo A e mpexca c n npasu, 3a 6pos na Kaemxume U € UNFANEHO

sy = () +1- (75 )u,

k>2
xsdemo ¢ 1x(A) e o3nanen 6posm na esproseme cic cmenen k.

Hoxaszameacmao. llle mokakeM Jjiemara TIpU 1Mo-006110TO NpeIoNokKeHue,
Korato A ce CbCTOM OT MCEBJACIPaBU, T. €. OT HENPEKBHCHATH JIMHUM, BCEKK
ZIBE 0T KOUTO ce MpecuyaT edHokpaTHo. Torasa TpancdopMmupame A B 1ipocra
-Mpexa A’ (mak oT ICEeBIONPABHU) IO CIIEJHUA HAUMH. AKO ¥ € BPbX C'hC CTEIEH
k 2 3, al — nceBaonpaBa 1pe3 Hero, 3aMeHAME JOCTAT'hbYHO MaJiKa, I'bFa OT
[, KoATO CBHABPXKA v, C HOBA, KOATO HEe MUHABA Ipe3 U U Npecuyua OcTaHAJIUTe
k —1 nceBnonpaBy npe3 v B pasnuunu Touku. Taka 1mojydaBaMe ICEBAONPaBa
I’ xoaro pasgens k — 1 oT KieTkuTe Ha 1o ase 4yacT. Clle0BATENHO Mpe-
*aTa, KOATO ce rnoiydasBa oT A upes 3amensase Ha [ c I, me uma k — 2 KiIeTku
noseye OT KJIETKATE Ha A. KarTo nocrbnmm no ¢biliva HAUMH CHC cieBalia
IICeBAONPABa 1pe3 v, 6POAT Ha KJIeTKUTe L€ Ce YBEIUUM JOII'bIIHUTENHO ¢ k—3
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u 1. 1. ClegoBaTeNHO, KOTaTO CTEIEHTa Ha v CTaHe 2, I'bpBoHAYAJHUAT Gpoit
HA KJIETKUTE I Ce € YBEJIUYUI CbC

k~2+k—3+~-+1:<k;1>.

Taka nmocTblIBaMe IOCHEA0BATENHO C BCUYKM BbpPXOBE ChC cTeleH 2 3 U B

pesynraT noiayuaBaMme mpexara A'. Karo cyMupame nHaMeperute ypesmude-

HUA Ha 6POos HA KJIETKATE 3a BCEKU BPBX ChC CTeNeH 2 J U B3eMeM NpeIBUI,

ye mpesxata A’ uma (g) + 1 kaeTKM, NoNyyaBaMe TB'bPAEHUETO Ha JIEMATa.
JNecHo ce chobpasspa [4, ¢. 14], ue e B cnia

Jlema 2. Axo Mpemcama A ne e cnon, mo
£(4) 2 2n(4) - 2
Hle noxaxem
Jlema 3. Hexa mpexcama A uma n 2 8 npaeu u f(A) £ In—5. Toeasa
(1) t(A) 2 n—2.

Joxazameacmeo. Axo A e cuom, 1o t(A) = n > n— 2. [lo-HaTaTbk Iue
npeanonarame, ye A He e cHon. [Ile npusnoxuM MHIYKUMA 110 n.
1. Hexa n = 8. Torasa upes 3amecTBaHe U IpuiaraHe Ha Jjema 1 momay-

gaBame
In-5=19,
n k-1 k-1
= - A) =29 — A).
= (3)+1 ;( it kz):( e
C’JIeIIOBaTeJIHO
k—1
(2) c= te(4) 2 10.
| ;( 2 )’“

Ot n(A) = 8 creapa HemocpeacTBeno (umm ot [4, c. 22]), ue
ta(A) £ 7, ta(A) £2, ts5(4) £ 1.

Hexka t(A) = 3. ToraBa ¢ £ 7 u uasaMe 1o npoTuBopeure ¢ (2).

Hexka t(A) = 4. Torapa, KaKTo HemOCPeACTBEHO Ce NIPOBEPABA, aKo t4(A) =
1, 1o t3(A) £ 6, u ako t4(A) = 2, 1o t3(A) £ 3. CuegoBarenso 1 B gBaTa Cily-
yada nodydyaBaMme o < 9, Koero NpoTUBopeun Ha (2).

Hexa t(A) = 5. Torasa uan t4(A) = 1 u t3(A) = 0, unmn t4(A) = 0 u
ts(A) £ 3. OTHoOBO NIpM IBeTe B'h3MOXKHOCTH Moay4yaBaMe o £ 9 u nak umame
npoTuBopeune ¢ (2).

Cunenosatento 3a t(A) ocraBa eMHCTBEHO Bbh3moxHocTTa t(A) 2 6, KOeTo
UCKaxMe Ha IOKaKeM, 3a Ha e UambianeHo (1) B To3u cnyydail.

2. Hera n > 8. Ilpuemame, ue jemMaTa e B CHJia 33 BCiKa Mpexa A* ¢
n — 1 npaBu, 3a KoATo e u3mbiHeHo f(A*) £ 3n(A*) —5.
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Toit kaTo A He e cHom, Wma mpaBa g Ha A, KOATO ChIbPXKA [IOHE 3 OT
BbpxoBeTe Ha A. Torasa 3a 6pos Ha kimeTkuTe Ha Mpexkata A* = A\g mony-
yaBaMe

(3) f(A") = f(A) =r(9) € f(A)~3 £ 3(n-1)-5.
Ot (3) cbriacHo MHAYKUMOHHOTO IIPEAIIOJIOMKEHNE TOIyYaBaMe
t(A") 2 n(A")-2=n-3.

AKo mpaBaTra ¢§ MMHaBa 1ipe3 BbpXxa Ha A%, KOATO MMa MaKCUMaJlHa CTeleH
(xoAToO € moHe n — 3), To o4eBHAHO M3N'biHeHO e (1). Heka g ne munapa mpes
To3M BpbX. ToraBa BBPXY ¢ Lie JeKAT [I0HE n — 3 OT BbpXoBeTe Ha A, T. e.
r(g) 2 n—3 , U e NONYyYNM CJIeIHOTO HOyTouHABaHe Ha (3):

(3" f(A") = f(A) =r(9) € f(A)—n+3 5 2(n-1)
Orryk cobraacuo nema 2 nosnyyaBame, uye A* e cHon. Chelosareiro t(A)
2 t(A*) = n(A*) =n—1. C roBa HOKa3a3TEJNCTBOTO Ha EMATa € 3aB’bPUIEHO.

KaxTo Beue cuiomenaxme, BaauaHocTTa Ha xunoTesa 2.4 Ha ['pronGaym [4]
e ycraHopeHa. CileIoBaTENHO B CUJIA €

Jlema 4. Axo A e mpexca ¢ f(A) < 4n(A) — 12, mo f(A) £ 3n(A) — 5.
llle moraxkem
Jlema 5. Axo mpexcama A e pasauuna om cwon u n(A) 2 10, mo r(A) 2 5.

Aoxazameacmeo. 1. Hexa f(A) < 4n(A) —12. Ot nema 4 nonyvasa-
me f(A) £ 3n(A) — 5. Orryk u or nema 3 ciensa, ye t(A) 2 n(A) — 2 2 8.

Caenosarenno r(A) 2 t(A) 2 8. ;
2. Heka f(A) 2 4n(A) — 12. 3a 6posa Ha pbboBere Ha A we 6516 U3NbII-
ueno fi(A) 2 ;23— f(A). CnexnoBarenno

r(4) 2 ]Q((j))[ Js- %[ 5

Tyk ¢ ]z ce o3HaUaBa Hai-MAIKOTO UAIO YMCHO, KOETO He € [0-MaJKo OT .

3. MPEAHN, CbCTABEHHM OT CHOII N IPOCTA MPEEA

Hexka p, k 1 5 ca HeoTpULIATENHM LeJM YMCHa U TakuBa, Ye § £ min{p—2,
(5)}; npuemawme, ue (3) = (3) = 0. Osnauasame c B’ . CHBKYMHOCTTa Ha Mpe-
JKUTE, BCAKA OT KOUTO e obeluHeHUe Ha pP-CHOM C MPocTa Mpexka ¢ k IpaBmy,
KaTO NpocTaTa Mpeka He ChbAbpiKa NpaBu OT CHOMa, HO § OT BbPXOBETe U
ca MHIMIEHTHU C IpaBu oT cHoma. OT BHLBENEHOTO OI'pDAHUYEHME 33 S HEIOC-
pelAcTBeHO ce cbobpa3saBa, e TakuBa Mpexku uMa. Ille mokarkeMm, ye BCUMUKM
aBoiiku (n, f) oT £ cbOTBETCTBAT Ha MPEXRWTE, KOUTO NpUHALIEKAT Ha (a-

mvuiauute B . B Tasu Toyka me onumem chbBKymHOcTTa F Ha JOIYCTUMMTE
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mBoiiki (n, ), choTBETCTBAIIM HAa MpexuTe oT dpamunmurte B, a B 1. 4 me

nmokakeM, ue £ = F.

Jlema 6. AonEB;Yk/lc 20,05 < (};),p 2 s+2 mo

s = s+ 0+ (5) -

JZoxazameacmeo. OT A € B; , cnensa, ye n(A4) = p+k u ye 4 nma (ocsen
:
BLPXOBeTe CH C'bC CTElleH 2) eUH BPbX CbC CTENEH p U § BbPXa C'hC CTENEH
3. OTTyK chriaacHo neMa 1 nojyyaBame

f(A) = (p;k>+1_ (pgl) _S:p(k+1)+</;> —‘s.

CobraacHo jnema 6 BCHUKK Mpekn oT GaMUIUATA Bs & ONpEeNeNAT elHa

P,k

u cbma gonyctuma Asoika (n, f) :n =p+k, f = p/c+l)+ ( ) —s.
Ka3paMme, ue Ta3W ABOMKA CHOTBEICTBA Ha dpamuiusara By ;. HeHOCpe]_ICTBeHO
noJiy4yaBaMe

Jlema 7. Hexan u k £ n— 2 ca neompuyameany yeau wucaa, a Sp € Un-
mepaaasm [ag, bg), xsdemo

by = (n—k)(k+1) + (l;) ak:bk—min{n—k~2,<§>}.

Tozasa 3a acaxo f € Sy dsolixama (n, f) € F,; masu deoiixa csomeemcmea na
pamuavsma B;,_, . wsdemo s = by — f.

JIema 8. Hexa k u s ca neompuyameany 4eas wucad & maxuea, ve s < (2)
Tozasae csexynnocmma
R(k,s) = {(n(A), f(A)) | A€B, 1, p 2 s+2}
csenada CsC CIBRYNHOCMMA HA Yeronwucaenume moixy (8 dexapmosu xoopduna-
mu) Ha 454

(@) H(bs)={(e,9) |y = (k+ Dz~ (k+ Dk + (’;) —s w2 k+st2).

Hoxazameacmeo. ¥ paBHenmero Ha abua H(k,s) MokeMm na nmpeacraBum
BB BUIA

:(k+1)(x—k)+<§>—s, sSo—k-2.

ToraBa, KaTO IONOKUM £ — k = p ¥ B3eMeM NpeABUL, Ye §

<
v=pk+n+(5) —s s g mintp-2 (4))

O1ryk ce Bikaa, Ye LeJOYMCIEHUTe TOUKU Ha Ibua H(k,s) ce momy4aBaT 3a
LeJIOUMC/ICHUTE CTORHOCTY Ha HapaMeIbpa p, a CbLIIACHO JeMa 6 Te3u Tou-
K/ Ca TOYHO JOMYCTUMUTE ABOMKM, COTBeTCTBAIM Ha amummute By o, T. e.
Te3M TOYKM Ca TOYHO eIeMeHTHTE Ha ChbBKymHocTTa R{k,Ss).

(g) , TToJIydaBaMe
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Ilpencrapeso e maobpaxenue Ha f-amarpama. Toukure (n, f) B f-nuarpamaTa ca 03-
HaYeHU C MaJIKM KBaApaTu. JIMHMUTe, KOUTO I'M cBbp3BaT, ca nbuute H(k,s), onpenenaum
muoxkectBata R(k,s). HauananTe TOUKM Ha Te3M NbLuM Ca 0O3HAUEHU € IUI'LTHU KBAaIPaTH.

3a BCAKAa OT nocnenoBaTeJIHUTE cTroltHOCTM Ha k C’BOTBETCTBAUINTE (g) ycnopenHu JI'b4ya
Ca O3Ha4Y€HU no €4MH M CbH] HAYHUH — penyBalllo Ce C MJI'bTHN U NYHKTHUPAHU JIMHUHA.
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Crencrsue 1. Jdswume H(k,s) u H(g,t) ca ycnopednu mouno mozaea, Ko-
zamo g = k, m. e. K0zamo Te3u AFYY NPECUNAM nPpgsama T = n 68 eOUN U COU
unmepgaa Sk, onpedeaen 8 aema 7.

Ile noxamewm, e npu g # k avuure H(k,s) n H(g,t) cpimo uamaT obma
LEeJIOUKCIIEHA TOUYKa, T. €. Y€ € B CUJIa -

Teopema 1. Bcesxa donycmuma deolixa (n, f) € F csomeemcimea camo na
edna famuaug B;k/k 20,058 (’;), p2s+2.

Hoxaszameacmeo. IlonyckaMe, Ye TBDHDPIAEHMETO He e BapHo. Heka aomyc-
TuMaTa ABoika (n, f) e Touka kakro oT nbua H(k,s), Taka u ot abua H(g,t).
Toit kKaTo Teau JbUM He ca ycrnopenu, 10 ¢ # k. Ilpuemame, we g > k. Ot
(n, f) € H(k,s) cbraacuo (4) monydyaBame

k% + 3k

(5) f=(k+n- 5 5, n2k+s+2
‘Ananornuno ot (n, f) € H(g,t) nonyuaname

743
(6) f=@+1M—g";g~L nzg+tt2

1. Heka g = k + 1. Torasa ot paBeHcrsata 1npu (5) u (6) upes nodsIeHHO
U3BAKIaHE [oJIyYaBaMe

(7) n=k+2+t—s < k+t+2,
a 0T oueHkuTe 3a n 1ipu (5) u (6) nmame
n2g+t+2=k+1t+3,

koeTo nporTusopeun Ha (7).
2. Heka g 2 k+ 2. Cera ot pasencrBata npu (5) u (6) 4Upe3 rmoduneHHo
M3BAXKAAHE I10JyYaBaMe

20t—s)=(9~k)2n—g—k-3).

OrTyk, KaTO M3mOJA3BaMe oueHkuTe 3a n oT (5H) u (6), HaMupaMme cleAHOTO
IIPOTUBOpEYHE:

Wt—s) 2 (g=k)(s+t+1)2 2542 +2.

C TOBa IOKAa3aTEJCTBOTO Ha TEOPEMATa € 3aBbPIIEHO.
4. MHOKECTBOTO £ HA BCUYKHX JONYCTUMU

NBOWKU (n, f)

Teopema 2 (ocmoBHa Teopema). Hexa k 2 3 ¢ ecmecmseno wucao. 3a
acaxa mpenca A ¢ n(A) 2 (“2'1) + 3, x04mo e pasaunna om cHOn, cd 8 cusa
caednume mpu mesplenus:
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Ax. Axo f(A) £ kn(A) - (k“;l) +1, mot(A) 2 n(4) -k +1;
15
k46
Ck. Axo f(A) < (k+1)(n(A) — k), mo f(A) < kn(4) - (31 + 1.

Hoxazameacmeo. 1lle npuioxxum maaykums 1o k. Hpm k£ = 3 reopemara e
manbarena: Az n Cz ¢bBIALAT CbOTBETHO ¢ eMuTe 3 U 4; B3 ciieasa oT ToBa,
ue r(A) 2 4 Bunaru korato A uma none 7 npasu. IIpemnonarame k > 3 u us-
nbiaHeHueTo Ha Ayx—q, Bx—1 1 Ck—1 3a Bcaka mpewa A*, KOATO HE € CHON ¥ UMa,
rnoue (};) + 3 npaBn. Tesu nBe M3MCKBAHUA Ca WU3IIbIIHEHU, aKo MpexaTa A* e
nonydeHa oT A upes oTcrpaHABaHe Ha npasBa U f(A) < 2n(A) — 2; no-HaTaTbHK
caMoO B TaxkuBa ciyuay Ile IpujaraMe UHIAYKIUOHHOTO IMpeAlloloKeH e,

Hoxasemeacmeo na Ax. Axo f(A) < k(n(A) — k + 1), or Cyo1 monyva-
same f(A) £ (k- Dn(A) - (’;) + 1. Orryk c uznonsBaHe Ha Ayx_) HaMMpaMme,
ue t(A) 2 n(A) — k+2. CiienoBarenHo ocTaBa Ja JOKAKEM TBhDAEHMETO Ay,

m§<k;1>.

Joka3aTencTBOTO Hle U3BBLPUUM ¢ UHAYKUWA 1o m. Heka ¢ e npaBa Ha A
¢ r(g) = r(A). Ot By_y (xoraro k > 4) u or nema 5 (koraro k = 4) crnexnsa,
ye r(A) 2 k+ 1. CnenoBarenHo 3a mpexara A* = A\g e e U3MBIHEHO

(8) f(A")=f(A)—=r(g9) S k(n(A)—k+1)+m—k—-1=k(n(A) —k)+m-1.

1. Heka m = 0. Torasa ot (8) cnexnsa, ue f(A*) < k(n(A*) -k +1), n
cvraacao Cyx. nonyyaBame f(A*) £ (k—1)n(4")— (’2“) +1. Otryr 1 o1 Ax_q
sakmouaBame, 4de 1(A) 2 1(A*) 2 n(A*)—k+2=n(A)-k+1.

2. Hexra cera m > 0 u npeamonarame, de Ay e M3II'bJHEHO IIpH IIO-
MaJku cToitHoct Ha m. OT ToBa MHAYKUMOHHO MpeamosiodeHue u o1 (8)
cnemsa, ue t(A*) 2 n(A*) — k + 1, orxbaero t(A) = n(A) — k. Crnenosarenno
r(A) 2 t(A) 2 n(A)—k. Orryk nomydyasame ciieaHaTa no-royna or (8) oueHxa
sa f(A™):
F(A") = f(A)=r(A) £ k(n(A)=k+1)+m—n(A)+k = kn(A")—k*+2k+m—n(A).
Ho n(A)—m 2 (k"gl) +3- (kgl) =2k +2. CunenoBarento f(A*) < k(n(4*)—k
+1). O11yk cbriaacto Cy-1 nonyuasame f(A*) £ (k—1)n(A*) - (g) +1 u kaTo
PUIOKNM Ag_1, 3akimouasame, de t(A) 2 t(A*) 2 n(A*)—k+2=n(A4)—k+1.

LHoxazameacmeo na Bx. 1. Heka f(A) £ Icn(A)f(kzl)—f-l. Torasa ot sOKa-

3aHOTO Bede TBLpAeHUe Ay ronyuasame t(4) 2 n(A)-k+1 2 (k;1)+3—lc+1 =

By. r(4) 2 k+%(k—3)+

Koraro

f(A) =k(n(A)—k+1)+m, 0

A

(ﬁ) +4. Cnenosatenso B To3u ciaydail By e usnniHeHo.

2. Heka f(A) > kn(A4) — (kjl) + 1. T»it kato 3a bpoa f1{A) na prbopete

umame fi1(A) 2 gf(A) nr(A) 2 ];1((;14))

, TO B TO31 CJyYail MojgydaBame
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(A) > 3f(A) | 3k 3k +k-1) 3 ) 15
W2 @ 2T awmrere -2 ¢ Ut Ere e

Loxazameacmeo na Cy. Homyckame, ye TBbpaenuero Cy He e Bapuo. Heka
A e Mpexa ¢ MUHUMAaJeH Gpolt npaBu, 3a KOATO € U3I'bJIHEHO

kE+1 k+1
(9) n(A)=n 2 ( 5 >+3 " lcn—( ; >+1<f(A)<(lc+1)(n—k).
Heka g e npaBa Ha A ¢ r(g) = r(A). Crriaacao Beue gokazanoTo By (u nema 5
npu k = 4) mwe e usnbaneno r(A) 2 k+2 u 3a mpexara A* = A\g nonyuaBame

FAT) = f(A) = (g) < (k+ 1)(n(A) = k) = (k +2) < (k + 1)(n(A") — k).

Hera n(A) > (k42~1) + 3. Torasa n(A*) 2 (k';l) + 3 u 1Bit KaTo (9) He e
M3II'BJIHEHO 33 MPEXHU ¢ no-maiko ot n(A) npasm, To

(10) FA*) < kn(A") — ("";1) +1.

HepagencrBoro (10) e usmrbaneno u koraro n(A) = (k;”) + 3, 3amoTo TO-

rasa unrepBandT St = [kn(4)— (*31)+1, (k+1)(n(A)—k)] cbaspxa camo eano
usito yncito u 1o e f(A). CiuenoBaresnHo uncioro f(A) e c eaMHMUA NO-TOJIAMO
oT jieBus Kpait Ha uHTepBana Si. Ortyk ot f(A*) = f(A)—r(g) £ f(A)—k-2
cnensa, de (10) e usnbiHeHO.

Ot (10), KaTo NPUJIOKMM HOKA3AHOTO BeYe TBBDPAEHUe Ay, Mojydana-
Mme t(A*) 2 n(A*) — k + 1, otkbaero cuemsar t(A) 2 n(A4) —k n r(A4) 2 t(A)
2 n(A) — k. Orryk Hamupame no-touHa oT (10) omenka 3a f(A*): f(4*) <

(k + 1)(n(A) — k) — (n(4) — k) = k(n(4*) — k + 1). Torasa, KaTo Hpuio-
sum Cyoy, monyaaBame f(A*) < (k—1Dn(A*) - () + 1 u f(A) £ f(A*)+n(A)
~1 g kn(A)- (kgl) +1. Ionyuenoro npotusopeyune ¢ (9) Doka3Ba BEPHOCTTA
Ha TBbpAeHreTo Cy.

[Ile orBenexum, ye TeopemaTta € B cuna u upu k = 1, 2, 3, Tbi Karto
unrepBanure Ji, Jo, J3 ¢babpKaT CaMO HEIOIMYyCTUMH YKUCJIA.

Teopema 3. Hexan uk £ n—2 ca ecmecmaeenuy wucaa, a Jp € unmepaaasm
(bg—1,ax), kedemo by = (n—k)(k+ 1)+ (g), ar = by —min{n —k—2, (’;)} Tozasa
3a acaxo f € Jp ne csuyecmeysa mpexmca ¢ n npesu v f xaemxu.

Hoxazameacmeo. lle pasraename oTAesnHO fBa AOMBIBAMIN Ce CIlydad.

1. Hekan 2 (*1')+3. B roau cayuait n—k -2 > (g) map = (n—k)(k+1).
CrprnacHo tBbpaenrero Cy Ha TeopeMa 2, ako 3a Npou3BoJiHAa Mpexa A ¢ n
npaBu e usrbiafeHo f(A) < ag, to f(A) < kn—(k"zH,)-H = b_,. CnenoBaTeiiHo
f(A) e usBbH nurepBana Ji, T. €. TeopeMaTa € U3I'bJIHEHA 3a TO3M CIy4Yail.

2. Heka n < (k;1)+3. Ceran—k—2Z (’;) uagp=(n-—kk+ (;) +2 B
TO3M Clydvail 33 Ab/PKUHATA HA MHTEpBaja Jy IojlydaBaMe

ak—bk_lz(n—k)k+<]2c)+2—kn+<k;1>——1:1.
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Tosa o3navaBa, 4e MHTepBaabT Jr = (bgr_1,a;) He ChbIbpXKA UM UUCIIA.
CrenoBaTenHo U B TO3U ciyuyal HAMa 4yucio f € Jp, TakoBa de ABOMKATa
(n,f) ma e gomycTmMma, T. €. na uMa Mpexa ¢ n npasu u f knerxu. C ToBa
LOKa3aTeJICTBOTO HAa TEOPEMATA € 3aBhPIICHO.

Ot TeopeMma 3 1 jeMa 7 HENOCPEACTBEHO NOJyUYaBaMe

Caencraue 2. Jeotixama (n, f) npunadaexncu na L mouno mozaea, xozamo
umMa yaa0 wucao k u 0 £ k £ n— 2, 3a xoemo e usnsaneno

v+ () minfooboa () €75 @ovarn (2)

Ot caencrBue 2, kaTo BieMmeM npeasuld, ue F C L, u jiema 7, nojydaBame

CaencrBue 3. Csexynnocmume L u F csenadam.

5. HAKOW CBOWCTBA HA MPEXKNTE,
CbOTBETCTBAIIU HA EJHA U CbUIA JOIIYCTUMA OBOUKA

CroraacHo Teopemute 3 u 1 Ha BeaAka ABoiika (n, f) € L cboTBETCTBA €/MH-
crBena pamumna BS  /k 2 0,0 £ s £ (5),p 2 s+2, xato MpexuTe Ha pamu-
muATa umar no n npasu u f kaetku. llle cpaBHUM cnpAMo HAKOM XapaKTepUC-
THKU TE3M MPEXKM C OCTAHAJIATE, KOUTO CBINO MMAT 10 1l IPaBU U f KIETKU.

Teopema 4. Hexa (n, f) e donyemuma deotixa, Q(n, f) e csexynnocmma
na mpexcume, uMawy no n npasu u f xaemxy, a B e mpexnca om damususma
B, CQ(n, f). Tozasa 3a scaxa mpenca A € Qn, f) e usnsaneno t(A) < ¢(B).

Hoxazameacmeo. OT B € B; ; 4 oT Jema 1 ciensa

w=n®=p+k 1= =(3)+1- ("7, -

s < min{n~— k-2, (’;)}

Ocgen 1oBa 1(B) = p = n ~ k. Ilonyckame, ue t(A) > t(B), 1. e. ue t(4) =
n~k+m, m>0. Torasa or sema 1 noiydaBame

f(4) < (g)ﬂ—("‘k;m'l) < (’2’>+1—("”’2“”1)_m(n—k_1).

Cnenosarento f(A) = f(B)+s—m(n—k~1) < f(B). Hoxy4geroro nporuso-
. peune uskmouBa Bb3MokHocTTa t(A) > t(B). Cnenosatesno t(A) £ t(B). C
TOBa [0Ka3aTeJCTBOTO Ha TeopeMaTa € 3aB’bPLIEHO.

Heka n u k ca ecTecTBeHM umciia, YIAOBJIETBOPABALM YCIOBHETO

k+2
(*37)+

(11)

v
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Torasa 3a Bcsko uano f or muTepBana Sy = [ak,bi], onpenesed B nema 7,
npoiikara (n, f) € L u 3a mpeskure o Qn, f), umamm no n npaBu 1 f KJIETKHU,
ue e B cuia Teopema 2. 3a BcaAxka Mpexa A € Q(n, f) e B cusa THPBOTO
TB'bpJ/IEHHE Ha TeopeMa 2, dopMynupaHo 3a k + 1 BmecTo 3a k, a UMeHHO

Apyr. Axo f(A) £ bi, To t(A) 2 n—k.

Ot apyra cTpaHa, C’bIIacHO JeMa 7 GaMUIuATa B, _; ;. KbAeTo s = by—f,
ce chabpxa B Qn, f) u cbriacso Teopema 4 e usnbiseno t(A) £ n—k. Cue-
[OBATEJHO

(12) H(A) = n — k.

W raxa (12) me e usnbiHeHo 3a Beska Mpexa A € U(n, f), kbaero f € Sk,
a k ynosnersopsasa (11), karo MakcumasHaTa croitnocT fy Ha f e cToMHOCTTa
Ha by 3a MakcumaJjHoTo k, yxosiaerBopsiBaiuno (11). Ho cobriiacHo Teopema 3
M Jema 7 gonyctuMure ABoiiku (n, f) ce moilyyasaT camo 3a CTORHOCTH Ha f
ot unrepsana Sx. CnenoatenHo, mam (n, f) € Lu f £ fo, T0 3a MpexuTe oT
Q(n, f) me 6bae uambiareno (12), T. e. Te ille UMAT eHA M CBHIA MAKCUMAJIHA
CTeneH Ha BBPXoBeTe. KaTo B3eMeM npensun, e by = (n—k)(k+1)+ (’;) pacTe
3aeJHO ¢ k M Ye 3a MAaKCMMaJHaTa CTOMHOCT ko Ha k, yaoBierBopsasawa (11),
€ M3II'bJIHEHO

1
%(\/8n~2 ~5)<h £ F(VBn=23-3),

noJjlyvyaBaMme

L :
fo=bg, = (n—ko)(k0+1)+( 20) 2 kon+4 > —g(\/Sn —23-5)+4 > n(v2n—4)+4.

Taka YCTaHOBABaAME BaJIUJHOCTTA Ha

Teopema 5. Hexa (n, f) € L, a Q(n, f) e xaacam mpexcu, umauwu no n npa-
su u f xaemxu. Axo f £ n(v2n —4) +4, mo ecunxu mpexcu om Qn, f) umam
€0HE U COULA MAKCUMEANA CTRENEN KA 8FPTOGeETNeE.
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ON THE CHURCH-ROSSER PROPERTY
AND REDUCIBILITY OF NATURAL DERIVATIONS

CHAVDAR ILIEV

Yusdap Maves. CBOMCTBO UEPU-POCCEPA U PENYKIMWU ECTECTBEHHEIX
Bbl1BOAOB

B cTtathe paccmoTpeno csoiicreo Uepu-Poccepa ansa HekoTOphIX BMZOB PeayKUMH.
Iipennosken npumep, uto peaykuns nedunuponana B (1], He o6nafaeT JAHHKBEIM CBOHCTBOM,
HECMOTPA Ha TO, YTO OHO UCHONb30BAHO JUIA JOKA3aTeNbCTBa €AUHCTBEHHOCTH HOPMalb-
HOit GOPMBI M /51 OTOXKAECTBJIEHUE BLIBOJOB; NOKa3aH BLIBOJ, KOTOPLIA peAyunpyeTca 10
Pa3JIMUHBIX HOPMaJIbHbIX. DTO CBOMCTBO AeHCTBUTENBHO IUIA ©TOM peAyKUMM B TOM Cay-
Yae, €EC/IM OTMEHMM TpeBOoBaHME O NDUIIONKEHUM KOMYTATUBHLIX PEeNYKIUMM TO/IBKO K MAaK-
CUMAaJIbHBIM CErMeHTOM. Tak Kak CBOMCTBO JAelcTBUTEeNbHO Ans (- M 7-pPeAYKLUNU, MOXCHO
NpeiloJIO¥UTh, YTO NpYU N06ABNEHUM KOMYTATUBHBLIX pPeJyKIMU OHO OBl COXPAHUIOCH —
3[ech NOKa3aHO, UTO ®TO BeleT K yTpaTe CBOHCTBa.

Chavdar Iliev. ON THE CHURCH-ROSSER PROPERTY AND REDUCIBILITY OF NATU-
RAL DERIVATIONS

The paper contains a treatment of the Church-Rosser property with regard to several kinds
of reductions. We give an example that the reducibility relation defined in [1] does not possess
the property, although it is used to verify the uniqueness of the normal form and for stating the
identity between proofs; we show a derivation that reduces to different normal ones. The property
for this relation‘appears if we deny the restriction over commutative reductions to be applied only
for maximal segments. The Church-Rosser property is a well-known fact for reducibility of
derivations, and it might be expected that enlarging reducibility with commutative reductions
will save the property. Here we illustrate that in that case the property is lost.
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0. INTRODUCTION

The reducibility relation of natural derivation can be stated by analogy with
A-calenlus: f- and m-reductions are defined for derivations. The question about
the Church-Rosser property for these reductions seems to be clear, since they are
analogous to reductions in A-calculus and the Church-Rosser property is well-known
fact for A-terms [3]. According to the Curry-Howard isomorphism we have the
same fact for implicative derivations. 1t is no difficulty to verify the property for
derivations in the full language.

Another way of stating the reducibility of derivations is using the inversion
principle, as it is made in [1]. Then the question about the Church-Rosser prop-
erty needs some particularization. According to that principle the corresponding
introduction and elimination inference rules are inverses of each other and nothing
new is obtained by an elimination immediately following an introduction, so that
such a sequence of inferences occuring in a derivation can be dispensed with — in
other words, a proof of the conclusion of elimination is already “contained” in the
proof of the premisses when the major premiss is inferred by introduction.

The notions mazimum formule and mazimum segment are based on this princi-
ple and make 1t explicit for the different cases that can arise; the inversion principle
implies that they arc unnccessary detours in a derivation which can be removed. A
derivation is defined as normal (cf. [1]), when it contains no maximum formula and
no maximum scgment. A B-reduction removes the maximum formula. To remove
maximum segments, commutative reductions are stated. They decrease the length
of maximal segments. This allows to define a proper measure and by induction on
it to prove that every derivation reduces to a normal form -- the well-known Weak
normal form theorem. By the Church-Rosser property it follows that the normal
form of every derivation is unique — thence derivations with identical normal form
-can be equivalenced. In studies treating reducibility of derivations ({1, 2]) a detailed
proof of the Church-Rosser property is missing, although it is used to verify the
uniqueness of the normal form. Here we shall examplify that the normal form of
derivations in the full language of intuitionistic logic is not unique when commuta-
tive reductions are carried out only for a maximum segment (this requirement for
commutative reductions is essential for the proof of the Normal form theorem).

It 1s not necessary to require the maximum segment to carry out commutative
reductions — then we call them free (commutative) reductions. Such a reduction
does not always lead to any simplification of the derivation, but sometimes only
changes the places of inference rules. Nevertheless, the refusal of the mentioned
above requirement is essential for the Church-Rosser property, i.e. the reducibility
relation defined by the S-reductions and the free reductions has the Church-Rosser
property.

With the help of the Church-Rosser property we can state a natural equivalence
relation between the proofs (derivations). As we mentioned above, the Church-
Rosser property is valid for fn-reducibility. If we enrich this relation with the
comnmtative reductions, using the Church-Rosser property, we could define a “bet-
ter” equivalence relation between the proofs. We shall examplify that the adding of
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the free reductions to the - and n-reductions leads to the lost of the Church-Rosser
property.

1. DEFINITIONS

We shall represent derivations as terms and let denote them by e, f, g, h
etc. The formulas that derivations are constructed by are in a language containing
&, v, D, 1, V and 3. Derivations are constructed inductively starting from the
atomic ones of the kind [A], where {A4] is the trivial derivation of the formula A
from a sequence of formulas (assumptions, hypotheses) I', with T containing A. For
cach logical constant ¢ (except L) we have two inference rules — introduction and
elimination which we denote by o and o, respectively. In certain steps some of
the assumptions and parameters may be discharged (or closed). To avoid collisions
in substitution operations, we shall put labels on the discharged formulas. We shall
use natural numbers for labels, and we shall write them as an upper index of the
labelled formula A, i.e. A*¥. Tt is suitable to divide the sequence of assumptions
into two ones — A with not labelled and I" with labelled formulas, and to allow
discharging formulas only from I'. We write d : AT — A for “d is a derivation
with conclusion formula A and all uneliminated (or open) assumptions belonging
to AT”. The relation d : AT — A is defined inductively as it follows:

1.1. Definition
1) If A€ A, then [A] : AI' — A;if B¥ €T, then [B*]: AT — B;
yIfdy : AI' — A, dy : AT — B, then &*dod; : AT — A& B;
YIfd: AT — Ag& Ay, then &5d : AT — Ag, &7d : AT — Ay;
YIfd: AT — A, then Vid: AF——»AVB Vid: AT — BV 4;
5) If d: AT — AgV Ay, do : AART — D, d; : AAY'T — D, then
% d(Ak")do(Ak‘)dl AT — D, and the occurrences of [A¥°] and [45) in do and
d1, respectively, are closed;

6) If d : AB*T — C, then Dt (B*)d : AT — B D C, and the occurrences
of [B¥] in d are closed;

7YIfd: ATl — B D C, e: AT — B, then D7 de : Al' — C;

8) If d : AT — A(u), u ¢ Par(AT, then V¥ (u)d : Al — VzA,(z), and the
occurrences of u in d are closed;

9) If d : AT —> VzB,(z), t is a term, then V™td : AT — By(t);

10) If d : AL — By(t), t is a term, then 3%td : AT — 2B, (1);

YIf d: AT — 32B(z), e : AB¥(u)' — C, u ¢ Par(ATC), then

3-d(B*,u)e : AT — C, and the occurrences of [B*] and u in e are closed;
12) If d : AT — 1, then 17d: AT — B.

By [F] we shall denote derivations of the kind [A] or [B*]. The occurrence
of [F] in a derivation is said to be open (or F' is open) if it is not closed in the
subderivation in which [F] occurs. Open parameters are defined in the same way.

Note. According to the definition a labelled formula can be open, but if a
formulais closed, it is surely labelled. Also, a formula or a parameter may have open
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and closed occurrences in a certain derivation, depending on the subderivations it
is met in.

Derivations that only differ with respect to closed parameters or labels of closed
formulas should be counted as identical.

A conclusion of inference rule is the conclusion of the derivation obtained by
immediate applying of the rule. Major premiss of an elimination rule o~ is the
conclusion of the derivation written immediately after o~. Length of a derivation
is defined as the number of the occurrences of strings of the kind o~ or ¢t in the
derivation.

1.2, Substitution operations

By [d | F : €] we denote the result of replacing the open occurrences of [F]in d
with the derivation e. The result of replacing the open occurrences of a parameter
u in d with a term t is denoted by [d | u : t] or shortly d,(t). We say that a
collision appears at the substitution operation if a closed formula or a parameter
of the derivation we substitute in occurs as open in the derivation or in the term
we substitute with; or when substituting in a derivation or a subderivation of the
kind 3~ d(B*, u)e, BE(t) for some term t occurs as open in the derivation we sub-
stitute with (by BE(t) we mean (B,(t))*). Collisions may be avoided by renaming
closed parameters and proper change of labels of closed formulas. Since we have
equivalenced derivations that differ with respect to closed parameters and labels of
closed formulas, we shall assume that collisions do not appear at substitutions.

By ©,(t) we denote the replacing of the parameter u with the term ¢ in all
formulas of © (O is a sequence of formulas).

Lemma. a) Let h: AT — D. Then [h | v :t] 1 A, ()T () — Dy(t).
b) Let h : AFT — C and g : AT — F. Then [h | F': g] : AT — C.
Proof. An induction on the length of h is applied.

2. REDUCIBILITY OF DERIVATIONS

2.1. B-reductions and commutative reductions

We define reductions as formal expressions of the form g ~— ¢’ as follows:

(81) &7 &tdody — di, i<2;

(82) V™ VF d(A8)do(AR)dy — [di | AF 1 d), i< 2

(83) D=2 (B*)de — [d| B* : ¢];

(84) V-Vt (u)d— [d]u:t];

- (B5) IT3Ttd(BF u)e— [[e | u:t)| BE) - d];

(el) o=3d(B* u)eY »— A=d(B* u)oeY;

(c2) o= V™ d(AE)do(ARYd Y — v d(AE)om doY (A¥)e—d, Y .

The expressions (41)-(85) we call §-reductions and (cl), (c2) — free commu-
tative reductions. Y is an expression depending on ¢~. For (c1) we assume that
v and Bf(t) (for any term ¢) do not occur as open in Y; and for (¢2) we assume
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that A% and A% are not open in YV (these requirements are not restrictions over
(c1) and (c2), since they concern closed parameters and labels of closed formulas).
In the expression of the kind g — ¢’ the right hand side ¢’ is called a reduction of
the left hand side g. We write d }—; d’ for “d’ is obtained from d by replacing a
subderivation of d by a reduction of it”. The reducibility relation is defined as the
reflexive and transitive closure of }—, and it is denoted by |—. A derivation is said
to be irreducible if it reduces only to itself.

2.2. Maximum formula and maximum segment

Mazimum formula is a formula which is a conclusion of introduction rule and
magor premiss of the corresponding elimination rule. A derivation of the form
o~dY is a marimum segment if there exists a sequence of derivations d; (i £ n)
such that dp is obtained by immediate applying of ¢ (the corresponding of o),
for every 1 > 0 d; 1s obtained from d;_; either by V= or by 37, for every ¢ > 0 the
conclusions of d; and d;_ 1 are identical, and d,, = d. The number n is called length of
the mazimum segment. A derivation is defined as normal if it contains no maximum
formula and no maximum segment. By [-reductions the maximum formulas are
removed (although new ones may appear) and the commutative reductions decrease
the length of maximal segments in the cases they occur. It is not necessary to
require a maximum segment to carry out a free commutative reduction. When we
require the left hand sides of (¢1) and (¢2) to be maximal segments, the reducibility
relation that arises is denoted by |— (as defined by Prawitz in [1]). Obviously, a
derivation is normal if and only if it is irreducible (in the sense of }-—-). According
to the Weak normal form theorem every derivation reduces to a normal one. If b
had the Church-Rosser property, every derivation should reduce to unique normal
form. Here we give an example of derivation which reduces to different normal
forms, i.e. | does not possess the Church-Rosser property and the conjecture ([1])
that two derivations may be equivalenced only if the normal derivations to which
they are reduced are identical is not valid.

2.2.1. Example. Let A, B and C be formulas, u ¢ Par(AC), D = B& (A& C),
and F = 32D,(z). We construct the following derivations:

dy = &FT[A¥& T &7 [D"]: FAFDY — A& C,

dy = &7 [D"]: FB™D" — A& C,

d=Vv} & [D"]: FD* — AV B.

Then e = V~=d(A*)dy(B™)d; : FD" — A& C. Let

- h=&T37[F(D" u)e: F — C.
We shall show that A reduces to two different ones.

A&C is a conclusion of &*[A*]&T & [D"], which is obtained by immediate
applying of &%, and next the rules V™, 3~ and &7 are applied consequently, i.e.
we have a maximum segment, so we can carry out the following reductions:

h=&737[FI(D" u)e - 37 [F)(D™, u)&7 e (by (cl))
=37 [FI(D™, u)&i v~ d(AF)do(B™)d:  (by (c2) in & V™ d(A*)do(B™)d))
= 3T[FUD™, u) V™ d(A*)&T do(B™)&T ds.
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VT d(AN)&T do(B™)&T di = VT VT &5 [DM(AR) &y do(B™)& T &7 (D] (by (B2))
b [&T &7 [D"] | B™ 1 &g [D™]] = &7 &7 [D),
1.€.
VTd(AR)&T do(B™)&T di b &T &7 (D).
Then :
37 [FI(D™, u) V™ d(A")&; do(B™)&T dy k- 3T[F)(D™, u)&i &7 [D™).
We have
ho= & IT[FI(D* we = IT[FIDY, u)bey &1 [D™] = ho,

and hg 1s normal.

On the other hand,
e = V7 Vi &5 [D")(A%)do(B™)&T [D"] (by (82))
b &y (DM B &g [D7]] = &7 [D7].
Then
h=&7AT[FI(D", u)e [ &TIT[FYD™ u)&T [D"] = hy.
In h; we can not carry out the reduction

&T3IT[FID™ w [D™] b 37 [FID™, w)&ey &7 [D],

since &7 37 [F](D", w)& [D"] is not a maximum scgment, hence h; is normal. We
have

h = ATFUD u)bey & [D"])=hg and A k= &TIT[FUD™ w)&T[D"] = hy,
where hg and h; are normal and not identical.

There may be objection in connection with the derivation V=d(A*)dy(B™)d;,
since no assumption is closed in di by V™, but if we take & &*[B™]d; instead of
dy, by a similar way we can reduce h to hy and h;.

As it is secen from the example, the reason for the different normal forms of
one and the same derivation is the restriction over commutative reductions to be
applied only for maximal segments.

We can redefine the notion “maximum segment” by changing “dy is obtained
by immediate applying of o% (the corresponding of ¢7)” in the above definition
with “dy is not of the kind 3~ g(B*, u)e or V™ f(C") fo(D?)fi”. Then we have: a
derivation is normal (contains no maximum formula and no maximum segment) if
and only if it is irreducible (in the sense of }—).

3. CHURCH-ROSSER PROPERTY

In this section we shall give a sketch of the proof of the Church-Rosser prop-
erty for reducibility relation constructed by S-reductions and the free commutative
reductions. Also, we shall examplify that the extention of this reducibility relation
with n-reductions leads to the lost of the property.
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To verify the property, we shall use the Tait’s idea for A-terms.

3.1. Fast reduction

The relation “fast reduction” is defined inductively using the already defined
reductions. We shall denote it by “j—

Definition.

(R1) di~ d;

(R2) if d; it— e; for every i < 2, then &% dod; i— &teges;

(R3) if di~ o', then & d i~ & d' for every i < 2;

(R4) if d i~ e, then VId i~ Ve for every i < 2;

(R5) if di~ d', di i~ e; for every i < 2, then

V7 d(B*)do(C™)d; i V™ d'(B*)eo(C™)er;

(R6) if d 4 d', then DF (B*¥)d -2+ (B¥)d';

(R7) ifdi- d', e = €, then D7 de -2~ d'e’;

(R8) if d 1~ d’, then V* (u)d 1— YVt (u)d’;

(R9) if d i~ d', then V™ td — V™ td’;

(R10) if d 4— d', then 3*id - 3t d’; ’

(R11) if d i~ d, e i~ ¢, then 3 d(B*, u)e - I3~ d'(B*, u)e’;
(R12) if d - d', then L7d 1~ L~ d';

(R13) if d; 1 e;, then & &*dod; 1~ e; for every i < 2;

(R14) if d— d', d; 1— ¢;, then
TV d(AE)do(AR)dy i e | AF o d for every i < 2;

(R15) if d - d, e i~ €', then D™D (B¥)de i— [d' | B* : ¢'];
(R16) if d — d', then V=tV¥(u)d 1— [d' | u : t];
(R17) if d i ', ¢ t— ¢, then 3~ I+ td(B*,u)e — [[¢' | u: t] | BE(t) : d');
(C1) if o~eY 11— €, d - d', then 0~ 37 d(B*, u)eY 1— I~d'(B*, u)e/;
(C2) if 67d;Y 11— d} for every i < 2, d i~ d’, then ‘
o~ V™ d(AR)do( AR )Y 1= VT d (A0 )y (AR )d].
As for (c1) and (¢2) we have similar requirements for u, B¥, A% and A% in

(C1) and (C2).
We shall call (R1)-(R2) simple (fast) reductions.

It is almost obvious that the transitive closure of |— coincides with —. To
prove that fact, it is enough to verify:
1) ifd —, g, then d — ¢, and
2) if d i g, then d — g.
The first condition verifies by induction on d, and the second — by 1nduct10n
on the definition of —.

Definition. The relation j— has the Church-Rosser property if for every d,
dp, d; that d }— dy and d |— d; there exists d* such that dy f— d* and d; — d*.

Using the fact that if a relation has the Church-Rosser property, then its reflex-
ive and transitive closure also has the property (cf. [3]); to verify the Church-Rosser
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property for }—, it is enough to verify it for —. We can not prove the property
directly for —, since }—; does not possess it (it is easy to give an example).

First we state two commutational lemmata which say that 1— commutates
with the substitution operations from Section 1.

3.1.1. Lemma. If hy— h', then [h | w:t] i [A' | w : ]

3.1.2. Lemma. If h: AFT — C, by : AT — F and h — b/, hy — hi,
then [h | F: hy] - [A'] F : h{].

The proof of the lemmata is carried out by induction on the length of h.

3.2. Theorem. The relation \— has the Church-Rosser property:
if h— h® and h w— ht, then there exists h* such that h® w— h* and
R\ h*.

Proof. An induction on the length of h is applied. If b = [F}, then the
only possibility for k® and k! is h® = [F] and h! = [F]. Then h* = [F]. We
shall treat in details only one of the cases concerning commutative reductions —
h = ¢=3-d(B* u)eY. The case h = o~ V™ d(Af)do(A¥)d1Y is similar. A
treatment of the cases concerning §-reductions may be found in [2].

Let h be of the kind o~ 3~ d(B*,u)eY. The following subcases arise:

1. 037 d(B*, w)eY i— 3-d°(B*,u)e® — h® (by (C1)) and

o~ d(B*, u)eY — o~ 3 d" (B*, u)e!Y! = h! (by simple reduction),
where by hypothesis we have o~ eY i~ €°, eY = €'Y, dy—~ d for j =0, 1.

We have to show that there exists h* such that h® — h* and h! — h".
The induction hypothesis is valid for c7eY. We have 0-eY 11— o~ e'Y! and
o~ eY i— €%, hence there exists e* such that 07 e!Y! j— e* and €° — .

By the induction hypothesis for d we have & ~ d* for j = 0,1. Let
h* = 3-d*(B*, u)e*. Then

RO = 3-d°(B*, u)e 1— I=d*(B*,u)e*  (by (R1T)),

bl = ¢=37d (B, u)el Yl = 3-d* (B u)e*  (by (C1)).

2. 0-3d(B*, u)eY 1 37d°(B*,u)e® = h®  (by (C1)),

0~ d(B*, u)eY 1 37d}(B* u)el = At (by (C1)),
where 0= eY |- €' for [ = 0,1, and d i o/ for j = 0,1. By 0™ eY (i~ & for j = 0, 1,
and by the induction hypothesis for 0~ eY we have that there exists e* such that
¢! i e* for { = 0,1. By the induction hypothesis for d : d7 j— d* for j = 0, 1. Let
h* = 3=d*(B*, u)e*. Then by (R17) we have

h® = 37 d%(B*, u)e® - 37 d* (B, u)e*
and
Al = 37 dN(B*, u)e! i~ I7a*(BX u)e”.

3. h = o~ 3~ 3Htd(B*, u)eY.

h = o~ 373ttd(B*, u)eY — I~ITtd°(B*,u)e” = h®  (by (C1)),

3-3ttd(B*, ule i {[¢/ | u: t]BE(t) : d') (by (R17)), and

h=oc~3"3td(B*, u)eY 11— o[l | u:t] | BE(t): d']Y' = h' (by simple
reduction), where we have d |- dforj=01,epe, 07 eY e’ and Y - Y1
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We assume that BF(¢) is not an open assumption in ¥ and u is not open in Y,
hence in Y. (New open parameters and formulas do not appear by reductions.)

By the induction hypothesis for d: d/ j— d* for j = 0,1. By e i~ ¢ and
Y i Y1 it follows o7eY — o7 e’Y'! by simple reduction.

The induction hypothesis is valid for c7eY and 0~ eY 11— 0~ €'Y
hence there exists ¢* such that ¢~ e'Y! i~ e* and ¢’ I e*.

BE(t) is not open in Y'!; u is not open in Y'!, hence

ol |u:t] | BE@E) : dM Yt = [[o7e'Y [ u:t] | BE(t) : d'].

By Lemma 3.1.1 and o~ €¢’Y! j—~ ¢* we have [o~¢/Y! u:t] i~ [e* | u : 1], and by
Lemma 3.1.2 it follows

oY ust] | Bi(t) +d'] i [le* [u: ] | BE(t) : 7],

LomeY |~ ¢,

W =o7[[e/ |u:t]| BE(t) : &)Y [[e* | u : 8] ) BE(t) : d*).
Using € (— ¢* and &/ — d*, j = 0, 1, we have

37 3d(B*  w)e” i~ [[e* | w i t] | BE(t) - d”] (by (RT)).
Let 2* = [[e* | u: €] | B¥(t) : d"]. Then

R® = 373%d(B* w)e! i [[e* | w:t] | BE(t) : d7)

and

R =o"[[¢ | u:t]] BEW) : d']Y 1= [[e” | w:t] | BE(t) : d).

4. h = 0~3737d(B*, u)e(C™,v)gY .
h =0~ 3737d(B*, w)e(C™, v)gY 1~ o737 d°(B* w)e'Y! = A°
(by simple reductton, where I7e(C™,v)g i— €’ and then
373 d(B*, u)e(C™, v)g i~ 37d°(B*,u)e’ by (C1))
and
h=0"3"37d(B* w)e(C™, v)gY i~ 337 dY(B*, w)e (C™,v)g' = A1 (by (C1)),
where d &, j = 0,1, 37 e(C™, v)g—e', 6 gY ~¢', e~ e! and YV i— YL
By the induction hypothesis for d we have d/ j— d*, j = 0, 1. It is necessary to
exist e* such that ¢~e'Y? - e* and 3= (C™, v)g’ — e*. Using 37e(C™,v)g - ¢’
and Y = Y1, we have 6737¢(C™,v)gY 1— o~ ¢'Y! by simple reduction. Also
o7 gY 1~ ¢’ and e j— e!, hence
e~ 37e(C™, v)gY - 3 (C™,v)g"  (by (C1)).
The induction hypothesis is valid for 0737 ¢(C™, v)gY, hence there exists e* such
that o~ e’Y! - e* and 37e'(C™,v)g" 1~ e*. Let h* = 3=d*(B*,u)e*. Using
o'V~ e*, & = d" for j = 0,1 and (C1), we have
R = 0737 d°(B* w)e'Y! — I d*(B*,u)e”.
By 3¢} (C™,v)¢’ i~ €*, & 1~ d* and (C1) we get
h' = 3737 dY(B*, w)e}(C™, v)g' - T~ d* (B, u)e”.
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5. h=0c~3" v~ f(Af) fo(AR) f1(BF, u)eY . _
h=0"37V" f(AE) fo(AT) f1 (B, w)eY 1 3=V fO(Ako) fO(AR1) fO(BE y)e! = RO
(by (C1)), 3 fi(B*,w)e i f!{ for i = 0,1, and then

37V F(AS) fo(AT) Fu(BF we i VT FH(AG) f5(A) S (by (C2)),
h=0"3" V™ f(AL) fo(AV) fi(B* w)eY 1= o~ V™ fHal) fo(AM iyt =
(by simple reduction).

We have o=¢eY i €, fii f0, 37 fi(B*, We i fl,i=0,1, fu f for

j=0,1,and Y i~ Y'. We need f§ and f7 such that

CIY e Sy, TR e S o Y e 3B W e
By 37 fo(B*, u)e i— fj and Y 1~ Y! we have 073~ fo(B¥, u)eY 1= o~ fiY! with
a simple reduction. v

By o=eY ¢, fo i~ f§ and (C1) we get =37 fo(B*, u)eY 1— 37 f3(B*, u)e'.
The induction hypothesis is valid for =37 fo(B*, u)eY , hence there exists f; such
that o~ f3Y! — f3 and 37 f3(B¥ u)e’ w— f5. Similar, we have f; such that
o fiY = ff and 3 f2(B*, w)e w— f7.

By the induction hypothesis for f we have f° — f* and f! i~ f*. Let h* =
VAR (AR fr By £O e fr, 3T IR(BE e i f3, 3 f(BE u)e - f
and (C2):

RO =37 V7 [O(A) S (AP 1 (BE, w)e! 1= VT (Ag) 5 (AT) ST
By o= fiYl = f5, 0 fiY1i— fr and (C2):
=07 VT A ATAY = VT (A AT
The proof is completed.

We define the following relation: dy = dy if there exists d* such that do — d*
and dy — d*. Using the Church-Rosser property it is easy to verify that = is an
equivalence relation (cf. {3]).

3.3. 7-reductions

We can enrich }— with the following reductions, called n-reductions:

(nt) &Y&g;d&7d— d;

(12) V7d(AR*) VE [Ag)AT) VT [A] ~ d;

(n3) D% (B*¥) >~ d[B*] ~ d if B is not open in d;

(n4) VT (u)V-ud — d;

(n5) 3~d(B*,u)3*tu[B*] — d.

It is easy to show that when (— is eniarged with the n-reductions, it does
not possess the Church-Rosser property. Let D = A& (B&C), u ¢ Par(BC)
and F = 32D,(z). Obviously, g = I7[F)(D¥,u)&][D*], for which we have
g:32(A& (B&C))u(z) — B & C, is irreducible.

Let h = &t &g I~ [F(DF, v [DF}&y 37 [FI(D*, u)&] [D*]. We have

&t &g 3T[FY(DF, )&t [DM&T 37 [FI(DF, u)&y [D]
- 37 [F)(D*, w)&T [DF] =g, (by (n1))
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and
&* &g 3T[FI(D*, w)&7 [D*)&7 37 [FI(DF, w)&y [DF]

- & 3T[F)(DF, kg &7 [DF]37[F)(D*, w7 &7 [D*] (by (c1)).
Obviously, &*T3[F](D*, u)&y &7 [D¥)3[F(D*, u)&T &7 [D¥] is also irreducible
and different from 3~ [F}(D*, u)& ] [D¥], i.e. h reduces to two different irreducible
ones. This verifies that the Church-Rosser property is lost when +— is enriched
with n-reductions. This example also illustrates that the reducibility relation which
arises from 7-reductions and commutative reductions does not possess the Church-
Rosser property.
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OBOLBIIEHHBIE PEIIEHN A
JMHEWHLBIX YIPABJAEMBIX CUCTEM

BIAAUMUP HAKAJIOB

Baadumup Yaxanoe. OBOBIUEHHBIE PEUIEHWUA JVHERHBIX YIIPABAAEMBIX
CUCTEM

B paBoTe paccMaTpuBaeTcd NuHeldHas YUDaB/lAeMas CUCTEMA Ha KOHEUHOM CEFMEHTe.
OcHoBHOI PEe3yNbTAT CONEPXKUTCA B TeopeMe 2, rae AAIOTCA YCJIOBUA ANA CYUECTBOBAHMA
06OBGUIEHHBIX pellesuii, KOTOphie , MePeHOCAT 06bEKT OT OAHONK Touku no apyroit. [lpu
Tom unTencuspocTb | (M3MepAIOMan 3aTPaueHHYIO ®HEDPIMIO JUis NepeHeceHuA obbexTa,
3HaUeHUS KOTOPOH CyTh HOPMBI YHKUMOHANOB NOAXOAANIENO CONPAYKEHHOrO MPOCTpPaHCT-
Ba} N0CTUTAET HaMMeHbllee 3HaUeHne. TaK Kak MHTerpaJbi B DELIEHUN ABNAIOTCA HEPa3Jlo-
KUMBIMM DJI€MEHTAMU €QUHWUHOIO 1apa ®TOr0 CONPAKEHHOro NPOCTPAHCTBA, MBI MOXKEM
B HEKOTODLIX CJHY4YadaX HalTUM MX U TakuM o6pa3oM YTOUHUTH DeleHMe CHUCTEMBI. DTOT
NOAX0/ MANKOCTPUPYETCH Ha ABYX MpUMepax.

Viedimir Chakalov. GENERALIZED SOLUTIONS OF LINEAR CONTROL SYSTEMS

In the present paper we consider a linear control system on a finite interval. The main result
is Theorem 2, which gives sufficient conditions for the existence of generalized solutions, that steer
given object from one point to another. The intensity I (it measures the energy spent to steer the
object, and its values are norms of functionals belonging to a convenient conjugate space) achieves
its smallest value. Since the integrals involved in the solution are extreme points of the unit ball
of the corresponding conjugate space, in some cases we can determine these integrals and thus
obtain an effective solution of the given system. We illustraté the method with two examples.

CylecTByoT pa3IMuyHble MeTOAbI LS pelleHnA 3a4ay4 TeopUM JMHeAHoTo
ontuManpHoro ynpasiesna. QanH U3 HUX ABJIAETCS PA3HOBUIAHOCTBIO KJIaCCH-
yeckoi Teopun MoMeHTOB. OH MPOUCXOAXUT OT OJHON DKCTpeMalbHOM 3a1aun,
paccMarpuBaemMoit A. Mapkopeiv B xonue XIX croserus (cm. (1], (2] n (3,
ctp. 120-130]). B cBOEM neppoHavalibHOM BUIE BTY 3aJaUy MOMHO CHopMy-
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JIMpOBaTh CJEIYIOINM 06pa3oM.
[ycts F — MHOkecTBO BCEX AEHCTBUTENbHBIX GyHKMU f, UHTETPUPY-
eMbIX Ha cermeHTe [a, b] M yA0BIETBODSIONIMX YCIOBUAM
a)0< flz) L (z€ab)),
b b b
6) ff(l‘) de = «ay, fxf(:c) dr =ay, ..., f:l:"_lf(z) de = ap-1,
a a

a
rne L >0, ag, @1, -.., op_1 — 3adaHHble uncia. Halttu te dpyuxkuun f € F,

b
IUIs KOTopbIX mHTerpan [ «"f(x)dz mocturaer HamBosbuiero ¥ HAUMEHLIIETO

a
3HaYECHNUS.

A. MapkoB HallleJ mpocToe pelllehre sToi 3anaun. Hapany c Helt oaHako
OH PacCMOTpEN M HEKOTOPble AAaJeKo uaylwe 05obIeHns, UCIONb3ya BUPTY-
03HO alnapaT HelnpephBHBIX Apobeil. HecMoTpA Ha BaMKHOCTH TIOJIYUYEHHBIX
pPe3yNThTATOB, TPYAHOCTL MCIOJbB3y€EMOro allliapaTa He cnocobCTBoBaa pac-
npocrpanenuro unei# A. MapkoBa cpenn mateMaTUKoB. EaBa B camMoM HavaJie
TPUALATHIX ['0X0B HacTosAutero crolerus H. Axuesep u M. Kpeita o6parnance
K aToit Temature. Mcrnonsays paszpaboraHuyo B TO BpeMs TEOPHIO MOMEHTOB,
OHM MTPOJOJLKUIY M yray6uan ucciaenosanua A. Mapkosa. Oaxa 13 paccMmor-
PEHHBIX MMM 3aJadY 3To TakK Ha3biBaeMasl L-nnpobaema. KEe caMmblif npocrtoii
BApMaHT GopMyAUpPYeTca creayoumm obpasom [4-7].

KakuM ycioBUAM HoMKHDBI YAOBAETBOPATL uncna. L > 0, ag, o1, ..., &n—1
JUISL TOI'0, YTOGLI YCI0BUA a) U 6) BblIM COBMECTUMBIMHU, T. ¢. YTOBB MHOMXKeC-
TBO I He BblyO MyCTO.

OrTa u cXOo[HBIE C Hell 3a4a4y NONYyJYuan HauMeHoBaHMe , L-nipobiueMa A.
MapkoBa“. B nocaenywoiunee Bpema M. Kpeitn 0606mun L-npobaemy.u cBs-
3aHHbIE ¢ Hell sKCTpeMaJibHble 3aJaun AJid JN106bIX YeSbIIeBCKUX cUcTeM (CM.
[8]). ToapobHoe M3MOMkKeEHUE €0 PE3YILTATOB COAEPKUTCA B €I'0 W3BECTHOR
pabore [9], a Tak >ke B [10, ra. VII u IX]. Ob6utan popmymuposka L-npoGieMnl
A. MapkoBa noHacTOAIIEM CHeAyIOMaA:

Ilycts X nopMuposaHHOe (LeACTBUTENbHOE WM KOMILIEKCHOE) JIMHEMHOEe

NIpoCcTpaHcTBO, X* — CONpAKEHHOE MPOCTPAHCTBO, nycts L > 0, ay, aq, ...,
@, — 3ajaHHble YMcia (HeHcTBUTe/IbLHBIE WM KOMIIJIEKCHBIE BMecTe ¢ X ), a
Z1, ... &, — vJiaeMentbl X. HaliTu ycioBus, 1IpM KOTOPBIX CYUIECTBYIOT JIM-

HeliHble QyHKIMOHANB! A € X* | yHOBIEeTBOPAIOUINE YCIOBUAM
Mer)=oar (k=1,...,n), |All <L

H. KpacoBcknii mepsriii 3ameTus1 B cBorx pabotax [11] u [12], uto L-npo6-
nema A. MapkoBa ABIAEeTCA yAOGHBIM MHCTPYMEHTOM [JIA PENICHUA OJHOM U3
3a72a4 AMHEHIHOr0 ONTHMAaJILHOrO YIIPAaBJIEeH!A, a UMEHHO 3aJa4a 0 HaX 0K IeHUH
YOPABJIEHMA, MUHUMU3MDYIONEro T. Ha3. MHTeHCcUBHocTb. [loaHoe nanoxenue
®TOro MoAX0/Ja, COUeTaHHOe ¢ GONbIINM YMC/IOM NPUIOKEHNUH, HAXOANM B MO-
Horpaduu [13, rn. 5 u 6].

B HacTosmieit pabote paccMaTprBaeTca Ta Ke camas 3aldada. Jlnd ee
peIleHns UCIoJb3yeTCst 0JHO yTouHeHne L-npobaemel A. Mapkosa (cMm. [14]).
OTO M03B0JIAET HAM HaWTH NPOCThIE 0GobIIeHHbIe PEllleHUs yIIpaBiseMoii cuc-
TeMBI KaK B JeHCTBUTENLHOM, TaK U B KOMILIEKCHOM ClIyuae.
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ITocraHoBEka 3amaumn. [lycTh 3anaHa cuctema AuddepeHIMaNbHbIX ypaB-
HeHHnH

(1) i = A(t)z + B(t)u
C HayaJILHbIM yCJIOBUEM
(2) 2(0) = zo # 0,

n n m
rae A(t) = (aij(t))z —1 =1 Bt) = (bkz(t)) k=10 1= ~ MATPMIbL, BICMEHTEI
KOTOPBLIX CYTh HenpepblBHble pyHKIMK Ha cermente [0, 7], u = (uy, ..., Um) —
m-MepHaA BEKTODHas GYHKIMA (ynpaBiieHWe), KOMIOHETH KOTOPO# — cyMMu-
pyemsle pyHkium Ha cermente (0, 7], 2o = (zo1, ..., Zon) — n-MePHLIH BEKTOPD,
az = (x1, ..., Tn) — pelieHne cucteMnl (Tpaekropusa). Paccmarpupaemsble

GYHKUMHU M BEKTOPBI MOTYT OBITh KakK AeACTBUTENLHBIMU, TaK U KOMILIEKCHBIMUA.
Mb1 06heIUHMM PACCMOTPEHME BTUX JBYX CIydaeB, HO Ha COOTBETCTBYIOUIMX
MecTaXx 6yleM oTMeYaTb PA3NUUMA MEXIY [0JYYEHHBLIMUA Pe3yTbTaTaMu.

Eciu u — ynpasieHue, a X(t) — peumenve mMaTpuusoil cucremsl X (t) =
= A(t)X(t), npu uem X (0) — eavHMUHAA MaTpULA, TO COOTBETCTBYIOllee pe-
wenue z cuctemsl (1), yaoBierBopsAmolee HavalbHOMY yciosumo (2), 3anaerca
dopmy o

(3) 2(8) = X{0) |20 + / X~ (r)B(r)u(r) dr

[Tonoxum i KpaTKOCTU
m

(4) ~X"1t)B(t) = C(t) = (Cil(t)) i:l’ =1

OueBuaHoO, YTo GYHKUMM c;; HeMpephiBHBI Ha cerMenTe [0,7]. Bynem oGosua-
yaTh 4depes ¢; BEKTOpP-QYHKIMU

(5) CiI(C,‘l,.,.,Cim) (i:l,...,n).

WUwmes seuny (4), MoxHo TaTb popmyie (3) Bun
t
z(t) = X(t) |xo — /C(T)u(f)dr
0

YrpaBieHne u MopoxAaeT BeKTopHywo Mepy Ha cermente [0,7]. IloscHum,

gtro eciu ¥ = (Y3, ..., Y;n) — m-MepHasa (HempepbiBHAfA) QYHKIMA, p =
= (41, --., #m) — m-MepHas BekTopHaf Mepa u C(t) — (n x m)-marpuna,
97IeMEeHTHI KOTOpO#t cyTh HenpephiBHble pyHxumu Ha [0, T], To

T T T

Jywaun = [HOdn@ -+t [ Yo dun

0

T

/ cOaut) = | [ ) duct) / Cult) du()

0
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CoBepuIeHHO €CTECTBEHHO CUUTATh, UTO NPOU3BOJIbHAA BEKTOPHAA Mepa [l
ABNAeTcA 060OWEHHRIM ynpaBienueMm (3mech p = (uy, ..., Um), TIAE p
(l=1,..., m) — nelcTBUTEJIbHbIC NI KOMIIJIEKCHBIE Mepbl BMECTE C CUCTE-
Moit (1)). Mcxons oT.2Toro 0o60ob1menns NOHATUA yIPABIIEHNA, Mbl MOLIA Bbl
3aKJIIOYMTB, YTO COOTBETCTIBYyloUlee 0GobieHHoe pemieHne cucremnr (1) umeet
BUI

(6) | 2(t) = X(1) xo—/C(r)dp(r) .

Takoe 3akmouenre G110 GBI OCHENHBIM, TaK KaK HE UCKJIIOUEHO, 4TobBI Mepa
{4 cocpeloToYMBalia HeHyJieByIo (BeKTOopHY®o) ,Maccy“ B Touky ¢ = 0. Tor-
na ogesuano z(0) # zp, T. €. TPAEKTOPUA He YAOBJIETBOpPANa 6Bl HauaJIbHOMY
yeaosuw (2). Honaras

(1) = 0 mna t=0,
=11 ana 0<t T,

JIETKO TOJIy4YaeM, YTo n-MepHas GyHKkuma z(t), onpedelieHHasd PaBeHCTBOM

(1) 2(t) = X(t) |20 — €(t) / C(r)du(r)| ,

coBriagaeT ¢ QyHKIMeN T, oNpeneneHHol paBeHcTBoM (6) Beiodly Ha MHTEpBate
(0,71, u xkpome toro z(0} = zo. DTO JaeT HAM OCHOBAHMe HA3BIBATHL (GYHKIMIO
z B (7) 06obieHbM peleHueM crucreMs! (1), YA0BIeTBOPAIOWMM HaYaJIbHOMY
ycanosumw (2).

Mp1 cTaBuM neped co6oi 3anauy HalkTi 00006IeHHOE yIIpaBJIeHUe [ TaKUM
o6pa3oM, yTobrl TpaekTopua z B (7) ,mepeHecsa’ HaHHBIA O6BEKT OT TOYKM
Zo IO ApYro#t TOYKM, HapMMmep IO HayaJa, T. €. UTOGBI MMeJI MeCTO paBeH-
crBa z(0) = zo u z(T) = 0. Kpome Toro ympaBieHue { JOIKHO BBITH TaKUM,
YroBnl 3aaHHaf HeOTpUlaTenbHas GYHKIMA ynpasiaeHsus |, uaMepaiomas 3a1-
PaueHHYIO Ha IepeHeceHUA 00beKTa BHEePruio, UMesa BO3MOXKHO HauMeHbllee
3nadenue. OBLIKHOBEHHO MpeANoJiaraioT, 4To ¢GyHrura I (e€é Ha3BIBAIOT WH-
TEHCUBHOCTBIO) UMeeT CBOMCTBa HOPMEI, T. €.

1. I{p) 2 0w ot I(p) =0 caenyer, yto p = 0;

2. I(pu) = |plI();

3. I(p1 + p2) S I(pa) + I(p2).

Pewenne 3amaun. Mb! pemuM Halry 3aavdy Kak cleacTBUe onqHoi obiuedt
TeopeMsl. ChopMyaupyeM 0e3 HOKa3aTeNbCTBa 3Ty TEOPEMY, YTOUHAIOIIYIO
L-npo6nemy A. Mapxkosa.

Teopema 1 [14, Teopema 4]. [Iycts £ — HopMUpOBaHHOE HEHACTBUTEND-
HOe MM KOMILIEKCHOE IIPOCTPAHCTBO U mycTh E; — s-MepHOe MpocTpaHCTBO
E. Torma mna mwoboro dyskmuoHana | € EY, | # 0, cymecTByoT Takue He-
pasnoxumele GyHxnmonansl Ay (k = 1, ..., r) emuruuHoro mapa K* mpocrt-
paHcTBa E* 1 moioxuTeNbHLIE UMCTA [y, ..., My (3Beck 1 £ r <5, ecn E
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—— HOeiicTBUTeNbHOE npocTpaHcTBOo n 1 £ 7 £ 25 — 1, eciiu £ — xommyekcHoe
HPOCTPAHCTBO), UTO BHINOJIHAIOTCH CIELYIOWME YCIOBUA.
1. Ina mo6oro z € E; uMeer MecTo IpeicTaBieHue

®) Hz)y=mh@) + - Fpr(z) (we>0 k=17 > m =]l
k=1

2. Ecav zq, ..., x5 — 6a3uc £, To B AelCTBUTEALHOM Clly4yae MaTpULa
r s
AMe(z1) ), _q» o, umeeT panr r (1 £ 7 £ 5). Ecan E — koMIuiekcHoe npocT-
PAHCTBO, TO MaTpUIa
Af(zr)  Mi(a1) M(z1)
AMies)  A(zs) M)
Mizy)  AB(izy) Me(izy)
M(izs) AR(izy) AR(iz,)

umeer panr r (1 £ r £ 25— 1). 3aecs AR — neftcrButenbHas wacTh GyHKUIU-
OHaJa A, a { — MHUMAaA eAUHMULA.

3. Ecu &’ € E;, 2’ £ 0 — sKcTpeMaJbHbBIA 91eMeHT AnA QYHKUHOHATA |,
e (e = ||| 1LY 1o (2 = ||} (k=1, ..., 7).

3eCch BBeJeM HEKOTopble 0603HAYEHUA U IPENTIONIOXeHUsA, KOTOPEIMU By-
[IEM TI0Jb30BATCA B ClIEIYIOLIEM U3JI0XKEHNH.

O6o3nauum udepes R™ melicTBuTensHOE HOPMHMPOBAHHOE NPOCTPAHCTBO
BCeX HeHCTBUTENBLHBIX M-MEDHBIX BEKTOPOB ¢ HopMmoit ||.||gm. Amanoruuso,
uepes C™ 0603HAYMM KOMILJIEKCHOE HOPDMMPOBAHHOE NMPOCTPAHCTBO BCEX M-
MEpPHBIX KOMILJIEKCHBIX BekTopoB ¢ Hopmo#t ||.|lcm. Yepes C([0,T]) 6ynaem
0603HaYATE KaK jeficTBUTENIbHOE NPOCTPAHCTBO BeeX AefiCTBUTENBHBIX Helpe-
PHIBHEIX m-MepHbIX ¢ynkuwmit z : [0,7] — R™, Tak u KoMIJIEKCHOE ITPOCTPaH-
CTBO BCeX KOMIUIEKCHLIX HelpepLIBHLIX m-MepHbIXx ¢yHxuwi z : [0,T] — C™,
HOPMMPOBaHHOE NPU MOMOLIM PaBHOMEDHON HOPMBI
su:;p) [lz(t)|lrm B ZmeficTBUTENBLHOM ciyudae,
te
®) llzlle = sup ||z(t)||lcm B koMmaeKcHOM ciyuvae.
teT
O6o3naunm depes £ To ke caMoe NMPOCTPAHCTBO B cliyyae, KOTAA OHO HOP-
MUPOBAHHO Yepe3 HOPMY, OTJIMUHYIO OT paBHOMepHOM HOpMhI. Takoe obbe-
IVHeHre NeACTBUTENbHOrO M KOMIUJIEKCHOTO Cliydyad MOTHBMPYETCH TeM, UTo
Blipeab MBI 6yAeM paccMaTpUBaTh 9TH ABa CIydYas BMeCTE.

Urobsl pemmTh Hally 32034y, MBI JHOJDKHBI I0OKa3aTh CYIIECTBOBAHME Ta-
KOTo 0BOBIIEHHOTO YIIPABIEHUA ft = (f1, ..., fim), AJNA KOTOpOro oBobuieHHOE

*
) C_YI.LKCCTBOB&HME BKCTPDEMANBHOTO B/ICMEHTE ANA ! caelyer H3-3a KOHeJYHOMEPHOCTHN

npoctpancrBa E,.
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pemenue (7) npunumano suadenns z(0) = zo 1 &(T) = 0. Ilepsoe paBeHCTBO
oGecrnieduBaerca BuiGopoM pynxmmm £(t). Yr1obn obecneunts BTOpoe paBeHCT-
BO, MBI JOJDKHBI 1006 paTh ¢ TakuMm 06pa3oM, YTOBBI UMeNI0 MecTo paBeHCTHO

(o1, Toz2, ..., Ton) = /C )du(t) = /Cl(t du(t) /C'n(t Ydu(t) |,

NN
T

(10) Jamam=en (=1,
0

3nech HelpepbiBHBIE M-MepHble (HeHCTBUTENbHBIE MM KOMILJIEKCHBIE) (YHK~
mau ¢;(7) (1 =1, ..., n), kak BuaHo oT (5), ABIAIOTCA CTPOKAMU MAaTpPUIIbI
C(7). Herpyuso coobpa3uTb, uTo BhIGpaHHOE TakuM obpazom oboblueHHOe
yrpaBllcHUE 4 3alaeT aJATUBHBIA rOMOreHHbI (YHKIMOHAJ A Ha NPOCTpaH-
cTBE HENpEpPLIBHBIX m-MepHeIX ¢ynruwid z : [0,7] — R™ (z : [0,7] — C™)
BUAA

T

(11) | Mw=/uw@m,

0

yaosietBopsioumit pasencrsaM (10). Mbl xoTuM omnpegeinTs o6oblieHHOE
ylIpaBJileHMe elle Tak, YTOOLI OHO NMEPEBOAMJIO 3aLaHHOrO O0OBEKTa C TOUKM
z(0) = zo B Toury x(I') = 0 ¢ HaMMeHRHIMM 32TPATOM DHEPrUHM, T. €. Olpe-
AenuTh pynkumonanx A (Mepa p), 3alanHblid uepes (11) tak, uroBrl MHTecUB-
HOCTb MMeJla HaMMeHbillee 3Havenye. [lnsA oTof Leny NpeanooxuM (Kak oTo
0BIENPUHATO), YTO B IPOCTPAHCTBE M-MEPHBIX HeNpephIBHEIX (yHKIMIA, onpe-
genernbix Ha [0, 7] (AeficTBUTENBHBIX MM KOMITJIEKCHBIX) MOXXHO BBECTH HOPMY
|- || TakuM 06pa3oM, YTO HOPMBI GYHKIMOHANOB A COTIPAMKEHHOI'O IPOCTPAHC-
TBA OBLIM 3HAUEHUAMYU UHTEHCUMBHOCTH, T. €.

1) = (I

AJSl BCEX A COIPMKEHHOrO NPOCTpAaHCTBa. Kak M Bhie, 0603HaUUM 4yepe3 F
9TO HOPMMPOBAHHOE ITPOCTPAHCTBO. [IpeanosioruM erle, 4TO OHO yIOBIETBO-
pAET ClledYIOUIEMY yCIIOBHIO.

Byaem npeamnosarate, yro HopMa npoctpanctsa C([0, T]) maxopupyer
HOPMY MpocTpaHcTBa £. DTo 03HAUaeT, YTo cyLlecTByeT Takad KoHcTaHTa K,
4TO HEPABEHCTBO

(12) llzl| £ K

BhIONHAeTCA 1A Beex ¢ € F. Hepasenctso (12) oBecneunpaer cymiecTso-
BaHMe Mepbl 4 IS KaxIoro ¢GyHKUMOHajda A € E™ Tak, yToGbl UMeJIo MeCTo
unrerpaibHoe npencrasnenre (11). Ie#tcrsurensro, ot (12) caeayer, urto
nmobolt pynxumonan A € E* npunamnexur n npoctpauctsy C*([0, 77), caemo-
BaTeNbHO, coryiacHo TeopeMe ®. Puca umeeT MHTerpaibHoe INpeAcTaBiCHUE
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(11). Tlpu oTHUX ycaoBUAX M 0G03HAUEHMAX HALLY 3a4a4y MOXKHO CHOpPMYIn-
poBath CIeAyIOWMUM 0Dpa3om.

Haittu obobmennoe yrnpapieHAe (i TakiM o6pa3oM, 4To ONpeleseHHbI
gepes (11) ¢pyuxiwmonan X € I* ynosierpopan pasencrsaM (10) v umen nau-
MEHBIIYIO HOPMY.

Yr1obbl pellUTh 3Ty 3alady, PaccMOTpUM IoAnpocTpaHcTBO F mpoct-
parcrBa E (E; HopMupoBaHHo yepe3 HopMY B E), cocTosieecs U3 Bcex Ju-
HEeUHBIX KOMBUHALM (C BellleCTBEHHBIMU MM KOMILIEKCHBIMU Kod(hdUIMeHTaMm
B 33BHCUMOCTH OT TOTO, ABJHETCA JU F AefACTBUTELHBIM UK KOMIUIEKCHBIM

npocrpancTBom) byurumit Cy, ..., Cyn, 3aganusix vepes (5). Ilycrtb s (s £ n)
————— MaKCUMAaJbHOE UMCJO JMHeHHO HE3aBUCUMBIX M3 Hux. He orpanuyas o6-
IMHOCTH, MOKHO HPEANOJIONKUTE, YT0 NepBble § U3 9TUX QYHKIUMA ¢, ..., ¢
06pa3ywoT 6a3uc F;.

MMycrs | € E; — ¢yHrumona, A KOTOPOro MMeeM
(13) (l(C]), Cey l(cn)):(lo], Cey .l‘()n):.'l,‘().

Ecnv s = n, Takoil ¢yHKIMOHAJ HaBepHoe CYHICCTBYET, a ecnd § < n, A Cy-
HectTBoBaHuUsA GyRKIMoHaNa HeoOX0AMMO M JOCTATOYHO, YTO0H! BBINOIHAINCH
paBeHCTBa

(14) Tos+k = igkor + - Fagrr, (k=1 ..., n—s),
r¢ KOHCTAHTBI (1, ..., Qgp OIPEUCAMIOTCA JIUHEMHBIMM 3aBHCUMOCTAMM
(15) esik(t) = anpere(t) + -+ asesk(t) (k=1,...,n—s t€][0,1]).

®yukumonan I, onpedesneHuniii yepes (13), orandueH or Hyns, Tak Kak rg —
uenyeBoid Bexkrop. Toraa ansa Hero 6yAyT BLUIONHATLCA YTBCPMXKAEHUA Teo-
pemer 1. B uacrhoctu | ynosnerBopser npeacrasienuio (8). ITpoxomkum I
ITOCPEACTBOM BTOO IIPENCTABJEHUA 10 (QYHKLUOHANA Ag, OMPENENIEHHOTO HA
F, nonaras ans mo6oro ¢ € F

(16) o) = mAi(@) + - +pede(@) (e >0, k=1,.,m, Y e = ll]]),
k=1

rae A1, ..., Ay — HEpAa3NoXKUMble BEKTOPHI eMHUYHOr0 Iapa K* npocTtpaHc-
tBa £*. O4yeBuaHO Ay yAoBJleTBOpseT PABEHCTBY
(17) (/\()((,‘1)7 ey ’\O(Cn)) = Zg.

Tak kak Ag npomomxaer {, 1o ||Ao]l 2 [Jl}|. C apyroit croponsl, umes stuiy
(16), nonyuum ansa ||Aql]

ol € pallZall+ -+ el Al =D e = M)
k=1

Otciona Buano, 4to |[|Ao]| = ||l]|. Ot onpenenenus Ay scHo, 4To cpeam Bcex
PyHKIMOHaNOB A € E*, ynosnersopsonwmx (17), Ag MMeeT HaMMEHBILYIO HOP-
my. OT npexncraBnenus (16) n papeHcTsa (17) MOIyuMM paBeHCTBA

(18) zo=(o(er), - -, Mo(en)) = p1(A1(cr)s -, M(en) - Htr (M), - -, Ar(en)).
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Ho cornacuo (11)

T T T
(19) (Ae(er),. .., delen)) = /cl(t)dvk(t), cey / cn (t)dvi(t) :/C(t)duk(t),

OTKyZa noJdydaem ans (18)

T T
(20) To = / Ct)dvi(t) + - +,ur/C(t) duv.(1).
0 0
3necs v = (Vk1, -« Vem), k = 1,...,7 — HelCTBUTENbHBIE WU KOMIUJIEKCHEIE

m-MepHble Mepbl (BMmecte ¢ F). Papercrna (18) u (19) sanxaor creayrouiee
o6o6urenHoe permenne cuctemnl {1):

z(t) = X(t) {zo — () /.Ll/C(T) dul(‘r)+--~+ur/C(‘r)dur(t) ,

a or (20) cpa3y BBITEKaeT, 4TO 2TO pEUIEHNe YIOBJIETBOPAET DaBEHCTBY
z(T)=0.

C M3/10°KeHHBIMMY BBIIIE PACCYKJIECHUAMU MBI YCTAHOBUIIM B KAYECTBE CJIe/l-
CTBUA T€OpEMBI 1 CIEAYIOIYIO TEOPEMY.

Teopema 2. Ilpu BBeleHHBIX Bbllle 0003HAYEHMAX U IPEINOJIOKEHUAX,
€Clvi § = N, To CYLIeCTBYIOT GYHKUMOHANBI A € K™ | yoBieTBopAionMe PaBeH-
CTBY
(21) (/\(Cl), ey /\(Cn)) = xyg.

Ecuu s < n, yrobbl CylIecTBoBaN Takde QyYHKIMOHAJBI, He06X0AUMO M AOCTa-
TouHo spinonnenue (14), 1pu YeM KOHCTAHTHI O1g, ..., as (K =1,2, ..., n—s)
onpenengoTca 3apucumoctamu (15). Cpean ¢pyHkurMoHaloB A, yAOBIETBODPA-
jommx (21), umeeTca xoTA 66l 0UH — Ag, A koToporo [{Aoll = I(Ag) = min.
OH yuaoBneTBopaeT eme CIeRYIOUINUM YCTOBUAM.
1. Huas nwboro r € £ MMeeT MecTo npeAcTaBiieHUe
T T

(22) o) = ps / c(t)dvi(t)+ -+ pr / z(t) du,(t).

0 0
T
3aecs [ z(t)dvk(t) (k=1,...,r) — HEPa3IOKUMBbIE 5JIEMEHTHI €JIMHUIHOTO LA~
0

r
pa mpoctpanctBa E*, pr > 0, Y pr = ||Aoll, v1, ..., ¥r — neifcTBUTENBHBIE
k=1

m-MepHble MephHl, & 1 £ 7 £ 5, ecit £ — HelicTBUTeIbHOE IPOCTPAHCTBO M
Vi, ..., Vp — KOMILJIEKCHbIE M-MepHbie Mepbl, a 1 £ r £ 25s—1, eciu E — KoMm-
niekcHoe npocrpancrso. CucreMa ypasaenuii (1) mmeer o6o6umennoe pemte-
HUE BUIa

z(t) = X(t) |zo —e(t) | /C(T) din(r)+ -+ pr / C(r)dv.(1) ,
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nis koroporo z(0) = o n z(T) = 0.
2. Ecmn cucrema (1) — gmeifctBurenbHad BMmecte ¢ E, To MaTpuua

T s r
(fcz(t)duk(t)) 1= p=; WMeeT panr r (1 £ r £5), a ecim (1) — xommek-
0

cHaA cucrteMa BMecte ¢ E| To Marpuna

T T T
Re [ e1(t) dvi(t) Re [e1(t)dva(t) ... Re[ei(t)dv(t)
0 0 0
R RRSRRRIELS SEETRRE
Re [ c,(t)dvi(t)  Re [ (t) dra(t) Re [ ¢,(t) dv, (1)
0 0 0
T T T
Re [ici(t)dvi(t) Re [ic)(t) dvo(t) Re [ici(t) dv.(t)
0 0 0
T LT e RERRRRERELRLERS AR RRRR
Re [ic,(t)dii(t) Re [ics(t)dra(t) ... Re[ics(t)dv(t)
0 0 0
umeer paur r (1 < r £ 2s—1)
3. Eciu ¢ = ajer+---+alen = bjey+- - +blcs — aKCTpeMabHBIA 21eMEHT
s Ao, T. €. Ag(c’) = || Aol ||¢|| (1akoit anement cymectByer), TO

; _
[ewan@ =l (=10

3ameuaame. OT ToukM 3 TeopeMBl 2 cpasy cleAyeT, YTO (GYHKIMOHAM

yIAOBIEeTBOPAET NPUHIMN Makcumyma. J[efictsutensho, eciu ¢/ — sKcrpe-
maljibHaA GYHKIMA Wig Ao (MIM T. HA3. MUHUMAaJbHAA QYHKIUA), TO MIIA BCA-
koro dgyuximonana A € E*, nua koroporo [[All = [|Aol|, nmeem

AT < TIMEHEN = 1ol [Tl = Ao("),

Ao(c) = sup  |A(c)]
L=l Aol
[Tocnennee cooTHOUIEHNE BHINIOJNHAETCA KaK B JEACTBUTEBHOM, TaK U B KOMII-
JIGKCHOM cJiydJae.

Y TBepKACHUSA TeOPEMBI 2 MOKHO YTOUHNTE, €CJIM HAM M3BECTHBI HEPA3JIO-
’KMMBble 3JI€MEHTHI e JMHMYHOI'0 Wapa npocrpancTBa £*. B cnenyiomum usno-
KEHMM pacCMOTPYM JABa IPUMEPA, B KOTODBEIX JaeTCs ONMCAaHUE BTUX Hepas-
JOKUMBIX 3JIEMEHTOB.

IIpumep 1. PaccmorpuM cayuwaid, kKoraa HOpMa HpocTpaHcTBa E cos-
nagaer ¢ || - ||c, T. e. korma E = C([0,T]). B aTom ciyuyae Hepa3JaoKuMble
ssieMedThl eauHMyHoro mapa C*([0, 7)) umeror Bua

Az) = A=z(t)),
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rae A — Hepa3NoMMMBIA QYHKIMOHAJ eIMHUYHOrO INapa MpOCTpPaHCTBA R™
(mm1 C™), a t' — QUKCMPOBAHHOE YMCIIO CerMeHTa [0,7] (cm. [15, cTp. 166-
170] u [14, Teopemy 1]). Ho Torna npencrasienme (22) dyuxumonaia Ao
vMeeT BUA

(24) Mol®) = i Ay(a(t)) + -+ A (a(t)).

Wmesn Beuay dakr, uro dpyHrkumonanst Ax (K = 1, ..., r) u 3nauvemnma z(¢)
dyuxumit npocrpancrea C([0, T]) cyTs m-mMepHble BekTOpbl, Hojiokus B (24)
[OCJAEN0BATENRHO & = ¢, £ = €3, ..., T = €, W IpMMeHaAA pasexcrso (17),
3AKIIOYAEM, UTO

(25) o :plC(tl)Al ++ﬂrC(t,-)Ar

Ot (25) monyuaem o6obueHHoe pemeHne cucTembl (1)

z(t) = X(t) {zo—e(t) | Y. mCA: ||,

kit gt
I'Zie Mepa, cocpedoToYMBalOlad Macchl pg B Toukax lp (k =1, ..., r), 3ana-
eT uMIyabcHoe pemenue cuctemsl (1). OueBnmano npn tom, uro z(0) = zo u

z(T) = 0.

Y1068 TIOJYUYUTh B 9TOM YaCTHOM CJlydae COOTBETCTBYIOINYIO TEOpEMY,
AOCTATOYHO CJejlaTh HEKOTODPLIE OYEBM/HbIE U3MEeHEHMS TEOPEMBI 2, HO MBI
He ByaeM 3aHMMaTbcsl @TUM. OTMETUM TOJIBKO, YTO PACCMOTPEHHBIA ITPUMep
obobmaer n yTouHaeT oauH pedyiabrat H. Kpacosckoro (cm. [13, Teopemy
23.1, crp. 188]), a Tak ke oauu upumep B [10, cTp. 513-515].

IIpumep 2. Paccmorpum Tteneps caydali, korma HopMma B F 3anaercs

paBeHCTBOM
T m
[lell = ( lm(t)l)dt.
[

Tak Kak HopMa NpocTpaHcTBa F yaoBiaeTBopAeT HepaBeHcTBY (12), To 0606-
HIEHHBIE YIIpAaBJAeHuA [ 3aJaHbl Ha BCeM NPocTpaHcTBe B*| a 3HaueHMA UHTEH-
CHMBHOCTM fAIBJAIOTCA HOpMaMu ¢pyHKumoHanoB A € E*. Ilo cymecTBy usBecTHO,
YTO NPOCTPAHCTBO F M30MOPGHO OTHOCUTENLHO IMHERHLIX JIeHCTBUH, a Tak xKe
M30METPUYHO IPOCTPAHCTBY, KOTOPOE MOCTPOUM ceityac. Lna stoit uenu me-
pedeceM m ~ 1 pa3 cermedt [0, 7] 110 YMCIOBO{ OCH Tak, UTO MOJYYEHHUE
m cerMeHToB He uMmesn obmux Todek. O6o3Hauum depes F(T) o6benunenue
aTUX cerMmedToB. IlycTh Hanpumep ‘

3

E(T) = )6, B +T],

l
rae B =0u Py —B>T, I=1,.., 1—1(cm [10, ra. VIIL § 9, n. 6, crp.
436-437]). Onpenenum Ha E(T) GpyHKUMM v, NOIO0KNUB

o) =zi(t=F) ana tef, f+T] (I=1,...,m).

I
-
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Taxum 06pa3oM ycTaHaBIMBAETCHA B3AUMHO 0JHO3HAUHOE COOTBETCTBUE MEKIY
bynxmuamu & € E' v GyHKIMAMU v. DTO COOTBETCTBUE ABIACTCH U30MODPdHU3-
MOM OTHOCHUTEJIbHO NUHEeHHbIX AeiicTBuit. JloGaByM, uTo Kaskaas HenpepbIBHAA
uncsoBan pynxuma na E(T) ecth o6pa3 HekoTopoit pyuxiumu z € £. BBeasa B
NpOCTPAHCTBO (QYHKIMHA v HOPMY

(26) lo]] = / ()| de
E(T)

n o6osnauus uepes L) (F(T)) cooTBeTcTBYIONIEE HOPMUPOBAHHOE IPOCTPaHC-
TBO, HNOJYYMM PaBEHCTBA

i T Ba2+T Bm+T
nvn:/ |v<t)|dt=/|z1(t>ldt+ / Iafz(t—ﬁz)ldt+-~~+/ ol = Bt
E(T) 0 B2 Bm

T

=/ (Z mms) dt = lJa}).
0 =1

W 71ax, ycTaHOBJieHHOE COOTBETCTBUE MEXAY (QYIKIUUAMU IPOCTPAHCTBA
Ly(E(T)) w F asnaerca Tak *e n3omerpueil. 9To o6CTOATENLCTBO JaeT HAM
BO3MOXHOCTh YTBEP:KAATh, YTO CollpsskeHHbIe IpocTpanctBa Li(E(T)) n E*
coBnanaloT. OUeBMAHO, YTO UX eIMIMYHBIC [IAPLI, KAK M Hepa3JIoKUMBIE 3 Jie-
MEHTBI 9THX I[IAPOB TOXe coBMajawT. Ho HepaslokuMbIe 9JCMEHTH € AUHUY-
woro miapa Li(E(T)) ussectunr (em. [15, memmy 1.13, crp. 83-84]). Onnm
MMCIOT HpPEACTABIIEHHUE BUIA

E(T)
rae o — cymmupyeman dyaxima Ha E(7T) (nefAictBurelbHas Wil KOMILIEKCHAA
pmecte ¢ B n cneremoit (1)), coorsercrByloitan GyHKUMOHANLY A U yIOBIeT-
BopsALLIad ¥yCIOBUIO

la(t)] =1 mnourn Baoxy va LE(T),
a ||A|| = supess|a(t)l = 1. Toraa ana moboit Gyuxuum v € Li(E(T)) umeem

T BT Beckl
/ v(t)a(t)dt:/xl(t)o'(»t)dt—% / zo(t—LF)a(t)dt+ -+ / L (L= B ) (t)dt

E(T) e B2 Bm

T m

= / ( x;(t)az(t)> dt,

2 \i=1
rae oty = a(t+B) anat €0, 7], 1=1, ..., m. OGo3HauuM ONATHL Yepes «
M-MEPHYIO BEKTOPHYIO QYHKIMIO o = (aq, ..., Q) U HOJOKAM

m

> wma(t) = z(t)o(t).

=1
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Toraa aaa dyrkmronana A (JjA]| = 1) nonydum

T
Alz) = /x(t)a(t) dt.

3mech ay, ..., 0y — cymMmupyeMmble hyHkmuu Ha cermente [0, T) 1 Kpome Toro
lai(t)] =1 mourwm Beroay na [0, 7] (I=1,..., m).

ViMes BBUAY TpeACTaBlIeHNe HEPA3J0KAMBIX (YHKIMOHAIOB €IUHAYHOrO Ia-
pa npoctpanctea L} (E(T)) = E*, merko nonydaeM s npepacraBieHus (22)
¢yHKUMOHAA Ay BhIpakeHHUe

T

T
do(@) = [ 2 @dit ot [ a0 @)at

0

rae of = (af, ..., af) (k =1, ..., m) — BexTOpHBIE PYHKLMM Ha cerMeHTe
[0, T}, KOMITOHEHTB! KOTOPBIX ABJIAIOTCHA CYMMMUPY€EMbIMHA QYHKOMAMU Ha 5TOM
CEerMeHTe U YJOBJIETBOPAIOT YCIOBUIO

laf(t) =1 mouru Bcroay na [0, 7] (k=1,...,r; I=1,..., m).

Kpome Toro af — neiffcTBUTENBHBIE UM KOMILIEKCHBIE QYHKIMM BMecTe ¢ E.
Orciona nonyuym st cucremsl (1) o6oGieHHoe peleHne

z(t) = X(t) {xo— /C(T)al(‘r) dr — . — Hr/C(T)a’(T) dr
0 0

Tak xak mepa JleGera cocpenorounnaer maccy 0 B Touky ¢ = 0 (kak u Bo
BCeX ocTalbHEIX Touek cermenta [0,T]), To ymHoykeHue MHTerpadioB Ha &(t)
apaAeTcA uaaumieiM. QueBuaHo, 4yTo uMeloT MecTo paseHctBa r(0) = g,
2(T) = 0. U 31ech MBI OTPAHUYUMCA CO CJEJAHHBIMM BhILE 3aMETKaMM U He
Bynem GOpMOPYINPOBATE COOTBETHOE yTOUHEHUE de0peMhbl 2.

Mgz1 Moriu 6bl YBEIUYUTh YUCIO NPUMEPOB, HO KaK HaM KaXKeTCH, IIpUBe-
JAEHHBIE IPMMEPBI NOCTATOYHO XOPOUIO WIJIIOCTPUPYIOT MOJb3Yy OT NpUBIEde-
HUA NOHATUA HEPAIJIOKUMOCTH B 9TUX BOIMPOCAX.

Moit konnera npod. H. XamxuuBanoB npocMoTpes BCIO PYKOIMChL U Clle-
nayl pAJA MOJEe3HBIX 3aMevaHuit. CumTaio CBOUM NMPUATHBIM J0JIIOM BbIPa3UTh
eMy CBOIO cepAevYRyIo 6J1aroAapHOCTD.
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ON THE CONNECTION BETWEEN
THE ABSTRACT RECURSION THEORY AND
THE METHOD OF SUCCESSIVE APPROXIMATIONS™

JORDAN ZASHEV

Iopdun 3awes. O CBA3U ABCTPAKTHOM TEOPUU PEKYPCUM C METOIOM
MOCHEIOBATEJBLHOIO NPUBJUAEHUA

Bpoaurcst noHsiTHC OPTOrOHAJNU3YEMOro NONYKOJbUA, OXBATUBAIONIEEC KaK JacTHBIA
cilyuait HEKOTOPBIE XOPOWO U3BECTHHIE NOHATHS KIACCUUYECKOW UMCTONR MaTEMATUKU U 11PU-
rogHoe, ¢ Apyroél cTOpoHbl, AnsA leneil anrebpamndeckoi rteopum pekypcuu. Uns rakmx
HOJyKO el JAOKa3LIBAETCA TaK Ha3blBacMad TeopemMa KOJMpOBaHUA, saBusiioineiica ¢pyHna-
MeHTaNbHOU JUIA mMocneanei Tteopruu. PaccMaTpuBalOTCs HEKOTOPHIE CIENCTBUA I'JIaBHBIM
06pa3zom JUIA KOJbLla, OFPAHUUEHHBIX JUHEedHBIX ONepaTopoB B BECKOHEUHOMEDPHOM IPOCT-
pancree I'unvbepra.

Jordan Zashev. ON THE CONNECTION BETWEEN THE ABSTRACT RECURSION THEO-
RY AND THE METHOD OF SUCCESSIVE APPROXIMATIONS

We introduce the concept of orthogonalizable semiring which contains as a special case some
familiar objects of classical pure mathematics and, on the other hand, is fit for the purposes of
the algebraic recursion theory. A fundamental result of the last theory, called code evaluation
theorem, is proved for such semirings. Some corollaries are considered,.especially for the ring of
bounded linear operators over an infinite dimensional Hilbert space.

There is a great deal of similarity between the principal problem of the alge-
braic recursion theory (that is the problem of fixed-point completion in the sense
of [2]), on the one hand, and some problems about the existence of solutions of
various kinds of systems of equations in the classical mathematics. Of course, in

* Research was partially supported by the Ministry of Education and Science of Bulgaria,
Contract No [ 32-91.
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the algebraic recursion theory we have to do with least solutions of systems of in-
equalities, but this difference seems not to be so principal as another one, namely
that in the algebraic recursion theory the emphasis is put on the expressibility of
least solutions of those systems of inequalities by means of some basic operations,
among which the most important one is the so-called iteration, while the existence
problem is comparatively easy. On the other hand, the iteration is the least solu-
tion of one simple inequality of one unknown, which is clearly analogous to linear
equations of one unknown. In the algebraic recursion theory an arbitrary “nonlin-
ear” system of inequalities is reduced to one such inequality by a typical for the
recursion theory process involving coding, so that the first system is interpreted in
some sense “internally” as an object of the domain of solutions of the system. In
this reducing a similarity may be observed with the iteration method in classical
mathematics, but peculiarities also occur, which makes the comparison of the two
methods not quite obvious. Such a peculiarity is the mentioned “internal” coding
of the iteration process by which it is presented through one inequality.

In this paper we are going to inquire a little bit deeper into this analogy. Our
special purpose is to consider corollaries of general results of algebraic recursion
theory applied to classical mathematical objects. To this end we introduce the
concept of orthogonalizable semiring, which is a kind of topological operative spaces
in the sense of [1]. This concept is more suitable for our purposes, being closer
to or comprising as a special case familiar objects of classical pure mathematics,
for instance, the operator rings over infinite dimensional Hilbert spaces. On the
other hand, the main result of the present paper — the code evaluation theorem
in orthogonalizable semitings ~— does not follow from the corresponding result for
operative spaces, which 1s ultimately due to the simpler algebraic structure of the
former ones.

1. OTHOGONALIZABLE SEMIRINGS

By a semiring we shall mean an additive (commutative) monoid R in which an
associative multiplication with an unit I, satisfying the usual distributive laws, is
given, such that 0 = 0 = Op for all ¢ € R, where 0 is the zero of the addition in K.
For all semirings, considered in the sequel, we shall suppose also that a topology
and a partial order “<” are given in them, such that the addition is continuous as
a function of two arguments and the following three conditions are fulfilled:

(i) if ¢ € R belongs to every neighborhood of ¥ € R, then ¢ < ¢;

(il) every sequence {4 }aep of elements of the given semiring R (where D is a
directed poset of indices), which has a limit, has also the greatest limit, i.e. a limit
¢ of this sequence such that for every other limit 1 of the same sequence we have
¥ <

(i) if {pa}taep and {¥o}aep are two sequences of elements of R such that
Vo < Yy for all @ € D and {1a}eecp has a limit, then {p4}aep also has a limit,
and for the greatest limits ¢ and ¢ of the last two sequences, respectively, we have
¢ < Y.

Note that the condition (i) implies that for every sequence {a }aep of elements
of R, which is a stationary one, i.e. for some ag € D and ¢ €-R we have p, = ¢
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for all @ > ap, the element ¢ is the greatest limit of {¢q }aep.

Now let K be a semiring of this kind and let J be an arbitrary non-empty set
of indices. By a confinal in J we shall mean a set D of finite subsets of J such
that every finite subset of J is included in some element of D; every confinal is
directed with respect to the partial order “C” init. A series of the form 3~ ¢;,

JeJ
where p; € R for all § € J, will be called convergent with respect to a confinal D
in J iff the sequence {5 ¢;}aep of D-partial sums of that series has a limit in R

jE€«

as a directed set indexed sequence. The greatest limit of the last sequence will be
called a sum of the series in question, corresponding to D). The series in question
will be called conventionally convergent iff there is a confinal D in J such that it
is convergent with respect to D. In the sequel the expressions of the form 5~ ¢;

ieJ
will be used to denote also a sum of the series denoted in the same way, and the
confinal D, to which this sum corresponds, will be clear from the context or it will
be arbitrary otherwise.

If all but a finite number of the members of a series Y ¢; in R are zeros, then

jed
the only sum of the last series is the algebraic sum of the non-zero members of it.
This follows from condition (i) since in this case the sequence of D-partial sums of
that series is stationary for any confinal D. :

A mapping f : R — R will be called additive iff for every series ) ¢; of

jed
elements of R and every confinal 7 in J such that the last series converges with
respect to D in R, the series Y f(p;) also converges with respect to D, and for
jes
the corresponding sums we have the equality

Y Jei) = f(}:%’)

Jj€ed jed
An element ¢ € R will be called left (respectively, right) additive iff the mapping
f: R — R, defined by f(€) = € (respectively, f(&) = £yp), is additive.

A semiring R, satisfying all the suppositions above, will be called an orthogo-
nalizable one (or, shortly, an orthoring) iff all elements of R are left additive and
there is an orthogonal quadruple in R, i.e. a quadruple (T4, 7., Fy, =) of elements
of R such that T, and Fy are right additive as elements of R and the following
equalities hold:

T_T+:I:F_F+ and T_F+:0:F_T+.
An orthogonal quadruple (7, T_, Fy, F_) will be called complete iff
T\ T_-+ F,F_=1
More generally, a family (¢ (¢), ¢~ (¢))1ex of pairs of elements of R will be called
an orthogonal system iff the following three conditions hold:

a) for all t € K the element ¥ (t) is right additive;

b) for all t € K we have ¢~ (t)p*(t) = I; and v

¢) for all t,s € K, for which t # s, we have ¢~ (t)p*(s) = 0.
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Infinite orthogonal systems exist into every non-trivial orthoring. Indeed, such
is, for instance, the system (n*,n~),¢n, where N is the set of natural numbers and
for every n € N

nt=F}!T, and n~ =T_F"

Example 1. Let M be an infinite set, and let 7 : M — M and Fy : M — M
be two injective functions such that T, (M) N FL (M) = &. Denote by £ the
set of all partial multivalued functions from M to M, the elements of & may be
identified with (arbitrary) binary relations in M. The set R is a semiring with
respect to the unton of two relations as the addition operation and the composition
of multivalued functions as multiplication; the zero 0 and the unit I are the nowhere
defined function and the identity mapping in M, respectively. This semiring is an
orthogonalizable one with respect to the inclusion relation “C” as partial order,
the Scott topology with respect to this partial order (which may be described as
follows: those sets Y C R are open, for every element ¢ of which there is a finite
+ C ¢ such that all ¥ € R, containing ¢, belong to Y'), and the orthogonal qucxdruple
(T4, T-, Fy, F_), where T_ and F_ are the partial mappings defined for z € R by

. y if ¢ =Ty (y),
T () = .
() { undefined if there is no such y,

and
F_(z) = if z = Fy(y),
undeﬁned if there is no such y.

Example 2. Let V be the set of all infinite sequences (g, z;,...) of real
numbers z; with the product topology. V is a real vector space and let L be the
ring of linear operators ¢ : ¥V — V with the topology induced by the product one
in VY. Denote by R the ring which differs from L only in the order of writing the
multiplication: ¢ in R means ¢ in L. Take the identity “=” as partial order
“<” in R. Then R is an orthogonalizable ring (i.e. an orthoring which is a ring
with respect to the algebraic operations in it); an orthogonal quadruple in R is, for
instance, the following one:

(.’Eo,ll,. )) (.’1307132,1?4,...);
(ro,z1,...)) = (21,23, 25,...);
(.Z‘o,.Z‘l,.. )) (l‘g,o .Z'I,O,...),‘

((lo, Ti,y-. )) = (0,1‘0,0, Ty, .. )

Example 3. Let H be an infinite dimensional (real or complex) Hilbert space
and let R be the ring of bounded linear operators in H. Take the trivial partial
order, i.e. the identity “=” for “<” in R. Then R is an orthogonalizable ring with
respect to any of the known operator topologies. For us, however, the weak operator
topology will be the most important one and, unless otherwise indicated, we shall
always have in view this topology in the context of this example. Orthogonal
quadruples in R may be found, for instance, as it follows: Let T4 and F be two
isometrical (preserving the scalar product) operators in R, the images ImT, and
ImFy of which are orthogonal to each other subspaces of H, and let T = T
and F_ = F} be the corresponding adjoint operators. Then (T4,7T-, Fy, F_)
is an orthogonal quadruple, which is a complete one iff the images of T and

T4(
Fi(
T_(
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F are orthogonal completions to each other. It will be convenient in the sequel
to call the orthogonal quadruples, arising in this way, isometrical ones and the
positive components of such quadruples (i.e. 7 and F) — semiunitary operators.
Accordingly, by an tsometrical orthogonal system we mean an orthogonal system
(K*(j), K~ (J))jes such that the operators K*(j) are isometrical and K~ (j) is
the adjoint operator of K*+(j) for all j € J. Here is a simple lemma about such
systems.

Lemma 1. Let (K*(j), K~(j))jes be an isometrical orthogonal system in R
and let D be a confinal in J. Then for any sequence of operators o; € R, j € J,
the following two condilions are equivalent:

(a) the sum of 3 K*(j)pj, corresponding to D, exists with respect to the

i€d

strong operator topology in R; and

(b) for all vectors x € H the series Y |lp;jz||? converges.
' jeJ

Indeed, if (a) holds and S is the sum of the series in question, corresponding
to D, then using the isometricality of the operators K+ (j) we have ‘

> llsal = YUK (sl = l1Sall? < oo.
Jj€J HZ
Conversely, let we have (b). Then for all finite a C J

IS K*Gesall? = YN+ Glesall = Y llpsal

j€Ea j€a j€a

> llpjll®

jeJ

Since the series

converges, using the completeness of the space H we conclude that the series
Se=Y K*(j)¢;=
jed
converges in it as well; whence by the Banach-Steinhaus theorem we get (a).

Remark. We may avoid quoting the last theorem if we replace the condition
(b) by the following one:

(b') there is o positive real number C such that for all vectors x € H we have

2 llpizll? < Clll?,
jed

which may serve our purposcs below as well.

2. THE CODE EVALUATION THEOREM

Let R be an orthoring. Suppose a semigroup G with an unit e and a homomor-
phism x : G — R’ into the multiplicative semigroup R’ of right additive elements of
R are given. Let G(X) = G(Xo, ..., Xn-1) be the semigroup of monomials of the
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variables Xg, ..., X, with coefficients in G, i.e. the set of all formal expressions
of the form

(1) ¢ = goYog1 - gm-1Ym-19m,

where go,...,9m € G and Yy, ..., Yim_1 € {Xo, ..., Xs—1}, with the obvious multi-
plication operation. The homomorphism x extends uniquely to a homomorphism
¥ : G(X) — REF" into the semigroup of all functions f : R® — R (with respect
to the usual multiplication operation (fg)(€) = f(€)g(€), € € R™) such that for
all i < n, x(X;) is the i-th projection R* — R, i.e. ¥(X;)(€o,...&n1) = & for all
(o, ., En—1) € R™. By a coding for G(_X—) with respect to y we shall mean an
orthogonal system

(2) (k*(0), k7 (9)) e

in the orthoring R for which the following two conditions hold:
a) for all ¢ € G(X) both of the series

(3) > k*(a9)k™ (9)

geG
and
(4) > kT (gs)k(s)
sEGXNG

are conventionally convergent; and
b) there is an element r € R such that

Tk (9) = x(9)
for all g € G, and for all g € G(X)\ G
Tkt(q) = 0.

The last condition b) can be replaced by the conventional convergence of the

' S x(@)k (9).

9eG

Indeed, if this series is conventionally convergent, then we may take any sum of it
for 7 and the equalities in b) will follow from the definition of orthogonal system.
Conversely, if 7 satisfies b), then the last series coincides with

>k (9)k(g),
geG

which is conventionally convergent by a) since 7 is left additive. The element T will
be called a starting element of the coding in question.
To every coding (2) we naturally assign two idempotent elements »' and »" of
R defined as the sums of the series
D_oEH@ET(@) and Y KH()R7(s),

9ea s€eG(O\G

respectively, the existence of which is supposed in a). The element x = »' + »’ is
also idempotent and the codings (2), for which » = I, will be called complete. It
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follows from the above that for any starting element 7 of a coding (2) the equality
5) TH=TK = Z x(9)k~(g)
g€G

holds (where the last sum corresponds to the confinal supposed in condition a) for
the case ¢ = e); and for complete codings the starting element is unique.

In the sequel we shall usually have the homomorphism y fixed and we shall
write q for X(q). .

Let G[Xo, ..., Xn-1] = G[X] be the set of all formal series of the form

P(X) =3 2p(X),

peM

where M C G(X), and for all p € M the element A, € R belongs to the center of
the orthoring R, i.e. commutes with all elements of R. Here in the set M a confinal
is supposed to be given, so that to the last series we assign a value

= Z ApB(E)

peEM
for every n-tuple £ = (&, ...,&,~1) € R™ for which the Jast sum, corresponding to
that confinal, exists in R. Consider a formal system of inequalities of the form
(6) P(X)< X, i<n,
where . .

PX) = Y App(X)

PEMz

is a formal series in G[X] for all ¢ < n. By a solution of the system (6) we mean

an n-tuple £ € R" such that the values 13,(2) exist and satisfy the inequalities

é(f) <& in Rioralli < n.
An element p € R will be called a governing element of the system (6) with
respect to the coding (2) iff the equalities

(M pk*(g) =0

and

(8) pkT(tXig) = Y XipkT (tp)x(9)
PEM,;

are satisfied for all ¢ € G, t € G(X) and i < n. Here the right hand side of
the last equality has to be understood as the sum corresponding to the confinal in
M;, which is supposed in the definition of formal series, and thus the existence of
the last sum is supposed in the definition of governing element. A necessary and
sufficient condition for the existence of governing element for (6) with respect to
(2) is the existence of the sum in (8) and the conventional convergence of the series

(©) S (3 Ak (@) k (tXig).
i<n, teG(X),geG PEM:
Indeed, if the sum in (8) exists and (9) is conventionally convergent, then any sum

p of it satisfies (7) and (8). Conversely, if p is a governing element, then (9) is
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conventionally convergent, because it coincides with the series obtained from (4)
by putting ¢ = e and multiplying memberwise from left by p. We see as well that
the governing element p satisfies the equalities

(10) pr=pu= S (30 dpktp)x(o) K (tXug),
'i<n,t€G(7),gEG peEM;

where the external sum corresponds to the confinal supposed in the condition a)
for ¢ = e, and for complete codings p is unique.

Let p be a governing element for the system (6) with respect to the coding (2)
with a starting element 7. Then the inequality
(11) T+ Epn < &,
which is a linear one with respect to &, will be called iterational inequality for (6).
For any two elements ¢, v € R, by iteration of o starting from ¢ we shall mean an
element ¥ € R such that

' P+0p <D
and for all @,& € R we have

ap+{p <& = al <&

Theorem 1. Let p be a governing element for the system (6) with respect to
a coding (2) for G(X) wilh a starting clement 7. If w s an ileration of px starting
from tx, then the n-tuple :

wkt(X) = (wkt(Xo), ..., wkT(Xn_1))
is the least solution of (6) in the set
E={€R"| Z 7(€)k~(q) is conventionally convergent},
geG(X)
and for all ¢ € G(X) it satisfies the equality
Hwk* (X)) = wk* (g).
Conversely, if there is a solution of (6) in E, then the iterational inequality (11)

has a solution with respect to € in K.

Proof. Since by the Suppositions of the theorem w is the least solution of (11),
it should satisfy the equality 7#+ wpx = w, whence by a multiplication from right
we get

(12) x(9) = rk*(g) = Txk*(9) = Wk (g)

for all g € G, and

(13) 3" ApwkT (gp)x(9) = wpk™ (4Xig) = wk* (¢ Xig)
PEM;

for all g € G, ¢ € G(X) and i < n. Hence we get also that for all such g and g

(14) wk*(9)x(g) = wk* (a9).
Indeed, if ¢ € G, then by (12) we have

wk* (@)x(9) = x(a)x(9) = x(ag9) = wk™(g9),
and if ¢ = 1 Xig1, then using (13) we obtain
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wkT(g)x(g) = Z Aipwk ™ (q1p)x(91)x(9)
T peEM,;
= Y dpwk(q1p)x(919) = wkt (g1 Xg19) = wkT (gg).
PEM,;
We shall show that for all ¢,5 € G(X)
(15) wk (qgJwk* (s) < wk™*(gs).

By condition a) in the definition of coding it follows that there are elements ( € R
such that for all s € G(X) the equality

CK* (5) = wh* (g5)
holds; such is, for instance, the element
(=wd Kk~ (@) +w D K@k (s).
gea s€EG(XNG
Taking an arbitrary such element ¢ and using (5), (10), (13) and (14), we have
Wk (gt Con=wkt@rnt 30 (30 Gk )x(9)) k™ (¢Xig)

i<n,teG(X),geG PEM;

okt @) Y x@k @+ Y (X Akt atn)x(o) k()

geEG i<n teG(X), geG PEM,
=D wktak T+ D Wk Xk (tXig) = ¢
9g€G i<n,teG(X), geG

where the last two sums correspond to the confinals D’ and D", respectively, with
respect to which the series (3) and (4) are supposed to converge in condition a) for
the case ¢ = e. Since, however, the element ¢’ still satisfies 'kt (s) = wk*(gs) for
all monomials s, the above calculations hold for ¢’ as well and prove the equality

Wkt (q)rx+ o= (',
whence by the definition of iteration it follows that
wkt(q)w < ¢,

and multiplying from right by k*(s), we obtain (15). Using (12), (14), (15) and a
simple induction on the degree of the monomial ¢ € G(X), we get the inequality

(16) G(wh* (X)) < wk™(q),
where wkt(X) € R™ is (wk*(Xo),...,wkt(Xn=1)). Thence by the help of (13)
and conditions (ii) and (iii) in Section 1 it follows that wk¥ (X) is a solution of (6):
Bk (X)) = 3 dpBlekt (D) < T2 Apik* () < wh*(X5),
peM; peM;
Moreover, by (16) the series
Y Gk X))k ()

4€G(X)
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1s memberwise less or equal to

> wkH @)k ()
7€G(X)
and the last series converges with respect to the confinal {aUb |a € D' &b e D"},
as 1t follows in an obvious way from the convergence of the sums in the definitions of
# and »” with respect to D’ and D", respectively, using the condition of continuity
of the addition +. Therefore by the same conditions (ii) and (iii) it follows that
wkT (X ) € £. To show that this solution is the least one in E, suppose that the
n-tuple € = (&, ...,€n-1) € E is a solution of (6) in £, and let v be the element

Z:x(g)/t‘_(g)wL Yo d@Ek (9,
9EG €G(X NG

where the last two sums correspond to the confinals D' and D", respectively. The
existence of the second one of those sums follows from that for the sum in the
definition of the idempotent »” by a memberwise multiplication from left by an
arbitrary sum 1 of the series

Y @@k ()

qeG(X)

and the existence of the last sum is the condition € € E. Then, using the supposition
that the elements x(g) are right additive, we have

TH 4+ Upn = TH+ Z ( Z Aip1)k+(tp)x(g)> k™ (tX;g)

i<n,teG(X),geG PEM,

=ret Y (X MIEFOXW) k (1Xig)

i<n,leG(X), geG PEM;

=3 x()k (9)+ Y HoP

H(E)x(9)k™ (1Xig)

geG i<n, teG(X), g€G
<Y Xk @9+ Y, HDExE (LX) = v
g€eG i<n, teG(X), g€G

Hence by the definition of iteration w' < v and

wk* (Xi) < vkt (X)) = Xi(€) = &,
which means that wk*+(X) is the least solution of (6) in £. In the same time we have
shown that if (6) has a solution in E, then there is v € R such that rx+vpx < v.
Finally, taking wk*(X) for € and multiplying the inequality w < v from right by
k% (q), we obtain the reverse inequality of (16).

An important special case is that of orthorings in which the order “<” is just

the equality “=". In this case the system (6) and the inequality (11) become a
formal system of equations '
(17) Pi(X)=Xi, i<n,
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and a linear equation (which we call iterational)
(18) TH+Lpx =&,

respectively. In this case from Theorem 1 (or rather by a trivial modification of its
proof) we obtain the following

Corollary 1. Let in the orthoring R ¢ < ¢ be equivalent to p = ¢ for all

»,¥ € R and the conditions of Theorem 1 hold. If the equation
Epr=¢
has no non-zero solutions with respect to £, then the iterational equation (18) has
a solution w € R with respect to € iff the system (17) has a solution £(&q, ..., Eno1)
in the set E in Theorem 1, and in the last case this solution of (17) is unique and
is gwen by & = wkt(X,), 1 < n, and for all ¢ € G(X) it satisfies
Gwk™ (X)) = wk*(q).

3. EXAMPLES AND APPLICATIONS

Example 1 (continued). In this example iterations exist always, i.e. for
every two elements ¢, € R there is an iteration of ¢ starting from ¢; and the
conditions of Theorem 1 hold for every finite system of the form (6) (i.e. such that
the sets M; are finite) with respect to arbitrary G and y. Usually, a multiplicative
subsemigroup of R, produced by a subset B C 2, is taken for G, and the identical
embedding — for x. In this casc the members of the Jeast solutions of finite systems -
of the form (6) are called recursive in B elements of R. The example is actually
well-known in the recursion theory and treats the first order recursion theory of
multivalued functions in possibly the most general domain; Theorem 1 implies
easily all basic results of the last theory for such functions.

Example 2 (continued). Define for any natural number n
nt = F_’FLT.F and n” =T_F",

[t is not hard to see that all series of the form
oo
Z Som n1—7
m=0

where ¢, € R for all natural m, are convergent in this example and have an unique
sum. Then every orthogonal system of the form (2} is, obviously, a coding, provided
all its members (k*(gq), k™ (¢)) have the form (m* , m™) for a suitable natural m.
In this way, for every finite semigroup G one can easily construct codings, using
suitable numerations, and let us call such codings numerical. Therefore for numeri-
cal codings the set & in Theorem 1 will be the whole orthoring R; and by Corollary
1 with the trivial semigroup, consisting only of the unit ¢ for (G, we obtain the
following proposition:

Suppose the left hand sides of the system (17) are polinomials with real coeffi-
cients, and let p be the sum of the series (9) with respect to a numerical coding (2).
If the equation

Ep=¢
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has an unique solution £ = 0 in R, then the system (17) has a solution in R™ iff
the terational equation 7+ Ep = & has a solution w with respect to €, and in the
last case this solution of (17) is unique and is given by & = wk™(X;), i < n.

Example 3 (continued). Let G be the trivial semigroup {e} and let take
an isometrical orthogonal quadruple (T,,7_,F,, F_). The semigroup G(X) of
monomials of one variable X consists of powers X", especially X° is the unit e,
and we have the following coding for G(X):

EY(X™)=nt = FTy, k= (X")=n~ =7T_F".

The element 7 = T_ is a starting element for this coding. The series

(19) x= i EHX™E(X™) = f: m*m-
m=0

m=0

converges in the strong operator topology, because the operators m*, m™ are
orthogonal projections upon pairwise orthogonal subspaces of H. The same holds
for the series (4), because it may be obtained from (19) by a multiplication from
left by a suitable element of the form Fi and from right by F_ (all elements are
right additive in this example). In this case G[X] is the set of all formal power
series

(20) P(X)=) X"
‘ n=0
with scalar coefficients A,. As a corollary, we have the following

Proposition 1. Let the sum f(F}) of the series

(o]

(21) f(z) = Zanz”

n=0
(where a,, are compler numbers) exist in the sense of weak operator topology and

let the scalar unit 1 not belong to the spectrum of the operator f(F)F_x. Then
there is an unique operator £ € R such that ||E)] < 1, f(€) exists in the same sense

and f(€) = ¢&.
Indeed, if the value P(F.) of (20) exists, then it may be seen immediately

that the operator p = 13(F+)F_ » is a governing element with respect to the above
coding for the system of one equation

(22) P(X)=X.
And since 1 does not belong to the spectrum of p, the last element has an itera-

tion starting from any element of K. Applying Corollary 1, we conclude that the
operator wl?, where w is the unique solution of the iterational equation

T Epn=¢
with respect to £, is the unique solution of (22) in the set

oo
E={¢€eR| Zf"‘n“ converges in the weak operator topology}.

n=0
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By Theorem 1 it follows also that (w1%)™ = wn? for all natural n. Using the last
equality, we see that the operator wl? belongs to the set

o0
E'={€eR| Zn"L({‘)" converges in the strong operator topology},

because
Zn ((w1t)") Zn“L(wn Zn n-w*
n=0
Since E' C E, the operator w1t is the unique solutlon of (22) in E’. On the other
hand, for every invertible operator I/ € R we have UT'E'U C E’, as it follows
easily from Lemma 1. Hence we conclude that U~'wltU € £ for any invertible
operaior U/, but since U 'wltU is also bound to be a solution of (22), by the
uniqueness of the last solution in E’ it follows that U~lw1tU = w1t ie. wlt
commutes with all invertible operators and therefore w1 = ¢ for a scalar ¢. Since
o0
el € E' ie. Y ¢™n't converges in the strong operator topology, by Lemma 1 the
o rn‘:_O
series Y |c|?™ converges and therefore [¢[ < 1, whence [[w1T|f < 1.
n=0 -
Applying Corollary 1 to other codings, we obtain other propositions of that
kind. Consider, for instance, the following one.

Proposition 2. Let [ be a natural number and for (21) we have the inequality

o0
(+ 12> 1 a* < 1.
n=0

Then the function f has an unique fized point &y in the ball
{ee Rl < @+ 1712,
which is of the form &g = ¢l for a suitable scalar c.

Indeed, consider the semigroup G consisting of | + 1 elements eg, ..., ¢; with
the following multiplication law: eje; = emaxi,j), and let x : G — {1} be the trivial
homomorphism. Suppose

) ( v-i--:,Iv--)F+(60)1 F-(e())y A F+(81)! F—-(el))
is an isometrical orthogonal system in R, consisting of { + 2 pairs of operators. To
each monomial
(23) q=goXg1...gn-1Xgn
in G(X) we assign the operator W= (q) = F_(go)...F-(gn) and define Wt(q) =
(W=(g)), k*(q) = WH(q)T} and k™ (q) = T-W~(q). Using Lemma 1, it is easy
to show that the orthogonal system (k*(g),k7(q))sec(x) is a coding for G(X)
with respect to x. Indeed, condition b) in the definition of coding is fulfilled with
7=T.5 F_(e;). By Lemma 1 the series

i<i
> kT(s)k(gs),
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which is adjoint to (4), converges in the strong operator topology iff for all z € H °

converges the series
> Ik (as))?,
s€G(XN\G
which, since the operators k*(q) are isometrical, is the same as
> Ik (g)k™ (as)el”,
SEG(XNG

and the sum of the last series is obviously not greater than I||z{|?. Thus we see that
(4) converges in the weak operator topology, i.e. condition a) in the definition of
coding holds. A monomial of the form (23) will be called regular iff go = ¢; and
er € {g1,...,9n}. Denote by M the set of all regular monomials in G(X) and let
for every regular monomial p(X) of degree n define A, = {~"a,. Since the number

of regular monomials of degree n is {", the value 13()5) of the formal series
P(X) =3 Aep(X)
peEM

with respect to x is just the sum f(£) of (21) for the operator £ in the sense of the
weak operator topology. But the system

(WH(p), W= (p)pem

is an orthogonal one, whence by Lemma [ and the inequality, assumed in Proposi-
tion 2, we conclude that the series

Y= Z Ap W+(p)
pEM
converges 1n the strong operator topology; and for the sum % of this series we have
1I1F = Pl
pEM

because the vectors W (p)z, p € M, are pairwise orthogonal for all z € H. Now

define
p=B(THT- + %)Y > F_(h)F_(g),

gEG heG
where x is the projection
(24) x= Y kT(Qk(g).
9eG(X)

We shall show that p is a governing element for the equation P(X) = X with
respect to the coding in question. The equality (7) is obvious for this p, and to see
(8), we have to consider two cases for the monomial ¢ € G(X):

Case 1) ¢g=h €. Then

pk* (g X g) = pFr(9)Fr (MTy = $(T4 T- + 0Ty = 9Ty
=D MWWHETE = D0 WWHRITL = 3 Mk (ap),

pEM pEM pEM
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because p = hp for any regular monomial p.
Case 2) ¢ = qoXh for some go € G(X) and h € G. Then, as in the first
case,

Pkt (gXg) = pFr(g)F (M)W (q0)Ty = (T T + )W (g0) T4
= Z MWW (qo)Ty = Z A WH(hp)W T (q0)Ty = Z Aokt (qp).
pEM PEM peM

So pis indeed a governing element. On the other hand, since the operator T, 7_ + x
is an orthogonal projection, we have

ol < I T 4 I 30 32 FeF )] = o+ 12l

gEG heG
o0 [ee]
=D NP =Y D =) Y
pEM n=0 peM, 6 degp=n n=0

and by the assumptions of the Proposition 2 [|p|} < 1. Therefore the iterational
equation has an unique solution w and by Corollary 1 the operator wk*(X) is
the unique solution of P(X) = X in the set E of all operators £ € R for which
5S> q(€)k~(gq) is conventionally convergent in R, ie. in the weak operator
9€G(X)
topology. We see as above that this set £ contains the set E’ of those opera-
tors £ for which the adjoint of the last series converges in the strong operator
topology. Using again Theorem 1 and the strong convergence of the series in (24),
we conclude that wk*(X) € £/, By Lemma 1 the set £’ coincides with the set of
all operators ¢ for which the series :

Y l@eEy )P

9eG(X)

converges for all vectors z. Hence it follows that UT1E'UJ C E' for every invertible

operator U and therefore wk* (X) commutes with every such operator, which shows

that wk*(X) = cI for-a suitable scalar ¢c. By the convergence of the last series with
o0 . .

¢l for € it follows that 3 (I + 1)*1]c|* also converges, whence |¢| < (I + 1)~1/2.
=0

The last characterization of the set £’ shows also that it contains the ball {£ € R |

lI€]] < (I +1)~*/2}, whence we get all the conclusions of Proposition 2.

An n-dimensional variant of the last proposition holds as well. Its proof differs
from the above one only in trivial details and we shall give here its formulation only.
For that purpose we use the following notations: for every n-tuple w = (ig,...,2n-1)
of natural numbers and every n-dimensional vector z = (zg,...,2n-1) (20, ...,
Zn—1 being complex numbers) define z¥ = z)°21! ... 20"} |w| = do+ - -+in_; and
(W) =it iy h '

Proposition 2. Let for a system of n series of the form

fiz)= ) @iz, i<n,

weEN™
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we have the inequality

(+125° % (1|wl|w|!)"1(w)!;a,-w|2 <1

i<n weN”
Then the system of equations

filo, .. énoy) =&, i< m,

has an unique solution in operators (€g,...,én—1) € R™ for which

Dol < @+ 1)
i<n
and this solution is of the form (col,. .., cn-1l), where cg, ..., cn_1 are scalars.

Some other propositions of this kind can be obtained by using suitable infinite
semigroups for G.

Finally, let us note that the method used in the present paper is applicable
In various situations. For instance, it holds quite well, promising interesting appli-
cations, for orthorings with an additional binary operation having the properties
of tensor product. The last orthorings are for the combinatory spaces [2] approx-
imately the same what the orthorings in the present paper are for the operative
spaces [1]. It is a more complicated question whether the code evaluation theorem
holds under not very restrictive suppositions for orthorings with involution. Here
the technique of iterative extensions in the algebraic recursion theory may provide
the necessary tool. Perhaps the further investigations will throw more light over
this situation.
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BbPXY IBE UHTEPBAJIHO-APUTMETUYHU
CTPYKTYPMN N1 TEXHUTE CBOUCTBA!

CBETOCJIAB MAPKOB

Ceemocaae Mapxos. O IBYX MHTEPBAJIbHO-APUSMETUUYECKUX CTPYKTYP
U UX CBOHCTB

PaccmaTpyBaloTCA ABE MHTEPBAJIbHO-APUPMETUYECKUE CTPYKTY Phl, KOTODBIE ABAAIOT-
CA paclIMPEHUAMU UHTEPBAJILHOW AaPUOMETUKK /1 HOPMANbHBLIX MHTEPBAJIOB, UCNOJbL3Y-
1omei ToNbKo 06btuHbLIX (BHEMWHAIX) ONepalMAX B ABYX HallpaBJjeHUil: a) BBeAeHMeM Clenu-
anbHbix (HECTaHAAPTHBIX) oNlepanuii; 6) pacliMpeHueM MHOMKeCTBA HOPMAJLHLIX MHTEPBa-
7108 10 COBOKYNHOCTHM HAliPaB/JCHHBLIX MHTEPBaJIOB BBEAeHUEM HECOBCTBEHHBIX MHTEPBAJIOB.
PaccMoTpeHBl HOBBEIE CBOMCTBA WHTEDPBAJbHBIX cTPYKTYP. (O3HaueHMA YyHUGUUADOBAHHBI
MCHONB3Y#A HOBYIO , MJIIOC-MMHYC“-TEXHUKY JUIA MHICKCALUM NEPEMEHHBIX, KOTOpaA MO3BO-
JIHET JIETKO CPABHUBATH M CUCTEMATU3IUPOBaATL 0be CTPYKTYpHl. BBeleHa Hopasd HOPMAaJb-
Haf (GopMa NpencTABAEHUAX HANpPABJIEHHBIX WHTEePBaloB, M Graronaps eil MOXKHO CBECTH
CBOWCTB HANPaBJIEHHBIX MHTEPBAJIOB K CBOMCTBaM HOPMAaNbHbBIX UHTEPBANOB MCHOJIB3YSH
BHEWIHLIX U BHYTPeHHRIX onepanuax. JlokasaHbl yTBep>JeHUA, NO3BONAIOIME BRIUNCAATE
obnacTu 3HaUeHUH GYHKUMU NPU NOMOIUM UHTEPBANBHO-ADPUPMETUUECKMX BHIPAXKEHMIL,

Svetoslav Markov. ON TWO INTERVAL-ARITHMETIC STRUCTURES AND THEIR PRO-
PERTIES

Two interval-arithmetic structures are considered, which are extensions of the interval arith-
metic for normal intervals using only familiar (outer) operations in two directions: i) via additional
introduction of special inner (non-standard) operations; ii) via extension of the set of normal inter-
vals up to the set of directed (generalized) intervals by improper intervals. New properties of the
interval structures are considered. The notations are unified by introducing new (£)-type indeces
for the interval variables for an easy comparison and systematization of both structures. The

1 PaBoraTa e yacTUUHO GUHanCUpaHa OT MUHKUCTEPCTBO Ha 06pa3oBanmMeTo M HayKaTa

~— Hanuonanen dona nayuuu nscnensanus, aorosop Ne MM-10/91.
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so-called normal form for the representation of directed intervals is introduced, which alows to re-
formulate propositions for directed intervals into corresponding propositions for normal intervals,
using inner and outer operations. Some propositions supporting the computation of functional
ranges via interval arithmetic expressions are formulated.

1. ¥BOA

HacrosmaTa pafoTa € IOCBeTeHA Ha CUCTEMATHU3UPAHO MpeJcTaBAHe U U3-
cileBaHe Ha [Be pasmmupennsa (0Go6IIeHNA) Ha MHTEPBAJIHATA APUTMETHUKA: &)
Pa3MpEeHneTo ChC ClielMalli BbTPEeliHM (HeCTaHAaPTHY) METepBaJHU ofepa-
iy (16, 18] u 6) pasmmpenneTo ¢ HecoBcTBeHu naTepsBann (10, 11]. Tesn ase
MHTEePBAJHA CUCTEMU Ca MPEACTABAHM HOCEra HE3aBMCUMMO, KaToO Ca M3IOJ3Y-
BaHM pa3HooBpasHu noaxoin u osHaveHusa. OCHOBHUAT NPUHOC B HACTOAIIATA
paboTa € MeTOAOCJOrMYECKU: IOKA3aHO €, Ye ABETE Pas3slIMPEHMA MOTaT Ha ce
pasrieknaT B TACHO B3aUMOAeicTBME OT €OVHHA TJEAHA TOUKA U C €IUHHM
O3HAUEHMA U Y€ PA3LMPEHUETO C HECOBCTBEHU MHTEPBAJM BOIM A0 HeoBXoam-
MOCT OT M3IOJ3yBaHe Ha BBTPeIIHM MHTepBalHK omepaumu. IIpakTudeckara
CTOMHOCT Ha TO3M HAUMH HA M3JI0XKEHME € KaKTo B NO-IoJAMaTa 0603puMocT U
NpPOCTOTA MPHY M3MOJA3YBaHETO Ha, ABETE CUCTEMHU, TAKa U B'bB B'b3MOMKHOCTTA 32
eHOBPEMEHHOTO MM NPOrpaMHo peajusupane [27] U cbOTBETHO M3MOJI3yBaHe
[oCpeACTBOM UYMCJIEHM aJIlOPUTMH.

MureppaliHaTa ApPUTMETUKA € B OCHOBATA Ha roJiAM Opoil YMCIIEHW adi-
FOPUTMU C BEPUPUKAIMA Ha Pe3yJTaTUTE, BKIIOUUTEIHO AJCOPUTMM, KOMTO
paboTAT ¢ MHTEPBAIHU BXOJHKN naHHU. Hail-BarkHOTO NpuiokeHne Ha MHTED-
BaJHATA apUTMETHKa (M HellHUTe pa3lIMpeHHUA) e B IPECMATAHETO HA 06XBaTH
(obnactu or cTodHOocTH) Ha dyHrimm [22, 23, 25, 32] U BBB BBHIMOKHOCT-
Ta 3a aBTOMATHM3MpaHe Ha TOBa npecMmartade {2; 3, 28]. pyro npuaoxkeHue
(Ha 10-aB6CTPAKTHO HUBO) MHTEPBAJHO-aPUTMETUYHUTE CTPYKTYPU HAMUDPAT B
aHaJM3a Ha UHTepBaJHO-3HauHu dyHkimu (17, 19, 33, 35-39].

Heka C(T') € MHOMKECTBOTO 0T HElpeK'bCHATUTE PeAJIHO-2HAYHM (YHKUMY,
nedunvpany B warepsana T = [t(7), ¢(H)]. 3a f € C(T) muoxecrsoro f(T) =
{f(t) | t € T} napuuame oGxBar (MHOMeCTBO OT cTOWHOCTH) Ha f BBHpxY 1.
3a f € C(T) muoxectsoro f(T) e unrepBasn. Bakua 3amava e npecmaTaHero
Ha o0xBaT Ha paunoHanHa ¢yHkuusa. EaHa nomomHua 3anmaya e cileqHaTa: &Ko
ca naneuu obxsarture f(T'), ¢(T) na ase dyukumm f,g € C(T), na ce npeacra-
BaAT obxBaTute Ha ¢yukumure f+ g, f—g, fg, f/g9 Bopxy T upes namenure
ob6xBaTy. MHTeppaiHara apyMTIMeTUKa JAaBa [10JIE3HO IIOMOIIHO CPEIACTBO 3a
TMPaKTUYECKOTO PeliaBane Ha Tasy 3ajada ocobeHo B C'bUeTanue ¢ TEXHUKATA
Ha aBTOMATHYHO MUdepeHUVPaHe, P KOEeTO U3CJIeJBAHETO 33 MOHOTOHHOCT
Ha QYHKIMUTE Ce aBTOMATHU3Upa. ’

B unTepBanHaTa apuUTMETUKa 4YECTO CE M3IMO0J3YBaT MHOMECTBa OT HABa
enemeHTa (ZBOWKM) M JBOMYHM TIDOMEHJMBM, KOMTO MOTAT 43 UMAT Pa3iu-
yeH cMucbii. Hanpumep (3aTBopen) umrepBai e HapeleHa NBOMKa, 3HAK Ha
MHTEpBaJ € ABOMYHA IIPOMEHJMBa U T. H. 110106HM ABOMKY M ABOUYHM ITPOMEH-
JMBY B'b3HUKBAT NMpU Pa3mMPEHUTE UHTEPBAJHM CUCTEMU, HATpUMeD BbHIIHa
Y B’bTPENIHa MHTEDPBAJHA OIlePaNMs, IOJIOKUTEHA U OTPUIIATEIHA TIOCOKA Ha
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HaCO4YeH MHTepBaJ 1 aAp. nMoa. B HacroAmara pabora ce BbBEKIAT U CUCTEMHO
M3N0J3YyBAT €OMHHN 03HAUEHUA 32 M3ITOI3YBAHUTE B MHTEDBAJHATA aPUTMETHU-
Ka ABOWYHM ODEKTH, 3a KOWMTO ce NOKa3Ba, Ye ca TACHO B3aMMOCBLP3aHU, BbII-
PEKM Ye NPUBUIHO Ca TBbPAE Pa3jiM4HM 10 CBOATA Npupoda. 1B KaTto exHa
YecTO cpellaHa JBOUYHA [POMEHJIMBA € IIPOMEHJIUBATA ,3HaK Ha WUHTepBaJ “,
KosATO e obobBileHne Ha 3HAKa Ha PEaylHO UMCIO, M Thbil KaTo 3a CTOMHOCTHU-
Te HA Ta3W MPOMEHJMBA Ca Bb3IPUETH O3HAUEHMATa IIC (+) M Mmuayc (—),
B'b3MIpUEMaMe T€3U O3HAYEHUA U 32 CTOMHOCTUTE Ha BCHUYKM U3INOJI3YBAHW OT
HaC JABOWYHY NpPOMeHAMBU. BnaronapeHve Ha TaKa B'bBeJeHUTE €IVMHHU O3HA-
YEHUSA CTABa BBH3MOXHO Ha Ce [10Ka)Ke, Ue paslliMpeHata (C BbTPEUIHU ollepa~
UMyM) MHTepPBaJiHA apuUTMeTHKa ¢ HeoGX0IUM NOMOINeH anapar npu pabora ¢
HacouyeHHU MHTepBaJiu. To3M anapaT JaBa B'b3MOXKHOCT 33 MHTEPIIpeTUpAHE Ha
pe3yITaTH, OTHACAUIM C€ 33 HACOUEHU MHTEPBAJN, B TEPMUHUTE Ha HOPMAJHU
nHTepBaian. Iloka3aHo e CbIIO Taka Kak TBbPIACHUA 338 HaCOYEHU MHTEPBAJIU
ce npepopMyaUpaT B C’bOTBETHM TB'bDAECHMSA 32 HOPDMAJHU MHTEPBAJIM TIOCpe -
CTBOM B'BTPEIIHN U BLHIUIHM UHTEPBAJIHMU Ollepalllu,

Wsnonsysauute B paborata cCUMBONK , +“, | ~“ Morar na MMaT pasnudeH
CMHUCBJI B 3aBUCUMOCT OT CBBP3aHUTE C TAX MaTeMaTHYeCKM OBEKTHU, KOeTo
JVUU 0T KOHTEKCTA U OT MACTOTO Ha Te3U CHMBOJM (HAallp. FOPeH Wiy NoJieH
MHJEKC Ha YMCJIOBA IIpOMEHIMBA, Ha CUMBOJ 3a ONlepalMd mau penaumsa). Ero
HAKOM OT M3II0J3YBAHUTE ABOHKMA 0BEKTH U ABOUYHU IPOMEHJIMBU:

e 3HaK Ha YUCJIOBA WJIU MHTEDPBaJHA IIPOMeHIMBa (IIIOC/MUHYC);

e kpail Ha HOpMaJieH UHTepBaJ (AeceH/JAB);

e KOMIIOHEHTa Ha HACOYeH UHTEpPBA (Bropa/nbpBa);

& [I0COKa Ha HACOYEH MHTepBat (NOoJOXUTENHa/oTpULATENHA);

® UHTEpBaJHA Oepaudsa (BbHIIHA/BbIpeNHa);

¢ HaJIMYHOCT Ha OMepaTop 3a clnpAraHe (HeClperHaT/clperHaT UHTEPBad);
® NI0COKa Ha peJlalifl BKJIIOUBaHe (ce ChAbD¥a B/ChbAbpKa);

® UMCJIOBA apUTMeTMUYHa onepauusa (cbOupaHe/M3BaxaaHe) U Ip. MOL.

B 1. 2 ce BbBexAa HaKpaTKO 0OMKHOBEeHATa MHTEPBAJHA apUTMeTUKa 34
nHopMasiHu (coGcTBenn) uHTepBaJu. ToBa BbBexxZaHe cTaBa C HOMOINTA Ha
CIOMEHATATa ,, MJIIOC-MUHYC ‘-TeXHMKAa Ha O3HAUEHMA, KOeTo JaBa OCHOBA 3a
cpaBHABaHe M YHUOuIMpaHe HA BbBeleHUTe pa3liMpenud. B 1. 3 ce pasmmpsa-
Ba MHOXXeCTBOTO OT MHTEPBAJHM Ofiepalliyl Upe3 BbBEKAAHETO Ha CIleUMaJIHK
BbTpemHN (HecTaHaapTHY) omepaimu. B T. 4 ce ppBexgaT HecoGCTBEHM UH-
TepBallM ¥ MHOMXECTBOTO OT HOPMaJIHM (COGCTBEHM) MHTEPBAJyM Ce Pa3lmMpA-
Ba J0 MHOXKECTBOTO Ha HACOYEHUTe UHTEepBau (cobCTBEHHW M HecOGCTBEHM).
T. 5 e nocBeTeHa Ha NpeACTABAHETO Ha HACOUYEHNTE UHTEPBAJIM B T. HAP. HOP-
MajieH 3amuc (CbCTOANL Ce oT ABOMKaTa OOMKHOBEH WHTEpBAJ W 3HaK). B
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T. 6 € AEMOHCTpUPaHa TeXHUKA 3a NpedopMynupaHe Ha TBHPAEHUA 32 HACO-
YeHM MHTEPBAJIM B TB'bPAEHUA 33 0OMKHOBEHM MHTEPBAJM; 33 WIIOCTPALMA Ca
MOJyYeHU TB'bPAEHMA OT PA3IIMPEHATa UHTEePBAJHA aPUTMETUKA, BbBEAEHA B
1. 3. B 1. 7 ce dopMyanpaT TBLPAECHUS, KOUTO NO3BOJIABAT MHTEPIIPETUPAHETO
¥ M3M0JI3yBaHeTo Ha pasrjelaHWTe ABE UHTEPBAJIHYA CUCTEMM 33 IIpecMATaHE
Ha 06jacT¥ OT cToMHOCTA Ha QYHKLMH.

B macroamara pabora ¢ IMOCTaBEeHO yAapEeHUE BbPXYy MHTEDPBAJHO-aDPUT-
MeTHYHUTE ONEPALMK, KOTATO KpauaTa (KOMIOHEHTUTE) Ha MHTEPBAJUTE Ca
peanuu uyncaa. He ce pasriexaaT KOMIUIEKCHUAT ciltydall, KOMITIOT'b DHO-APUT-
METUYHY OlTepali ¥ CB'bP3aHUTE C TAX 3aKPbIIABAHUA, HEOOX O IMMHU 38 IIPOT-
paMHa peajmnsanusa. TeoperdyHaTa OCHOBA HA TE3W PA3rNeKIaHUSA € BBBEMK-
IaHeTo Ha peJallMM Ha 4acTUYHa Hapeaba M A0IbJIBAHETO Ha YaCTUYHO-HApe-
IEeHUTe MHTEPBAJHY IpOCTPAHCTBa ¢ Ge3kpaiinu enementu (cps. [12-14, 21]).
3a M3BecTHA I'BJHOTA Ca AAJEHU CaMO NePUHULMUTE Ha OCHOBHUTE peJialuu
Ha YacTUYHa Hapeaba M HAKOU TexHU cBoificTBa. To3M marepuan HAMA Cb-
IECTBEHO 3HAUEHWE 33 OCHOBHMTE BPb3KU MEXKAY IpeIACTAaBEHHTE MHTEPBAJI-
HO-apUTMETHAYHU CUCTEMU M YMTATEJAT MOXKE Ja ro IponycHe (Bk. GopMynu
(1), (16), (17), (25)-(27) u cBoiicta S6, M6, M6, K5:i),ii), K6). Ho
TpaAbsa na oTbenexuM, Ye OCBEH 3a KOMIIIOTHPHUTE 3aKpbrJAABAHUA UHTEp-
BaJHUTe Pellallii UMAT 3HAUEHUE 33 HAMWPAHETO HA BKIIOUBAHUA (BbTpPEWHU
M BBHIIHK) Ha 067acTH oT cToiHOCTH Ha ¢yurkimM. ToBa e MAKOCTPUPAHO B
kpas Ha pabortata (BX. TBBpAcHKE 9).

2. OBUKHOBEHA MHTEPBAJIHA APUTMETUEKA
B, IJIOC-MUHYC“O3HAUYEHUSA

[lle npunoMHMM A0Gpe W3BECTHATA WHTEPBAJIHA APUTMETHKA 33 KOMIAKT-
HU MHTEpBAJM BbPXY peanHaTa npasa R, kaTo IIpy TOBA Il B'bBEIEM HOB THII
03HayeHMd, KOUTO lile HapudaMe (+)-03HaUEHUSA.

3a nanenu a,b € R,a < b, nopmaneH (cobcrBeH) MuTepBat [a,b] ce xe-
pUHMpa KaTO KOMIIAKTHO IIOAMHOXECTBO Ha peajiHaTa IpaBa R 1ocpelACTBOM
[a,b] = {x | a < z < b}. Yucnara a,b € R HapuuaMe JIfiB, CbOTBETHO HECEH
kpait Ha [a,b]. Muoxkecrsoto {[a,b] | a,b € R,a < b} oT BCUUYKM MHTEpBaM
osnauvaBaMe ¢ I{R). Enementute Ba I(R) mie o3HayaBaMme ¢ IJIaBHM OGYKBH.
JleBuar kpait na A € I(R) oanauaname ¢ A(™), a gecuus kpait — ¢ AY), raxa
ue A =[A7), AH)]. 3a kpanmata A7), A) pa unTepBana A me usnonsysa-
Me ¥ o3HaudeHuATa al™) choTBETHO a(‘"), THI KaTo 03HAYEHUATA Ha KpaullaTra
¢ Manku OYKBM ca HaBJIE3IW TPaiiHO B JMTepaTypaTa 110 MHTEPBAJeH aHAJMI3
(1O 3a cBKANEHUME Ce OTKIOHABAT OT 0OMYalHMA HAUMH Ha BBBEXIaHE Ha 03-
nauenus ¢ Gpynkimonasen xapakrep). Taxa al®) (umm A®)), c s € A = {+, -}
o3HaYaBa JAB MM HeceH kpaif Ha A € I(R) B 3aBUCUMOCT OT CTOHHOCTTa Ha
s. [o-HaTaThK ABOMYHATA NPOMEH/IMBA § YECTO LI€ CE M3Pa3fBa KarTo Ipo-
U3BeleHue Ha ABe (WM TOBeuye) ABOMYHM NPOMEHIMBU, KoeTo AepUHUpaMe
mocpeicTBoM ++ = —— = +, +— = —+4 = —~. [la orbenexxuM, 4e TOBA INpo-
M3BeJleHUE € acOUMAaTUBHO B A, T. €. 3a p,g,r € A umame (pg)r = p(qr) = pqr.
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Unreppan A = [a7),aP)] ¢ () = o) ce mapuua msposen. 3a uspomenms
MHTEDBaJ [a,a] e nuieM ¥ npocto a, Hanp. [0,0]=0, [L,1]=1wu T &

Hexa 4 = [a{7),a!M)], B = (=), 6()] € I(R). Penammara Bxmoupate B
I(R) viMa 103HATUA TEOPETUKO-MHOMKECTBEH CMUCDHI. B TepMunMTe Ha Kpau-
IaTa BKIIOUBAHETO Ce M3pa3siBa MOoCPEICTBOM (IO-HATATBHK CUMBOJUTE , A,
.V ¢ o3HauUaBaT M, CHOTBETHO , MK “)

(1) ACB < (D) <ad AP <), A Bel(R).

Ila o3HauMM MHOXKECTBOTO OT MHTEPBAJM, ChbAbPX¥AIM Hyda, cbC 4 = {A €
I(R)|]0€ A} = {A]a") <0< aP)}, a MmuokecTBOTO 0T MHTEpBAAM, 32 KOMTO
Hy7a e BBbTpemHa Touka, che Z* = {A € I(R) | al~) < 0 < a{t)}. Muoxecrno-
TO 0T MHTEDPBAJN, KOUTO He CbAbPKAT Hyna, e [(R)\Z ={A € I(R)|0¢ A};
MHOMKECTBOTO OT UHTEPBAINTE, KOUTO He C'hAbPHKAT HYJIa KATO B'bTPELTHA TOY-
ka, osHauaBame [(R)* = I(R)\ Z*. MuoxectBoTo [(R)* ce ¢hcTOM OT NOAMHO-
xecrBata I(R\Z, {0}, {[~a,0},(0,d} | a > 0}. dynxuwmonansr o : [(R)* — A ce
ne¢puunpa 3a A € I(R)* \ {0} cve o(A) = {+, ako al~) > 0; —, ako a(+) < 0},
a 3a apryment nyna — cbe 0([0,0]) = o(0) = +; we ro HapuuaMe 3HAK Ha
A € I(R)*. 3mak Ha nHTepBan He ce AepuHMpa 3a MHTEpBaJ oT Z*, T. e. 3a
MHTEPBAJ, C'bAbpKAlll ¢IHOBPEMEHHO M OTPULATENHU, U MOJOKUTEHN UMC-
na. B yacTHOCT 3HAK Ha U3POJEH MHTEPBAJ e IIO3HATUAT 3HAK HAa 4YMCIO,
o([a,a]) = sgn(a), ¢ yroBopkaTa, 4ye 3HaKBT Ha UUCJIOTO Hy/a C€ IpHeMa 3a
nonoxurened. C Topa GyHKUMOHANDBT 0 € fobpe pepunupan Bppxy I(R)* u
B YaCTHOCT BBPXy R.

3abenexka. B nakou paborH QYHKIMOHANBT 0 Ce AeOUHUDA 33 BCUYKH
HeHyTeBu MHTepBaiyn nocpenctoM o(A) = o(al™) +a(-)); B Tazu pabora nama
[a M3MoJI3yBaMe TOBA PasUIMpeHHe.

Onepauuure +, —, X,/ ce 1epuHMPAT 33 HOPMAJHA UHTEPBAIU HOCPEACT-
BOM

(2) A=B={asblacAbeB}, x€{+,—,x,/}, A, BEI(R),

KaTo B cjyuyaf Ha ,* = /¢ ce npeanonara, ye B € I(R)\ Z (mx. [1, 24,
41), Bx. cputo [37-39]). Popmyna (2) He e ynobua 3a codTyepHa peanusa-
mma. Msnonsysaiiku (+)-03HaueHus, MOMKEM Ha 3amullieM WHTEPBAJHO-APUT-
METMYHNTE oNepalvi 0CpeACTBOM KpauinaTa Ha onepanmute A = [al=), a(+)],
B = [b(),b(+)]. 3a TpuTe omepaumm chbupane, yMHONKEHNE M MHBepcHA (pe-

HHUIIPOYECH I/IHTepBa.JI) nMaMe CbOTBETHO:

3)A+B = [a+60),aM) +3], 4, B e I(R),
[a(=7BNH-o(A) q(?(BVY(AN] A B € I(R)",
(4) AxB = [a(®b(=9) a®Op(], 6§ =a(A), A€ I(R)*, B€ Z*,

[a=D6(® o] 6 =0(B), A€ Z*, BEI(R)",
[min{a™6() aMp()} | max{al=6(=) o HpHY A B e 2%,
[1/6,1/6)), B € I(R)\ 2.

Il

(5) Ax B
(6) 1/B
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HehuHUIMATA HA YMHOXKEHUE € NAjieHa C Be OTACIHO HOMepupanu ¢op-
MyJIM 3a 1o-JiecHo muTHpaHe. B noxpoGen 3anuc dopmysa (4) uma Buzga

[a(=)p(=), alH)p(+)
[alH1b(=) al=)p())
[a(=0b(H) a(+)p(=)]
[a(+7b<+), a(—)b(—)]
[a(+)b(_), a(+)b(+)]
[a(=)p(+) al=)p(=)]
[ ]
[ ]

, A>0, B>0,
, A>0, B<O,
, A<0, B>0,
, A<0, B<o,
A>0, Bez,
., A<0, Bez,
A€z, B>0,
. AeZz*, B<O.

Ax B=1[a) o] x b 6P =

al=)p(+) q(+H)p(+)
aHp(=) a(=)p(=)

B uwacruus ciydait, xorato A e uspodeH oT Buna A = [a,a] = a € R, dop-
myna (4) nasa A x B = a x B = [ab(~=7(3) ab(e()] = {[ab(~), ab(})], ako a >
0; [ab) abl=)], ako a < 0}. npu yMHOMKEHMe C UMCIIO TIOHAKOTA lIe U3MYCKa-
Me 3Haka X, muiedixn aB Bmecro a x B. 3a a = —1 umame (=1)B = —B =
[-6(+), —6(~)]. Omneparopbr —B ce Hapuua orTpuiakme Ha B M ce o3Haya-
Ba oute ¢ neg(B) (or negation). Iedunmpanure ¢ (2) onepauyum U3BarkAaHe
" A— B u genenue A/B Morar na ce npeiCTaBAT KaTO c’bCTABHU ONEpAlMK Upe3
A—B=A+(-B), A/B = Ax(1/B). l3pasenu ¢ Kpauiuara 1ta olnepaHaure,
Te UMAT BUJA

(1) A= B = [aC7) =) alH) —p(=)] A B e I(R),

[al=7(B)) /p(a(A)) o(a(BY) /p(=o(A)) " A ¢ J(R)*, Be I(R)\ Z,
(0= /(=9 o) /b(=8) 6= o(B), A€ 2%, BeI(R)\Z.

(8) A/B

MonpobHo 3anmucano, AefleHUeTo uMa BUIA

[( )/b(+) at /)], A>0, B>0,

[ V/b(+) a(=) /b= )], A>0, B<O,

, (=) /p(=), (+)b(+)] A<O B>0

= 1) ) oy = 4 [T ] A <o, ’

A/B = [a7), P/ 6H] = /6= a ) A<0. B<o
(@6 o)) A€z, B>0,

[aH) /) o) p(H)] Aez*, B<O.

Tbit KaTo U3BaKIAHETO € C'bCTABHA ONEPALMA, MOXKEM Jla He [0 BKIIOYBAME
B CIMCbKa HA OCHOBHUTE Ollepaldy Ha Taka MoJydeHaTa ajreGpuuHa CUcTe-
ma S = (I(R),+,x,/,C). Onepaummure +,—, x,/, nepunupanu c (2), pecrm.
c (3), (7), (4)-(5), (8), ule HapryaMe OOGVKHOBEHM WM BHHUIHM UHTEDPBAJIHNA
onepanum nian S-omepammu, a cucreMara S ule Hapudame OOMKHOBEHA WM
B'bHIIHA MHTEPBalHA apUTMeTHKa (M3I0N3yBaHEeTO HA HAaUMEHOBAHMETO , B'hH-
meH“ e MoTMBUpaHO Io-HaraTbk). CpolicrBara Ha § = (I(R),+,%,/,C) ca
no6pe usyuenn 1, 24, 29-34, 41] e npunomMnum Hskom oT TAX. AXo He e
Ka3aHO HeLO APYro, A B, C, ... o3nauasar enementu Ha I(R).

S1. A+ B=B+A, AxB=BxA.
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S2. (A+B)+C=A+(B+C), (AxB)xC=Ax(BxC).

S3. X =[0,0)] =0uY = [1,1] = 1 ca eauHCTBeHW HeyTDPAJIHA €JEMEHTHU
OTHOCHO C'hb6UpaHe, Pecl. YMHOMXeEHME, T. €.

A=X+Aszascaro A€ I(R) <= X =1[0,0];
A=Y x Asascaxo A€ I(R) <= Y =[11].

S4. Huxoit enement A € I(R) ¢ A(=) #£ AM) ue npurerkasa o6paTen 10 or-
HOLlleHne Ha, oNepaluATa + u nukoit enement A € I(R)\ Z ¢ A7) £ A(H)
HAMa ofpaTeH Mo OTHOWIeHNe Ha X. Esementure —A u 1/A (kouto Morat
aa 6bpaT 3am0403peHM 3a 06paTHM, HO HE €a) yJOBIETBOPABAT BKIKOU-
BAHUATA

0e A+ (-A)=A—- A, pecni. 1 € Ax (1/A) =A/A.

Te3n BKIOUBAHUA IDEMUHABAT B paBeHCTBA CaMO 33 AereHepUpaHU UH-
TepBaJu. ¥ paBHeHueTo A+ X = B He BUHArY UMa. e IUHCTBEHO pellleHHUe;
10 MMa emuucTBero pemmenne npu b(7) — al™) < aH) — 4+ u B To3U cary-
wait o e X = [b(=) = o) o) — b TIpu 6-) — o) > al+) — p(H)
ypaBHeHUeTo HAMa peuienre. [lo aHalorMyeH HAUMH CTOU B'BIPOCDHT C
peltleHrero Ha ypaBHenueTo A x X = B To chliecTBYBa U € €AMHCTBEHO
Npu olpeleneHo ycJloBUe 3a KpauillaTa Ha uHTepBanaute A u B.

B CMJla Cca CJIeIHUTE 3aKOHM 3a C'bKpallaBaHe:
a)3a A, B,Cel(R), A+C=B+C= A=B;
6) 3a A, B € I(R), C € [(R)*\{0}, AxC=BxC=>A=B.

3aKOH 3a cbKpaliaBaHe NPU yMHOMeHMe MMa U B caydasa A, B,C € Z2*.

S5. Wimame (A4 B)x C C (Ax C)+ (B x C) (cybamcrpubynsen 3akon [30]).
PaBenctBo (aucTpuGyTHUBHOCT) € HAJMUe B HAKOM YACTHM CJydaH, M3-
MEMKIY KOWTO e OTOeNeXUM clle THUTE:

c(A+B) = cA+cB, ceR,
(A+B)xC = (AxC)+(BxC),

ako A,B,C,A+ B € I(R)\ Z, o(A) = o(B).

S6. Umame X C X; = X+xC C X3 +xC3ax*€ {+,—,x,/}. Karo caencreue
ce ToJiydyagpa

XgX1,Y§Y1 = X*YQX]*YL

Covenuuenne (uau cebp3ano obeannenne) (A\/ B] na asa unreppana A, B
ce ne¢UHUpPaA [MOCPEACTBOM

[AVB] = [min{A(7), B} max{AH), BHY].
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B wactHua cayuvait, koraro uHtepsaante A, B ca uzponenn, t.e. A =a, B = b,
a,b € R, cheantennero [A\ B] = [a\/b] e yno6Ho 3a mpexncraBsHe Ha MHTep-
BaJI, Ha KOMTO KpaumaTta a,b ca U3BECTHHM, HO €BEHTYaJHO HE € U3BECTHO KO
OT KpaMillaTa € JIiIB M Kol JeceH (TakaBa CUTYallMd B'b3HUKBA, KOTATo Kpau-
maTa ca CTOMHOCTU Ha (YHKIMH, KOWTO HEe Ca U3BECTHM NpeABapUTEHO UM
ollle HE Ca IPECMETHATH).

Anre6puunute cucremu (I(R),+), (I(R)*, x), (I(R)\ Z,+, X, /) umar pe-
JWIla HECHLBBPIIEHCTBA, KOUTO I' [IPABAT HENPUBJIEKATENHY 33 IPUIIOKEHUATA.
Cwraacio S1—S4 (I(R),+) u (I(R)*, X) ca KOMyTaTUBHM IIOJYIPyIH, HO He
ca TpymM, Thil KaTo He CbLIeCTBYBAT OGDATHM €JIEMEHTH [0 OTHOIIEHHE Ha
omepauumuTe +, choTBeTHo X (Bk. Hamp. (15, ra. 2]). Pemenuara Ha ypas-
HenuaTa A + X = B, cborBerHo A X X = B, Korarto CbUIECTBYBAT, He MOTaT
na 6bOaT u3pasenu upes uHTepBasHute onepaunu (2). B (I(R)\ Z,+, x,/)
onepamusaTa 1/B He moxe ma 6bae onpeneieHa upes + U X (HaIp. He MOXKe
Ia ce TBBLPAM, de e obpaTHa Ha ymHOkeHueTo). B (I(R)*,+, x) HAMa muct-
pubyTHBEH 3aKOH B 06HIMA cnydail ¥ pbobile Mexx/ly onepaluuTe chbupane u
YMHOKEHME B MHOXECTBOTO 0T OBHMKHOBEHWTE MHTEpBaJM UMa 1Bbple ciraba
MTOHOCUMOCT. BhHUIHATE MHTEPBAJHY Olf€PalMK Ca HENPUJIOKMMH 33 MOJyda-
BaHe Ha BbTPEIIHN BKAOUBaHMA (BX. T. 8, TBbpleHue 9).

WNz3BecTHU ca ABa I'bTA 32 [PeoAoJisiBaHe Ha CIIOMEHATHUTE HEJOCTAT' LU Ha
06UKHOBeHATa MHTEpPBAJiHa apUTMeTHKa: a) upes3 pasmMpABaHe Ha MHOMECT-
BoTo o7 onepauwmu B [(R), n 6) upe3 pasmmpsABaHe Ha caMoTO MHOKecTBO [{R)
u noaeduHMpaHe Ha apUTMeTUYHUTE ONlepaliUy B HOBOTO MHOMKecTBO. Pazmm-
pPABAHETO HAa MHOMKECTBOTO OT ONEPALMMUTE ITOCPEACTBOM CHELMA RN B TP EIHA
(HecTaHOApPTHY) MHTEPBAJIHM ONepaluy +~, X~ BOY [0 MHTEPBAJIHO-apUTMe-
tuuHaTa cTpykrtypa M = (I(R),+,+~,%,x~,C) [16-21]. IIpu roBa pasum-
pABaHe HOCUTENAT Ha IIPOCTPAHCTBOTO OCTABAa HEIPOMEHEH — TOBa € MHO-
KeCTBOTO OT HOPMAJIHUTE MHTEPBalu. AJTEpHATHBHO 4Ype3 pas3lMpsABaHe Ha
mBoxecTBoTO I(R) 0T HOpMaJIHATE MHTEPBAJIU JI0 MHOXeCTBOTO [) OT Hacoue-
uute (06061EHUTE) MHTEPBAJIM U Upe3 MOAXOAAN0 pa3lMpsABaHe Ha AeQUHU-
IUUTE Ha MHTEPBAJIHO-apUTMeTHYHMTe onepaunn oT I(R) no D momyuaBaMe
uaTepBaJHOoTO npocTpadcTBo K = (D,+, X), B KoeTo onepauuure +, X MMaT
rpynoBu cBoiictBa [7-11, 21, 26]. ToBa pasmupsaBaHe e CbLUIECTBEHO I10-CHII-
HO OT IYbPBOTO, 3aIH0TO MPY HErO Cé 3aCAra HOCUTEJIAT Ha NIPOCTPAHCTBOTO, &
VMEHHO OT HODPMaJiHU UHTEPBaJM ce NpeMMHaBa KbM Hacoudend. [lo-HaraTbk
Ile pasriegamMe I10CJEJOBATEIHO TE€3U JBe PA3lINpeHU UHTEPBAJIHM CHCTEMH.
BbBexaaHeTo Ha JABETE CUCTEMHM MOXeE Ja Ce HAIpaBU HE3aBUCUMMO €IHA OT
apyra. IleficTBUTeNHO, YMTATENAT MOXKe Ha IpodyeTe cjedBamuTe T. 3 U 4
B NpPOU3BOJIEH pelA. B T. 5, KOATO M3M0OA3YBa pE3yJNTaTH OT IpPEeAVIIHUTE IBe
TOUKM, ca JaJeHU BP'b3KU MKy JABeTe MHTepBajHu cucremu M u K, nonyue-
HM Upe3 e[HO HOBO T. HAp. HOPMAJHO IpeJCcTaBAHe HA HAaCOYEHNUTE VHTEPBAJINU.

3. PASIIMPEHA MHTEPBAJIHA APUTMETHKA

B unTepBajHATA apUTMETHMKAa S BBBEXIaMe CIEIMaHY BbTPemHn (Min
HECTaHAapTHH) ollepaln. Taka MoJiy4eHOTO pa3lMpeHye IIe HapUyaMe pas-
mMpeHa UHTepBaJHA apUTMETHUKA.
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Ila ne¢punmpame ¢pynknuonamure w : I(R) — R = [0,00), x : I(R)*\ {0} —
[0,1] mocpencTBoM

w(d) = o —a),

(=) /q(+) —
(=o(A)) /(o)) _ | @7 [a'T) o(A) =+,
x(A) a /a { P /a-),  o(A) = —,

1l

kakro 1 ¢ - [(R)Q I(R) — A, ¥ : (I(R)*\{0}) ®(I(R)*\{0}) — A nocpeactBoMm

¢(4, B) = U(w(A)—w(B)):{ + :)((AA))ZZ:((BB));’

C nomourra Ha Taka BbBeleHUTe QpyHKIMOHamM nepunupame B I(R) onepamm-
ure +~, X~ [mocpeacTBOM

9 A+ B = [@9 45 a® 49 4= ¢(4,B), A, BeI(R),
[alo(BY)p(-a(4)9) a(—c(B)w)b(o(A)w)], ¥ =9%(A,B),
A, B € I(R)*,

(10) Ax~ B = [al=9b(=9) a(=9p(] 6§ = o(4), AecI(R), Be 2",

[al=9b(=9 a®)p(~) §=0¢(B), AcZ* Be I(R)"
0,01, A,B € 2". |

3abenexkn. B npeammnn paborm [16-22] 3a cayuas A,B € Z* pe-
3yATaTHT OT omepalmaATa A X~ B e neduHupaH Karto [max{a(‘)b(+), a(+)b(”)},
min{a(=)6(~) a{t)b(+)}]. Tpu ToBa nonaraue obaue TBbpaeHne 9 He e BAPHO
3a A, B € Z*. BbB popmyna (10) B ciyuas A, B € I(R)* (ubpsua pen) mMoxke
Jla B'b3HUKHE HESCHOTA, KOraTo HAKOM OoT uHTepBaiute A, B e Hyjdes (mopaam
TOBa, Ye QYHKIMOHAJIUTE Y, ChOTBETHO ¥, He ca nedMHUPAHM 3a HYJIEBU MH-
TepBayu). B Teau ciyuau peaynTaThT € HyJa, Thil KaTO KpaullaTa ca HyJIH.
Houaxora e ynobHo GpyHKUMOHAIBT X Aa ce Romepunupa B Z* \ {0}, Kato B
aedunnumonHaTa My dopmyina o(A) ce samenu ¢ o(al=)+al)). Ilo Tosu naunn
byHKIMOHANDBT X ce AeduHMpa 3a Beekn uHTepBan ot I(R)\ {0}, T. e. x ocTaBa
ne¢uHUpaH camo 3a HyJsesusa uaTepBad [0,0] = 0. B Tasu pabora HAMa aa ce
Haljlara Ja M3[0J3yBaMe TakoBa pa3lIMpeHWe Ha JAepUHUIMOHHATa obaacT Ha
x. Yurarenar ue 3abeiiexun AyailHOCT MEXKAY pe3yJTaTHUTE, OTHACAIIN Ce IO
cbbupaHe, ChbOTBETHO YMHOMXEHUE, DU KOATO GYHKUMOHAJUTE W U X C3 ChOT-
BETHM eJVH Ha APYr. B Te3u pe3yiTaTy UMa MaJika HECUMETDHUA, KOATO MOXKe
na ce TipeMaxHe, ako (YHKIMOHANBT w ce AepuHupa kKato w = al™) — a(H),
KoeTo obaye He € IPUETO B JIMTEPATypaTa MO MHTEPBaJleH aHAJM3.

- Teoppuenue 1. Hspasume e decnume cmpanu na (9), (10) ca unmepsasu
om I(R), m. e. nspeume uM KOMROKERMY He HAOMUNABAM CFOMBEMNUME 8MOPU
KOMRORENMU U JeliCMBuUmMerno ca Ae6u, C50MEEMHO 0eCHY KPAUULA HA UNTEPOA-
A,
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Zloxazameacmeo. ToBa e 04eBMIOHO 3a U3pa3uTe, B KOMTO He y4acTByBaT
¢ m . OcTaBa Ia MOKaKeM, Ye B U3pasuTe 3a +~, X ™, AeMHMpaHH che:

(11) A+~ B = [ +b(w)’a(v)+b(-w)]) - A, B € I(R),
(12) Ax"B = [a(fa(B))b(—ev(A))’a(—fa(B))b(w(A))], A, B € I(R)",

ZBOWYHHUTE IIPOMEHJMBM v, € € A MoraT na ce usfepaT no TakbB HauMH, Ye
JecHuTe cTpaHM xa ca eneMentd Ha I(R), 1. e. al=7) + 600 < o 4 p(-7)
aleo(B)p(=eo(A) < g(=eo(BNp(eo(A)  O1 tesm ycnosus e H3pa3uM v, € Moc-
peactBoM ¢ u . Karo wanonsypame, ue 3a A, B € I(R) \ Z HepaBeHcTBaTa
x(A) > x(B) u aloBNp(=o(A) < q(=o(BNp(e(4) ca expupaientan (1), uonyga-
BaMe, ye 7, € B (11)—(12) ce npencrabsar ¢ ¥ = ¢(A, B), € = y¢(4, B), kakto
ToBa ce u3ncksa B (9), (10). O

AKO pembT Ha KpaWllaTa He HU € HYEeH, MOXKeM Ia U3IIoJA3yBaMe Tpel-
cTaBsiHe C NOMOINTa Ha cbhexunenue. Torasa ¢opmynm (11), (12) aobusat
BUIA

A+ B (@) + 6NNV (a) +6C))), A, B € I(R),
Ax" B = [(a(v(B))b(-o(A)))\/(a(—O(B))b(v(A)))]} A, BeI(R)*.

WurepBanno-apurmernutara ctpykrypa M = (I(R),+,4+7, X, x7,C) e pas-
lmMpeHue Ha nHTepBaJHata aputMetuka § = (I(R),+, x,/,C); mwe s HapUua-
Me pa3llupeHa MHTepBajHa aputMmetnka [16-22]. [da orbenemmm, ue A +~
(-4) =0, Ax~(1/A) =1, roero osnavana, de —A = [—alt), ~a- N ul/A=
(1/a{t) 1/al~)] ca o6paTHu eneMeHTH CLOTBETHO OTHOCHO onepauunTe +~ U
x . Ile apurioMunM, de onepaTopbT 1/A He MOXke [a ce olpeenn ¢ TOMOIITA
Ha OCHOBHMTE MHTEPBAJJHO-APUTMETHYHU orepanny ,+“ v | x “ u cnegoparen-
Ho TpabBa Ja ce pasliekia KaTo OCHOBeH B S, HO CbUIMAT omnepaTop 1/A He
e ocroBeH B M, Thit kato 1/A Moxe Ja ce onpenxesan kato obpaTHua Ha A
N0 OTHOIUICHWe Ha OCHOBHATa omepamda X~ . AnareGpuynHara crpykrypa M,
nepunnupana nocpeacrsom (3)—(5), (9)-(10), noszsosaBa BbBEXKAAHE HA OIe-
paluy, onpelesieHd upe3 OCHOBHMTE apUTMETUYHHTE ONepalu -+, -+, X, X~
U 4pe3 obpaTHute ejeMenT —A U 1/A no oTHeueHne Ha onepauuuTe +7 U
x~. Takupa ca chcraBauTe onepaimu A~ B = A+ (~B) u A/B = A x (1/B),
npebuaupanu nocpenctsom (7), cborBero (8). Moxem xa aedunupame u
¢beTapaUTe ontepaivu A —~ B= A+~ (-B) u A/"B = A x~ (1/B), xouro ce
M3pa3ABaT Upe3 KpauillaTa Ha ONEePaHArTe IIOCPeACTBOM

(13) A-"B = [a(—¢)—b(—¢):a(¢) —b(¢)]7 d): ¢(AvB)a AuB € I(R)a
[a(O(B)w)/b(a(A)w)’ a(w(B)w)/b(w(A)w)}, W = (A, B),
A€i(R)y, BEI(R)\Z,

(14) A/™B
[a=8/b® o p®) §=0(B), A€Z", BEIR)\Z.

KaTo usnonsyBaMe ONEPalMATA , CheJMHeHNE “, MOXKEM [a 3anullieM U3pasure,
B KOUTO yYaCTBYBAT IPOMEHIUBUTE ¢ U ¥, B ClemHATa 1o-o6o3pumMa popma

A="B = (@~ O b)), 4,8 e I(R),
A/"B = [(a(O(B))/b(a(A)))V(a(-v(B))/b(—v(A)))]’ A,BeI(R)\ Z.
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Uernpure ocuopum onepaunu (3)—(5), (9), (10) 3aenno ¢ yetupure chberapHM
orepatmu (7), (8), (13), (14) naBar oceM MHTepPBAJIHO-APUTMETUUHHU Ollepa~
mn B M, KouTo nle napudaMe M-oriepammu. Yetupu oT Tesu M-onepanyu
ca S-onepaimure +, —, X, /, KOUTO HAPUYAME OIlle B'LHIIHM UHTEPRAJIHA Ollepa-
iy, OcraHalure YeTUPU ONEPAlMM + 7, X, —~ /7 nedUHUPAHN C'HOTBETHO
c (9), (10), (13), (14), me nHapuyame B'bTpPellHn (TOBa HaMMeHOBAHME Ce U3~
nosisyBa Hanp. B [40], apyro MsmnossyBaHo HaMMeHOBaHWe e | CllemMalHu“ 2]
nan  nectapaaptan® [21]. Ule npunomunm, ue S-onepaumsra , /“ Moxe xa ce
onpeJeny Upe3 olepaldara | X “ u oneparopa , obparen exement“ 1/A orHoc~
HO , X~ “ (analoTudHo Ha chaydas ¢ usBaxmaHero ,—“). Topa Hu mossosusaBa
Ja 3amucBaMe anrebpudnara cTpykrypa M BB Buaa (I(R),+,+7, %, x™,Q),
[TpY KOUTO S-U3BaKIaHETO U S-IENEHUETO CC U3KIIOUBAT OT CIMChKa HA OC-
HOBHMUTE oliepalmu Ha M.

B HAkoM ciryday e B'b3MoKHA CJaelHaTa HAarjie/Ha UHTeprpeTalus Ha one-
palmuTe B pa3dliMpeHaTa MHTepBana aputMerurka. Heka ,+“ e Kos aa e oT ue-
TMpMTE dncaoBY onepatnn * € {4+, —, %,/ n A= [a(“),a(“], B =[b7), b e

«

I(R). KaTo U3BbpUIMM YUCJI0BATA ONEPALMS , * “ Mewly Kpail Ha ¢AMHWA WH-
TepBAJ M Kpall Ha ApYrua WMHTEpBaJl, lloJydaBaMe YeTUPUTE PeaJsHU YUCIa,
al=7 % 607 al=) % ) ) 5 5(=) a(F) % p(+) [a upennonosknm, e Te3n uncaa
ca JZBe 10 ABEe pAJIMUHK ToMekAy cu. la ru rojipeanM no rojiemMuHa, 03-
HauaBallkM ' C C1,Cp,C3,C4, KbAETO €y < €3 < €3 < ¢4. ToraBa BHHIHMIT
UHTEPBA [c],Cq4] € PEIYNTATHT OT CHOTBETHATA BBLHIIHA WHTEPBAJIHA ONepa-
uns BbpXy unrepsaynnre A, B, 1. ¢. Ax B = [¢1, ¢4, a BHTPEIUHUAT UHTEpBAT
[ca, ¢3] e pesynTaThbT 0T CHLOTBETHAaTA BBTpPEllHa UHTEPBAJIHA ONepald, T. €.
A7 B = [c2,c3]. Uskaiouetne o7 ToBa [PaBUII0 ¢ CAYYAHAT HA YMIOMKEHUE HA
JIBa MHTEPBAJIA, KOUTO €JHOBPEMEHHO C'bUbPHKAT HY 13 B'LB B'LTPEIHOCTTA CH;
B TO3W cayd4ail BbTPEHOTO npousselenue cbraacno (10) e nystes uHTepBadl.

Ha usere M-omnepaunu 3a cbbupatie MoXe Ja Ce iefa KaTo Ha e(Ha , JIBY-
MoycHa® omepauus +* ¢ mapamersp 6 € A, Koitro onpesens tuna (Moayca)
Ha onepalmaATa {BbLHIIeH/BbTpelleH) 110 GopMylata

A+Y B = (@7 + 6V + o)), A, B € I(R).

Anasorndno Ha gsere M-olepalluy 33 YMHOKEHUE MOXKE Jla ce Dieja KaTo Ha
enna onepamma x? ¢ napamersp 0 € A, kosto 3a A, B € I(R)\ Z moxe ja ce
3anMuIie BbB BUa

A xP B = [(al~oBDH0e )N (B0 4 B [(R)*.

Ilpu Te3u o3HavueHMa MokeM Ja 3anucBame cucremata M oile B'bB Busa M =
(I(R),+*, x*,C).

3abenesxka. Bbamorkno e B M na ce B3eme apyr HaGop oT OCHOBHU OTie-
pauuu, HanpuMep +,—", X U /‘. B To3m ciyuait onepaimmte +7, X7, KOUTO
[IpAeXMe 3a OCHOBHM, II€ Ce OTNpeleNAT ype3 n3bpaHuTe 3a OCHOBHY Ollepa-
wm +, —~,x,/” nocpeactBom A+~ B=A-"(-B), Ax"B=A/(1/B). B
[16-20] B3eTHTE 3a OCHOBHU orMepalMu —~ ¥ /= ce o3HA¥4aBaT CbOTBETHO C
—“wu /% amnpowsBoaHWTe onepaimy +~,—, X~ M / ce 03HAYaBAT CLOTBETHO

»
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c 9,6, u ©. EInH HenocTaThk Ha TO3M NOAXOJ €, Y€ O3HAUEHUATa , —
u [/ cboTBeTHO 33 S-M3BaXKAaHeTO U S-JelleHMETO Ca HIMPOKO Bb3IPUETH B
JUTEpaTypaTa 00 MHTEPBAJEH 3HAJA3 U MMa ONAaCHOCT 0T o0bpKBaHe.

Copraacio AeGpUHUPAHOTO B Ha4aJoOTO Ha T. 2 NPOM3BeAeHUe Ha [BOUYHU
cumBosu mMame +FTt = 4" =4t =4, pF T =4t =4 xFt = x- =
xt = x, x*t7 =x"%*=x". 3a A€ I(R)* e o3nauaBame |A| = o(4)A =
{A, aro o(A) = +;—A, ako o(A) = —}.

Ocsen pesanunre S1—S86 B M B cnia ca cinensamure 3akouy M1-—MT.
HemnocpencrsenaTa NpoBepka Ha Te3U 3aKOHU € eJleMeHTapHa, Makap U B HA-
Koy 0T CjydauTe JOCTa TPyHoeMka. B 1. 6 ZaBame mpocTo u3BeKAAHE HA
HAKOM 0T GOPMYIUPAHNATE [10~TONY TB'bDHAECHUA.

M1. 3a A, B€I(R) mmame A+~ B=B+~ A, Ax™ B=Bx" A
M2 (ycaoBHO acommaTuBeH 3akoH 3a ,+°“). 3a A, B,C € I(R) nmame

(A+B)+~C = A+%F9 (B4~ )

- _ [ A+7#EO (B 17 0), w(A) > w(B),
(A+7B)+C = {A+’(B+((7),w(A)<w(B);

A+~¢B.C) (B 4+~ C), w(A) < w(B)

(A+"B)+ C = {A+*(B+C)"“<A)2‘“(B)'

Y caosrO acomuaruseR 3akoH 3a , x? “. 3a A, B,C € I(R)\ Z nmame

(AxB)x~C = Ax VB (BxC;

~ B Ax"¥BC) (B x- (), x(A)< x(B),
(Ax"B)xC = {A:‘(BXC('), x(A)>>§c((B) "

) ) Ax—¥BO (Bx- (), x(4 B),
(Ax™ B)x~C = {A:-(Bxc(‘), X(A;Si(c((B))>X(

M3. X =[0,0]=0u Y = [1,1] = 1 ca exMHCTBEHU HEYTDPAJHUA €JIEMEHTH OT-
HOCHO B'bTPemHuTe M-onepanmu 3a cbbupatne U yMHOXEHHUE, T. €.
A=X 4" A 3zaBcako A€ I(R) +— X =10,0],
A=Y x" A 3aBcako A€ I(R) <Y =][1,1].

M4. Bcekn enement A € I{R) uma eanHCcTBEH 0GpPaTEeH OTHOCHO +~ Y BCEKM
eiement A € I(R) \ Z uma eauHcTBeH oBpared otHocHo X~ . Tosa ca
enementure —A, cvorBetHo 1/A, 1. e. 0 =A+" (-A)=A-"A n 1=
Ax~ (1/A)= A/~A. 3a X € A ypaBuennero A+* X = B nma eauHcTBe-
Ho peumrenue npu w(A) < w(B), To e X = B~} A. Tpu w(4) > w(B)
eAMHCTBEHO pelileHHe He € HaJjMIle — MOoXe Ja MMa [OB8€ pelleHWa Wiy
auro eano. Ilo-touno npu w(A4) > w(B) ypasuennero A+ X = B Hama
pemende, a ypapHerueTo A+~ X = B uma ape pemenusa: X = B~ A g
X=B-"A
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Amnanornuno ypasuenuero A x* X = B npu A, B € I(R)\ Z, X € A,
uma emuHcrBeHo pewrenne npu x(A) > x(B), 1o e X = B/™*A. Tlpu
x(A) < x{B) eauncteeHo peiieHHe He e HaAMIle — MOXKe 1a UMa ABE pellie-
Hue uian HUTo earo. I[o-touno upu x(A) < x(B) ypasuenuero Ax X = B

HAMa peuleHue, a ypasuenneTo Ax~ X = B nva ase pewenusi: X = B/A
ulX= B/_A.

B cuita € ycnoBeH 3aKOH 3a CbKpalllaBaHe, KOWTO 32 BBHTPEIHOTO CHEU-
paHe rJjacu:

A+ C=A+" D, w(C)<w(A), wD)<w(d)= C=D,

KbacTo < MO)Ke Ja ce 3aMeHM ¢ >. B obmua cayuvail opu aurca Ha
NObJHATesHO yenosue oT Thra w(C) € w(A), w(D) < w(A) 3akon 3a
C’bKpallaBaHe He € B CUAa, T'hil KaTo 1pu npoussoiHo B € I(R) nHTep-
Baiute C = B — A, D = B —" A ynosaersopsBar A+~ C = A+~ Du
npu 10Ba w(C) > w(A), w(D) <w(A) upn A#0.

M5 (yciaosrO-muerpubyrtusen 3akon). 3a A, B,C, A+ B € I(R) \ Z nmame
ClleIHATE pABEHCTBA:

(Ax C)+ (BxC), o(A) = o(B);
(Ax CYy+¥CBY (B x~ (),
(A+B)xC = o(A) = —-o(B) = 0(A + B),
(A x~ C)+¥(C4) (B x C),
0(A) = —o(B) = —0(A + B);

(A x= C) +¥ACWBE (B x- (), o(A) = o(B);
(Ax~ C)+¥€4) (B x C),
(A+B)x~ C = o(A)=~0(B) =0(A+ B),
(A x C)+¥B) (B x- (),
o(A) = —o(B) = ~0(A + B);

(A x C)+=%CB) (B x= C), o(A) = a(B),
w(A4) > w(B),
(A x~ C)+¥C4) (B x C), 0(A) = o(B),
w(A) < w(B),
(AxCY+~ (B x (), a(A) = —a(B),
£(A,B) > 0,
(A x™ C)+¥CAEE) (B x= C), o(A) = ~
£(4,B) <

(A+~ B)xC

( ),
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(A x™ C)+=¥4) (B x C), a(A) = o(B),
w(A) > w(B),
(A x CY+¥EB) (B x~ C), 0(A) = ¢(B),
(A+~ B)x~C = w(A4) < w(B),
(Ax~ C)4+"¥HCAWECB) (B x~ C), 0(A) = —o(B),
£(A,B) >0,
(Ax C)+~ (B x~C), o(A) = —o(B), £(4,B) < 0

kbaeto £(A, B) = o(A x (A4~ B))¢(A, B).
B vactHocT B M ¢ B cuna a( B+~ C) = aB +~ aC, a € R, koero koMGu-
aupano ¢ a(B + C) = aB+aC, a € R, nasa

a(B+°C)=aB+%aC, a € R, 6 €A,

Karto apyr 4JacTeH cay4yail nojgydyaname

(aC) + (bC), o{a) = o(b);

(a+b)C = (aC) +77®) (bC) = { (aC) 4+~ (bC),  o(a) = ~a(b).

Heka * € {+7,-"} »n X, X1,Y,Y1 € I(R). HNpeanonarame X 2 X,
Y C Y| u nonyuaBame:

ako w(X) <w(Y), 1o X*xY C X1 *Y7;
ako w(X1)>w(Y1), 1o X %Y 2 X+ Y.

Hexa * € {x~,/7} wu X,X1,Y,Y; € I(R)\ Z ca rakuBa, ye X C X,
Y CYy. Ilpu Te3u (pemnoosKeHus uMaMe: :

ako min{x(X),x(X1)} > max{x(Y),x(¥Y1)}, 1o X *Y C Xy * Yly;
ako max{x(X),x(X1)} < min{x(Y),x(Y1)}, 10 XY C Xy x 1.

[louskora e ymobHo ma ce M3M0J3yBa pejalMfATa <, AepUHUpaHaA IloC-
pPEACTBOM

(15) A=B <= (a7 <bNAGED <6P)), A Bel(R).

Penammsata =< YyHOBRETBOPABA CIEJHUTE CBOMCTBA, aHAJOTUYHM Ha
cpoitctBara S6, M6, oTHacAmM ce Ao penauuara C.

. Heka x € {+,+7}, XXl,YYlel(R) Toraba X < X; , Y <11 =

X*Y%Xl*yl
Heka * € {—, -7}, X,X,,Y,Y; € I(R). Toraa X < X; , 1 XY =
X*Yle*Yl
Heka * € {x,x"}, X, X;,Y,Y1 € I(R)*. Torasa |X| = |Xi|, |Y|2 V1] =
Hexa * € {/,/"} m X, X1,Y,Y1 € I(R)\ Z. Torasa |X| = |X1], V1| <



M7. 3a A, B € I{R) umame A%~ B C Ax B, x € {+,—,%,/}. Pasencrso e
HaJMIie TOYHO TOraBa, KoraTo HoHe eAMHUAT OT uHTepBaauTe A, B e na-
ponen. ToBa onpasiaBa U3IMYCKAHETO HA 3HALMTE X, X~ IIPM YMHOMKEHUE
Ha UHTEPBAaJ C YUCIO,

Axo A < B, we 3anucsame cbeaunenuero C = [A\/ B] owe B1B BUAA
C = [A, B] n me kasBame, ue A, B ca 1AB, CbOTBEeTHO JeceH (MHTepBaJeH)
Kpai Ha C.

IIpencrasane B CR-popma. M3mosn3yBaHOTO 0 To3u MOMEHT NpeACTa-
BAHE HA MHTEePBAJIMTE ¢ IOMONITA Ha TeXHUTe Kpauilia lle Hapudyame FP-upea-
crapane (ot aHrya. end-point). lle usanonszysame u npeacraBsAHe ¢ LIEHTPOBE U
paauycu, koero e Hapuuame CR-nipencTaBsiHe 32 HOPMaJHK MHTEPBAJIN.

Ha o3HauuM HeHTbpa U pamuyca Ha A € I(R) cbhotserHo ¢ ¢(A) u p(A),
1. e. ¢(A) = (al7) + al1))/2, p(A) = (a'P) = a(7))/2. Mpexoasr o CR-npeac-
rasane A = (c(A), p(A)) B EP-npeactassne crapa nocpeictBom al™) = ¢(A) —
p(A), at) = c(A) + p(A). Beaxa mpoitka (¢, p) ¢ p > 0 npeacrasa no exuHc-
TBEH HAUMH eAUH HopMaJjeH uHTepBaJs B CR-popma. [lo-HaraThk me aaneM
dopmynute 3a apurmetuynute onepaumu B CR-dopma [4]. Axo ne e xazaHo
apyro, A, B ca eaemendtu na I(R). W3nonsyBanu ca U cileIHUTE 03HAUECHUA:
le(A)] = o(A)c(A), B(A) = o(A)p(A). Vmame npencTapsnuaTa:

A+ B = (c(A)+c(B),p(A) + p(B)),
A=B = (c(A)=c(B),p(A) + p(B)),
Ax B (c(A)e(B) + B(A)p(B), [c(A)lp(B) + |c(B)lp ( ), A, B € I(R),

AJB = ((c(A)e(B) + BAFB)), (E*(e(A)lo(B) + e(B)lp(A)),

Ael(R)",BeI(R)\Z,
K'bAETO TyK U Mo-HataTbk 62 = 62(B) = (c*(B) — p*(B))~1.

3a BBTpeUHNTE oMlepaluK MMaMe npelcTaBanuaTa (4, 6):

A+™B = (c(A)+c(B), |p(A) - p(B)]),

ll

A="B = (c(A) - c(B),[p(A) — p(B))),
Ax™ B = (c(A)e(B) - p(A)P(B), llc(A)|p(B) — le(B)Ip(A)]), A, B € I(R)",
A/TB = (6%(c(A)e(B) - B(A)R(B)), (82|c(A)|p(B) — c(B)lp(A)),

AeI{R)y,Be (R)\Z

B CR-3anuc e yao6Ho na pasriexnaMe aseTe onepaiun +°, 0 = +, kato enHa
onepaluA-GyHKIUA ¢ mapaMeTsp ABOMUYHATA NpoMeHNnBa # € A, KoATo 3a1aBa
JBATa B'B3MOXKHM HAUMHA Ha U3N'bIHEHWE HA OllepalldATa: B'bHIIEH Ipu 0 = +
u BbTpemen npu § = —. Kato riename no noaobeH HauMH U Ha OCTAHAINTE
orepanuu, MoXKeM Ja pe3ioMupaMe GOPMYJIMTE 33 BHHIUHUTE U BbTPEUIHATE
VMHTePBAJIHU OIePAlNK, KAaKTO CJelBa:,

A+ B = (c(A)+c(B),lp(A) 6 p(B)),

A-"B = (c(A) - c(B), p(A) 0 p(B)),

Ax"B = ((A)(B) 0 5(AD(B), lc(A)lo(B) 6 le(B)lp(A)), A, B € I(R)",

APPB = (6Xc(A)e(B) 9 B(A)B(B)), (8lle(A)|p(B) 6 |e(B)ln(A)]),
AeI(R)*,BeI(R)\2Z,
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Kbaero § = £ B JICCHUTE CTPaHM 03HAYABA YMCIOBA APUTMETHUHA OIlepallis
(cnbupaHe/u3Bammane).
Jla n3pasum cwoTHOmeHusTa C 1 < B CR-bopma. Mmame

(16) AC B = [e(B) — c(A)] < p(B) — p(A)
Haucrtuna

ACB = ) <al™) ad® <p®

¢(B) — p(B) < ¢(A) — p(A)
= { N s
e(B) —c(A) < p(B) = p(A)
= { e(4) = o(B) < p(B) - p(A)
e [e(A) - <(B)| < p(B) - plA).
Ot cpoitctro (16) cnensa p(B) — p(4) >0, 1. e. AC B = p(A) < p(B).
AHAJIOTMYHO 3a pellaidaTa < UMaMe

(17) A= B &= 1p(B) - p(A)] < (A) - e(B),
Hauctuna .

A=< B <= a7 <bIAalt) < pH)

¢(4) - p(A) < o(B) — p(B)
= {r<4>+p<A><c< B) + p(B)
¢(A) ~ ¢(B) < p(A) — p(B)
= {cm) o(B) < p(B) — p(A)
<= o(B) ~c(4) 2 |p(4) — p(B)].

Ot csofictio (17) caeasa ¢(B) —c(A) > 0, 1. e. A X B = ¢(A4) < ¢(B).
CaotictBa (16) u (17) ce nosyuaBaT eqHo OT APYro 4pe3 popmajHa pasMAHa
Ha ¢ 1 p.

QOuic CLOTHOUIEHMSI B pasliMpeHaTa MHTCPBajiHa aPUTMETHMKA Ule §bAat
nosyyeHd B T. § ¢ romolnTa Ha anrebpuuHaTa CUCTEMa Ha HACOUEHHUTE MHTEP-
BaJM, KOATO 1€ pa3riefaMe B cileJBallaTa TOUKA.

4. HACOYEHU UHTEPBAJIU B TOKOMIIOHEHTHA ®OPMA

Anrebpuunutre cucremu (I(R), +) ¥ (I(R), X) ca KOMyTaTMBHM TOJAYTIPYNN,
KaTO B ['bPBATa MMa 3aKOH 34 CbKpalllaBaHe, a B'LB BTOpaTa MOXKe 13 Ce OT-
M€y MOANOJIYIPYNa ¢bC ChKpammaBaHe. [lopau ToBa Te3U CHCTEMU MOTAT Ja
6baat Biloxend B rpynn (Bx. [15, c. 62]). Taka nonydenute BnaraHus ca n3-
cinensanu ocHoBHO oT E. Kayxep [9-11]. [lo-HaTaTbK IpencTaBAME HAKPATKO
usikon pesyatatu Ha E. Kayxep, karo usnonsysame oTHOBO (+)-03HaueHus .

[lle pasumpum MuoxectBoTo I(R) 10 MHOxkecTBoTO D = {[a,b] | a,b € R}
0T HapeleHUTe ABOWKM PeafiHi YUCia, KATO 10 TO3Y HAUMH B'bBEH[IAME U | UH-
TepBaJiu“, Ha KOUTO , NIEBMAT Kpail“ e mo-roiiam oT , JecHua“. 3a na He cTa-
Ba 06 BPKBaHe ChC cnyqaﬂ Ha OOUKHOBEHU MHLepBafm, enemenTuTe Ha D ute
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Hapu4aMe HacodeHu (Mim 0GoGlIeHM) MHTEDPBAJHM, & ,KpaumlaTa“ Ha Hacode-
HUTe UHTEPBAJM 1€ HapudaMe KoMrmoHeHTH. IIbpBaTa KoMmoHeHTa Ha A € D
e o3HauaBaMe ¢ a” wiau ¢ A, a Bropata — c a¥ wim ¢ AY, Taka ue
A =[a",at]=[A~,At]. Jluncara Ha ckobkHM, 3arpaxkJaliv + U — B TOPHUTE
VIHJEKCH, Ille 03Ha4aBa, ye HepaBeHCTBoTo a”~ < at Beue He € 3aABIDKUTENHO
(3a pazmuka ot a{™) < alt)| xoero e 3ambIKUTENHO 32 KpaulaTa Ha coGCTBE-
HuTe uHTepBaiu). WsnonsysaHarta ¢opMa Ha NnpeAcTaBsHe HapUdaMe HOKOM-
nonentHa unn CW-gpopma (ot auri. component-wise). Ha HacouyeHusa naTepsan
A =[a7,a%] € D cbnocTaBAMe aBouuHaTa NpoMeHAMBa  nocoka” 7(A), nedu-
umpana ¢ 7(A) = g(at —a”) = {+, ako a” < a*; —, ako a~ > a*}. Cwraacno
NajJeHaTa AeGUHAIMA U3POAEHUTE UHTepBay (Te3u ¢ a~ = at) uMaT mosoxu-
TenHa MOcoKa. MHOMXECTBOTO OT BCUYKM €JIEMEHTH Ha 1), KOUTO ca C MOJ0KHU-
TeJHa M0COKa, T. €. MHOXKECTBOTO 0T COBCTBEHUTE UHTEPBAIY, € eKBUBAJIEHTHO
Ha I(R) (nmopaam koeTo e ro o3HauabaMme oTHOBO ¢ [(R)); MHOXeCTBOTO OT
MHTEPBAJIUTE C_OTPUIATENHA IOCOKA, KOMTO Ille HapuiaMe HecOGCTBEHH, Iie
osnauaBame ¢ I(R), taka de D = [(R)U I(R). Ha Bceku HacoueH MHTepBaJ
A = [a”,at] € D cpnocrasame cobersenns uurepbaid p(A) = {[a”,at], ako
T(A) = +; [at,a”], ako 7(A) = —}; umame p(A) = [a~"A) a"(A)]. Bmecto
p(A) me muineM noHsKora npocto A, ako ToBa He BOAM A0 HesicHoTa. Mu-
TepBasia A Ile Hapuuame cobcTBeHa (HOpMalHa) YacT Ha HACOUEHUS MHTEP-
Bal A.

le pasumpum deduHULIMOHHUTE obacTu Ha olepanuure +, X ot I(R)
B D. Ila o3Haumm

Z = {AelR)]a* <0<a™},
Z = {A€IR)|at <0<a”},
T = ZUZ={AeD|0ep(A)}

{AeD|(a<0<a*) V (a* <0<a)}.

C T* o3nayaBaMe HaCOYEHUTE VHTEPBAJHN, KOUTO CHADLPXKaAT KaKTO OTpuUlla-
TeJIHU, TaKa U MNOJIOXKHWNTEJNHN YUCha, T. €.

T*=2"UZ ={A€T|(a <0<at) Vv (a*t <0<a™)}.

B D* = D\ 7" nepmnupame 3Hak Ha HacouyeH wHTepBaJ o . D* — {4+, —} moc-
pencteoMm o(A) = o(A) = {+, akoa™ > 0,at* > 0; —, akoa” <0, a* <0,
a” +at #0}. (lle orGenexkum, ue ot A € D* cnenBa A= p(A) € I(R)*, a 3a
unTepBaiu or I(R)* 3HaKDBT 0 € RepUHUpaH.)

®opMaHOTO 3aMeCTBaHe Ha KpawiaTa (JIeBH/JeCHU) C KOMIOHEHTUTE
(wbpBu/BTOPYM), KakTo u Ha I(R)* ¢ D* nua Z* ¢ T* B (3)—(4) naBa popmynu
3a omepauuuTe +, X B D:

(18) A+B = [a+b",a" +b7], A,BeD,

: [a—a(B)b—a(A),aa(B)ba(A)]} A Be D*,
[a%b=5,a%b®), 6=0(A), A€D' BeT*
[a=%b%,a%], 6=0(B), A€T* Be D"

(19) AxB
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3aBbpluBaMe paslIMpABAHETO Ha AeduHuimara Ha A X B 3a caywas, xorato
A B e T, gato nonoxum (cps. [9, 11]):

[min{a=b*,atb"}, max{a=b",atb*}], A Be Z*,
(20) A xB =< [max{a=b”,a*b*t} min{a~b*,atb"}], A,BeZ,
0, A€z BeZ wwm A€Z 6 BeZ.

Popmynu (18)-(20) nedunupar anreGpuunara cucrema K = (D, +, X), KoATo
e HapuyaMe HacoueHo (060611eH0) MHTEPBAJHO TPOCTPAHCTBO NN HACOUEHA
(0606uIeHa) UHTEPBAJIHA APUTMETHKA.

Ot (19) 3a A = [¢,a] = a, B € D umame a x B = aB = [ab=7(®) ap?(2)].
Monaraiikm a = —1, monygasame (—1)B = [~b*, —b~]. Oneparopa (—1)B me
HapuuyaMme oTpMuaHue Ha B n me ro o3nauapame ¢ —B mau neg(B). OueBuano
—B e pasumpenue Ha S-onepartopa orpunanue B . ChcTaBHaTa olepalus
A+(-1)B=A+(-B) =[a~ —bt,at —b7] 3a A,B € D e pasumpenne Ha
S-m3paskaaHeTo B [) U me ce o3HavaBa M 3aHanpexn ¢ A — B kakro B (7).

Cucremure (D,+) u (D\ 7,x) ca rpynu [10]; B TaX cbliecTByBaT 06-
paTHM ejieMeHTH. Jla o3HaumMm oOpaTHMA alUMTUBEH ejieMeHT Ha A € D ¢
—»A, a obpaTHua enemeHT Ha A € D\ 7 1o oTHOWIEHMC Ha ONEpaLUATA
,X“cl/A. 3a ofpaTHUTE eleMEHTH MMaMe TOKOMIIOHEHTHUTE IpeacTaBA-
A —pA = [—a”,—at]3a A€ Dul/pbA=[1/a",1/at]3a A € D\T.

OGpaTHMAT aOWTUBEH €JIEMEHT —, A He TPAGBA Oa ce CMECBa C OTPUIAHU-
ero Ha A, T. e. ¢ —A = (=1) x A = [-a',—a~]. Usnonsysaiixu onepatopure
—A =[-a%,-a"] nu —pA =[~a~,—a?], obpasyBame onepatopa

(21) A=—h(-A) = —(-1A) = [a*,a7],

koifTo Hapuuame cnparaHe. OmnepaTopbT cnpsrade B D e chcTaBeH oepa-
TOD, NPOM3BOJEH Ha olepauuuTe +, X M Texuurte o6partuu. I[lle oznadyaBame
omepaTopa CIpsAraHe [0 TPY Bb3MOXKHM HaumHa: A = A_ = con(A). Onepato-
pvte ,crnpfArade“ U ,o06paTeH aJUTUBEH“ IIPOMEHAT MMOCOKATa HA apryMeHTa,
a ONepaTopbT , OTpUlAHME “ A 3ama3sa. '
PapencrBara (21) moacka3paT, ue MoXeM Ja TbpcUM omepatop 1/A B
D\ T, koiiro (aHasoruuHo Ha onepatopa —A B (21)) eBenryasHo yHoBieTBO-

* pABa CBHOTHOILLIECHUATA

(22) 1/x(1/A) = 1/(1/4A) = K.

EavHECTBEHMAT TakbB olepaTop e ,MHBepcuaATa“ 1/A = m = 1/hA =
[1/at,1/a”] 3a A € D\ 7; NpoTUBONONOXHO Ha cAyYad B S TYK MHBEpPCH-
ara 1/A e cberaBen onepatop. Ot Apyra crpaHa, onepanusara A x (1/B) 3a
A €D, BeD\T, koaro me o3HayaBaMe 10-HaTaTbk ¢ A/B, e pasumpenue
B D Ha S-onepanmara A/B, nepunupana c (8); umame

[a=o(B) /po(4) qo(B) [p=o(A)] A € D*, Be D\ T,

A/B = A x (I/B)Z { [a®/b=%,a%/b7%], § =o(B), AET*, BE D\T.
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Or A = —(—1A) u A = 1/(1/pA) (mx. (21) u (22)) moayuaBaMe cileanu-
Te M3pa3u 3a o6paTHUTe ofepaTopu: —pA = -A, 1/hA = I/X O6partaure
enemenTd —p A, 1/, A nopaxinar onepamvnre A+(—,B) = A+(-B) = A-B,
A x (1/,B) = A x (1/B) = A/B, xouto e o3HauaBame ¢ A —; B u A/, B:

A-yB=A+(-3;B)=A-B=[a" -b",a" —b%], A Be D,
A/,B=Ax(1/,B)=A/B
_{ [a—cz(B)/b—a(A)’ao(B)/bo(A)]7 AeD* Be D\T,
[a“‘s/b‘s,aé/b"], 6= q(B), AceT*, BeD\T.

Or nocnennoro paBeHcTso nojaydyaBame A/B = A/pB = A/n(—r((-1) x B)),
KOETO II0Ka3Ba, Ue HeJieHHMeTo , /“ Moxe [a Ce olpe/eld 4Ypes OlePAlUUTe
LX“ —n u /p (oBparHo Ha curyaimara B S, KbaeTo ,/“ e HezaBUCMMA Olle-
patmsa). CrenoBaTeqHO CUMBOJBT ,/“ MOXe Ia He ce BKJIIOYBA B CIMCBKA
OT OCHOBHUTE ONEpALMM HA TAKA MOJIyUeHATa anrebpudHa CUCTEMa, KOATO e
osnauapame ¢ K = (D, 4+, x). Bwmwkaame, dye cucremara K cbabpia cbhCTas-
HUTe omepaimy usBaxlane A — B, nenenuve A/B, cnpsarane ‘A, onepamuuTte
A -B, A/B M TexHUTe crnpertati A — B, A/B Hpyru cbctraBHM ollepa-
i ca A+ B, Ax B, A+B, A x B; IOKOMIOHEHTHUTe MpeACTABSHUA Ha

[OCJIETHUTE Ca CHOTBETHO (B3eMam<v1 npensus, ye o(A) = o(A) = a(A)):

13

A+B = [a"+btat+b7], A, BeD;
A+B = [at+b",a” +b%], A,BeD;
a=7B)pol4) qo(B)p-o(4)] A Be D,

AxB = %"b" “’], b=0(A), AeD' BeT,
(a=%=% a®b~%), §=0(B), A€T*, BeD"
[a?(B)p=o(4) q=o(B)po(A)] A B e D,

AxB = { [ a], §=o0(A), AeD", BeT
[

aéb‘sya"éb‘s] §=0(B), AeT* BeD
Ouepanmure + 1 X, nepusmpanu ¢ AFB = A+ B, AXB= A x B, ynosner-
BOPABAT BfA =B+ A = A+B, BXxA = B x A = AxB, koero nokaspa, ue

,+“u X% He ca KOMYTaTMBHU.
Ho 061110 KaTo W3Moji3yBaMe o3HaueHnaTa A_ = A, A, = A, MoxeM Ja

sanumeM, ue 3a t,s € {+, —}

(23) A +B, = [a7"+b7%a" +¥°], 3a A|BeD,
[a—to(B)b—sa(A)’ ato(B)bso(A)]’ A, B¢ D*,
(24) A, xB, = [atPb=2% at®b*®], 6 =0(A), A€D*, BeT",

[a=tb%% at¥b*®], 6=0(B), AcT*, Be D"

®opmymu (23), (24) nosponABaT IpecMATaHeTO Ha u3pasure A+B, A+B, A+
B, A+B, AxB, AxB, AxB, AxB.
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HososbBeneHoTo osHauenve A, NOKa3Ballo HaJWYMe WK JUNCa, Ha, CIIpA-
rafge BbpXy A, ¢ MHoro yaobHo 3a pabora M Iie Ce H3I0JI3yBa YecTo MHo-Ha-
taTbhk. C HeroBa momomn Hampumep ¢opmyna (20) Moxe ma ce samuue 3a
A, BeT7” taka:

[min{a~b*,atb~}, max{a~b~,a*b*}];(a), 7(A)=7(B),

AxB = {o, (A) = —7(B),

OnepaumuTe +, X 3al1a3BaT CBOMCTRATa KOMYTATUBHOCT U aCOLMATUBHOCT
npu TaxHoTo pasupenue (18)—(20) ot I(R) B D {10, 11, 26]. OcBen toBa B D
pasuUIMpeHUTe OMEPAaLMK UMAT 0GpaTHM U ChOTBETHUTE AJre6pUYHM CUCTEMHU
ca rpyma. OcobeHo NpUBJIEKaTenHO € ToBa, Ye B K uma npoctu aucTpuby-
TUBHO-TI0J06HA BP'B3KM, KOUTO MoraT Aa ce OPMYJIMPAT B CIEAHOTO

Tenpoenue 2 (ycaoBHo-mucrpnOyTuser 3akol). Ja A/ B, C, A+ B ¢
D* ¢ g cuaa

(A +B) x C=(A x Cyays(a+)) + (B x Com)o(a+B))-

Hoxazameacmseo. KaTo uanonsyBaMe AePUHUUMUTE 33 YMHOXKEHHE M Cb-
GupaHe, roaydasame
(A+B)xC = [(A+B) 9(Clc-o(A+B) (A 4 B)(C)CI(A+B)]
= [(A“O(C) + B“a(c))C—v(A+B)7 (Aa(C) + B”(C))C"(A“})],

Mopaan o(A)o(A) = + u dopmyna (24) HamMupaMe 3a QACHATA CTpaHa
[(A)—U(C)C~6(A+B)) (A)G(C)CG(A+B)}
+ [(B)*”(C)C_U(A+B), (B)U(C)C”(A+B)]
{(A—-o(c) + B—O’(C))C—U(A+B)’ (Aa(C) + Ba(C))Ca(A-}-B)].

HaBcakbae Tyk apryMeHTUTE Ha 0 ca HACOUYEHM MHTEPBAIM, HO BMECTO TAX
MOTaT Ja Ce MUIIAT CbOTBETHATE UM COGCTBEHM dacTd, Hanpumep o{A +B) =
c(A+ B) = o(A+~ B) m r. H. Oule eIHO NMPOCTO U3BEXIaHEe HAa yCIOBHO-
IXCTPUOY TUBHHMA 3aKOH e 6b1e HAllpaBEeHO B Kpad Ha cllelBamaTa Toyka. B
no-noapoBeH 3alUC YCIOBHO-IACTPUOY TUBHUAT 3aKOH UMa BuUIa

(AxC)+(BxC), oc(A)=0(B) (=0(A+B)),
(A+B)xC={ (AxC)+(BxC), o(A)=-0o(B)=0(A+B),
(AxC)+(BxC), d(A)=~0(B)=—~0(A +B).

Y cHOBHO- IUCTPUOY TUBHUAT 3aKOH MOXe [a Ce 3aliville U B CJIeJHATe GOpMHU:
(A+4B) x Coayp) = (A x Cqra))+ (B x Cypy), A,B,C,A+Be D",
Co(a+B) X (A +B) = (Csa) x A)+(Coy x B), A,B,C A+BE€ D*,

KOMTO MMOKa3BaT, ue uHTepBaabT C npu muoxnreaure A + B, A, B ce cnpsra,
aKO C'bOTBETHUAT MHOXKUTEJ € OTpUIIATENEH.
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Penanum 3a BrIroupage. Y I00HO € [a Ce W3MOA3yBaT ABE pejalldd 3a
BKJIJOYBAHE.

Penanmara h-pkmousane [11] e yaobua 3a pafora, HO uMa HeoBudaeH
CMHMCBJ; TA Ce ne(pHMHMpa TaKa:

(25) ACyB < (b-<a )A(at<b*), ABeD.

Penanmara p-BKIOUBaHe ce AePUHMpa 3a [BA HACOUEHM WHTepBaja A =
[a=,a*], B =[b",b%] no cneauna ecrecrBen Haumu:

(26) AC,B<=p(A)Cp(B), A BeD,

kaTo B caydaa A = B_, 1. e. b~ = at, b" = ¢, upuevame 33 omnpenemne-
HOCT, Ye MHTEPBANBT C MOJOXKUTEIHA [IOCOKA ChAbPXKa TO3U C OTPULIATEIIHA
nocoka. ®opmyina (26) uspasnaBa, ye KOMIOHEHTHTE Ha A Ce HAMMPAT MEX-
Iy KOMIOHeHTHUTe Ha B (Mam ye kpammara Ha A ca MexkIy kKpaumarta Ha B).
Ipyr expuBanenTen 3amic Ha (26) e A C, B <= b77(B) < ¢77(A) < o7(A) <
b7 (B A BeED.

Bpusakure Mexay penaummre Cp m C, ce paBaT 3a uHTepsBaiu A, B c
eIHAKBa, 110COKA MOCPEACTBOM

(27) ACLB<=ACIB, A, B AC;B, 7(A)=7(B) =09,

=Zpy =
ITo-naTaTbk o6o6laBaMe OCHOBHUTE CBOMCTBa Ha MHTEPBAJIHATA CTPYK-

typa K = (D,+, x,C;). Ako He e ka3aHo Hemo apyro, ¢ A,B,C,.., XY me
o3HavapaMe eneMmeHTy Ha D. C uskmodenne Ha cBoiicta K5 u K6 usbpoe-
HUTE [0-HATATHK CBoicTBa MOraT Aa ce HaMmepar B [11].

kbaero CF=Cp, Ty =Dy, CF=Ch 1 Cf=Ds.

Ki1. A+B=B+A, AxB=BxA.
K2. (A+B)+C=A+(B+C), (AxB)xC=Ax(BxC).

K3. X =[0,00=0uY =[1,1] = 1 ca emMHCTBEHNTe HYNEB ¥ CHOTBETHO
eQUHUYEH €JEMEHT 10 OTHOUIEHHE Ha ChbOUpaHETO M yMHOKEHUETO, T. €.

A=X+A3zascako AcD < X=[0,0];
A=Y xAzapcako AeD <— Y=[1,1].

K4. Bcexkn enement A € D uma envHCTBeH o6paTeH elieMEHT 110 OTHOMHIEHHUE
Ha -+ 1 Bcerd einemenT A € D\ 7T npurexkaBa eImHCTBeH ofpaTeH eje-
MeHT II0 OTHOWIeHMe Ha X. ToBa ca eleMenTuTe —A, choTBeTHO 1/A
T. e. UMaMe . '

0=A+(-A)=A-A u l=Ax(1/A)=A/A.

K5. i) 32 A,B,C,A+B € D*, (A-I-B)XC,,(A_;.B) = (AXC,,(A))-I—(BXCU(B));
i) 3a A,B,C€ I(R) umame A x (B+C)C, AxB+A xC;

i11) 3a A,B,C € I(R) nmame AXx (B+C) D, AxB+AxC.
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K6. Hexa * € {+,—~,%,/}. ToraBa X C, X;, = X *xC C, X; x C. Karto
o6obmenne nonyuvaame X C, X3, Y C, Y = X+xY C, X, Y.

K7. OnepamuaTra crnpsraie yX0BIETBOPABA CIENHUTE CBOMCTBa:
)A+YB=A+B, AxB=AxDB;
i) A+A=0a +at eRr,
AxA={a"at, ako A€ D\T;0, ako A€T}€R.

K8. 3a A,Be D\ 7, 1/(A x B) = (1/A) x (1/B), 1/(A/B) = B/A.

3a TperilelHOCT pe3loMUpaMe I0-BaXKHUTE apUTMETUUHU 3aKOHM B D,
¢bOTBETHO B D™

i) 3a A,B,Ce D, A+B=B+A, (A4+B)+C=A+(B+C)
it) 3a A)B,C € D, AxB=BxA, (AxB)xC=Ax(BxC)
i) 3a A,B,C,A+B ¢ D*, (A—FB)XCU(,H_B) = (AXCU(A))-F(BXCU(B)).

XunepGoaudHo ymuaoxeHue. Onepauuara , XxunepboJuyHO yMHOKeHue *
(h-yMHOMKeHME) Ha HacoueHy MHTEPBaiM ce nepuHUpa nocpeldctsom [10]

(28) AxpB=[a"b",a"t"], A/Be D.

Hexa A € D\ L, ¥baero £ = {[a~,at] | a~at = 0}. Jlecno ce nposepsara, ue
oBpaTHUAT ciaeMeHT Ha A = [a~,a*] € D\ £ no oTHowenue Ha xunep6onuy-
HoTo ymHO)keHue e [1/a™,1/at], koiito o3naunxme c 1/,A. 3abendsBame, de
32 A € D\ 7 06paTHUAT efteMeHT Ha A OTHOCHO , Xj “ ¢pBHafa ¢ obpaTHud
elleMeHT Ha A OTHOCHO , X “, Kolito chraacro K4 e 1/A = (1/a~, 1/at].
CnefBauloTo TBLPACHUE Ce 0THACA 10 CBOMCTBA HA XUMepBOAMUHOTO yM-
HOKEHHME ! MOTMBUPA HANMEHOBAHUETO TUNEPEOAULHO NOAYMALO HA CUCMEMAMA

(D,+, Xh).

Tawpaenue 3 ([10]). B cuaa ca caednume csolicmea:
a) (D, xp) e xomymamuena noayzpyne v (D \ L, Xp) e 2pyna;
6) onepayuume + u X, ca Qucmpubymusnu, m. e. 8 D* umame (A+B)x;,C =
(A X C) + (B X C);
"B) (D, 4+, Xp) € maao c nyaea deaumea 8 L.

AnreGpuynara cucreMa (D, +, X ) € npocTa ¥ JecHa 3a usnoisysane. Ho
B Ta3M CUCTEMA JIUICBAT BAKHUTC MHTEPBAJIHU ONepPaTopu oTpuilaHre —A M
capAraHe, T. €. T€ HE MoraT fa 6bAaT oNpefesieHU Ype3 ONepaluuTe +, Xp U
TEXHUTE O0PATHN WM CHLCTABHU. BDBEXKAAHETO Ha KO#i /ia € 0T omepaTopure
OTpMLE@HWE UM crpfArade fomvisa (D, 4, X,) N0 cucrema, eKBUBaleHTHa Ha
o6obumesoTo uHTEpBaaHo npoctpancTso K = (D, +, x). Haucruna cneapaiu-
Te CbOTHONICHUSA NMOKAa3BaT, ue BCEKM eQUH OT Te3M OIleDaTOpH Ce olpeneia
upes APYTHUA M Ype3 XulepboaUYHOTO yMHOxeHMe: —A = (~1) Xj A A=
(=1) xp (—A). 3anucany B TepMMHMTE Ha Neg M CON Te3M ChOTHOIIEHMA UMAT
Busa neg(A) = (—1) x4 con(A), con(A) = (~1) x, neg(A). Tosa nokaspa, ue e
B CUJIa CHAEJHOTO
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Teoupuerne 4. Cucmemume (D, +, xp,con), (D,+, xp,neg) u (D,+, x) ca
EKBUBAAEHMMNY.

MokeM na HaMepUM BpPbB3KM MeXIAY MHTEPBAIHOTO M XMIEPGOJIMIHOTO
YMHOKEHUE, chOTBETHO AejieHmne. 3a A, B € D* umame

(29) A xB=A,5) X1 Boa), A X» B=A,p) xByay;
(30) A/B = A;p)/tB_sa), A/uB = Ay)/B_s(a)

K”bM rOpHUTE BDP'B3KA MOXeM Jda IIPUYUCINM U CbOTHOULUIEHUATA
(31) A-B=A-;,B_, A-3B=A-B_, ABeD,

KOMTO [AOII'BbABAT Bb3MOMKHOCTTA 3a NPeXoi Mexay Tpute cuctemu (D, +, Xp,
con), (D, +, xp,neg) u (D, +, x).

Kato npusioxkesue Ha XUnepboJMUHOTO MOJYTANO Li€ UM3BEAEM YCJIOBHO-
AucTpubyTUBHUA 3aKoH oT TBLpaeaue 2. ChbriacHo AMCTPUBYTUBHUA 3aKOH B
(D*, 4, xn) (tBBpaenne 36) nmame (A+B) x; C = (A x; C)+ (B x,; C). Kato
3aMECTUM h-NPOU3BENEHUATA ¢ UHTEPBAJHA YMHOMKEHHUA ¢ moMmoira Ha {29)
(koeTo mMaMe npaBo da M3BBPIMM B D*) u npeosnauum A, ¢y, B, (cy oTHOBO
¢ A, cvorBerso B, nonyuasame (A+B)x Cya4B) = (A X Cy(a))+(BxCyp)).
ToBa AEMOHCTPUPA 03aTa OT (+)-03HAYEHMATA, KOWTO NO3BONABAT HAIMUN-
€TO, pecH. JIMNcaTa, Ha orepaluaATa CIpAraHe la Ce MOCTaBu B 3aBUCHMMOCT
0T CTOWHOCTTA Ha ABOMYHATA NPOMEHIMBA , 3HaK Ha uHTepBata . TabauuHoTO
npencrapaie, usnonasysano oT E. Kayxep, He e Taka ynofuo 3a pabota.

5. HACOUYEHU NMHTEPBAJU B HOPMAJIHA $OPMA

JoTyx uanonsysaxme nokommnoHeHTHata gopma (CW-dopma) Ha npescra-
BAHE HA HacouyeHUTe uHTepBatu. e M3mon3yBaMe 1 eHO APYIo [IpeiCcTaBAHE
Ha HacouenuTe uHTepBasu A = [a”,at] € D, koero e Hapuuyame NpeACTABA-
He B HOpMaJjHa ¢popMa. EneMenTuTe Ha nekapToBoTo npomssenenve [(R) Q A,
A = {+,~}, ca aBoitku {4, a}, chcronwm ce oT HopmaJed (cobCcTBEH) MHTEp-
Bail A € I(R) u 3Hak o € A, KOUTO INe MHTePOPeTUpPaMe CBHOTBETRO KATO
cofcTBeHa 4aCT Ha HacoueH MHTepBal A u Herosarta nocoxa 7(A). Toma we
samuceame A = {A,a) = [4;0] = [al7),alP);a] ¢ A = [a(7),aH)] € I(R) un
a = r(A) € A. Camo asoiirata {[0,0],—~} = [0,0;~] He cboTBeTCTBYBA Ha
HUKOM HACOYEeH MHTEpPBaJ, MOPAal KOeTo Iie f USKIIYUM OT MHOKECTBOTO
I(R)Q@ A. Ilo Takbs Haumu Mexay muoxecrBata D un (I(R)@ A)\ {[0,0], -}
MMa eHO-€JHO3HAUHO C’bOTBETCTBUE, NMOPALM KOETO IOCIEAHOTO MHOMKECTBO
i1e o3HavyaBame OTHOBO ¢ D.

dopmynure 3a npexon oT MoxkoMmmoHeHTHa ¢popMma A = [a~,at] xuM HOp-
manna popma A = [a(), a(t);a] umat Buaa

(32) a=o(at—a”), alV=a"? aP=a% o =d"Y of =al®.
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Ila namepum u3pa3 3a cyma C = A + B Ha nBa nacouenu mnrepsasa A, B,
npeacTaBeHu B HopManHa ¢opma. 3a mocokara ¥ = 7(C) Ha cymara C =
[em,ct] =[a= +b7,at + b¥] monyuaBame

y=1(A+B) = o(ct—c)=0c(at +bT ~a” —b")
U((a(a) — a(~a)) + (b(ﬁ) _ b(—ﬁ)))
(33) o (aw(A) + Bw(B)),
kpaero w(A) = alt) — a(-). B uspasa o (aw(A) + fw(B)) cnmBomnte o, B € A
mpe peasiHUTE MOJOKUTENHU uncia w(A), chorBetno w(B), ce uATepnpeTU-

paT KaTo 3Hal Ha Te3u 4yucia, T. e. «,F = £1.
Honpobuo 3ammcan, rmocae HuAT U3pa3 MMa BUIa

Il

(o, a=p,

v = T(Ar+ B) = 8, « —_ -f, w(A) < w(B),
+, a=-8, w(4) =w(B),
o, w(A)>w(B),
_ ) 8 w(4)<w(B),
a, w(A): (B)Y a:ﬁ)

Cera npecmarame kpammata: (™) = ¢™7 = a~7 4+ b~7 = a(=2) 4 p(=F7),
) = ¢ =a¥ + b7 = al@) 4 4BV Cnenosarenso

(34) A+B= [a(=), a(t); a] + [, 6. B = [a=97) 4 b(=B7) glom) 4 p(6), 7,

kbaeto ¥ = 7(A + B) ce masa ot (33).

Ot m3pasa (34) cremBa, ue Hopmannata uacT p(A + B) = [a(-o7) 4
b(=A7 a(e7) + p(B7)] Ha cymara A 4+ B B ciyuas @ = 8 (= v) e paBHa Ha
(@) + 50 al) 4 (H)] = A+ B = p(A) + p(B). Tipu a # B HopmaiHaTa YacT
Ha A + B e paBHa Ha

[0 4 6+, o) 4 5C)],  al) 4 5P < o) 4 b0,
C= e 4600 461 al) 15 5 o) 4 )]

(35) _f [@7) + 63, a) 1 ()] w(A4) > w(B),
T [a) 46 a) 46D w(A) < w(B),
KoeTo e coberBer unrepsan ¢ kpavma al™) + b u a(t) 4 (=) UnrepBanst
(35) e BprpemnaTa (HecranmgaprHa) cyma A+~ B. CnenobaTenHo MoXeM Aa
3anuIueM
_] A+B, r(A)=r1(B),
p(A +B) = { A+~ B, (A)# r(B).
Bk ame, de 3a na ce mpeacTaBu CoGCTBEHATa YACT HA CyMa OT ABA HACOYEHM
MHTEpBaJia II0CPEJCTBOM COGCTBEHNTE YaCTU Ha Te3W MHTEPBAJM, Ca HeobXo-

AMMU JBaTa TUMIA CYMU 33 HOPDMAJIHM MHTepBaNyu: BbHmMHata cyma A+ B u
BbTIpemHaTa cyma A+~ B.
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3a yHudopmenoct npu npencrabasero Ha C = p(A + B) a1a usnonsysa-
Me o3HaueHueTo +1 = +; ToraBa Mokem Aa o6obmmMM ABaTa ciaydad a = f3,
a # B3, kato samumem C = A+%° B. U taka C e wiaM BBHIIHA, MIM BbTpPEIIHA
cyma Ha A u B. Umawme .

(40 + (B8] = [A+% Bi7([4;0]+[B; A))], A, B€ I(R),a, B € A;
(36) A+B = [A4+7A®B)B (A +B)], A,BeD,

kbrero 7(A + B) = v ce nasa c (33).

3a mocokaTa Ha cymara Ha HacodeHUTe uHTepBaym A, B B cayuait, ue cy-
MaTa He ¢ U3POJICH MHTEPBaJ, MOXe Ja ce B3eMe QpyHKIMoHanbT 71 1 D@ D —
A, nedurUpaH MOCpeACTBOM

(37) (A, B) = 7([4;a],[B; B]) = { 8 Z&li 35553.’

ITpn w(C) # 0 umame 71(A,B) = 7(A + B). Croitnocrra Ha 71(A,B) o6aue
Moxe na 6bae orpuuaTentna npu w(C) = 0, a cbLIACHO YCIaBAHETO, KOETO
HalpaBUXMe, B TO3M Cly4Yail 3HaKDBT e nojokurteded. [lopaau ToBa $popmy-
na (37) He cpBnana HambaHo ¢ (33). B Hakou ciayuam obaue cToMHOCTTa Ha
71(A, B) npu w(C) = 0 e Ge3 3HaueHue, nopaan koero BMecto T(A + B) mokem
na usnonsysame 71 (A, B) (takbB e caydanT ¢ TBbpaenua 6 u 7 oT cleaBallaTa
TOYKA).

3a na npencraBum pazmmkata C = A—~B = A+(-B) = [a™—bt,at~b"] 8
HOpMaJHa ¢popma, Haii-Hanpen npecmarame 7(C) = 7(A-B) = 7(A +(-B)) =
o(a(w(A) + f(w(—-B)) = o(a(w(A) + B(w(B)) = 7(A + B) (usnoasysame, ue
w(—(B)) =w(B) u 7(B) = 7(~B) = §). Cuen toBa ¢ nomomra Ha (32) npecms-
rame (™) = ¢V = a”V—bY = a=MpBN) | (H) = 7 = gV —p=7 = gV _p(=F7)

TaKa 4e

[0, atD; 0] ~ 1,84, ]
= [al=oM) — p(B1) glam) _ p(=F7), 7(A — B)],

(38) A-B

kbaeto T(A —B) = 7(A + B) = v ce nasa ¢ (33).

Oz (38) caensa, ue npu o = 8 (= ) cobcrBenara yact p(A — B) Ha pas-
nmukata A — B e pasna na [a(~) = b(H) o) —b(-)] = A - B = p(A) — p(B). IIpu
a # B coBecrBenata vacT p(A — B) e paBHa Ha UHTepBaJa

[a) = 6() aH) — (D], w(4) > w(B),
[atF) — 61, a(=) —507)), w(4) < w(B),

1. . Ha coBcTBennsa untepnan ¢ kpania al™) —b(=) u ¢(H) — p(+) | Kakro 3naem
OT T. 3, IOCNEeAHUAT € TOYHO B'bTpelIHaTa (HecTaHAapTHATa) pa3iauka A—" B.
CrnenoBaTeIHO MOMKEM A3 3AMULIEM

A-B, 1(A)=
P(A“B):{ A-- B, TEALA

49
N TN
(s ]ls)
\._/v
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ToBa Toka3Ba, Ye 3a NpeACTaBsAHeTo Ha coGcTBEeHATa YacT HAa Pa3IUKaTa Ha
JBa HAaCOYEHM WHTepBaJa Ca HeoGXOJAWMM IBaTa THIIA PA3JIMKW: BBHHIIHATA
pasnuxa A — B u BbTpenHaTa pasnuka A —~ B.

3a na moanyuum obll M3pa3 3a paslidKa Ha ABa HACOUeHW MHTepBaJia, W3-
HoJ3yBaMe 03HaUEeHMETo —1 = —; ToraBa MOXeM Aa 3alMIIEM

[4;0) - [B;8) = [A=" B;7([4;0] = [B;8])], 4, B € I(R),a, B € A;
(39) A-B = [A-"r(®B)pB r(A-B), A,BeD,
kbaero 7(A — B) = 7(A + B) = o(aw(A4) + fw(B)) = v ce naBa c (33).
AHaJOrMUHO MTosyYaBaMe
(40) [A;0) x [B; B) = [Ax*? B;7([A;0] x [B; f))] 32 A, B € I(R)", o, € A,
(41) AxB = [4x™)7(B) B.r(A x B)], A,B € D,

KbaeTo XT = X e BBHIIHOTO Npou3BeleHMe, a X~ — BBTPELIHOTO IIPOU3Be-
nenue, gedunrpano B I(R)* ¢

. [a(~7ENp(a(A) q(e(BUH(=a(A)],  y(A) > x(B),
AXTB = geB)=oa) q=aBRe)] x(A) > x(B),
Y(A) = al=7(A) [qlo(a),

3a yuactByBamata B (41) mocoka Ha npouzseneHneTo umame 7(A x B) = +
B ciydJail, 4e HaKoM oT muteppaimre A, B e Hyna, a 3a untepBasu A, B ot
D*\ {0} nocokara ce naBa c'bC:

vy=1(AxB) = 7([450a]x[B;8)

a, a=p,

a, a=-08, x(4) < x(B),
8, a=-8 x(A)> x(B),
+, a=-8, x(4) = x(B),

(o, x(A) <x(B),.

_ )8 > um),

- a, x(4)=x(B), a=p,
L+ x(4) = x(B), a = —p.

Hocnennara popMmyiia MoXke Aa Ce NMPeIACTaBU B KOMIAKTHA GopMa Taka: 7y =
oc(ax(B) + Bx(A)). (CbmotTo npencraBaHe e B CHJa U KOraTo U ABATA UH-
TepBaJia ChIbP3KAT HyJjia BbB BbTPEMHOCTTa CU, CTUTA B TO3M ciaydail aa ce
U3MOJI3yBa paslUpeHaTa AepUHULMA HA X.) .

TlonyuuxMme, ye coBCTBEHATA YACT Ha NMpoU3BEeHNEe Ha JBA HACOUEHN UH-
TepBaJja 0T D* e MIM BBHUIHOTO, UIM BBTPENIHOTO NPOU3BeJeHMe Ha cobeT-
BEHUTE MM YACTU B 33BHCHMMOCT OT NOCOKWTE Ha HACOUYEHUTE UHTEPBAIIN.

Ako mpousBeneHMeTo Ha HacoueHuTe uHTepBaJu A, B € D\ 7 He e us-
POJIEH MHTEpBaJ, TO HEroBaTa MOCOKa MOXe Ja C€ Olpeneld IoCPeNCTBOM
pynkmmonana 7 : D\ T Q D\ T — A, nedpunnpan cbe

(42) 72(A, B) = mo([4; 2], [B; B]) = { g: igjg § ;&B;;’
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B msaxou caydau sMecto T(A X B) Moxkem na usnonsysame 73(A, B) (Bx%. 1BBp-
nesun 6 M 7 oT chenBalmara ToUKa).

3a Aa npeAcTaBUM COBGCTBEHATA YACT HA YACTHO Ha [ABA HACOUEHU MHTEP-
Bana A/B = A x (1/B), ca neo6xoammu ABaTa THUIIa UHTEPBAJHO JeJIEHUE 33
coGCTBEHM MHTEepBaJU ~— BBHIIHOTO lejenune ,/“, mepunupano c (2), pecr.
(8), u BBTpemnoTO AeiieHue , /7 ¢, gepunupano 3a A € I(R)*,B € I(R)\ Z
MOCPENCTBOM -

. [a(=o(B)) /p(o(4)) q(a(B)) /p(=(AD] y(A) > x(B),
A/"B= [alo(B)) /p(=o(A)) q(~a(B)) /p(a(AD]  y(A) > x(B).

I/IBHOJIByBaI‘;IKI/I B'bHIIHO M B'bTDEUIHO OeJIEHNEe, MOXKeM Ja 3alniieM

(43) A/B = [A/" (B r(A/B)], Ac D", BeD\T,
r(A/B) = r([A;a)/[B;B]) = r(A x B),

Bcuyky npecMATaHUs ¢ HACOUEHM MHTEPBaJIM MoraT Aa 0baaT U3B1LpIl-
BaHU B HOpMaJHa popMa. la manem Haxkou npumepu. CoriacHo (41) npons-
BEJEHNETO C M3DOJEH MHTEPBAJ 4 Ce U3pa3fABa NocpelctBoM a X [B; ] = a x
[5C=) 6(H); 8] = [abl=(aD) ablo(a)); B]. Ako a = —1, umame (—1) x [6(=) b(1); 5] =

—[b=), 6 8] = [=b(P) —b(=); 4], Bmxnaa ce, ue omepaTOpBT oTpULAHME
neg[B; B8] = —[B;f] = [-B;8] = [-b1), —b(-); 8] sanaspa nocokata u cmens
3HAKA Ha apryMeHTa.

O6parauar aaurusen Ha A = —A = [A;a] = [a{7),aP); q] e nacouennar
urreppan inva(A) = [-4; —a] = [~at), —al~); —a]. Haucrura ot (34) umame

[a(=), a); ] + [—alt), —al-); —a] = [0,0;+] = 0. O6paTnuAT aanTMBEH MpoMe-
HA KaKTO M0COKaTa, TaKa U 3Haka Ha HacOYeHUA MHTEPBall
OGpaTHMAT aJUTUBEH HAa OTPMLATEIHUA € CIIPperHATHUAT MHTEpBaJ

con([a(_), a(+); al) = [a('), a(+); al- =inva(—[4;a]) = [a(_), a("'); —aj.
Onepartop®T cnpsarane obpbma HOCOKaTa, HO 3alla3Ba 3Haka. Mmame
[a('),a(+); a)- = [a(—)) at: —al,

cboTBeTHO [A;a]_ = [A; —a]. [lo-06wo 3a A € A umame A = [4;a]y = [4; Aa].
[lBovyHaTa MPOMEHIMBA A € MHIVKATOp 3a HAJMYHOCT MIM JIMICA Ha Olle-
patop 3a cnparaHe. ToBa o3HAUeHME € BAXKHO 33 COPTYEPHU pealn3alM;
BMECTO Jia Ce Pa3MeHAT KpaumaTla Ha MHTEPBaJla, CMEHA ce CAMO CTOMHOCTTa
Ha ABOMYHATA [POMEHIMBA , TIOCOKA .

Ananornusno, o6patHuAT MyATUIUIMKaTHBeH Ha, [4; o] = [a(™),a(1); o] e Ha-
COYEHMAT MHTEpBaJl

invm(A) = 1/A = [1/4; 0] = [1/4;~a] = [1/a™), 1/a(); —a].b
Umame [al7), aP);alx [1/aH) 1/al); —a) = [1,1;4] = 1.
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Bunaaxme, 4e 3a HacoueHHUTe MHTePBaIN 0T D° UMa IPOCTU BP'b3KU MEXKIY
XUIepB6oMUYHOTO U MHTEPBAIHOTO yMHOo¥eHue (B, (29)). B Hopmasen 3ariuc
BP'B3KMTE MEXIAY Xjp U X Ce JaBaT CbC

(44) (A;a] x [B; 8] = [Ajac(B)] xn [B; fo(A)],
(45) [Aia] xa [B;f] = [Ajao(B)] x [B;Bo(A)],

kbiero A, B ca npoussoinu unrepsain ot I(R)\ Z.

BCHKO CbOTHOMICHME 38 HaCOYeHU MHTEepBaJy, 3alMCcCaHO KaTo VHTEDBAJ-
HO-apUTMETUYEH M3pa3, [Mopakja CLOTHONIeHWE 3a coBCTBEHMTE YacCTU Ha
ydJacTByBallMTe B HEr0o MUHTEPBAJIN, T. €. n3pas3 3a HODMAaJIHV UHTEepPBaJN. IHe
IEeMOHCTpMpaMe CTMMC'hbJIa Ha TOBa TBDBPACHUE, KATO M3BEJAEM HAKOU OCHOBHM
3aKOHM 3a HOPMaJIHU MHTEDBAJHN, U3XOMAAUKM OT CbOTBETHWA 3AKOHU 32 HACO-
UEHU MHTEDPBAJIN.

6. OCHOBHHM 3AKOHN 3A HOPMAJIHM UHTEPBAJIN,
N3BEJAEHW YPE3 HACOYEHNUN NHTEPBAJIA

CpoifcTBaTa Ha HOpMaJHMTE UHTepBau (Bx. cBoitcria S1-85, M1-MS5) Mo-
rar fa ce MOJyYaT 1IPOCTO KATO YacTeH Clydail Ha cbOTBETHM cBoOMCTBa Ha
HacoueHute MHTepBatu. CnelpallluTe TB'bPHEHUA AEMOHCIPUpAT TEXHUKA 33
nonyvapalie Ha TaKMBa CBONCTBA.

Tebplesne 5 (KOMyTATMBEH 3aKOH B M ).

a) 3a A,BeI(R) u A€ A umane A+> B = B4+ 4;

6) 3¢ A,B€I(R) u A €A umame Ax* B= DB x* A. _

Hoxasameacmeo. Cornacno K1 umame A+ B =B+ A, A\ Be€ D. Ka-
to usnousysame (33), (36) u pasriename nooTAenHo ciydauTe, korato A, B

MMAT €IHAKBY ¥ pasJiMUHMU II0COKM, MoJy4YaBaMe ChOTBETHO 3a COOCTBEHUTE
UM dacTn pasBeHcrBata A+ B =B+ A, A+~ B=B+~ A.

Te1ppaerne 6 (yCIOBHO-aCOIMATUBEH 3aKOH B M),
a) 3a A,B,C € I(R) ue,p,y €A umanme

(46) (A +aﬂ B) +7‘r1(A,B) C=A _'_ar,(B,c) (B +ﬁ'y C');
6) 3¢ A,B,C,D € I(R) v a,B,7,6 €A unanme
(47) (A +Ctﬁ B) +T1(A,B)71(C,D) (C +76 D)

— (A +a'y C) +T1(A,C)T‘(B,D) (B _+_[3'y D),
B) 3a A,B,C € I(R)* v a,B,7y € A umanme

(48) (A x®P B) x12(AB) ¢ = 4 x22(B.C) (B %87
r) 3a A,B,C,D € I(R)* uuw, fB,7,6 €A umane
(49) (A x®P B) xT2(AB)=(C.D) (¢ x ¢ D)

= (A x*7 C) x(AC)m(BD) (g« A7 D),
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xsdemo 11, Ty ca Oedunupanume ¢ (33), (42) snaxosu gynxyuu za cyma, csom-
gemno npoussedenue na naconenume unmepsarr A = {A;e], B = [B;g], C =
[C;9], D = [D;é].

Joxasameacmeo. Ile nokaxem a). Kato zamectum A = [4;a], B =
[B;8], C=[C;7] B(A+B)+C = A+ (B+C) u usnonsysame (36), nonyuapa-
me [A+°F B; (A +B)]+[C;7] = [4; ]+ [B+P C; 7(B+C)]. IInpBo cymupame,
Hoclle cpaBHsiBaMe CoBCTBEHWTe YacTU HA U3pa3WUTe OT ABETE CTPAaHU HA pPa-
BEHCTBOTO M MOJIyYaBaMe acOUMATUBHMUA 3aKOH (46). ACOUMAaTUBHHAT 3aKOH
(47) ce usBeXkZa MO AHAJOTMYEH HAYMH; TOH Mrpae BakHa POJIS B MHTEPBAJ-
nun aHaiu3 [19]. CoborHomenuara (48) n (49) ce mojayyaBaT aHAJOTUYHO C
nmomoiyra Ha (41), (42). O

3abenexkxa. HaBcakble BbB dopmynn (46)—(49) mokeM Ha rmeM Bme-
CTO T, Ty MOCOKATA T HAa CbOTBETHATAa CyMa MJIM NpOU3BelcHME.

TrxaecrBoro (46) 06061aBa ycI0BHO-2aCOIMATUBHUTE BPb3KH, OTHACALINA
ce IO BCEB'b3MOXKHUTE KOMOMHAUMM MeXAY omepaumute -+, -+~ (BX. ripaBuio
M2 ot 1. 3). Usnoasysaitkn (46), MokeM Ha CMEHMM pella Ha M3BbpIIBa-
e Ha oMepauuuTe B NPOU3BOJIEH U3pa3, B KOWTO y4acTBYBAT ABE ChOMpaHUA
(BBHUIHM MJIM B'bTPEIIHNA) Ha HOPMAJIHMA MHTEPBAJIU.

Teopnenue 7 (ycaosHo-mucTpubyTuseH 3akoH B M). 3 npouseoanu
A,B,C € I(R)*, maxusa we A+ B € I(R)", u 3a npouseoanu «,0,v € A e

UBNTAHEHO

(A+°F B) x'n(AB) ¢
= (4 % @19(A)o(A+B) C) 4+72(A,C)72(B,C) (B xBrvo(B)o(A+B) 0).
Hoxasameacmso. Karo nomoxum A = [A;e], B = [B;8],C = [C;7] B
TBbpAeHre 2 u manonsysame (36), (41), monyyasame

[4A+°° B; (A + B)] x [C;]

= [A x7(A)e(A+B) ¢ 7(A x C)] + [B xP1o(B)(4+B) ¢ (B x C)].

KaTo u3nossyBaMe OTHOBO HOpMaJiHMTE GOPMM 3a ONepalrATa , X “ B JdABa-
Ta CTpaHa ¥ 3a ONepauuATa ,-+“ B AACHATA U CPABHUM COGCTBEHUTE YaCTHU B
JABETE CTPAHU HAa T'OPHOTO ypaBHeHMe, MOJNyYaBaMe TBbpIAeHHeTo. O

TBbpaenuue 7 pesoMupa AMCTpUOYTVBHMA 3aKOH Ha PAa3lIMpeHaTa UHTep-
BaJlHa apuUTMeTHKa (Bk. npasusio M5 ot T. 3).

Metoabr Ha u3cliieaBaHe Ha MHOkeCTBOTO I{R) OT HOPMaJIHMTE UHTEp-
BaJiK, NMponaTU4Yall OT CTpYKTypaTa IC Ha HaCOYE€eHMTE HHTepBaJau, BOAU OO
pynmamentanan peinauvu B [(R), mpencraBenu B cbuta dpopma. MspecTHm-
Te Aocera monoOHU pelanyMM MMaT TBBLDJIE Heobo3puMa GopMa M He ca Taka
yaobHU 3a aBTOMAaTHYHA CUMBOJHa obpaboTka (Bxk. Hamp. [4, 6, 29-31]).

Anre6puunute cBoifictBa Ha cucremara M = (I(R),+,+7,%,Xx7,C) ca
usydenu B [4-7, 16-18]; Te3am cBoiicTBa ChbABPKAT U PAa3MMPABAT CBOMCTBA-
Ta Ha CTAHZApPTHUTE MHTEPBAJHO-apUTMETHYHU oNepaunu. HecTtanmaprtHure
ollepalMM Ce W3MOJ3yBaT B MHTepBaauuA aHam3 [17, 19, 20]. Cmucbabt
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Ha HECTaHIAPTHUTE oOIlepallMyi CcTaBa IIpo3paYeH, KOI'aTo Te C€ M3IN0J3yBaT
3a npecMsATaHE Ha 06xXBaTH Ha MOHOTOHHM (byHI{U,MI/I, KOE€TO Iile pa3riengaMe B
cihelBamara TOYKa.

IIpencranane Ha HacoueHU uRTepBaau B CR-dopma. llle usnonsysame
ABa HAYUHA 3a IpelCTaBfHe HA HACOUYEHM MHTEPBAJM C IOMOINTA HA TEXHUTE
HEeHTPOBE M PAAUYCU: eAVHUA HauuH e HapuuaMe (obBukHoBeHo) C R-npenc-
TapsHe, a Apyrua — (' R-nipeicraBsade B HOpMaJHa dopMa.

CR-npedcmasane na nacoveny unwmepeaay. HacodenuTe UHTEpBaJIM ce
upesacrapaT BuB Buia (c(A),r(A)), kbaero ¢(A) u r(A) ca peannu umucna,
KOMTO MoraTt Ja B3eMaT M oTpuiaresHu croithoctu (r(A) < 0 osmauyaBa, ye
uHTepBanbT A e HecobcerBen). Popmynure 3a npexon or CW-dopma B CR-
dopMa u 06paTHO ce HaBAT CBC

c(A) = (a” +a*)/2, r(A) = (aT ~a7)/2; a” =c(A)—r(A), at = c(A)+r(A).
Tyk npusexxaame onepaumnte B [, 3anmvcanu B CR-¢popma. Wsnonsysanu ca
cilemHUTe o3Hadenns: |c(A)| = O’(A) (A), 7(A) = c(A)r(A).

A+B (c(A) +¢(B),r(A) + r(B)),

A-B = (c(A)-c¢(B),r(A)+r(B)),

AxB (c(A)e(B) + F(A)F(B), |c(A)|r(B) + |¢(B)|r(A)), A,B € D",

A/B (62(c(A)e(B) + F(A)F(B)), (8% (lc(A)]r(B) + |c(B)|r(A))),
AeD" BeD\T,

knaero §% = §2(B) = (¢*(B) — r?(B))~!
3a xunep6oNMUHOTO yMHOXKEHNE UMAME -

AxyB = (c(A)e(B)+ r(A)r(B), [e(A)[r(B) + |e(B)Ir(A)), A,B € D".
3'& HecTaHdapTHUTEe onepalli ca B cuJia npejcraBAHuATa

A+ B = (¢(A)+¢(B),|r(A)-r(B))),

11

A-"B = (c(A)-cB)|r(A)-r(B)]),
AxTB = ((A)(B) -T(A)F(B), |lc(A)lp(B) - |¢(B)|r(A)]), A, B € I(R)",
A/™B = (8%(c(A)c(B) - T(A)F(B)), (8[lc(A)Ir(B) — [e(B)Ir(A)]),

AcI(R)",BelI(R)\Z.

dopMmyarTe 33 CTAHZAPTHUTE M HECTAHAAPTHUTE ONl€paliMd MOraT na ce
06006IAT 10 CHEeIHNA HAYMH:

A+'B = (c(A)+c(B),|r(A) 06 r(B))),
A-*B = (c(A)-c(B),|r(A)0r(B)]),
Ax"B = (c(A)c(B) 0 F(A)JF(B), [[c(A)[r(B) 0 [c(B)[r(A)]), A, B € I(R)",

A/'B = (6%(c(A)c(B) 8 5(A)F(B)), (6%||c(A){r(B) 0 |c(B)|r(A)),
AeI(R)y,BeI(R)\Z,

Kbaero § =
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CR-npedcmaasne 8 nopmaana gopma 3a nacoveny unmepaasu. ToBa mpes-
cTaBsiHe e MHoro 6imsko o CR-npeicraBsaHero. Pa3nnkara e B TOBa, ue 3a
3HaKa Ha PajMyca Ce NpeABWXKAa OT/elHa npomenauBa o = o(r(A)) = 7(A).
Torasa pamnycsbr r(A) ce 3anucBa BB Buaa r(A) = ap(A), c p(A) >0, 1. e.
umame A = (c(A),ap(A)) = (c(A),7(A)p(A). 3a aprymenta Ha ¢ U p He e OT
3HaJYeHMe JaJi € HacOYeH MHTEPBAJ WM HOPMAJHATa MYy 4Yact, T. €. ¢(A) =
c(A4), p(A) = p(A), nopamu koero me muweM ome A = (¢(A),ap(A)). Karo
o3HaunMM Kakro 1o-pano 7(A) = o(A)r(A) = o(A)ap(A) = ac(A)p(A) = ap(A),
U3pa3uTe 3a MHTEPBAJIHUTE ONEPALMM MOraT Aa Ce 3aluliaT BbB BUAa

A+B = (c(A)+c(B),ap(A) + Bp(B)),
A=B = (c(A)—c(B),ap(A)+ Bp(B)),
AxB = (c(A)e(B)+ap(A)Bp(B), |e(A)|8p(B) + le(B)lap(4)), A,B € D",
A/B = (8(c(A)e(B) + aF(A)BF(B)), (2(c(A)Bp(B) + [e(B)lap(4))),
AeD*" BeD\T,

It

kbaeto 62 = 6%(B) = (c*(B) — p*(B))~L.

OT Te3u GopMyaM BemHara ce IoJy4aBa MOCOKATA HA Pe3yJNTAHTHUA WH-
TepBaJ, UMEHHO TA € paBHa Ha 3HaKa Ha BTOpaTa KOMHOHeHTa. Hampumep
7(A + B) = o(ap(A) + Bp(B)) cvBnana ¢ (33), 7(A x B) = o(|c(A4)|Bp(B) +
le(B)|lap(A)) cvBnama ¢ (42), . e. ¢ uspasa o(ayx(B) + Bx(4)). Tosa no-
Ka3pa, 4e poOJiA, Mogo6HA Ha (YHKLMOHAIA X, Urpae (PYHKUMOHAJ OT BUIA
(@) + )/ (al) = o)),

- 7. HIPEACTABAHE N IPECMSATAHRE HA OBXBATHU
U HACOYEHU OBXBATU HA MOHOTOHHHU ®YHKIIUU

- Hexa CM(T) e MHOMECTBOTO OT BCUUKM HENPEKDCHATA U MOHOTOHHM dbyn-
win, aedunmpann B T = [t(7) ¢(H)] € I(R). Muoxectsoro f(T) = {f(t)|t € T}
0T (GYHKUMOHAJHM CTOMHOCTHA Ha f mle HapudaMe o6XBaT Ha [ (sepxy T).
Axo f € CM(T), To 3a obxpara Ha f mmame wmm f(T) = [f(¢(7)), F(t(+))],
wm f(T) = [f(t}), f(t(-))] B 3aBucumoct or Tuna momoTonxoct. Ha Besaka
f € CM(T) cpnocrassame asondna npomenausa 7y = 7(f;T) € A = {+,-},
KOATO OMpeJesid TUIa Ha MOHOTOHHOCT Ha f MOCPeACTBOM

HiT) = ol - ey = { B H ST

3a f(t()) = f(t(H), 1. e. f = const, npuemame 3a onpenenenoct 7(f,T) = +.
3a f,g € CM(T) paBeHcTBOTO Tf = T, 03Ha4aBa, 4Ye ABeTe PyHKLMHU f, g ca U30-
TOHHM (HeHaMaJIABALM) MM ABeTe ca aHTUTOHHM (Hepactsauwm) B T 7p = —7,
03HauaBa, Y€ €AHATa OT ABeTe QYHKUMM € M30TOHHA, a APYyraTa -— AHTUTOH-
Ha. B cnensamoro TBBpaeHue usnonsysame U osHadenuero 1y = 7(|f;T) 3a
MOHOTOHRU (YHKIIMM, KOUTO HE CH MEHAT 3Haka B 7.

Tewpaenue 8 ({20]). Hexa f,g € CM(T). Tozasa 3a X C T umane:
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i) axo f +g € CM(T), mo (f +¢)(X) = f(X)+™7s g(X);

it) axo f — g € CM(T), mo (f — g)(X) = f(X) —"""s g(X).

Hexa e donsanenue na npednoaoxncenuemo f,g € CM(T) gynxyuume f,g ne
npomensm snaxa cu 8 T. Tozaea 3a X CT:

i) axo fg € CM(T), mo (fg)(X) = f(X) x"1"isl g(X);

w) axo f/g € CM(T), g(z) #0, z €T, mo (f/g)(X) = f(X)/ T11Ma1g(X).

Ipumep 1. [a o3naumm exp(—X) = {exp(—z) |z € X}, arctgX =
{arctgz |z € X}. C nomomra Ha TBBLpIeHMe 8 HoiydaBaMe 3a o6xBaTa Ha
cymara h(z) = exp(—=z) + arctgz mspasza h(X) = exp(—X) +~ arctgX 3a Bcsko
X € I(R),0 ¢ X; me or6enexumM, Ue B MHTEPBAIHATA APUTMETHKA S He MOXKEM
na npencrasuM h(X) nocpencrsoM obxsarute exp(—X) u arctgX.

Heka X € I(R) e ¢uxcupan unrepBad. Ako f e HempexkbcHata B X, TO
minge x f(z), maxgex f(z) ¢bUECTBYBAT; BMeCTO Te3M O3HAUEHUA I MUIIEM
kpatko minf, ceorBetHo maxf. Heka f, g ca Henpexscuatu B X. Umame:

a) minf + ming < min(f + ¢), max(f + ¢) < maxf + maxg;

6) min(f + ¢g) < minf + maxg < max(f + g), min(f + g) < maxf + ming <
max(f + g).

Fopnure HepaBeHCTBa o3HauaBaT, e MHTepBarbT (f + g)(X) = [min(f +

9), max(f + )

a) ce cbABPKA B MHTepBana C Kpauma minf + ming, maxf + maxg, 1. e.
B untepBana f(X) + g(X);

6) chabpXKa MHTepBasia ¢ Kpauua minf + maxg, maxf + ming, T. €. MH-
tepBana f(X)+~ g(X).

B cumBoJten sanuc noayuasame f(X)+7 g(X) C (f+g)(X) C f(X)+g9(X).
C aHaJOTMUYHM Pa3ChAKIEHUA 33 OCTaHAJMTE oriepaluy (M3BaKAaHe, yMHOMe-
HMe U JelleHUE) HAMUpaMe:

Tewpaeaue 9. Pyuxyuume f,g ca nenpexscuamu ¢ D C R. €
{+,—,%,/} u3sa ecaixo X C D, X € I(R) umanme f(X)*~ g(X) C (f*g)(X) C
F(X) * g(X).

T'opHOTO TB'LpMIEHME [T0KA3Ba, Ye BHHIIHNATE Olepaliuy ca yao0HM 3a IoJy-
yaBaHe Ha B'LHOIHM BKJIOUBaHMA, JOKATO BbTPEUIHHTE MHTEPBAJIHYU OMepanny
CIIy’aT 33 BLTPEIIHU BKIIOUBaHMA. [0Ba ONpaBJaBa HAUMEHOBAHUETO . B'bT-
PeIIHY MHTEPBAJHM ONEPEUMH “, M3MOJI3yBaHO OT HAKOM aBTOpM (BXK. HaIp.
[40]). Mpumep 3a M3noA3yBaHe Ha BHTPEIIHM BKIIOUBAHUA UMa B [5].

llle popmynupame aHaJoOr Ha TBbpAeHHe 8 32 HacoYeHM uHTepBam. Tyk
e nedUHUpaMe HacodueH 06XBaT Ype3 JOIyCKaHe Ha HeCOOGCTBEHM MHTEPBAJIN
3a apryMeHTH Ha OYHKUMATA N0 CIEAHUA HAYHH!

Neduanmua. Hexa T € I(R), f € CM(T). Heka X = [¢7, 2] € D,
X C T. Hacouenusar obxsar Ha f Bbpxy X e HacodeHuaT unteppan f(X) =

[f(z™), f(z1)]. Herosara nocoka 7(f(X)) = o(f(z* — f(z~) we napuuame Mo-
HOTOHHOCT Ha f BBPXy X M Ie ozHauaBaMe omte ¢ 7(f; X).

Tewupaerue 10. Hexa f,g € CM(T). 3a X C T umante:
i) axo f+g € CM(T), mo (f +g)(X) = f(X) + g(X);
i) avo f —g € CM(T), mo (f = g)(X) = f(X) - 9(X)- = f(X) —» 9(X).
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Ja npednoaoncum e donsanenue wa f,g € CM(T), we pynxyuume f, g ne cu
npomensm anaxa 8 T. Tozaea 3a X C T
111) axo fg € CM(T), mo

(f9)(X) = f(X)oex)) X 9(X)orrxyy = f(X) x5 g(X);
) axo f/g € CM(T), 0 ¢ g(X), mo -
(f/9)(X) = f(X)o(gx)/9(X)—o(sx)) = F(X)/ng(X).

B nocnemunte ase paseHctsa o f(X)) o3HavaBa 3Haka Ha uHTepBaia f(X)
(B ciyuas e 6e3 3Hauenue gaau e nuueM o f(X)) nim o(f(X))). Taxa nan-
puwep naste 9(X)(s(x)) = {9(X), axo f > 0; con(g(X)). ako / < 0}.

Tebwpaenve 10 uy maBa MocoxaTa Ha pPe3yJTaHTHMTE MHTEPBaJU, CleLo-
BATEJHO U AOMbLIHUTENHA UHGopMalmsa (B cpaBHeHME C TBbpAcHME 8) 3a THU-
fa Ha MOHOTOHHOCT (M30TOHHOCT WAW aHTUTOHHOCT) Ha pesyirata f xg, x €
{+1 - X, /}

Hexrxa X e Hacoued uaTepBay u X e cobcTBeHaTa My 4acT, a € € mocoKaTa
my. Ot tBBpaenme 10 7ii) pwkiaame, ye ako f He npoMeHs 3Haka cu B X,
To HacoueHUAT o6xBaT Ha dyHkimara —f = (—1)f Bvpxy X yuaoBiersopsBa
(=UX) = =f(X)- = ~[f(X); 7(f; X)]- = [-f(X); =7(f; X)]. B wacthocT Ha-
coyenuar obxsar Ha dyukmmaTa f(z) = —z Bbpxy X e HACOUEHUAT MHTEpBA
—(X)- = [-X; -7(X)] = [-X; €], 7. e. 06paTHO-aAUTUBHUAT HACOYECH MHTEP-
BaJl Ha Hacouenua obxpar [X;&] Ha ¢pyukumsara z Bbpxy X. Cera mMoxem Ia
HampaBuM obuualiiaTa B UHTEPBAJHUA aHAJIW3 WIIOCTPAIMA C IIPECMHTAHCTO
Ha 06xBaTa Ha GYHMKIMATA £ — ¢ (KAKTO 3HaeM, pe3yJTarbT B 0GMKHOBEHATa
unrepsanua apuimetnka S € X — X = [z(7) — (™) (+) — 2(-)], koitto e nrrep-
BaJ ¢ AbibknHa 2w(X)). B HacoueHa uHTepBaJiHa apUTMeTHKa 06XBaThT Ha
$pyuxmmMATa & — z = ¢ + (—) BbpXy Hacodenus uHTepBasia X = [z7,z1] naBa
cwriacho TBbpaenne 10 1) [X; €]+ [-X; - =[X -~ X;4]=0.

Karto apyro cienctsue Ha TBbpaeuue 10 3a o6xBarta Ha pysxumATa h(z) =
1/9(z) Bbpxy X nomyvasame h(X) = 1/g(X)-. B uacrnoct, ako h(z) = 1/z,
10 32 X = [¢7, 2], Taxps ue 0 € X, umame A(X) = 1/(X)- = 1/[z7, 2%, -] =
[1/X; =€) =[1/a*,1/27;=¢).

IIpumep 2. Kakto B npumep 1 na oznaumm exp(—X) = {exp(—z)|z €
X} n arctgX = {arctgz|r € X}. 3a choTBeTHMTE HacOUeHU OGXBATH UMaMe
exp(—=X) = [exp(—X); ~€], cvorBetHO arctgX = [arctgX;€]. Ot tBBpAEHUE 8
oJriyuasaMme 3a HacoueHua o6xBat Ha h(z) = exp(—z)+arctgz Brpxy X uspasa
h(X) = exp(—X) +arctgX 3a Bcako X € D, BbpXy Koero h(z) e MOHOTOHHA, T.
e.3a X € D*. Cpasnen c peayntara 3a h(X) ot npumep 1, tyk A(X) cpabpxa
OOT'bJIHUATEIHA MHGOPMAlMA 38 TUIIA Ha MOHOTOHHOCT Ha h BBbpxy X.

To3y IpUMep IOACKA3Ba CAEJIHOTO MPABUIIO 33 pabora c QyHKIAA OT PyH-
kA, Ako ca gaxenn ¢oyuxmn g € CM(T), f € CM(g9(T)), h = f(g9) € CM(T),

TO OYeBMAHO MMaMe 3a Tocokata Ha h Bbpxy X pasencrsoro T(h,X) =
7(£,9(X)).

Ipumep 3. Ja pasraename pyskumara h(z)=1—z + 2, xe X =1[0,1].
Osnavasaiikn f(z) = 1 —z, g(z) = 2%, umame F(X) =1-X, G(X) =X x X =
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X?. Pasnensme unteppana [0,1] Ha aBa mommurepsama [0,1/2], [1/2,1], Ta-
kuBa 4de f, ¢ U h ca MOHOTOHHM BBB BCEKU NoauHTEPBaJl. CBriacHO TBb-
AeHue 8 MoKeM Ja IpecMeTHeM To4yHo obxBarta Ha (GYHKIUATa h BB BCEKM
HOAMHTEPBAJ, U3N0A3yBalikn BbTpemna cyMa H([0,1/2]) = (1 - X))+~ X? =
3/4,1], H([1/2,1])) = (1 — X) +~ X? = [3/4,1], u noaydapame OKOHYATEIHO
H(X)=H([0,1/2))u H([1/2,1]) = [3/4,1]. Ako He uamoN3yBaMe C'bO6parKeHUs
32 MOHOTOHHOCT, TO MOKEM J& MOJIy4YnM C'bOTHOUIEHWs Ha BKIIOYBaHe, BBHHII-
HOTO C'’bOMpaHe BOJM /0 BLHILHO BKIIOYBAHE, A0KATO BbTPEIHOTO chOUpate
naBa ppTpelHo prmousate. Hancrnua umame F(X) + G(X) =[0,1]+[0,1] =
0,2l F(X) 4+~ G(X)=[0,1}]+~ [0, 1] =[1,1].

Pasraejannte 0606nieHM YHTEPBAIHA CTPYKTY DU [I03B0JIABAT He CaMO Aa
nosydapame (€BEHTYaJHO I'Py6U) BLHIINM BKIIOUBaHUA ¢ IOMOMITA HA S-Olle-
pauMuTe, HO M a HAMMpaMe BbTPEUN BKIIOYBAHUA, KAKTO M J1a 1Tpe/ICTaBAME
To4YHO 06XBaTH Ha QYHKUMK (NPU OTUMTAHE HA MOHOTOHHOCTH). BH3MOMKHOCT-
Ta [a Ce M3I0J3yBaT PaBEHCTBA BMECTO BKJIOYBAHUA MOMXE Jla ¢e paslpoc-
TpaHM BHPXY PalMoHaAHU (GYHKIMU, THA KaTO Te MMaT CBOMCTBOTO Ja ca
MOHOTOHHM B JIaJI€H MHTEPBAJ C €BEHTYAJHO U3KIIOUCHUE HA KpaeH Bpoit Tou-
ku oT Hero. B [2] e nokasano Kak pbTpeuinnTe orepaiiuu B M MoraT aa ce
M3TIO3YBaT 3a l0JlyuyaBaHe Ha TEeCHU BRIIOUYBAHUA 33 0GXBATU HA (GyHKIMM.

BuaropapRoctn. ABTOpbT M3ka3Ba OiarogapHocT Ha pelleH3E€HTA 3a
BHMMATEJHOTO 1IpOYNTaHE HA PBKONUCA U MHOrOG poiiuTe My 3abeliekKky, Ko-
UTO [OMPUHECOXa C'BHIECTBEHO 33 MoJ00pABAHE HA KAYCCTBOTO Ha M3JI0KEHU-
eTo.
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ANDREI ARSOV
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Andrei Arsov. TWO CUT-FREE MODAL SEQUENT CALCULI

In this paper the modal approach to concept languages is considered. Two sequent-style
calculi for the modal systems AL and ALN are introduced and the cut-elimination property is

proved.

1. INTRODUCTION

In recent years there has been a growing interest in presenting formalisms and
languages that will be able to express various knowledge in a domain of discourse.
One such example are the so-called terminological or concept languages. The brief
overview that we will present uses the conventions established in [1]. In the con-
cept languages expressions are built from concepts and roles, which are interpreted
as subsets and binary relations on a given universe. Further one can define com-
pound expressions from the primitive concepts using a number of constructs. Two
such constructs are intersection and complement of concepts (restricted and unre-
stricted). Roles are used in the so-called restricted quantification. The restricted
quantification of a concept C over a role R gives a concept whose elements = are

165



such that if # is R-connected to an element y, this y is in C.

Another construct used in most concept languages is the number restriction.
The number restriction over a role R gives a set of objects or a concept, the elements
of which have at least or at most a certain number of R-connections.

As far as we know, the almost obvious connection between modal languages
and concept languages was considered for the first time in [5]. In {1] a whole
hierarchy of such languages 1s built — the AL-languages — and their relation
with modal languages and systems 1s used to obtain some complexity results on
the satisfaction for the AL-languages. In [4] special modal axiomatic systems are
developed for these languages and they are also viewed from the perspective of
generalized quantifiers. In the next section we present the precise definition and
sernantics of the languages we shall be interested i, as well as the axiomatic systems
taken from the above mentioned paper.

The axiomatic systems, known up to now, for the terminological languages lack
one important feature. What we have in mind is that they are not very suitable
for practical derivations. This i1s quite important since we would like to be able to
devive in practice some knowledge that is implicitly embedded on the facts that are
known up to a certain moment.

In section 3 we present sequent-style axiomatizations of the validity we have
in mind, and we prove one important property of the systems — namely, that the
cut-rule can be eliminated from them. It 1s this feature that makes the derivations
in such systems somewhat more feasibic.

2. THE MODAL SYSTEMS AL AND ALN

Definition 2.1. Following Van der Hoek & De Rijke, {4], let us define the
basic modal language AL. It has the following elements:

e VAR -— a denumerable set of propositional variables;
e T and L — propositional constants;
e — and A —— classical propositional connectives;

e (R) and [} — modal operators for every binary relation R taken from a
collection R.

Now we can define the set ® of formulas in this language in the following way
(we denote the formulas by ¢, ¢, ... ):

o ifpe VAR, then pe ® and -p € ®;
e« Tedand Lcd;

o if ¢1, ¢3 € , then also (@) A @o) € B;
e if Re R, then (R)T € &;
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s if RecR and ¢ € @, then [R]¢ € .

Models for AL have the form M = (W, { R}ger, V), where W is a non-empty
set, each R is a binary relation on W, and V is a valuation, that i1s: a function
assigning subsets of W to proposition letters in the language. Next we define the
truth value of a formula ¢ in @ at a given point = in a model M (this fact is
designated by M,z = ¢) We have that for every 2 M,z E T, and for no z
M,z = L. The other elements of & are treated as follows: )

Mo kp & e Vip),

MuzlE-p & Mzp,

Mz (d1Ady) © Mz ¢ and M,z | ¢,
M,z k= [Rlp < Vy(Rey = M,y = ¢),

M,z = (R)T « JyRay.

Observe that AL is a very weak language; it lacks full complementation and
full disjunction. It also lacks a full dual to the modal operator [R].

Van der Hoek and De Rijke have proposed an axiomatic system for the language
AL and have proved that it completely captures all validities of the form I' - ¢,
where I' U ¢ 1s a finite set. Such sequents are considered valid in the models if the
following 1s true:

MzETHHI Mz ET = Mz &= ¢).

They call this the system AL. The axioms of this system arc:

(A1) ot ¢,
(A2) p,-pt L,
(A3) o+ T,
(A1) Lo,

(AB) W F e AY,
(AB) AP gand ¢ AY Y,
(AT) [RJL(R)TE L.
Further this system has some rules. Since they also appear in our systems, we refer
the reader to the rules (Mon), (Cut), (Distr) and (Compl), presented in subsection
3.1 of section 3.
The next language that we shall consider is given in the following definition:
Definition 2.2. The language ALN has all the elements of AL plus two other
modal operators for every n, which we write as [R)], and (R),. The set of formulas
is further expanded by adding for every n and every relation R in R the formulas
[R], L and (R), T with the following semantics:

M,z = [Rl,L it {y: Rey}| <n,
M,z E=(R), T iff |{y:Rzxy} >n.

Observe that in ALA the standard modal diamond (R)- is the special case of
(RY,- with n = 0.
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To capture again all valid sequents, Van der Hoek and De Rijke have devised the
following below axiomatic system and called it ALN. It has as axioms all the
axioms of the system AL plus the following ones:

(A8) (Rypp1 TH{(R).T and [R],LF [R]lns1 L,

(A9) [R),L (R, TF L

The rules of ALN are the same as those of AL with the exception that the

rule (Compl) in section 3.1 is replaced by the respective rule (Compl) in sec-
tion 3.2.

3. SEQUENT CALCULI AND CUT ELIMINATION

In this section, which i1s the heart of the paper, we present the promised cut-
free systems in the languages AL and ALN . These new systems are connected to
the systems developed by Van der Hoek and De Rijke and further it is shown in
what way.

3.1. THE SYSTEM SAL AND THE CUT ELIMINATION PROOF FOR IT

As before, we use the capital Greek letters T', A, ..., to refer to finite sets of
formulas, and ¢, ¢, ..., to refer to single formulas. A sequent in the language AL
is an expression I' b ¢. The axiomatic system SAL is given by the next axioms
and rules:

Axioms:
(A1) ¢+ 9,
(A2) p,pF o,
(A3) [R]L, (R)T I ¢.
Rules:
'y
Mon —_—
(Mon) Tu{g}kx
L ¢ Iy, {8} F x
t
(Cu ) 111) F2 r_ X bl
: Lok x Iy Fx
A-ntr-L) ———— —r A
R YN ToAYE X
. I Fé Ly Fo
A-1ntr-
(A-intr-R) T ToFore
I'TE¢ i ,
(T-drop) Trs provided I' is non-empty,
'+ 1
(L-use) g

168



I'pF o U,-pk ¢ I [RLF¢ L(RTHS

(Compl) TF e , I3 y
C 'k x

(1)15[‘1') m,

{Comb) Lrd

[RIT,(RYT F L

Remark 3.1. Using the completeness of AL it is easy to see that the both
systems SAL and AL prove the same sequents.

3.1.1. Cut elimination for SAL. Now we turn to presenting the proof
for cut elimination of the system SAL. Here i1s a brief outline of the proof. We
define a notion of weight of a derivation in the system SAL, which will associate
to every derivation a natural number. By induction on this weight we show that
every derivation can be transformed into a cut-free proof of the same conclusion.
During the induction we shall need to make quite a few case distinctions, most of
which will be left out, however, either because they are trivial or because they are
similar to cases that we do consider.

Convention 3.2. If d is an arbitrary derivation, then by r(d) we mean the
conclusion, or the last sequent in d.

If T is a set of formulas, then [R)I' = {[R]¢ : ¢ € T'}.

In an application of the cut rule as in the derivation d below we call the sequent
I'1 B ¢ the left premise of the cut rule, and the sequent T'y, ¢ & x its right premise:

ko I'2,0F x
rl)rz}_x .

d:

We need the next lemma.

Lemma 3.3. Assume thal the derivation d satisfies the following conditions:
1. The last rule applied in d is the cul rule, and this is the only applicalion of
cut in d.
2. The left premuse of the last rule is an aziom.
Then there is a derivation d' of v(d), which does not use the cut rule.

Proof. There are 3 possibilities for the axiom occurring as the left premise of
the cut rule. Suppose first that it is (A1). Then the derivation has the form

sre T ary
T, ¢k x ’

But then d' is already a cut-free derivation of r(d), as required. The cases when
the axiom is (A2) or (A3) are similar, so we consider only one of them: (A2). Then

d:
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the derivation d has the form displayed below, which can be transformed into a
derivation d’ with the same conclusion:

p, p b @ [oky p, —p kA
d: pp \O ohx = d: (Mon)———~———p PrX .
U, p, ~pkx Fop,-pkx

This completes the proof.

As announced before, we use a notion of weight to carry through our proof of
cut elimination.

Definition 3.4 {weight of a derivation). We define the weight w of a
derivation d in SAL by induction:

o Il d consists of a single axiom, then w(d) = 1.

o If the last rule which is applied in d has only one premise, that is if d has the
form '
. :
"TEy
LY
'y

)

then w(d) = w(d) + 1.

o If the last rule which is applied in d has two premises, that is if d has the
form '

' — i ", -
d. a l‘/ }_ X/ d l‘// }__ X//
' Tk y A '

then w(d) = w(d") + w(d”) + 1.

Theorem 3.5. SAL admits a cul elimination.

Proof. The proof is by induction on the weight of derivations. As every deriva-
tion d has w(d) > 1, the induction starts with w(d) = 1. In that case the derivation
consists of a single cut-free axiom.

Next, suppose that for every derivation d of weight less than n, a cut-free
derivation can be found of the same conclusion; we proceed to show that the same
is true also for derivations of weight n. Let d be any derivation of weight n. Let (R)
be the last rule applied in d. If (R) is not the cut rule, then the derivation without
the last rule (R) will be of smaller weight, so by our inductive hypothesis it can be
transformed into a cut-free derivation(s) of the same conclusion(s). Subsequently
applying (R) yields a cut-free derivation of the conclusion of d.
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Now for the main case: the last rule applied in a derivation of weight n is the
cut rule. By our inductive hypothesis we can assume that the derivations of the
premises of the cut rule are cut-free. We distinguish several cases. If the derivation
of the left premise of the cut rule consists of a single axiom, we need only to apply
Lemma 3.3 to find a cut-free derivation of the same conclusion.

So assume that the derivation of the left premise does not consist of a single
axiom, and consider the different cases for the last rule in this derivation. Let us
first consider the case when this rule is such that the formula on the right hand
side of the conclusion is the same as the formula on the right hand side of the
premises. Such rules are (Mon), (A-intr-L), (T-drop), (Compl), and (Comb). Since
the required transformations in these cases are similar, we consider only one of
them, that of (Mon). In this case we perform.the following transformation, denoted
by =:

[‘1f_(f) . 1/ [‘1}"(/) Fg,{q')}}“y
i —_— a S 5
Lyu{yvltoe [y, {6} F x ry, 'y Fy

- = (Mon) —
F]7[2)1/)}'_X [1»12,"/)}“9(

We have that w(d’) < w(d), because d’ consists of one step less than d, so using the
induction hypothesis we can transform d’ into a cut-free derivation, but this yields
a cut-free derivation of r(d) as well.

The remaining cases are ones in which the last rule applied in the derivation
of the left sequent is either (L-use), (A-intr-R), or (Distr). Let us first see what
happens when the rule is (L-use). We can apply the following transformation:

rhrFL

I' + X
' ko Iy, ¢ ' Fy
d: UM — 2 F X = (Mon) oo l, X .
11112’_X 11112l_X

As the derivation of I’y + L is cut-free, the derivation d can be transformed into a
cut-free one.

In case one of (A-intr-R) and (Distr) is the last rule applied to obtain the left
premise of the cut rule, we have to dig into the derivation of the right premise of
the cut rule. As the arguments for (A-intr-R) and (Distr) are similar, we present
the details for only one of them, viz. (Distr). First, suppose that the right premise
of the cut rule is an axiom. If this axiom is (A1), then the derivation has the form

Ty
(RICF (R (Kl [Rlx
[RICF [R)x '

d:
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Now d’ is a cut-free derivation of r(d), so we are done. Clearly, the axiom cannot
be (A2), since the left part of the right sequent should contain a formula of the
form [R]x. Hence, the next possibility is (A3), then the derivation has the form of
the derivation d below:

TFL TFL

[RIC + [R]L (R]L, (R)T +x (Comb) [RIT, (R)TF L

d:

d: (L-use)

(RIT, (R)T  x [RIL, (R)T+x

Since the derivation of I' B L is cut-free, the above derivation d can be transformed
into the cut-free derivation d' of r(d).

Nexi we proceed to deal with the cases when the right premise of the cut rule
is the result of applying one of the rules of SAL. We consider all these rules one at
a time.

(Mon) The derivation must have the form of the derivation d below.

[R]Ly F [R]¢ o U{y}Fx

[RITy, (T2 U {$)\[R]e F x

To be able to apply the cut rule, we must have [R]¢ € ToU{%}. We again distinguish
two cases: [R]¢ € [y or [{R]¢ = ¢. Suppose first that 'y = T', U {[R]¢}. Then we
can transform d into the derivation d' below. As the sub-derivation d” of d’ has
w(d") < w(d), it can be transformed into a cut-free derivation, and hence, so can

d:

T\ Fé :
[RIT; F [R]o Iy, [Rlg F x
[RILy, Th F x

[RICy, T, ¢ F x

d":

d

Next, assume that 1 = [R]¢. Then we have (ToU{y})\[R]¢ = I'y, so we can derive
r(d) as in the derivation d"":

[k x

d"": (Mon) .
( )[R]Fl, Cabx
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(A-intr-R), (T-drop), (L-use), (Compl) Since the transformations we per-
form on the derivations in these cases are similar, we consider only one of them.
Suppose the rule that is last applied in the derivation of the right premise of the
cut rule is (A-intr-R), L.e. the derivation d has the form

I'Fx ¢ Do

[R]T F [R]x Iy, T'nkEé Ay

[RID, (T UT\[R]x ¢ A%

As the last step in d is an application of the cut rule, we must have that [R]x € T'; '
or [R]x € I's. Assume first that [R]x € 'y and [R]x € [2; then I'y has the form
[y = T{U{[R]x} and (I'; UT2)\[R]x = I UT2. Now we can derive r(d) as follows:

't x
[RICF (R T [AIxF 3 .
[RIT, T+ ¢ Iy kv
[RIT, I, ok gAY '

d:

As before we can transform d’ into a cut-free derivation, and thus get a cut-free
derivation of »(d). Ior the cases when [R]x ¢ I'y, [R]x € 'y, and [R]x € I'; and
[R]x € '3, we can perform similar transformations to arrive at the required result.

(A-intr-L) We only consider one of the rules of this kind, the first one. The form
of our initial derivation d In this case is

Fl }_ /\ Fg, é }' X
C[RID F [R]A o, oAy F x
[RITy, T\[RIA, 9 A9+ x

Since [R]A # ¢ A1), we must have [y = [, U {{R]A}. Using this, we can also derive
r(d) in the following way:

T FA :
[RIT: F [R]A Iy U{[R]A}, ¢ F x
[R]rl; F/z’ ¢k x
[RITy, T, ¢ AW+ x

d

As before, this derivation can be turned into a cut-free one of r(d).
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(Distr), (Comb) In these cases the transformations that we perform on the
derivations are again similar, so we treat only one of them: (Distr). Then d has
the form

1k x) Fa k- x2
) [R]Fl = [R]Xl [R]FQ t- [R,]Xz
(RITy, [RIT2\[R]xa F [R]xe
Since [R]x; € [R]T'y, we must have x; € ', so we can transform the derivation

to the following one, which can be turned into a cut-free one using the induction
hypothesis:

L1k x, PoU{xi}F xo
Iy, I F xe
[R]Ty, [RID F [R]x2

d

(Distr)

Summing up, any derivation in the systern SAL can be transformed into a
derivation of the same conclusion in which the cut rule is not used. o

3.2. THE SYSTEM SALN AND I'T'S CUT ELIMINATION

[n this section we present a cut-{ree sequential system, the logic ALN in [4].
Since the system ALN is in fact the systemm AL with added a few more axioms,
our system SALIN will be very much like the systemn SAL. We shall only present
in detail the axioms and rules that arc new or differ from the corresponding ones
in SAL.

The axioms (A1) and (A2) arc the same as in SAL, only (A3) is changed to
the following form:

(A3) (Rl (RTHe, n>L.

The rules (Mon), (A-intr-L), (A-intr-R), (L-drop), (T- use) and (Distr) are
again the same in SALN as in SAL. The second part of the rule (Compl) and the
rule (Comb) arc changed to the following forms:

r, [R]ni— Fx T, <R>nT Fx
'k yx ’

(Compl)

k1
Comb > 1.
(Comb) LT R.TFL "2
Now the next three rules that we present arc new ones, specific of the system

SALN.

(R)) —-———fﬁ'}*fﬁf nz
(R prop, a2



Before beginning the proof that the system SALN admits a cut elimination,
let us briefly outline how we are going to proceed. First, we proof a lemma which
in effect claims that a somewhat restricted form of the cut rule can be eliminated
and then we proof that also the general form of the (Cut) is dispensable. To prove
both of these claims, we use the technique that we used to prove the cut elimination
for the system SAL, namely induction on the weight of the derivation containing
(Cut). Since the most cases will emerge as similar to the respective ones in the cut
elimination proof of SAL, we shall be more concise in our exposition and we shall
treat in detail only some of the different cases.

Lemma 3.6, The following rule can be eliminated from cvery SALN-deriva-
tion.

(Cutyn) Iy F[RlmL 2, [RlpLF &

Py, ok ¢ ’

where m < n.

Proof. We prove this claim following the same pattern we used before. Suppose
d is some derivation and (Cuty,,) is applied only at the last step of this derivation.
Further suppose that the left premise of (Culy,y,) is an axiom.  The ouly case of
any interest is the case of (A1). Then d has the form

[Rlm Lt [Rlml [[{]”_L,. TFé
[RlmLl, I'F ¢ '

Now, since we have applied the rule (Cuty,n), we have m < n. If m = n, then
we can use the derivation of the right premise as the Cut,,,-free derivation of r(d).
if rn < n, then to the right premise we apply (n — m) times the rule ([R}-) and we
shall have the desired derivation. "

Further we have to consider the cases when the left premise appeared by an
application of some rule. The transformations we do are similar to those presented
so far, so to diminish the risk of bécoming boring we shall present only those we
think most unusual.

([R]4) In this case we do the following transformation:

T F [RlmL

Fl - [R]m+1_L 1127 [R]n—]— - ¢
'y, o b ¢

. i H[RlL Do, [RlnLE ¢
= d .
[, IaF¢
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Now, since we have applied (Cuty,,) in the first place, it is true that m+1 < n, so
m < r, and the application of (Cuty,,) in d' is legal. Using also that w(d') < w(d),
we can conclude the result.

(Distr) Our derivation which we want to turn into a Cut,y,,~free one in this case
has the form

Fl }" 1 .
[R]Ty - [R]L Iy, R, LF 6
[RI[', Tk ¢ i

In this case as before we have to dig into the derivation of the right premise. To deal
with the axioms (A1) and (A3), we use the rules ([R]+) and (Comb), respectively.
Next we should turn to considering the cases when we have applied one of the rules
in the derivation of the right premise. As an example we shall consider only one
case which is the most instructive. Suppose the last rule applied in the derivation
of the right premise is the rule ([R]-). We do the following transformation on the
dertvation d&:

d:

I FL 52 (Rlnp1 LF 6
[R)I'y F[R]L Iy, [Rln,LtF ¢
[RIy, T, F ¢

kL :
[RIT\ + (R]L Vo, [Rlny1L 6
[RIly, Dok ¢ '

= 4

We have that the derivation d’ is of lesser weight than d, so we can apply the
induction hypothesis to get the result.

Now all the cases for the type of the last rule in the derivation of the left
premise of the (Cut,y,,) are considered and the proof is finished.

Further we turn to the proof that the whole version of the cut rule can be
eliminated in the system SALN, that is to the proof of the next theorem.

Theorem 3.7. SALN admits a cut elimination.

Proof. We shall use again in the proof our well-worked induction on the weight
of the derivation with the different cases for the structure of the last steps of the
derivations of the premises of the cut rule.

First, we consider the form of teh derivation of the left premise. The case when
this derivation consists of a single axiom presents no difficulty. Let us turn to the
case when the last step in the derivation of the left premise consists of applying
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some rule. The rules that are the same as in SAL or the formula on the right hand
side of the conclusion is the same as that on the right hand side of the premise(s),
create no difficulty. Such rules are (Mon), (A-intr-L), (A-intr-R), (T-drop), (L-use),
(Compl), ({R)+), ([R]-), and (Comb).

If the last rule is ([R]+), then since the cut formula is of the form [R},, L, we
must only apply Lemma 3.6.

Now we turn to the most difficult to treat rule, namely (Distr). As usual, in
this case we consider the cases for the form of the derivation of the right premise
of the cut rule. The axioms and the rules that are present in SAL are treated as
i this system. We need only to show that nothing goes wrong if the last rule in
the derivation of the right premise is one of the new or changed rules. For ({R)+),
([R]+) and (Comb) we do quite obvious transformations, using the fact that we
can locate where the cut formula belongs. The only case that remains is that of
([R]4). But we can use the fact that the cut formula in this case is of the form
[R]m-L, and applying Lemma 3.6 we conclude the proof.  H

So we can now state that the presented sequent system SALN indeed admits
elimination of the cut rule.
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partment of Mathematics and Computer Science at the University of Amsterdam
on TEMPUS-grant JEP-01941-92/2. This paper would not have been written with-
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INFINITESIMAL BENDINGS OF ROTATIONAL SURFACES
WITH CHANGING SIGNS CURVATURE™

IVANKA IVANOVA-KARATOPRAKLIEVA

Heanxa Hseanosa-Kapamonpaxaveea. BECKOHEYHO MAJBIE U3TUBAHUSA ITOBEP-
XHOCTEM BPAUIEHUA 3HAKONIEPEMEHHOM KPUBU3HBI

Ucccnenosano MHOMKeCTBO NMBEMaHHOBLIX mapaJliseseil NepBoro mopalka HEeXeCTKOI
NOBEpPXHOCTH Bpalledua S 3nakonepemenHo# xpusmsnbl K. S — szamkuyTasn (pona 0 nu-
6o 1) nubo c kpaem. Jokazano, uTo Ha S, BHe €€ uacTell, KOTOPblE ABNAIOTCA KPYTOBHIMHU
UMAMHAPAMY, HMEETCA CUETHOE MHOMXKeCTBO MMEMaHHOBBLIX NapaJsneneit, ecnu S umeer Bec-
KOHEYHOEe UMCJIO HETPUBUAJILHLIX QyHAaMEHTANbHBIX noneit narnbanuma. Ha kaxnom nosce
¢ K < 0 oTu nmapasjenu pacnoioweHbl Bezfe ninotno. Ha kawpom nosce Sg = Spgr,
¢ K 2 0, orpauuyeHHO}# acMMUTOTHUECKOH napannensio Lo, cymecTsyioT nubmaHHOBbIE

. ~
napafjeny TOTJa M TOJbKO TOrJa, korga Sp CoNep>kuT noamosc So = Sp»p, (L* camasn
NpaBas MakcMMasibHas Mapansient Ha So). Bce Ty napannenu o6pasyioT CYETHOE MHO-

YKECTBO, NpUHaAIeKaT So ¥ crymalores K L*. Iasbl OoCTaTOUYHbie YC/IOBWUA MHJIA YKECT-
kocTm S.

Ivanke Ivanove-Karatopraklieve. INFINITESIMAL BENDINGS OF ROTATIONAL SURFACES
WITH CHANGING SIGNS CURVATURE \

The set of Liebmann's parallels of first order on a non-rigid rotational surface § w\‘i‘th changing
signs curvature K is investigated. S is closed (of genus O‘or 1) or with a boundary. It is proved
that there is a countable set of Liebmann's parallels on S wutside of its parts which/ are circular
cylinders if S has got an infinite number non-trivial fundamental fields of bending./On each belt
with K < 0 these parallels are everywhere densely. On eachbelt So = Sy z; with K 20,
bordered by an asymptotic parallel Lg, there exist Liebmann’s paraltels if and-only if Sp contains

a subbelt §0 = Sg+r, (L* is the most right maximal parallel of Sg). The Liebmann’s parallels

* Partially supported by Sofia University ,,St. Kliment Ohridski“, Contract Ne 247, 1993.
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a subbelt §0 = Spsr, (L" is the most right maximal parallel of Sp). The Liebmann’s parallels

on Sy are a countable set, belong to Sy and are condensed to L*. Some sufficient conditions for
rigidity of S are given.

1. PRELIMINARIES

If S is a rotational surface with changing signs curvature, then the domains
with positive Gaussian curvature on S are separated from the domains with nega-
tive Gaussian curvature by belts with zero curvature or by parabolic parallels, i.e.
parallels on which the Gaussian curvature of S is zero. Those parallels are from
first, second or third type [1]. A parallel from first type is described by a point of
rectification of the meridian ¢ of S (a point of inflection or not) at which the tangent
of ¢ is not perpendicular to the rotational axis. The principal curvatures of S at
an arbitrary point of a parabolic parallel from first type arc vmer = 0, Vpar # 0. A
parabolic parallel from second type is described by such a point of ¢ which is not
a point of rectification but the tangent of ¢ at this point is perpendicular to the
rotational axis. We have vmer # 0, Vpar = 0 at an arbitrary. point of such a parallel.
A parabolic parallel from third type is described by a point of rectification of ¢ (a
point of inflection or not) at which the tangent to ¢ is perpendicular to the rota-
tional axis too. Any point of such a parallel is planar one for S (Vmer = Vpar = 0).
Any parabolic parallel Ly from second (respectively third) type is an asymptotic
line of S because the plane of Lg is tangent of first (respectively higher) order to
the surface at any point of Ly. That is why we shall call the parabolic parallels
from second and third type in short asymptotic parallels.

Let S be an arbitrary rotational surface with not more than a finite number
of asymptotic parallels. .S can be closed (of genus zero or one) or with a boundary
{consisting of one or two parallels). Let S be from the class C?, ¢ = 2, out of its
poles (if it has such ones).If the surface has not got any planar domains, so its
meridian ¢ can be represented as a union of a finite number of arcs such that each
of them can be projected one-to-one on the rotational axis. If the surface has got
some planar dormains, so such a representation is possible for ¢ without those of
its parts which are segments, perpendicular to the rotational axis (exactly, they
describe the planar domains of S by the rotation of ¢ around the rotational axis).

Let the meridian ¢ of S be in the co-ordinate plane Ouy and let it has got a
finite number of points of inflection. If the point Py € ¢ describes an asymptotic
parallel Lo, then either a) Py is a point of inflection (see Fig. 1), or b) Py is not a
point of inflection (see Fig. 2). Let us note that in the case a) there is a two-sided
neighbourhood on ¢ which can be projected one-to-one on the rotation axis and in
the case b) there is not such a neighbourhood. We denote by ¢; and ¢y the arcs
of ¢ bordering on Py which can be projected one-to-one on the rotation axis. We
shall consider only the case when ¢; and c¢» have not inner points which describe
asymptotic parallels because the other case obviously is reduced to that one. We
assume that in a neighbourhood of the point Py(ug, r¢) the meridian ¢, i.e. ¢; and
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Ya

Fig. 2

¢2, has a representation

1) u=(xy Fro)" froy) +uo, n 22, fia(re) #0,
fi € Cro, ro +€], fr € CAro—e, rol.

Then we have

(2) ¢ Y= 7..j(u), j=12 7'1(“0) = 7’2(Uo), 7’1(U) € C[uo, Ul] ﬂC‘l(uo, ul);
ro(u) € Clug, ug) N C(uy, up), lim 71.2(u) = +00,

and in a neighbourhood of ug

nyx - 1
) = (0= )™ Guw) o, ro= (w0 — W)™ Ga(u) 1o, m=

Gi(uo) #0, 5=1,2, @1(u) € Cuo, uo + ¢}, @a(u) € C¥uo —¢, uol, ¢ 2 2,
when Py is a point of inflection, and

) ¢j ry=ri(u), j=1,2, ri(u) = ra(uo), ri(u) > ra(u)

forue (Uo, ul] n (U(), ’uﬂ,

rio(u) € Clug, u1,2) N C¥(uo, u1,2), ulirL] 71 2(u) = £o0,
and in a neighbourhood of ug
ny = ~ 1 ~
ri(u) = (u = uo)™ @ (u) + 1o, $j(u0) #0, mu = —, @j(u) € C¥[uo, uo +el,
i=12 922
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when Py 1s not a point of inflection.

If the meridian ¢ has other points which describe asymptotic parallels, then in
a neighbourhood of any of them we assume that analogical conditions to those in
(1) are satisfied. Finally, let us amplify that if the surface S has got one or two
poles P(,I’Z(ué’z, ) — smooth or conic, then we assume that in a neighbourhood of
any of them analogical conditions to those for ¢; in (1) (see [3, 5]) are satisfied.

We assume that the surface S is non-rigid of first order with a field U of
infinitesimal bending (inf.b.} which is continuous on the whole surface and belongs
to the class C! out of its poles (if S has such ones). It is well-known that such
non-rigid of first order rotational surfaces — closed or with a boundary, exist and
each of them, which has got asymptotic parallels, is rigid of second order (see for
example [1 — 4]).

In this paper we shall investigate the set of Liebmann’s parallels of first order
on S, i.e. those parallels which remain in their planes by inf.b. of first order. We
shall give some sufficient conditions for rigidity of S too.

2. PROPERTIES OF THE FUNDAMENTAL FIELDS Ug(u, v), k > 2

We represent the parts S; C S obtained by rotation of the arcs ¢; C¢, j=1,2
(see Fig. 1 and 2) with the vectorial parametric equation

(4) z(u, v) = u.e + r(u).a(v)

(here for simplicity we have denoted r;(u), j = 1, 2, with r(u)), where: u belongs
to the indicated in (2) and (3) intervals, v € [0, 27], e is the unit vector of the
rotational axis Ou, and a(v) is a unit vector perpendicular to Ou and twisted at an
angle v from Oy). Let Ug(u, v), k 2 2 be a non-trivial fundamental field of inf. b.
of first order of the surface S. Then [1] we have on S;, j =1, 2,

Ur(u, v) = e* [pp(u).e + xx(u).a + ¥i(u).a)
(5) +V8Qikv [@r(u).e + X (w)-a + ¥y (u).a'],

() + 7' (4) X (u) = 0,
(6) Xk(u) + ik pr(u) = 0,
vk () +r'(w) [Tk xi(u) — Ye(w)] +r(u) Yp(u) =0, k22,
from where we obtain for the function xx(u) the differential equation
(7) r(u) Xg(u) + (k% = 1) r"(u) x(u) = 0, k 2 2.
Using the condition (1), we obtain
u'(y) @i (¥) + X (y) =0,
(6") xk(y) + ik vi(y) =0,
Tk (y) r(y) + ik xa(y) - Yr(y) +ydi(y) =0, k 22,
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and

(™ v Wxi @)~y @)XW - R = DY) xae(w) =0, k22
in a neighbourhood of the point Py(ug, ro).

From the equalities (6) and from the assumption that the field U of inf. b. of
S belongs to class C! out of the poles and the meridian ¢ € CY, ¢ 2 2, it follows
immediately that the fundamental field Ug(u, v), k 2 2, of S;, j = 1, 2, belongs
to the class C'7, q¢ 2 2, out of the asymptotic parallel Lg. It is seen from (6') that
Xk(W)ly=ro = X5 (¥)ly=ro = 0 and therefore the fundamental field Ux(u, v), & = 2,
satisfies the equality '

(8) xe(uo) =0, & 22,
1 e.
(8" Uk(ug, v) = [e““’ pr(uo) + e * " By(uo)] e, k 2 2,

along the asymptotic parallel Lg.

Since the function yi(u), k£ = 2, is a solution of the equation (7), so in the
intervals, where r”/(0) £ 0, it is not oscillating, i. e. it has not more than one null,
it has neither a positive maximum nor a negative minimum and its graph is convex
to the rotational axis Ou. Let us remind that in these intervals the meridian ¢
is convex above and the corresponding belt of the surface S has got Gaussian
curvature K 2 (. The equation (7) has a singularity in the point ug. Taking y for
an independent variable in a neighbourhood of ug, (7) passes to the equation (7')
which is from Fuchs’ type. We have proved in [4] that the problem (7), (8) has got
a non-trivial solution xx(u) and in a neighbourhood of v it has the form

9) xe(u) = (u—uo) xQ(u), xi(uo) #0,

where x2(u) = @7(u) Py [7o + (u — ug)™ @1(u)], Pi is an analytic function of y

:r-0+(u—uo)”'<,51(u). o
Remark 1. If the surface S has got a planar domain Sy, so Sy is a disk or an

annulus bounded by asymptotic parallels L(l)’2 su= u(l)’2 of S (even all the parallels

on Sp are asymptotic). In this case Ulg, L So (see [6]), i.e. xx(¥)ls, = ¥x(¥)ls,

= 0 and consequently the condition (8) is satisfied on Lg%,

Remark 2. If the rotational surface S has got poles P> so the function
xi(u), which correspondes to the non-trivial fundamental field Ui (u, v) of S, also
satisfies the equality (8) (see for example (3, 5]).

Lemma 1. Lel u = o and u = B be two sequential nulls of xr(u), k 2 2.

a) If the belt Sup of S does not contain a subbelt with extremal parallels of S,
so the funclion ¢x(u), k 2 2, has got exactly one null in (a, §).

b) If S has got a subbelt Su;u; with extremal parallels, then either pr(u), &
has got exactly one null in (a, B) and it is in (a, B)\[u}, u3) or pr(u) =0, k
in (i3, u3) but i (u) # 0 in (@, )\ [ud, u3).

Proof. From (6) we find

() xr(w)

;(u 2o (u
10wt == o, = X B

v v
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in the interval (o, §), wherefrom we obtain directly

(11) Fiu) = ~ {(%%)2“’“2_1) (:((5))>2]

From here and from fi(a+40) = 400, fi(8—0) = —oc it follows that in the case a)
or(u) has got exactly one null in the interval («, 8). The statement in b) follows
directly from (6), (10) and (11).

Lemma 2. Lel the belt Sz, 3, C S has gol negative Gaussian curvature and
u', u” are two arbitrary points from the interval [Uy, Up). There erists kg = 2 such
that the function pr(u), k 2 ko, has got a null in (u', w") if U, k 2 ko, is a
non-irivial field of bending of S.

Proof. We write the equation (7) for the interval [Ty, @3] in the form

(12) X(u) + Gr(w) xa(w) = 0, & 2 2,
where )
. _(k*=1)r"(u)
Grlu) = ) )
We have
. k2 —~1)m
(13) min_ G 2 &

where m = minr”(u), M = maxr(u) when u € [u;, Us). We choose kg so that

(k2=1)m NI \*
(14) i >\ o)
where N > 2. We consider the equation
(15) Y'u)+ptY(u)=0
with p = NI -. Since the solution Y = sin p(u — u') of (15) has got N +1 2 3
U

nulls in v/, "] and G(v) > p? holds for k 2 ko in [u/, u”] because of (13) and
(14), then from the Sturm’s theorem it follows that every solution xx(u), k£ 2 ko,
of (12) has My 2 N 2 2 nullsin {v/, 4”]. Then from Lemma 1 it follows that every
function ¢k (u), k 2 ko, has got at least one null in (u/, u").

Lemma 3. Let the belt Sy C S has a non-negative Gaussian curvature and
0S50 = LoU Ly, where Lo is the asymptotic parallel described by the point Py(ug, o)
and Ly is the parallel* described by the neighbour point of inflection Py(ul, r}) of
Py. At each fized u € (io, u}], @ > wo, for which r(u) > r(dg) the following
property is lrue:

Xk (w)

—==  — Is bounded
(k2 — 1) xx(u)

(16) the number sequence

1 L, is a non-asymptotic parallel since the surface S is non-rigid (see [2]).
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if each Uy, k 2 2, 1s a non-trivial field of bending of S.

Proof. Let x,(u) and xi,{u) are solutions of the problem (7), (8) at & = k;
and k = ky, correspondingly, ky < ko. We multiply (7) at k = k1 by (k2 —1) xx,(u)
and (7) at k = ko by (k% —1) xx,(u), subtract the obtained equalities and integrate
the result from ug to u € (uo, ui]. We obtain

=00 = e 0 (G2 o~ )

= (6= k) [ xh, () xh, )
Uo
Since xx(u)xi(u) > 0 in (uo, u}}, we conclude from here that at each fixed u
€ (uo, ul] the inequality

Xk, (1) X, (@)

(17) W= Dxn@ ~ F-Dxo@ o <k
holds.
Multiplying (7) by 2x}(u) we obtain
18) (w2 @) = [r(w) 220 o] (12 - 1) ) i)

(k* = 1) xx(u)
Let @p > ug, ¥ € (o, uj], and N 2 2 be an integer. Since xx(u), k£ = 2, has not
a null in (ug, u}], so there exists a constant M > 0 such that

!
X (W) <M

(N2 = 1) xn(u) in [to, 7.
From here because of (17) we have
!
(19) Xy < M in [do, T for each k 2 N.

(k% = 1) xr(u)
From (18) and (19) we obtain
(r(w) x&* (w) < (7" ()| M~ 20" (w)) (k* = 1) xu(u) xi (w)
< 2 My (k% = 1) xi(u) X (u),
where M is a suitable constant. Integrating (20) from @g to u € (o, ul] we find
Xi 2 (u) _rldo) Xi2(@0)] _ My [, xi(do)
T e S < [N ke

From here and from

(20)

(21)

120 20~
Xk/ 2(“0) <1, sz(UO) <1
X3 2 (u) Xi(u)

we obtain

—————————XV(U) r(u) —r{u u ilg, ui
(22) F = 1) x2() [r(w) = r(to)] < M1, u € (do, u], k 2 N,
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from where the statement in Lemma 3 follows immediately.

Corollary 1. For each fized u € (4o, ul], %o > wo, such that r(u) > r(tg)
is valid
: xp(w)
(23) A T Dt
Remark 3. If we multiply (7) at £ = k; and at k = ky by x&,{u) and xg, (u),
correspondingly, subtract the obtained equalities and integrate the result from wug
to u € (uo, u}], we obtain that the inequality

Xi, (W) X, (w)
Xky (8) 7 Xka(u)
holds at each fixed u € (ug, ul].

Remark 4. The properties (24), (17), (16) and (23) of the fundamental fields
Ur(u, v), k 2 2, are proved by E. Rembs [7] for the case when the belt Sy is simply
connected, i.e. when 05y = L, and the point Py is a smooth non-parabolic pole
of Sp. They are also valid in the case when the pole Py is parabolic or conic (see
[5) and for a generalization see [2]). Proving these properties here for the doubly-
connected belt Sp, we have used the equalities (8). That is why these properties
will also be valid in the case when the tangent at Py to ¢ is not perpendicular to
the rotational axis, i.e. when the parallel Lg is not asymptotic but the fields of the
bending satisfy the conditions (8). From Remark 1 it is clear that we can ensure
the conditions (8) sticking the boundary of a disk S, along Lo and assuming that
the field of inf.b. of the surface S U S‘O is continuous on it and from class C! on S
and Sp.

Remark 5. If the belt Sy is obtained for u € [u}, ug], i.e. if instead of ¢;
and co at Fig. 1 and 2 we have theirs orthogonally symmetric curves with respect
to the line by Py, which is parallel to the axis Oy, then obviously Lemma 3 and
Corollary 1 — the properties (16) and (23), are valid too, but xx(u) x}(u) < 0 and
the inequalities (24) and (17) are inverted.

(24)

’ kl < k?;

3. MAIN RESULTS

If Up(u, v), k£ 2 2, is a fundamental field of inf.b. of the surface S for which

the parallel L:u=1is Liebmann’s, 1.e. L remains in its plane, then we say that
Uk(u, v) is a field of inf.b. with sliding along L. It is clear from (5) and (6) that

Ur(u, v) is a field of inf.b. with sliding along L exactly when
(25) iz =0, k22
The following statements are valid:

Theorem 1. On the rotational surface S, outside of her belts of ezxtremal
parallels (if S has got such belts) there exists a countable set of Liebmann’s parallels.
Moreover: :
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a) On each belt with negative Gaussian curvature the Liebmann’s parallels are
everywhere densely,

b) There are Liebmann’s parallels on every belt Sy with non-negative Gaussian
curvature, which belt is simply connected with a pole and a boundary 8Sy = Ly,
or doubly connected with a boundary 8Sy = Lo U Ly, where Lo is an ,_asymplotic
parallel, if and only if Sy contains a subbelt So = Sy.p, (respectively, So = Sp,L+)
bounded by the most right (respectively, the most left) mazimal parallel L* of Sy
and the parallel Ly. All these Liebmann’s parallels are a countable set, belong to So
and are condensed to L* if S has got an infinite number non-irivial fundamental
fields of bending?.

Corollary 2. The surface S is rigid with respect to inf.b. with sliding along
an asymptotic parallel of S.

Corollary 3. The surface S is rigid with respect to znfb with sliding along a
pamllelL € Sy tf the belt Sy has not got a subbelt So, and along a parallelL € SO\SO

if the belt Sy has a subbelt Sg.

Proof. These statements follow directly from the lemmas. In fact, the existance
of a countable set of Liebmann’s parallels on S follows from the condition (25),
Lemma 1 and from the facts that the non-trivial fundamental fields Uy (u, v), k& 2 2,
of S are a countable set and any function xx(u), k 2 2, can have only a finite
number nulls in a closed interval. The statement a) follows from (25) and Lemma
2. We shall pause in detail on the proof of the statement b).

For concreteness let Sq be obtained by u € (ug, ui]. If the belt S is simply
connected, so the statement b) is well-known (see {3, 5, 7]). Let Sy be a doubly
connected belt. 1t is seen from (10) that the function @i (u), k 2 2, is annuled in
(ug, ul) if and only if fy(u), k£ 2 2, is annuled. Because of (11) the function

/ /
2 w) = (k% - 1 [ X (1) rw)
( ) f/C( ) ( ) (k’z—l)Xk(U) T'(U,) |
is monotonically decreasing, as fr(uo + 0) = +o00 and fi(u*) > 0 for each £ > 2,
where L* : u = u* is the most right maximal parallel of S;. Since (26) and

r'(w)
()
u € (u*, ul] such that r(@) > r(ig) there exists an integer Ni > 2 such that
fx(w) < 0 for any k 2 Ny. Consequently, for each k 2 N; there exists ux € (u*, @)
such that fp(ux) = 0, lLe. pr(ur) = 0. Moreover, if k; < ks, then from (17)
r'(u)
r(u)
follows ug, < ug,. Thus for each £ 2 N; there exists a Liebmann’s parallel Ly in
(u*, ). In addition, for ky > kq the Liebmann’s parallel Ly,, corresponding to

< 0in (u*, @), u £ ui, it follows that for each fixed

Corollary 1 hold and

and from the fact that is a monotonically decreasing function in [u*, ul} it

2 Such surfaces exist — for example, if S is simply connected and it has not an asymptotic
parallel, or S is doubly connected with not more than one asymptotic parallel, then it has gdt a

countable number non-trivial fundamental fields of bending (see [2], [3]).
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the fundamental field Uy,(u, v), is situated more to the left than the Liebmann’s
parallel L;,, corresponding to the fundamental field Uy, (u, v). All these Liebmann’s
parallels condense to the most right maximal parallel L* : v = u* of Sy. In order
to verify this it is sufficient to take @ = u* + ¢ < u}, where ¢ is a small enough
positive nurnber, and to repeat the considerations which we have just done.

Remark 6. The statement a) for a rotational surface S with a negative
curvature is proved in {8]. There are such investigations in [9] and [11] too, but the
formulated results contradict to [8] and to our statement a) here.

Remark 7. The statement in Corollary 2 follows from the well-known lemma
of Minagawa and Rado (see [2]). It is proved in [10} {see also [3, 9, 11]) and here
we formulate it for completeness. That statement is proved in [9] (see Theorem 5
there) by the method “a, b, ¢” under a lot of restrictions on the surface.

Remark 8. The statement in Corollary 3 is proved as well in [12] and [9]. In
[12] the asymptotic parallel is not of second type (as it is said there) — it is of third
type, and in [9] (see Corollary 3 there) the statement is proved by the method “a,
b, ¢” under a lot of restrictions on the surface.
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ADMISSIBLE FUNCTIONALS IN ABSTRACT STRUCTURES
WITH ARBITRARY POWER"

STELA NIKOLOVA

Cmeaa [urworosa. JIONTYCTUMBIE YHKIIMOHAJIBI B ABCTPAKTHOM CTPYK-
TYPE ITPOMU3BONBHOW MOIIHOCTHU

B pabore npemnaraerca opaun cnoco6 o6obmenus nonatus gonycrumoi (V-pexyp-
cunioit [2]) dpynkumm ana abCcTpakTHBIX CTPYKTYD NPOM3BOJLHON MomuocTu. Jljia sToro
3J1eCh BBOJIMTCH M M3y4daeTcA HOHATUA JONYCTUMOro dynkumoHana. Ilpm ero nomomu onpe-
JeNACTCA MOHATUE JOMYCTHUMOCTHU JAA YaCTUYHO-MHOIO3HAYHOU (QYHKIMM B NPOM3IBOJILHO
MOU[HOW aBcTpaKTHOM CTPYKTYpe. Y CTAaHOBASETCA, UTO YACTUYHO-MHOTO3HAYHAA QYHKIMAA
AONYCTUMA TOr'Za M TONMBKO TOI'a, KOraa oHa abCoNIOTHO MOMCKOBO BBIYKMCIIMMA.

Stela Nikolova. ADMISSIBLE FUNCTIONALS IN ABSTRACT STRUCTURES WITH ARBI-
TRARY POWER

A way for generalizing the notion of admissible (or V-recursive [2]) function for the case
of arbitrary (not only denumerable) abstract structure is considered. For this purpose a notion
of admissible functional is introduced and studied in the paper. Using this notion, a concept
of admissibility for partial multiple valued function over arbitrary structure is introduced. It is
established that a function is admissible if and only if it is absolutely search computable.

In the present paper we suggest a certain way for generalizing the notion of V-
recursiveness for the case of abstract structures with arbitrary power. The notion of
V-recursive predicate, introduced by Lacombe [2], is aimed at describing effectively
definable relations on denumerable structures with equality. Later on Moschovakis

* Research is partially supported by the Ministry of Education and Science, Contract No 43,
1993.
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proved that it is equivalent to search computability with constants [3]. In some
recent works of Soskov [11-13] a certain modification of the original definition of
V-recursiveness is suggested. It i1s used there as a basis for an uniform and very
natural classification of several well-known concepts of abstract computability —
prime and search computability [4], computability by means of effectively definable
schemes (EDS) of Friedman [1] etc. What is more, the equality relation is not
already supposed to be among the initial predicates. '

Since the notion of V-recursiveness incorporates different numberings of the
data domain, in each of the above mentioned works the structures are supposed to
be at most denumerable. Exactly, to embrace the general case of arbitrary domains,
the notion of admissible functional is designed.

There are several versions of the notion in question, depending on the kind of
relative recursiveness over the naturals that we have taken as basic and according to
our understanding of the expression “function, computable in a given structure A”.
Here we study one, in a sense the easiest to examine, of these versions, the other
cases being considered in [5, 6]. We shall regard as basic the broadest notion of
relative recursiveness over the set of all natural numbers — the partial recursiveness.
Moreover, given 2, we shall assume that some “oracle” for the data domain (along
with “oracles” for the initial functions and predicates of ) is available.

1. PRELIMINARIES

Assume that a partial structure % = (B;91,...,9q; R1, ..., Rs) of some fixed
signature ¢ = (f1,..., fa; P1, ..., P}) is given. Suppose first that B is at most denu-
merable. An enumeration of 2 is any ordered pair (x,B), where B=(N; vy, ..., %,;
@1,.-.,@s) is a a-structure over the set N of all natural numbers and x is a total
mapping from N onto B, the following conditions being satisfied:

w(i(zy, ..., x1)) = pi(n(zy), ..., #{xy)) forall zy,... &, in N, 1 £4 £ a

Qi1 ..., 2m;) = Rj(x(z1),..., #(xm;)) forallzy,. .. ,zm in N, 1 £ 5 b

Suppose now that 2 is a structure with arbitrary power. It is clear that in
this case we cannot speak about enumerations of 2. Nevertheless a notion of
admissibility in 2 is still possible. The key to it is the observation that every
computational path is at most countable, hence no more than countably many
elements of B can be involved in the course of the computation. Our idea is to
break 2 into some suitable denumerable parts, to enumerate them and to combine
all these parts in some reasonable way. ’

We begin with some notational conventions. The elements of the basic set
B will be denoted by s, p, r, possibly with indexes; as usual (sq1,...,s5) will
be abbreviated to 3. We shall use small greek letters to denote sequences —
G, § will range over the class of all infinite sequences of elements of B (to be
denoted by BYV), while o, v will denote infinite sequences of natural numbers
(which sometimes will be viewed as total functions in N'). For any A C B set
T(A) ={p|p~ra(Xi/s1,..., Xn/sn), where 7(X1, ..., X,,) is a o-term with vari-
ables among Xi,...,X, and sy,...,s, are elements of A}. In particular, the set
T({s1, ..., s }U{B(n) | n € N}) will be denoted by T(5, ). This set is closed under
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the initial functions of %, so there exists a substructure of 2 with domain 73, 3),
which we shall denote by (3, 3). Notice that (s, 3) is at most denumerable and
hence it can be enumerated.

Let B = (N;¢1,...,%a; @1, ..., @) be some structure over the natural num-
bers (further B will always denote such structures). Whenever T is .an enu-
meration operator (cf. [8]) of appropriate arity, we shall write I'(B) to denote
the set I'(v1,...,%q,Q1,...,@;), where QF is the characteristic function of the
predicate (};. Further I'("B) will be looked upon rather as the partial multiple-
valued function with a graph T(*B). If @ is a function in N, we shall set also
Bo = (Nya, ¢y, ..., %a; @1, ..., @s). »

Let » be a total mapping from N into B, M C N, T € N* and « € NV,
By #(M), x(z) and #(a) we shall denote {x(z) | ¢ € M}, (x(z1),..., #(z)) and
{#(a(n))}n, respectively.

Suppose now that a computational process over 2 at some input 3 is Initiated.
As we have mentioned above, we assume that an oracle @ for the data domain B
may also be used during this computation, operating in the following way: whenever
some question to Q is asked, it returns (generates) an arbitrary element of B and
its answers do not depend on the currént configuration. Now it is elear that if the
answers of O are t1,...,t,, (ort;,ta, ... 1f the process is infinite and infinitely many
questions are put to @), then each p € B, which appears during the execution, is
an element of J(5, §), where 8(n) =t, forn=1,2,...

We shall use mappings F' of the set B¥ x B to describe mathematically the
behavior of non-deterministic algorithms over 2 with & input variables. For every
(5,8) € B x BN F(3,8) will be interpreted as the result obtained when such an
algorithm is applied at the input 5, provided for every n = 1,2,... the answer to
the n-th question to the oracle has been equal to 8(n) (see also [10, ch. 2, § 5.1] for
additional motivation).

The intuitive remarks just maid justify the introduction of the following defi-
nition: :

F: B¥xBN — 28 issaid to be admissible (in 2) iff there exists an enumeration
operator T' such that for every (3, 8) € B¥ x BN and for every enumeration (x,B)
of A(5, ) the equality

X(T(Ba)(@)) = F(5, 6)
holds for each (Z,a) € N¥ x NV such that »(T) = 5 and x(a) = 8.

Now taking into account the interpretation of F', we come to the following
notion of admissible function:

The partial multiple-valued (p.m.v.) function ¢ : B¥ — 28 is said to be
admissible (in ) iff there exists an admissible functional F such that for every
(81,...,5%,p) € B¥*! the following is true:

pE(s1,...,s,) & 3B(p € F(sy,-..,sk B)).

In order to formulate an explicit characterization of the notions introduced so
far, some syntactical constructions will be needed.

Let Py be a new unary predicate symbol which is intended to represent the
predicate Az.true. Throughout the paper a o-formula will be any finite conjunction
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of atomic formulas in the extended signature (fi,..., fo; Po, P1,..., Py) or their
negations. An expression of the form ® = r, where ® is a o-formula and 7 is a
o-term, will be called a o-clause. Every recursively enumerable set of o-clauses we
shall call, following [9], recursively enumerable (r.e.) scheme.

Let ¥ be some expression with variables Xy, ..., X and s1, ..., s be arbitrary
clements of B. We shall write Yo (X1/s1,..., Xi/sk) (¥a(3) for short) to denote
the value (if it exists) of ¥ on % when X; is replaced by s;, i = 1,... k. f ¥ is a
term or a formula, the meaning of ¥y(3) is the usual one. In the case when ¥ is
$ = 1, ¥y(5) is introduced by the equivalence

(@ = MaB)~p ff ®y(5) ~tand 79(3) ~p.
Here and further “¢” stands for “true”.

Let A = {®¥ = r | w € W} be some set of clauses with variables
X1, Xk, Yo, Y1,... (e for every w € W the variables of " = 7% are among
Xi1,.... X, Yo, Y1,...). A determines a mapping Ag : B¥ x BV — 28 defined by
the following condition:

pE AQ{(—S‘, B8) & Fwyew (@Y = ™)a(3,8) ~ D).
Here (®¥ = 7¥)a(5,B) is an abbreviation for (®¥ = 7)a(X1/s1,..., Xk/5k,
Y /B(1), -, Y. /B(jn)), where Xi,... X, Y;,,...,Y;, is a list containing all
variables of ®¥ = 7%,

We shall say that the functional F : B* x BN — 22 is definable iff there exists
a r.e. scheme A with variables X1,..., X, Yo, Yy, ... such that F = Aq.

In order to save space, in the following we shall assume that the initial functions
and predicates of U are unary.

2. CONSTRUCTING A RECURSIVELY ENUMERABLE SCHEME
FOR A GIVEN ADMISSIBLE FUNCTIONAL

Denote by ot the signature U {S,0, =} with the commonly accepted seman-
tics of the additional symbols S, 0, = over the naturals. Set also of = ot U{fo},
fo being a new unary function symbol.

From now on we shall suppose that some admissible functional 7 : B* x BN —
28 is fixed. Without any loss of generality we may assume that k£ = 1. In this
section we are going to construct a r.e. scheme A, for which we shall establish later
that F' = Aq.

Indeed, since F is admissible, there exists an enumeration operator I' such that
for every (s, ) and every cnumeration (x, B) of (s, ) the equality

#(I'(Ba)(z)) = F(s,6)
is satisfied for each z,a: #(z) = s and »(a) = 3. In the present paper we shall
use an equivalent characterization of enumeration operators from [9, Thm. 7.5).

According to it there exists a r.e. set A® of o} -clauses with one variable X, such
that for every z, o and B

(2.0) I(Ba)(z) = Ag, (2).
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Moreover, each clause of A? is of the form
X :m—&fil(ml) =n, & &fie(me) :Ee&q) = g,
where ¢ 2 0 and @ is a (possibly empty) conjunction of formulas of the kind Pj(n)

or ~P;(n) (here as usual k stands for §%(0)). We may also suppose that in one
and the same clause of A® there are not repeating conjuncts as well as conjuncts
of the kind fi(k) = n and fi(k) = n' with n # n’.

Our main task in this section will be to remove from A° function and predicate
symbols which are not in ¢, preserving at the same time (a part of) the information
about F that A® bears. This will be done in a few steps.

At the first step we eliminate fy. . For that purpose choose some sequence

Yo, Y1, ... of different variables and replace each conjunct of the kind Jo(n) = n'
by Y, = n’. This reduces A° to a r.e. scheme A! which variables are among
X,Yy, Y1, ... Furthermore, for every z, «, 8

(2.1) Ag (z) = Ag(z, ),

which follows immediately from the appropriate definitions and the equivalences

(foln) = n')g, (&) 2t @ a(n) =n' & (Yo =n')g(z,a) =t

Let us now fix some injective recursive function a such that N \ Range(a) 1s
infinite and decidable. Fix also an arbitrary z which is not in Range(«). Let set
for brevity y; = a(i), i = 0,1,..., and M = {z,y0,y1,...}. In A' we make the
following transformations: first remove each clause containing conjuncts X = m
(Y; = n), where m # z (n # y;); then delete every conjunct of the kind X = »
or ¥; = y,, or replace it by Py(X) if it is the unique conjunct in the clause. This
procedure yields a set A2 = {A®) = a(®) |y € W} which is also r.e. (since
is recursive), the following condition being satisfied for all o-structures B and for
already fixed z and a:
(2.2) Ak(z, a) = A)(z, Q).

Now let us fix some clause A®) = a(*) from A?. It has the form fi, (m,) =
n, & ... &fi,(m,) =n, &P = mg, where fi,,..., fi. are already function sym-
bols from ¢.

We shall say-that the index w of A®) = a(®) is suitable iff the following
conditions hold:

() {n1,...,ne} SN\ M,

(it) m; < n; forevery 7 =1,... ¢

(iil) ny, ..., n. are different natural numbers.

Now set A% = {A(®) = a(¥) | wis suitable }. Each of the conditions (i),
(ii), (iii) is decidable, hence A3 is r.e., too. Clearly, for every structure B over the
naturals we have

(2.3) AL(z,0) D A%(z, a).

The opposite inclusion of (2.3} is not always true. In what follows we shall
define a non-empty class of enumerations (x, B) such that A%(z, o) = A}(z,a)
holds for every B from this class.
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Indeed, for an arbitrary (s,3) € B x BY denote by K g the class of those
enumerations (#,B = (N;¥1, ..., %a; @1, ..., Q) of A(s, B) which satisfy the con-
ditions:

0) x(z) = s and x(a) = 5,

1) Range(#) C N\ M, 1< i < a
) if ;(m) is defined, then ¢;(m) >m, 1 £i < q;

) Range(v:) N Range(v;) =&, i, € {1,...,a} and i # j;
} %; s injective, 1 £ ¢ £ a.
Let us first check the following

2
3
4

Lemma 2.1. For ecvery s, § the class K g is not empty.

Proof. Clearly, one can choose x satisfying 0) and the requirement: for every
g € 9(s,8) the set N = {n | n €& N\M&x(n) = g} is infinite. Let n(lq),

ngq), ... be the list of all elements of N{%) put in ascending order. Now for every i =

1,...,a define 9; as follows: if @;(x#(m)) ~ q, set ¢;(m) = nscq), where k = 2¢.3™; if
@i(#(m)) is undefined, set 1;(m) to be undefined, too. Set also Q;(m) ~ R;(x(m))
for every m € N and j € {1,...,b}.

We have by definition

i(m) @ lpi(x(m)) and Wi(m) = x(wi(m) = x(n") = ¢ = i(x(m)),
which together with the choice of ), ..., @, shows that the pair
(“7% = (N;wly"wwa;Qly"':Qb))

is an enumeration of (s, 3). Now the conditions 0) and 1) are obviously true and
the validity of 2) follows from the observation n?) 2 k > (k); = m. We shall
simultaneously prove that 3) and 4) are also true. To do this, we assume that
¥i(m) = ¢;(m’) = n. We have to prove that : = j and m = m’. Indeed, using the
equalities (y;(m)) = x(¥;(m)) = #(n) = q we get ngcq) = Yi(m) = ¢;(m’) ::’ngcq,),
where k = 2¢.3™ and k' = 27.3™ . Since there are no repetitions in the sequence

ngq)) ngq), ..., the equality ngcq) = ngcq,) implies k = k', i.e. i = jand m = m'.
Now define X as [J{XK; 5 | (5,8) € B x BVN}. We are going to check that
(2.4) A%(z,a) = Ad(z, @)

for every B such that (x,B) € K. Indeed, take some (x,B) from X and hence
from K, g for some s, 8. Clearly, (2.4) will be proven if we succeed in verifying the
following statement: whenever (A(*) = a(*))g(z, @) ~ y, then w is suitable. As-
sume (A®™) = a(*))g(z,a) ~ y; then in particular A(;)(x, o) ~t, ie (fi,(m;) =
ni& ... &fi.(m,)=n, &P)p(z,a) =t Hence (fi;(m;) = n;)s(z,a) = t, which
means that ¢; (m;) = n; for every 1 £ j £ e. These equalities together with con-
ditions 1) and 2) of the definition of X, g ensure the validity of (i) and (it). To see
that (iii) is also true, use along with 3) and 4) the supposition made in the begin-
ning of this section, narmely that there are no two conjuncts of the kind f;(k) =n
and f;(k) = n’ in one and the same clause of A°,
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Now we gather up (2.0)-(2.4) to conclude:

Lemma 2.2. For every o-structure B the following is true:
2) I(%a)(z) 2 A} (x,a);
b) if there exists x such that (x,B) € X, then [(By)(z) = A(z, ).

Our next task is to remove the symbols §, 0 and = from A3. To this end let
us fix some suitable w. We are going to introduce certain auxiliary notion of depth
of n € N with respect to this index w. Let us remind that A®®) = a(®) is of the
form f;,(m;)=n, & ... & fi,(m,)=n,&® = m,. Now set

N®=N\{ny,...,n.};
Nt ={n;|3j(1 s jSe&meN)fori=01,...

Lemma 2.3. N°UN'U...= N and N'NN* = @ whenever i # k.

Proof. Suppose first that for some i # k& N* N Nt # & We may assume
that i is the least number satisfying this condition. Take some n € N* N N¥. We

have k > i 2 0 and therefore £ 2 1, hence there exists some j € {1,...,¢e} such
that n = n; and m; € N*~!. Now n = n; € N¥ gives us N'N {ny,...,n.} # &,
ie. i > 0. It means that there exists some ¢ € {1,...,e} such that n = ny and

my € N'~1. The equalities n = n; = n, imply j = ¢ (w is a suitable index!). Thus
we get m; € N*=1 N N*¥~1 which contradicts the choice of i.

Now let us assume that there exists some n € N such thatn ¢ N°UN'U...and
let n be the least with this property. Apparently, n = n; for some j € {1,...,e}.
Again from the fact that w is suitable we obtain m; < nj = n and therefore
mj € N* for some i. This implies n; € N**! — a contradiction with the choice
of n.

Lemma 2.3 makes the following definition correct. Let us call a depth of n
with respect to w (in symbols: |nl,) the unique natural number i such that n € N*.
Let us notice here the obvious observation that there is an effective way for every
n € N and every suitable index w to find |n|y.

Suppose now that some additional list of different variables Zy, Z1, ... is
chosen. Fix some suitable w. By 1nduct10n on |n|, we define a sequence {7"}, of
terms in the following way:

X, ifn=u=z,

If njy =0,set 7" =< Y;, ifn=y,

Z, otherwise.

When |n|, = ¢ > 0, then by definition n = n;, the depth of m; being ¢ — 1.
Set in this case "= f; (7™ 5).

Before explaining the basic property of 7" we introduce a notational conven-
tion. Whenever ¥ is a o-expression with variables X, Y; , ..., Y;,, 21, ..., Z;,,,
M is an arbitrary o-structure and (s, 3,68) € |M| x ISIRIN |9|V; we shall write
Uon(s, B, 6) as an abbreviation for

Uon(X/5, Y5, /B(1), - - Yiu/ Bk ), 21, /6(1a), - -, 21 [ 6(Im)).-
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From now on v will denote the identity function on N. Let B = (N; ¢y, ..., thg;

@1,...,Qs) be a structure over N. A routine induction on the depth of n convince
us that
(2.5) T(%n)(l‘, a,y) =n provided ¥, (m;)=ny,...,¢%; (M) = ne.

Now we are in position to remove the symbols §, 0 and = from A®) = o),
Indeed, let @' is obtained from & by replacing each conjunct P;(n) (=P;(n)) of ® by
Pi(7™) (—Py(r™)) and denote by B(®) = b(*) the clause Po(r"1) & ... & Po(t7) &
@' = 7. Notice that B™) = b*) is already a o-clause. Moreover, (B(®) = -
b)) g (z, @, y) is equal to (A®) = al*))g(z,a) under certain condition abouit
B = (N1, ..., e @1, - .., @), namely:

Lemma 2.4. Suppose that ¥; (mi1) =ny, ..., ¥, (me) = n.. Then
(B®) = by (z,a,7) > (A™) = a))g(z,a).
Proof. It is obvious if we take into account the observation (2.5)

Let us mention here the following almost obvious fact, which will be used in
the next section:

Lemma 2.5. If Z, is a variable of B®) = b(®) then n ¢ {x,y0,y1,...} U
{nl, PR ne}.

Proof. If Z, is a variable of B() = b() then Z, is a variable of 7(™) for
some m. Now use a straightforward induction on the depth of m with respect
to w.

Variables of each clause B®) = () are among X, Yo, Y3, ..., Zo, Zy, ... Our
final transformation aims to eliminate the variables from the list Zy, Z;, ... Let us
fix some effective enumeration p®, pt, ... of all o-terms with variables among X,
Yo, Y1, ... (i.e. such that the function which assigns to each n the Goédel number

of p* is recursive). For every m > 0 denote by ) = ) the clause which
is obtained from B®) = () by replacing each variable Z, by p{™=  Now set

A= {Cr(nW) = i) [ m > 0 and w is suitable}. Due to the choice of the sequence
{p"}n, A 1s a r.e. scheme. In the next section we shall establish that F' = Ag.

3. EXPLICIT CHARACTERIZATION OF ADMISSIBILITY

Theorem 3.1. F 1s admissible in A ff F' is definable.

Proof. The converse part is almost obvious. Let F' = Ag for some r.e. scheme
A={0" = ™ | w € W}. Define T(By)(z) as {y | Jwwew (®¥ = ™)g(z,a) ~
y}. A straightforward verification convinces us that for every (s, ) € B x BY the
equality :

(3.0) #([(Bo)(2)) = F(s,0)
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holds for every enumeration (x, B) of U(s, ) and for every (z, a) such that »(z) = s
and x(a) = 0. '

Now suppose that }' is admissible. Then there exists an enumeration operator
I" such that the equality (3.0) is true. Let A be the r.e. scheme for F', constructed
in the previous section. Fix some (s,) — an arbitrary element of B x BY. We
are going to prove that

(3.1) pEF(s,8) > p€AylsH).

Indeed, assume first that p € F(s,3). Let choose some enumeration (»,B =
(N; ¥y, %e; Q1. .., @s)) from X, 5 which is not empty according to Lemma
2.1. By the choice of (x,B) we have x(z) = s and »{«) = 8. Therefore by (3.0)
#(T(By)(z)) = F(s,B) and hence there exists y € N such that y € T'(B,)(z) and
x(y) = p. By Lemma 2.2 y € A% (z, @) or, equivalently, (A = a(“’))q;(.r, o) =y
for some suitable index w. In particular, ¥;,(my) = ny, ..., ¥;.(m.) = n,, hence
Lemma 2.4 can be applied. As a result we obtain (B™) = b¥))g(z, a,7) =~
(A) = a(”’))%(x,a) =y, that is
(3.2) Bg))(x, o,v) ~t and b%")(x,a,'y) ~y.

Define the sequence § as follows: 6(n) = x(n) for n = 0,1,... We have »(y) = §
as well as #(z) = s and »(a) = B, and therefore B&w)(s,ﬁ,é) ~ B(Q;”)(;c,u,'y) and
bélw)(s,ﬁ, §) ~ x(b%")(x,a,'y))‘ These equalities combined with (3.2) and the fact
that »(y) = p give us

(3.3) (B = bWy (s, B,8) ~ p.

Let Z¢,, ..., Zx, be all variables of B™) = b(®) from the list Zy, Z1, ... For
i=1,...,n we set for short »(k;) = r;. Each r; belongs to Range(x) = T(s, 3),

hence r; = pgi*(s, B) for some term p™ from the sequence {p"}, fixed in the
end of the previous section. Now take some m € N such that (m);, = m; for
1 £ 7 £ n and consider the clause C,(ff) = csff'). By definition it is obtained from
B®) = p) by simultaneous replacement of each Zx, by p™*i ie. by p™ in our
case. Notice that

(Zk,)a(s,B,8) = 8(ki) = ri = py* (s, 0).
So we get ‘
(C = @)a(s,B) = (B®) = b)a(s,5,6)

and by (3.3) ( () = cgﬁf))m(s,ﬂ) ~ p. The last, according to our choice of A,
means that p € Ag(s, 8), which completes the verification of the first direction of
(3.1).

Assume now that p € Aa(s,8). The only way to force p € F(s, 3) is to show
that there is some enumeration (x, B) of (s, 8) such that

(3.4) #(z)=s, wula)=F and p€ »(['(Bau)(z)),

where, of course, z and « are again those already fixed in Sec. 2, because A convey
certain information about I' at the point (z, &) only.
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The assumption p € Ag(s,8) is equal to (C,(:f) = cgﬁf))m(s,ﬂ) ~ p for
some suitable index w, whence in particular each of the expressions Cr(:g(s,,@)
(w )( v

and ¢, 4 (s, 3) is defined. Now having in mind the construction of C( w) o , we

may conclude that for each n, such that Z,, is a variable of B(*) = §(w) p(mm)" (s,8)
is defined. Let us define a sequence § € B in the following way:

8(n) = {p(mm)"(s,ﬂ), if Z, is a variable of B®) = b("’)
s otherwise.

It is clear that (B(W) = b(¥))y(s B,6) ~ (C’,(nw = cgff))m(s,,@) and hence
(3.5) (B™) = ))a(s, 8,6) ~

We have in particular that B(w)(s B,6) is defined. From here, since each
Py(t™), 1 £ 7 £ e, is a conjunct of B(“’)

(3.6) T (s, 0,6) is defined forevery i = 1,... e

Now we can explain how to construct an enumeration (x,B) of (s, §) sat-
isfying the requirement (3.4). We begin with the definition of ». Set x(z) = s,
#(yi) = B@) for i = 0,1,..., #(n) = é(n) for every n such that n is a variable of
B(“’) = ™) and #(n;) = r5°(s,8,8) for j = 1,...,e (notice that by (3.6) each

7o (s, B, 8) is defined). To see that this settings are correct recall our choice of «
(a is injective and z ¢ Range(a)), take into account the fact that w is a suitable
index (and hence ni, ..., n. are different natural numbers which do not belong to
M ={z,y0,y1,...}) and consider Lemma 2.5.

Now we have to extend the definition of » onto the whole N. Since N\Range(a)
is infinite, this can be done in such a way that {#(n) | n € N} = T(s, ), ie. so
that » is a mapping onto J{(s, ). In addition, » has one very important property,
namely

(3.7) #(n;) = pi;(%(m;)) forevery j=1,... e
We shall separately consider the two cases for the depth of m; (with respect

to w): 1t is 0; and it is positive. In the second case by definition m; € {n,,...,n.}
and hence x(m;) = 747(s,8,6). We have also ™ = f; (r™) and therefore

2(5,8,8) = (7™ Va(o,£16) = 51 (T (5,8,8) = 0, (x(ms)). This, com-
bined with x(n;) = 75,7 (s, 8, 6), completes the verification of (3.7) for the case when
[mjlw > 0. If [m;|w = 0, there are three possibilities: m; = z, m; € {yo,y1,...},
and mj € N\ {z,y0,%1,.. }U{n1,...,n.}. If mj = z, then by deﬁnition =X
and 7"/ = f; (X). Further
x(nj) = 19’ (5, 8,8) = (fi,(X))a(s, 8, 8) = ¢i;(s) = ¢i,(x(2)) = i, (x(m;).

In the case m; € {yo,y1,...} we proceed analogously. In the last case we have
T = Zm; and 7" = f;.(Zp,,), respectively. Let us notice that by construction
Poy(7,;) is a conjunct of B®™) and Zm; is a variable of B®)_ Therefore by definition
#(m;) = 6(m;). Now, similarly to the previous case, we get

732(5,8,6) = (f1,(Zim, )5, 8,8) = 01;(6(m;)) = i, (x(m;)).
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Now define the structure 9B as follows: ¥;;(m;) = n; for every j = 1,...,¢;
¥i(m) >~ pn{x(n) =~ i(x(m))] in the remaining cases, i.e. when (i,m) # (¢;, m;)
foreach 1 £ j £ e; Qi(m) = R;i(x(m)) for every m &€ N and 1 £ ¢ £ b.

In order to show that (x, B) is an enumeration of %(s, 8) it suffices to check that
#(i(m)) ~ pi(#(m)). Indeed, whenever (i,m) = (i;, m;) for some j € {1,... ¢},
this equality is true on the grounds of (3.7). Suppose now that (i,m) # (¢;, m;)
for every j € {1,...,e} and assume, first, that ;(%(m)) is defined. We have
#(m) € T(s,B) and next p;(%(m)) € T(s,F). Since x is a mapping onto J(s, 7),
there exists n such that #(n) = ¢;(»(m)) and hence 1;(m) is defined. Further

#(i(m)) = w(un[x(n) = ¢i(x(m))]) = @i(x(m)).
Whenever @;(x(m)) is undefined, 1¥;(m) is undefined by definition.

A straightforward verification convinces us that »(Vg(z,«,7)) = Va(s,8,9)
for every variable V of B(*) = b(*) Thus we may conclude that

«((B®) = 6)g(z,a,7)) = (B®) = 6()a(s,8,6)

and by (3.5) #((B™) = b“))g(z,a,7)) ~ p. It means that there exists y € N
such that

(3.8) (B = b)) p(z,a,7) >y and x(y) =

On the other hand, owing to the special construction of B, Lemma 2.4 can be
applied. So we get (A®) = (g (z,a) ~ (B®) = b))g(z, e, v) and therefore
by (3.8) (A = a(®))g(z,a) ~ y. Since A®) = a®) is a clause of A%, y €
A%(z,a). Finally, using Lemma 2.2 we come to the conclusion that y € T(Bq)(z).
We have also #(z) = s and x(a) = 3 and hence by (3.0) »(y) € F(s, ), that is
p € F(s,8) by (3.8). This completes the verification of the first direction of the
theorem. As we noticed above, the opposite is straightforward. Thus the proof of
the theorem is completed.

As a consequence of the above theorem we get the following characterizations
of the admissible functions, which agree with the corresponding result from [11,
Thm. 4], obtained for the case of denumerable :

Theorem 3.2. ¢ : B — 28 is admissible in A iff it is absolutely search
computable over .

Proof. We shall use the following normal form theorem for absolutely search
computable (ASC) functions [7, Cor. 3]. A k-ary p.m.v. function ¢ is ASC in
iff there exists r.e. scheme A = {3Y;, ...3Y;, (®¥ = 7¥) | w € W} with free
variables X, ..., X such that for every 5 € B* the following is true: ¢(3) 3 p iff

3pj, .- 3pj,, (Y = (X1 /s1, - Xe/sk, Y5 /iy Y, [Piu,) =

Now the proof of the theorem is straightforward if we take into account Theorem
3.1.
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4. STABLE FUNCTIONALS

Admissible functionals were introduced as a mathematical description of algo-
rithms over 4, which use an additional input from the data domain B. A certain
way to separate amongst them those I which do not depend on B is to postulate

(4.0) F(35,8) = F(3,8') forevery 5¢€ B* and 8,8 € B".

We shall say that F' is stable if it is admissible and satisfy (4.0).
The next characterization of the stable functionals follows directly from The-
orem 3.1.

Proposition 4.1. F : B* x BN — 2B is stable iff there is a r.e. scheme A
with variables Xy, ..., Xy such that

F(3,8) = Au(3) for every (5,3) € B¥ x BV,
Proof. If F is stable, then F is admissible and according to Theorem 3.1 it is

definable by some r.e. scheme © with variables X, ..., Xi, Y5, Y1, ... Replace in
© each variable Y; by X; and denote the scheme obtained in this way by A.
Now let us fix some (sy,...,sx) and define fy € BY as Bo(n) = 1 for every

n. Clearly, ©(5, 80) = Aaf5). We have F(5,8) = F(5,80) = O(5, bo) = Aal5).
If the right hand side of the proposition holds, then F' is definable and therefore
admissible. Obviously, F(3, 8) = F(5, ') for every 8,4 in BY, which means that
F is stable.

For any stable F' we define pp by setting
¢r(3) = F(5,8) for any f € BN,

wF may be thought as the function, computable by F', so it is reasonable to expect
that the following proposition will be true.

Proposition 4.2. If F is stable, then pp s computable by means of some
recurstvely enumerable definitional scheme (REDS) of Shepherdson [9].

Proof. 1t is a straightforward consequence of Proposition 4.2.

Acknowledgements. The author would like to thank I. Soskov for the helpful
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ON THE DETECTION OF SOME LOOPS
IN RECURSIVE COMPUTATIONS”

DIMITER SKORDEV

Jlusmump Cxopdes. OB OBHAPYKEHUWU HEKOTOPBIX 3AUHUKJIVBAHUIA B PE-
KYPCHUBHBLIX BEIUMCJIIEHNUAX

B nactosmeit pabore pekypCHMBHLIE BLIUMC/IEHUA TPAKTYIOTCA KaK HEKOTOpaA JOeTep-
MUHMpOBaHHaA ¢opMa mnepepaboTku TepMOB. TepMBl cTpoATCA OBBIUHBIM cuocobom u3
ATOMOB NPU NOoMOIK GYHKUMOHANLHBIX CUMBOJIOB. MHTYUTUBHO aTOMBI TPaKTyIOTCH Kak
koHCTaHTHl. IIpocToM HeaToMapHbI TEepM — ®TO TePM, nonydaroumiica, Koraa HEKOTOPLIA
GYHKIMOHANbHLIM CUMBOJ cHab)kaeTcsi apryMmeHTaMu, spiasiomumuca aromamu. I[Ipen-
nonaraeTcf, UTO OAAHO HEKOTODOE NPABMIO pexkypcun B dopme orTobparkeHMA MHOXKECTBa
NPOCTHLIX HEATOMAaPHBIX TEPMOB B MHOXXE€CTBO BCEX TEPMOB.. PeKypcuBHOe BbBIYMC/IEHME —
2TO NPOUEC KOHCTPYUPOBaHMUA TEPMOB, HAUMHAA C HEKOTOPOIro JAHHOIO TepMa U 3aMeHsAd,
NOKa BO3MOYKHO, CAMOE JIEBOE BXOXJEHMUE MPOCTOrO HEATOMAPHOrO TepMa B TEKYI(UI Tepm
Ha TepM, COOTBETCTBYIOWUN cornacHo AaHHOMY mpaBuny pekypcuu. Ilpennaraerca meron
B ctune bpenta — Ban lenbaepa nna obHapyykeHUsl ciayuas, KOrjla HEeKOTOPHI npocToit
HeaTOMAapHLIM TEPM BOCNPOM3BOAMT ceGA CHOBa B CAMOM JIEBOM MOJIOMKEHMM MOCJIE MOJIO-
MHUTENIBHOLO UMCJIAa LIAroB B PEKYPCHBHOM BhIUMCIEHUH.

Dimiter Skordev. ON THE DETECTION OF SOME LOOPS IN RECURSIVE COMPUTA-
TIONS

In the present paper recursive computations are treated as a certain deterministic kind of
term processing. The terms are built up in the usual way from atoms by means of function
symbols. The atoms are intuitively viewed as constants. Simple non-atomic terms are those ones

* Research partially supported by the Ministry of Science and Higher Education, Contract
MM 43/91.
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constructed by supplying some function symbol with arguments which are atoms. A recursion rule
is supposed to be given, considered as a mapping of the set of the simple non-atomic terms into
the set of all terms. A recursive computation is a pracess of constructing terms by starting with
some given term and, while possible, replacing the leftmost accurrence of a simple non-atomic
term in the current term by the corresponding term according to the given recursion rule. A
Brent—Van Gelder's style method is proposed for detection of the case when some simple non-
atomic term reproduces itself again in a leftmost position after a positive number of steps in a
recursive computation.

1. RECURSIVE COMPUTATIONS AND CYCLIC LOOPS IN THEM

We consider terms built up in the usual way from atoms by means of function
symbols. The atoms are intuitively viewed as constants. The set of the atoms will
be denoted by A, and the set of the function symbols will be denoted by F. Let U
(the computational universe) be the set of all terms. Let U, be the set of all terms
of the form f(oq,...,®,), where f is some n-ary symbol from F and a;, ..., a;, are
atoms. The elements of U; will be called simple non-atomic terms. Each mapping
of Uy into U will be called a recursion rule. An example follows which illustrates
the intuition behind this convention.

Example 1. Let N be the set of all non-negative integers (to be called further
natural numbers). Consider the least defined two-argument partial function ¢ in N
satisfying the following conditions for all ¥ and z in N:

e(2z,y) =2+ 1, (224 1,y) = ¢(p(2,9), p(y, 2))-

We shall relate to this function definition a recursion rule in the introduced sense.
Let A consist of the usual decimal denotations of the individual natural numbers,
and JF consist of a two-argument function symbol f. Identifying the decimal deno-
tations of the natural numbers with the numbers themselves, we define a mapping
D of Uy into U in the following way!:

D(f(Qz, y)) =z+1, D(f(2z +1, y)) = f(f(z, y))f(ya Z))
For example, we shall have
D(f(6,5)) =4, D(f(13,11)) = f(f(6, 11),f(11,6)).

Turning back to the general situation, we note that each element u of U\ A has
at least one subterm belonging to U;, and there is a uniquely determined leftmost
occurrence of a term from U, in u. Replacing this occurrence by any other term will
produce again an element of U. From now on, a recursion rule D will be supposed
to be given. We extend D to U\ A in the following way: if u is an arbitrary non-
atomic term, then we set D(u) to be the result of replacing the leftmost occurrence
of a term from U, in u by the corresponding image under the original mapping
D. If uis an arbitrary term, then there is a maximal sequence (finite or infinite)

! The equality sign here and in all further occasions, where terms are concerned, denotes

graphic equality of terms.
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of the form u, D(u), D*(u), D3(w), ... This sequence will be called the recursive
computation of U.

Example 2. In the situation from Example 1 the recursive computation of
the simple non-atomic term (13, 11) looks as follows:

£(13,11), f(£(6,11),£(11,6)), £(4,f(11,6)), f(4,1(f(5,6),1(6,5))),
(4, f(£((2, 6), £(6, 2)), £(6,5))), (4, £(£(2, 1(6, 2)), £(6,5))),
£(4, £(£(2,4),1(6,5))), £(4,52,1(6,5))), f(4,1(2,4)), £(4,2), 3.

Again in this situation the first five members of the recursive computation of (1, 0)
are the following ones:

£(1,0), f(£(0,0),£(0,0)), f(1,£0,0)), f(1,1), f(f(0,1),£(1,0)).

This computation is infinite, since its member f(1,0) turns out to be a subterm of
a further one.

Remark 1. 1t can be proved that an ordered pair (z, y) belongs to the domain
of the function ¢ from Example 1 iff the recursive computation of the simple non-
atomic term f(z, y) is finite, and in such a case the computation terminates with
the value of p(z,y) (hence v(13,11) is equal to 3, and ¢(1,0) is not defined).

It is natural to be interested in the problem how to decide whether the recursive
computation of a given term is finite. Unfortunately, this problem is algorithmically
uusolvable even in some relatively simple concrete cases. Therefore we shall consider
a certain special sort of infinite recursive computations, such that the infinity of
the computation can be effectively detected after making an appropriate finite
number of computational steps. We are going now to introduce some denotations
and notions which are useful for describing the mentioned sort of infinite recursive
computations. )

Whenever u is a non-atomic term, we shall denote by H(u) the leftmost oc-
curring term from U, in wu; this term will be called the head of u.

Example 3. In the situation from Example 1 the equality

H(5(4, £(£(5, 6), £(6, 5)))) = £(5, 6)

holds.

The following fact scems to be intuitively obvious and we shall postpone its
proof (cf. Appendix 2):

Fact 1. For any term u and any natural number ¢, if H(D'(H(u))) makes
sense, then H(D*(u)) also makes sense and the equality

H(D (H(w)) = H(D'(w))

holds.

If uis a term, v is a simple non-atomic term, and ¢ is a natural number, then
u will be said to activate v after ¢ steps if u belongs to the domain of D' and v is
the head of D'(u).

Example 4. In the situation from Example 1 f(1,0) activates f(0, 1) after 4
steps (cf. Example 2).
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Remark 2. Another related notion also deserves attention. This is the fol-
lowing interrelation between a term u, a simple non-atomic term v and a natural
number ¢: the term u belongs to the domain of D*, and v is a subterm of D*(w).
This requirement is weaker than the requirement u to activate v after ¢ steps (as
seen from Example 2, the above requirement is satisfied in the situation from Ex-
ample 1 for w=v =1{(1,0), t = 4, but f(1,0) does not activate f(1, 0) after 4 steps).
The described other notion can be used more or less Instead of the notion of acti-
vation. However, we prefer to use the notion of activation for reasons of technical
convenience.

Fact 1 can be reformulated as follows: for any term u and any natural number
t if H(u) makes sense and activates a certain simple non-atomic term w after ¢
steps, then u also activates w after ¢ steps.

Lemma 1. Let u be a term, v, w be simple non-atomic terms, s and t be
natural numbers, let u aclivate v after s steps, and v activate w aftert steps. Then
u activates w after s +t steps.

Proof. We have the equalities v = H(D*(w)), w = H(D*(v)). Applying Fact 1
with D*(u) in the role of u, we conclude that D°(u) belongs to the domain of D',
and the equality w = H(D'(D*(u))) holds, i.e. u belongs to the domain of D***
and the equality w = H(D***(u)) holds. =

A simple non-atomic term v will be said to be self-reactivating iff there is a
positive integer r such that v activates v after r steps. The following lemma shows
a possibility to apply this notion for establishing the infinity of certain recursive
computations.

Lemma 2. Let a term u activale a self-reactivating simple non-atomic term
after some number of steps. Then the recursive computalion of u s infinite.

Proof. Let u activate the self-reactivating simple non-atomic term v after s
steps, and let v activate v after r steps, where » > 0. Then, by Lemma 1, u
activates. v after s + kr steps for all k in N. Hence u belongs to the domain of
D**" for all k in N, i.e. u belongs to the domain of D" for arbitrarily large values
ofr. m

Example 5. In the situation from Example 1 the simple non-atomic term
f(1,0) is self-reactivating. Namely, it activates itself after 5 steps. Indeed, making
use of Example 2 we see that

D(f(1,0)) = D0, 1), 1(1,0))) = £(1,£(1,0)).
This fact, together with Lemma 2, yields another proof of the statement that the
recursive computation of f(1,0) is infinite.
Example 6. Again in the situation from Example 1 the first four members of
the recursive computation of (1, 3) are:
£(1,3), f(£0,3),£(3,0)), £(1,£(3,0)), f(1,£(£(1,0),£0,1))).

Hence the term (1, 3) activates the term f(1, 0) after 3 steps. Therefore, by Example
5 and Lemma 2, the recursive computation of f(1,3) is infinite. However, the
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term f(1, 3) is not self-reactivating. Namely, one can easily show by induction that
no member of the recursive computation of f(1,3) except the first three ones can
contain atoms different from 0 and 1.

Example 7. Let us modify the definition of ¢ and the corresponding recursion
rule from Example 1 by writing “z 4+ 9” instead of “2+ 1”. Then the recursion rule
will be

D(f(2z,y)) = 2+9, D(f(2z+1,y)) = {(f(z, y), {(y, 2)).

Under this recursion rule the term (9, 17) is self-reactivating, but it activates itself
only after a relatively large number of steps. Namely, f(9, 17) activates itself after
126 steps and does not activate itself after a smaller positive number of steps.
This can be seen by application of a suitable computer program. For example,
making use of Turbo Pascal, Version 4.0 or later, we could apply the program from
Figure 12.

{$s+}

var k,1,m,t:word;

function f(x,y:word):word;
var z:word;
begin
if (x=k) and (y=1) and (t>0) then
begin
writeln(’f£(’ ,k,’,’,1,’) activates itself after ’,t,’ steps!’);
halt
end;
if t<65535 then t:=t+1 -
else begin writeln(’Too many steps!’);halt end;
z:=x div 2;if odd(x) then f:=f(f(z,y),f(y,z)) else f:=z+9
end;

begin
t:=0;
readln(k,l);m:=f(k,1);writeln(*£(’,k,’,’,1,’)=",m)
end.

Figure 1. A program detecting self-reactivation (Example 7)

2 The program is obtained by adding appropriate side effects to an ordinary recursive Pascal
program for computing the value of . The side effects in question are carried out through
introducing the step counting variable t and through the operators containing it (the fact is used
that the compiler implements the recursion present in the program by means of steps corresponding
to applications of the mapping D). A more straight-forward approach would lead to explicitly
using dynamic data structures for modelling the recursive computation of the considered term.
The way of using side effects in the programs given in this paper is similar to a technique used
in 1992 by Igor Durdanovi¢ in Paderborn (he implemented then in Prolog certain loop detection

methods designed by the present author and concerning Prolog programs).
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Remark 3. Let us call a simple non-atomic term v self-reproducing if there is
a positive integer r such that v belongs to the domain of D", and v is a subterm
of D"(v). In general, self-reproduction is a weaker property than self-reactivation,
but can be used in a similar way. For example, the assumption of Lemma 2 means
that the recursive computation of wt contains some member whose head is a self-
reactivating simple non-atomic term, and this assumption can be weakened in the
following way: some member of the recursive computation of u has a subterm
which is a self-reproducing simple non-atomic term. We shall not make use of such
a strengthening of the lemma, since, for reasons of technical convenience, we prefer
to use the notion of self-reactivation. '

Let u be a term. We shall say that a cyclic loop s present in the recursive
computation of u ifl u satisfies the assumption of Lemma 2, i.e. iff u activates some
self-reactivating simple non-atomic term after some number of steps.

Example 8. In the situation from Example 1 a cyclic loop is present in the
recursive computation of f(1,0), as well as in the recursive computation of (1, 3)
(cf. Examples 5 and 6).

Example 9. In the situation from Example 7 a cyclic loop is present in the
recursive computation of {(9,17). A cyclic loop is present also in the recursive
computation of f(1,3), since f(1,3) activates {(9,17) after 48 steps (this can be
shown by using a suitable modification of the program from Figure 1).

By Lemma 2 the presence of a cyclic loop in the recursive computation of a
given term implies the infinity of that computation. It is easy to see that the con-
verse is not true in the general case, i.e. the recursive computation of a term could
be infinite without the presence of a cyclic loop in that computation. Nevertheless,
the presence of a cyclic loop is a frequently encountered cause for infinity of the
recursive computation of a term (cf. for example Appendix 1 in this connection).
Therefore it could be useful to have some efficient method for the detection of this
kind of loops. Such a method will be presented in the next section. The method
will combine some features of a loop detection method of R. P. Brent, described
in 1, p. 7, Exercise 7] and generalized in [2]?, and of another one proposed by
A. Van Gelder in [3, 4]* (both mentioned methods are intended for the examina-
tion of other kinds of computational processes).

2. THE LOOP DETECTION METHOD

We shall describe the method under the same assumptions as in the previous
section. In fact, there will be infinitely many variants of the method. Any concrete
variant is determined by the choice of a concrete infinite strictly increasing sequence
To,T1, T2, ... of natural numbers such that there is no upper bound for the set of

3 No citation of related work of other authors is given in [2], due to the lack of information in
this respect at the moment of writing that paper.
% The presentation in [3] is not correct, as shown in [5], but {4] indicates a way for correcting

that presentation.
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the differences 7,41 — 7, n = 0,1,2,... (such sequences are considered in [2];
concordance with the description of Brent’s method in [1] can be achieved by setting
T, = 2" —1). To simplify the presentation of the method, we shall restrict ourselves
to the case when the equality 7o = 0 holds. From now on, a sequence 19,73, 79, . ..
with the formulated properties is supposed to be given.

To be able to detect the presence of a cyclic loop in the recursive computation of
a given term, we add some loop detection activities to the process of constructing
consecutive members of the recursive computation of the term. We shall firstly
give a somewhat intuitive description of these additional activities and after that
we shall describe them in a more formal way.

Roughly speaking, the main additional activity consists in making a snapshot
of the head of the current term at certain moments of the computation, the moment
7o being the first of them, and comparing the heads of some of the further arising
terms with this snapshot. A detailed formulation (although not yet a thoroughly
formal one) concerning the comparison will look as follows.

Suppose we study the recursive computation of a given term u. Let a member
w = D'(u) of the computation be obtained from u by ¢ applications of D and

a snapshot of H(D*(u)) made after ¢ applications of D to u be available, where
{ < t. We suppose that no snapshot is made at moments between ¢ and t, and
H(D'(u)) belongs to the domain of D'~*. After w is obtained, one firstly checks
whether w belongs to the domain of D. If w does not belong to this domain (i.e.
if w is an atom), then the recursive computation of u is completed and nothing
more has to be done (of course, there is no cyclic loop in the computation in this

case). If w belongs to the domain of D, then certain loop detection activities must

be carried out. First of all, one checks whether D'~ *(H(D*(u))) is an atom or not.
If it is an atom, then we shall say that the available snapshot becomes obsolete at
the moment 1. In this case one replaces the snapshot of H(D(u)) by a snapshot
of H(D'(u)) and then constructs the next member D+ (w) of the computation.

Otherwise H(w) and H(D'(u)) are compared. If they turn out to be equal, then
a loop is detected in the computation at the moment ¢ and nothing more has to
be done. Otherwise again the next member D**'(u) of the computation must be
constructed. But before doing this one must check whether ¢ is a member of the
sequence Tg,T1, T2, ..., and if ¢ is such a member, to replace again the snapshot of
H(D'(u)) by a snapshot of H(D'(u)).

We hope the next two examples will make the above presentation of the method
more intelligible.

Example 10. Suppose we carry out the computation of f(13,11) in the situa-
tion from Example 1 (cf. Example 2). Let the sequence 7o, 71, 74,. .. be determined
by the equality 7, = 2" —1,n =0,1,2,... Then the computation process accompa-
nied with loop detection activities can be represented by Figure 2, where making a
snapshot is indicated by an asterisk, the corresponding head is printed bold-faced,
and the vertical and broken lines indicate the results of successive applications of
D to such a head (do not pay attention to the rightmost two columns of numbers
— they will not be used yet!). Note that snapshots at moments 2, 7, 8 and 9
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Moment Term c cv

0 * £(13,11) 1
1 * f£(f(6,11),£(11,6)) 301
2 x £(4,£(11,6)) o0 1
3 * f(4!f(f(5,6),f(6,5))) 301
4 £(4,£(£(£(2,6),£(6,2)),£(6,5))) 3 3
5 £(4,E(E(2,£(6,2)),£(6,5))) 2 2
6 £(4,£(f(2,4),£(6,5))) 11
7 * £(4,f(2,£(6,5))) o 1
8 * £(4,£(2,4)) o 1
9 * £(4,2) o 1

r..___hJ

10 3 0

Figure 2. Computation with loop detection activities (Example 10)

are made because the available snapshot becomes obsolete at these moments, and
snapshots at moments 0, 1 and 3 are made because these moments are members
of the sequence 7o, 71,72, ... At the moment 10 the computation is completed, thus
its finiteness is seen. Of course, this finiteness has been established much easier
in Example 2 without using the loop detection method. In the present example
we only observed that the application of the loop detection method to the same
computation did not change the final conclusion.

Example 11. Again in the situation from Example 1 let us examine the re-
cursive computation of the term f(1,3) using the same sequence 75,7, 72,... as
in the above example. Figure 3 represents what happens (the same conventions
hold as above). At the moments 2 and 8 snapshots are made because the avail-
able snapshots become obsolete at these moments, and at the moments 0, 1, 3
and 7 snapshots are made because these moments are members of the sequence
To,T1, T2, - .. At the moment 13 a cyclic loop is detected in the computation. Note
that the loop would be detected earlier (namely, at the moment 8) if we had 73 > 8
instead of 73 = 7.

The most troublesome thing in the method seems to be the necessity not only
to construct successive members of the examined recursive computation, but also
to consider results of successive applications of D to the snapped term heads (in
order to check whether the last of these results is an atom or not). In the above
two examples the results in question have been visualized by means of some lines.
A formal variant of this technique is surely possible, but fortunately there is an
way to perform the mentioned check without explicitly indicating the concerned
results. We shall explain now that easier way.
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Moment Term c c¥

0 * £(1,3) 1
1 * £(f(0,3),£(3,0)) 3 1
2 * £(1,£(3,0)) | Y
3 * £(1,f(f(1,0),£(0,1))) ' 31
4 £(1,£(£(£(0,0),£(0,0)),£(0,1))) 303
5 £(1,£(f(1,£(0,0)),£(0,1))) 2 2
6 . £(1,£(£(1,1),£(0,1))) 1 1
7 * f£(1,f£(£(£(0,1),£(1,0)),£(0,1))) 301
8 * £(1,£(f(1,£(1,0)),£(0,1))) 0o 1
9 f(1,£(£(1,£(£(0,0),£(0,0))),£(0,1))) 33
10 £(1,£(£(2,£(1,£(0,0))),£(0,1))) | 2 2
11 £(1,£(E(1,£(1,1)),£(0,1))) 11
12 £(1,E(E(1,£(£(0,1),£(1,0))),£(0,1))) 3 3
13 £(1,£(£(1,£(1,£(1,0))),£(0,1))) 2

Figure 3. Computation with loop detection activities (Example 11)

For any term w let |u| denote the number of occurrences of symbols from F
‘in u; this number will be called the complezily of u. Clearly, the complexity of a
term is equal to 0 iff the term is an atom.

We shall make use of the following intuitively clear statement (cf. Appendix 2
for a proof):

Fact 2. For any term u and any natural number t, if D*(3(1)) makes sense,
then D'(u) also makes sense and the equality

D" (W) = D (H(w)] = Ju| - 1
holds.

The following statement is an immediate corollary of the particular case of
Fact 2 when ¢t = 1:

Lemma 3.‘ For any non-atomic term u the equality
1D = huf = [DH(W)| - 1
holds (consequently |D(u)| — Ju| 2 —1).
We shall prove now a lemma which will give us the main tool for incorporating

the introduced complexity notion into the loop detection method.
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Lemma 4. Let u be a term, t and t be naturel numbers such that 1 < t.
Suppose the left-hand side of the equality

DD (W) = (DTHHD (W) + [DEH(D (w))| - 1
makes sense. Then the right-hand one also makes sense and the equality is true.

Proof. The first addend in the right-hand side of the equality obviously makes
sense. Let us apply Fact 2 twice with D*(u) in the role of u taking in the role of
t the number ¢ — ¢ the first time and the number ¢t — { 4+ 1 the second time. We
conctude that D'(u) and D' (1) make sense and the following equalities hold:

D (w)] — DI H(D (w))] = D (w)] - 1,
DH ()] — [ D (H(D (w))] = [ D ()| - 1.
These two equalities imply that
D' (w)] ~ [D (D' (W)))] = [DH (w)] - D (H(D (w)))]
and therefore
1D H(D (W) = (DD W) + 1D (w)] - 1D (w)].
On the other hand, by Lemma 3 we have also the equality
D (W) — D (w)] = [ D(H(D (w)| ~ 1. m

Suppose now we examine the recursive computation of a given term u by the
already described method. Suppose also the other things assumed in the description
of the method, namely: a member w = D*(u) of the computation is obtained from

u by ¢ applications of D, and a snapshot of f}{(D{(u)) made after 1 applications of
D to u is available, where ¢ < ¢, no snapshot is made at moments between 7 and ¢,
and H(D'(u)) belongs to the domain of D*~*. In such a situation let us say that

H(D*(u)) is the available snapped head at the moment t and D'~ (H(D"(w))) is the
avatlable descendent term at the moment t. For the case when the next member
’DtH(u) of the computation must be constructed, it is convenient to introduce
also the notion of descendent term inherited from the moment t. If no change of
the snapshot 1s made at the moment ¢, then, by definition, this is the available
descendent term at the moment ¢. Otherwise the descendent term inherited from
the moment ¢ is H(D*(u)), i.e. the new snapped head. We adopt also the convention
that the descendent term inherited from the moment 0 is H(u).

Let ¢ be the complexity of the available descendent term at the moment ¢.
Consider again what has to be done if w belongs to the domain of D. If ¢ = 0, then
the available snapshot becomes obsolete at the moment ¢ and must be replaced by
a snapshot of H(D*(u}), and then the next member D**’(u) of the computation

must be constructed. If ¢ > 0, then one must compare H(w) and H(D'(u)).
If they turn out to be equal, then a loop is detected in the computation at the
moment t. Otherwise, one has again to construct the next member D! (u) of

r

the computation, possibly replacing the snapshot of f}{(?)f(u)) by a snapshot of
H(D*(w)) (if t is a member of the sequence 7y, 7, 72,...). In any case when a
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construction of D***(u) has to be done, it makes sense to consider the available
snapped head at the moment t + 1 and the descendent term at the moment ¢ + 1.
If no change of the snapshot is done at the moment ¢, then they are H(D*(u)) and
DI H(D! (w))), respectively. Otherwise, they are H(D*(u)) and D(H(D*(w))).
Let ¢’ be the complexity of the available descendent term at the moment ¢t 4+ 1. If
no change of the snapshot is done at the moment ¢ + 1, then, applying Lemma 4,
we conclude that

¢ = c+ |D(HD ()|~ 1.
In the case when a change of the snapshot is done at the moment ¢ + 1, we, of
course, have

¢ = |D(F(D (w)].

Both equalities may be unified as follows:

¢ = ¢ + DD (w)] - 1,

where ¢! is the complexity of the descendent term inherited from the moment ¢ (the
inheriled complezity from the moment t, for short). The last equality obviously
holds also in the case of t = 0.

The above considerations suggest the following modification of the detection
method: instead of maintaining all the time the available descendent term, one
maintains only its complexity. Such a modification works thanks to the above
expression for the complexity of the available descendent term at the moment ¢+ 1.
In fact, the expression shows how to calculate the complexity in question if we know
the head of the current term at the moment ¢ and the inherited complexity from the
moment . On the other hand, the last complexity is equal to 1 if t = 0, otherwise it
depends in a very simple way on t and on the complexity of the available descendent
term at the moment ¢ (both complexities are equal except for the cases when the
complexity of the available descendant term at the moment ¢ is 0 or the moment ¢
is a member of the sequence 75, 71, 79, ... — in these cases the inherited complexity
from the moment ¢ is equal to 1). Figures 2 and 3 illustrate also the application of
this modification of the method. Namely, one must pay no attention to the vertical
and broken lines used before, and must look at the two rightmost columns instead.

Example 12. The modified form of the loop detection method is convenient
for program implementation. Figure 4 shows a Pascal program which implements
the application of the method in the situation from Example 7 to recursive com-
putations with initial member in U; (the sequence 7o, 71, 73,... with 7, = 2" — 1
is used). The program writes the arguments of the snapped head to the variables
a and b. Complexity of descendent terms is written to the variable c. Figure 5
displays the output from the application of the same program to the recursive com-
putation of f(1, 3) mentioned in Example 9 (for the sake of saving space the output
is displayed in two columns).

The description of the proposed loop detection method can be given in a more
formal way, and this is especially advisable for a correctness and completeness proof.
Until this moment our presentation used some intuitive ideas without complete
definition of the terminology, and no correctness and completeness proof for the
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{$5+}

var k,1,m,t,tau,a,b,c:word;

procedure snap(x,y:word);

begin

a:=x;b:=y;c:=1;

writeln(’Snapshot at moment ’,t,’: £(’,x,’,’,y,’)")
end;

function f(x,y:word):word;

var z:word;

begin
if ¢=0 then snap(x,y)
else if (x=a) and (y=b) then
begin writeln('Loop detected at moment ’,t);halt end
else if t=tau then snap(x,y);
if t<65535 then begin if t=tau then tau:=2*tau+l;t:=t+1 end
else begin writeln(’Too many steps!’);halt end;

z:=x div 2;
if odd(x) then begin c:=c+2;f:=£(f(z,y),f(y,z)) end
else begin c:=c-1;f:=2+9 end

end;

begin

t:=0;tau:=0;c:=0;

readln(k,1l) ;m:=£f(k,1);writeln(’£(’ ,k,’,’,1,’)=",m)
end.

Figure 4. A loop detecting program (Example 12)

method has been given. Now we shall give a description of the method by means
of standard mathematical terminology. As to the proof, it will be given in the next
section. '

The process of application of the method (in its modified form) will be present-
ed in the form of constructing some elements of the Cartesian product Nx Ux U; xN
(i.e. of some quadruples ({,w,v,¢), where w is a term, v is a simple non-atomic
term, t and c are natural numbers). An element (¢, w,v,c) of N x U x U; x N will
be sald to detect ¢ loop iff the inequality ¢ > 0 and the equality H(w) = v hold
(clearly, w cannot be an atom in this case). A quadruple from Nx U x U; x N will
be called terminal iff this quadruple detects a loop or the second component of the
quadruple is an atom. A non-terminal element (¢, w,v,c) of N x U x U; x N will
be said to tnvoke a snapshot iff the equality ¢ = 0 holds or ¢ = 7,, for some n in
N. The snapshot information inherited from a non-terminal element (¢, w,v,c) of
N xUx Uy x Nis, by definition, the pair (H(w), 1) if (t,w,v, c) invokes a snap-
shot, and it is the pair (v, c) otherwise. To each non-terminal element (¢, w, v, ¢) of
Nx U x U; x N we make to correspond another quadruple called its successor. By
definition, this is the quadruple

(t+1,D(w),v!, ¢ + [DHW))| - 1),
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Snapshot at moment 0: f(1,3) Snapshot at moment 48: £(9,17)

Snapshot at moment 1: £(0,3) Snapshot at moment 63: f£(11,15)
Snapshot at moment 2: f£(3,0) Snapshot at moment 127: £(4,16)
Snapshot at moment 3: £(1,0) Snapshot at moment 128: f£(16,4)
Snapshot at moment 7: f(4,9) Snapshot at moment 129: £(11,17)
Snapshot at moment 8: f(9,4) Snapshot at moment 151: £(14,1)

Snapshot at moment 15: £(5,2) Snapshot at moment 152: £(16,16)
Snapshot at moment 19: £(2,5) Snapshot at moment 153: f£(14,3)

Snapshot at moment 20: £(14,10) Snapshot at moment 154: £(17,16)
Snapshot at moment 21: £(10,16) Snapshot at moment 167: £(14,7)

Snapshot at moment 22: £(11,5) Snapshot at moment 168: £(15,16)
Snapshot at moment 31: £(2,5) Snapshot at moment 255: f(11,17)
Snapshot at moment 32: £(5,2) Snapshot at moment 277: £(14,1)

Snapshot at moment 36: £(10,14) Snapshot at moment 278: £(16,16)
Snapshot at moment 37: £(14,14) Snapshot at moment 279: £(14,3)

Snapshot at moment 38: £(14,16) Snapshot at moment 280: f(17,16)
Snapshot at moment 39: £(11,16) Snapshot at moment 293: £(14,7)

Snapshot at moment 46: £(0,1) Snapshot at moment 294: f£(15,16)
Snapshot at moment 47: £(16,9) Loop detected at moment 420

Figure 5. OQutput from the loop detecting program (Example 12)

where (v!, ¢!) is the snapshot information inherited from the quadruple (t,w,v,¢).

Suppose now a term u is given. The process of construction of consecutive
members of the recursive computation of u with the addition of loop detection
activities looks as follows. We start with the quadruple (0,u,vg,0), where vq is
an arbitrarily chosen simple non-atomic term (the concrete choice of vo will be
unessential). If this quadruple is non-terminal, then we go to its successor, and
if this successor is also non-terminal, we do the same with it, and so on until
eventually a terminal quadruple is obtained. If such a quadruple is obtained in the
course of the process and this quadruple detects a loop, then a cyclic loop is present
in the recursive computation of u. Conversely, if a cyclic loop is present in the
recursive computation of u, then some quadruple detecting a loop will be obtained
in the course of the process. The first of these two statements (with a supplement
concerning the other kind of terminal quadruples) is the correctness theorem for
the presented method, and the second of them (with a similar supplement) is the
completeness theorem for this method. Clearly, any of these two theorems needs a
proof. Such proofs will be given in the next section.

3. CORRECTNESS AND COMPLETENESS THEOREMS

The correctness of the method means that in all cases of terminating appli-
cation of the method the conclusion given by it corresponds to the actual state of
affairs. To formulate this more precisely, we define a mapping D, of the set of the
non-terminal elements of N x U x U; x N into the whole N x U x U; x N by the con-
vention that D, transforms all element of its domain into their successors. We shall
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write simply D¢ instead of (D,)!. The images of a given element of N x U x U; x N
under the mappings D%, t = 0,1,2, ..., will be called accessible from this element.
The following statement can be established by means of a trivial induction:

Lemma 5. Let w be an element of U, and vy be an element of Uy. For any
natural number t such that (0,w,vy,,0) belongs to the domain of DL, the first and
the second component of the quadruple D:(0,u,vy,0) are t and D'(w), respectively.

The correctness theorem reads as follows.

Theorem 1. Let u be an element of U, vo be an element of Uy, and a ter-
minal element of N x U x Uy x N be accessible from the quadruple (0,u,vp,0). If
this terminal element detecls a loop, then a cyclic loop is present in the recursive
computation of u, otherwise the computation is finite.

Proof. If the mentioned terminal element does not detect a loop, i.e. if the
second component of this element is an atom, then, by Lemma 5, Dt(u) will be an
atom for some ¢ and consequently the recursive computation of u will be finite.

Consider now the case when the terminal element in question detects a loop.
We must show that a cyclic loop is present in the recursive computation of u in
this case.

We shall firstly prove that any quadruple (t,w,v, ¢) accessible from (0, u, vq, 0)
satisfies the following condition: 4 = 0 or there is some natural number # such that
t < t, the term v belongs to the domain of D'™*, and the equalities

(1) v=H(D' W), =D W)

hold. The proof will be done by induction on ¢. If ¢t = 0, then the condition is
satisfied. Assume now that the statement 1s true for a certain natural number ¢, and
suppose that a quadruple of the form (t+1,w', V', ¢) is accessible from (0, u, vg, 0).
This quadruple is the successor of some quadruple (¢, w,v,¢), also accessible from
(0,u,vg,0). By the induction hypothesis and the definition of successor the above
condition is satisfied for (£, w,v,¢), and we have the equalities

Vi=vh o =+ D(HW)) -1,

where (v!, ¢!} is the snapshot information inherited from the quadruple (¢, w, v, c).
By Lemma 5, also the equality w = D*(u) holds. Let us consider firstly the case
when (¢,w, v, ¢) invokes a snapshot. Then v! = H(w), ¢! = 1, hence v/ = H(w),
¢ = |D(H(w))], and therefore the equalities
Vi =3H(D(w), < =DM

hold. Thus the condition in question will be satisfied if we take v/, ¢/, t + 1, ¢ in
the roles of v, ¢, t, I, respectively. Suppose now that (t,w,v,c) does not invoke
a snapshot. Then v! = v, ¢! = ¢, hence V' = v, ¢’ = ¢ + |D(H(w))| — 1. Since
certainly ¢ > 0 in this case, we may find a natural number  such that ¢ < ¢, the
term v belongs to the domain of D'~ and the equalities (1) hold. Then we shall
have the inequality £ < ¢ + 1 and the equalities

V= H(DH (W), ¢ =|DHHD (W) + [ DEH(D (w))] - 1.
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By Lemma 4 the second of these equalities can be represented in the form

¢ = DT H(D (u )))| (the application of the lemma is allowed, since
|D ’(f}{(“D (u)))| = ¢ > 0). Hence
cl — l.Dt+1—((vl)|,

therefore the condition in question will be satisfied with the same ¢ if we take v/,
¢’, t+ 1 in the roles of v, ¢, ¢, respectively. This completes the induction step of
the proof.

Let us take now the mentioned terminal element of Nx Ux U, x N as (2, w, v, ¢).
Since this element detects a loop, the inequality ¢ > 0 and the equality H{w) = v
hold. By the above considerations we may find a natural number { such that 7 < ¢,
the term v belongs to the domain of D'~ and the equalities (1) hold. The first of
these equalities shows that u activates v after { steps. On the other hand, an appli-
cation of Fact 1 with D*(u) and ¢ —{ in the roles of u and ¢, respectively, together
with the same equality and the equality w = D*(1), shows that H(D' ™' (v)) = H(w)
(the application of Fact 1 is allowed, since |D'~*(H(D'(w)))| = ¢ > 0). Taking into
account also the equality H(w) = v, we see that v activates itself after ¢ — ¢ steps,
and hence v is a self-reactivating term. Thus u activates a self-reactivating term
after 1 steps. m

For the proof of the completeness theorem two lernmas more will be needed.

Lemma 6. Let w be a term, and let w activate a self-reactivating simple non-
atomic term v after s steps. Let v activate itself after r steps, where r > 0, and lel
t be an arbitrary integer salisfying the inequality t 2 s. Then

(2) HD™H" () = H(D'(w), |DF (W) 2 [D(w).

Proof. The above statements make sense, since, by Lemma 2, the recursive
computation of u is infinite. By Lemma 1 u activates v also after s + r steps, i.e.

H(D*(u)) = H(D**"(u)) = v.
Setd =1t —s. Thent:s—}—d, t+r=s+r+d, hence
H(D'(w) = H(DYD (W), H(D™ () = HDY(D™ (w)).

From here, making use of Fact 1 with d in the role of ¢t and D*(u), D**"(u) in the
role of u, we get

H(D'(w) = H(D'(v)), H(D'(w) = H(DWv)),

thus the equality in (2} is established. For the proof of the inequality we apply Fact
2 in the same way. The result of its application looks as follows:

‘W= 1DW) = 1D (W)~ 1,
D7 ()| - [DYW) = D (u)| ~ 1

One more application of Fact 2, this time with » in the role of ¢ and D’(u) in the
role of u, shows that

D (W)~ |D"(v)] = |D* (w)] - 1.
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From the last three equalities we get
1D (w)] = 1D (w)] = DT (W] = [D* (W) = [D"()| - 1,
and the validity of the inequality is clear, since |D"(v)| 2 1.

Lemma 7. Let u be a term, vo be an element of Uy. Let t and t be natural
numbers such that t < t, no member of the sequence 19,71, 7Ts,... ts strictly be-

tween t and T, the quadruple (0,1, v, 0) belongs to the domain of D%, the quadruple
DL(0,u,vo, 0) invokes a snapshot, and |D*(u)| 2 |D*(u)| holds, whenevert <t < {.
Then
D7(0,1,v9,0) = (I, D' (w), H(D'(w)), 1 + | D' (w)| — |D*(w)])-
Proof Induction on { is used with the case of { = t_~+ 1 as induction basis. To
settle that case and to do the induction step from £ to £ + 1, one applies Lemma 3

with D'(u) and with D{(u) in the role of u, respectively. =
Now we shall formulate and prove the completeness theorem.

Theorem 2. For any term u and any vg from U, the following two statements
hold:

(i) If a cyclic loop is present in the recursive computation of u, then some
element of N x U x Uy x N accessible from (0,u,vo,0) detects a loop.

(1) If the recursive computation of u is finile, then some element of N x A x
U; x N is accessible from (0, u,vo, 0).

Proof. The proof of (ii) is quite easy. In fact, suppose that the recursive
computation of u is finite and consider a natural number s such that D’(u) is an
atom. Making use of Lemma 5 we conclude that (0,u,vg,0) does not belong to
the domain of fDiH. Therefore some terminal quadruple (with first component not
greater than s) is accessible from (0, u,vo,0). It is not possible that this terminal
quadruple detects a loop, since, by Theorem 1, then a cyclic loop would be present
in the recursive computation of u. Hence the terminal quadruple in question has
an atomic second component (the first component of the quadruple will be s, as it
is easy to see).

Consider now the case when a cyclic loop is present in the recursive compu-
tation of u (hence this computation is infinite). Let u activate a self-reactivating
simple non-atomic term v after s steps, and let v activate itself after r steps, where
r > 0. Making use of the properties of the sequence 79, 71, T2, ... we find a natural
number n such that

Th 28, Tn4l—Tn 2 2r—1.
We shall prove that some quadruple accessible from (0, u,vg,0) and having first
component less than 7, + 2r detects a loop.

Let w = D™ (u). Of course, w belongs to the domain of D° for any natural
number i. Let e be the minimal one among the complexities of the terms Di(w),
i=0,1,2,...,7r— 1. It is easily seen that a finite sequence of natural numbers iy <
iy < --- < ip can be found with the following three properties: (a) ip = 0; (b) for
any natural number j less than p, ¢;1 is the least one among the natural numbers
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i satisfying the inequalities i; < i < r — 1, |D'(w)| < |Dij(w); (c) | D'*(w)] = e
(in case of |[w| = e we have p = 0 and the properties (b) and (c) become trivial).
Clearly, i, £ 7~ 1.

Weset T =7, +4p+7. Then 7, < T £ 7, +2r — 1 £ 7,41. If the quadruple
(0,1, vp,0) does not belong to the domain of DY then some terminal quadruple
with first component smaller than T will be accessible from (0,u,vo,0). This
quadruple must detect a loop, since otherwise the recursive computation of u would
be finite according to Theorem 1. Thus it remains to study only the case when
(0, u, vg, 0) belongs to the domain of DT Then we consider firstly the quadruple
D7(0,u,vp,0). It is non-terminal and its first component is 7,,. Therefore this
quadruple invokes a snapshot.

We shall show by induction that for j = 0, 1, ..., p the quadruple
DI**t5(0, u, v, 0) invokes a snapshot. For j = 0 the statement has been already
established. Suppose now this statement is true for a certain natural number j
less than p and apply Lemma 7 with 7, +i; and 7, + 741 in the roles of { and t,
respectively. We get the equality
DI ¥+ (0,u,v0,0) = (7 + 341, DI (W), H(DV (W), 1+ | D+ (w)] - [ DY (w)]).
Thus the non-terminal quadruple Q)’,"‘““‘(O,u, Vo, 0) has a last component less
than 1, hence equal to 0, and therefore the quadruple invokes a snapshot. '

By applying the proved statement with j = p we conclude that the quadruple
D:"H’(O,u,vo,O) invokes a snapshot. Let W' be the second component of this
quadruple, i.e. W' = D'?(w). We shall show that |D"(W)| 2 |W|forh=1,2,...,7.
In fact, D*(w') = Di»+h(w) and 0 < ip +h £ 2r — 1 for the specified values of h.
Since [W'| = e, the inequality in question is obviously satisfied when i, +h £ r—1.
On the other hand, if i, + h > r — 1, then ¢, + h = ¢ + r for some i among
0,1,...,r=1, hence |[D"(W)| = |D**"(w)| 2 |D'(w)]| by the inequality in (2) with
Ta + i in the role of . Thus |D"(w')| 2 |W/| holds again.

Now let us apply Lemma 7 with 7, +i, and T in the roles of { and {, respectively.
We get the equality

DZ‘(O, u, vo, 0) = (T: '_'Dr(w/), :H(WI)’ 1+ |'Dr(w/)| - |WI|)
We note that H(D"(w')) = H(w'), as seen from the equality in (2) with 7, + 1, in
the role of ¢. Taking into account also the inequality |D"(w')] 2 [w'|, we conclude
that DT (0, u,vo, 0) detects a loop. m

APPENDIX 1. ON INFINITE RECURSIVE COMPUTATIONS
WITH FINITELY MANY ATOMS AND FUNCTION SYMBOLS

We add one lemma and one theorem more to the results proved in the preceding
sections.

Lemma 8. Let w be a term such that the recursive computation of w is
infinite and no member of this computation has a smaller complezity than w. Then
the recursive computation of the head of w is also infinite.
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Proof. We shall show by induction that H(w) belongs to the domain of D* for
any natural number t. The statement is trivial for ¢ = 0. Suppose D'(H(w)) makes
sense for a certain natural number ¢. Then |D*(H(w))| = |D(W)| —|w|+1 = 1 by

Fact 2 and the assumption of the lemma. Hence D'F'(3H(w)) also makes sense. m

Theorem 3. Let u be a term such that the recursive computation of u is
infinite, but there are only finitely many atoms and function symbols which occur in
the members of this computation. Then a cyclic loop is present in the computation.

Proof. Let us call a natural number ¢ remarkable if for any greater natural
number s the inequality |D’(u)| 2 |D(u)| holds. 1t is easy to prove (by reductio ad
absurdum) the existence of infinitely many remarkable numbers. On the other hand,
the set of the terms of the form H(D*(u)) is finite due to the made assumption.
Hence, there are remarkable numbers ¢ and t’ such that ¢t < t and H(D'(u)) =

G{(Dt,(u)). By Lemma 8 the recursive computation of the head of D*(u) is infinite.

Then, by Fact 1, also the equality f}f(’Dtl(u)) = %(Dtl—t(f}f(’Dt(u)))) holds and
therefore H(D'(u)) is a self-reactivating term. m

Theorem 3 shows that there are many cases when the proposed loop detection
method completely solves the problem whether the recursive computation of an
arbitrarily chosen term is finite or infinite.

Example 13. Let A and F be the same as in Example 1, and let d be some
given natural number. Consider the recursion rule

D(f(2z,y)) = z+d, D2z + 1,y)) = f(f(z, v), {(y, 2))

(it covers the rules from Example 1 and Example 7). Suppose some term u is
given. Denote by h some natural number which is not less than 2d —1 and than the
value of any of the atoms occurring in u. An easy induction shows that no atom
occurring in some member of the recursive computation of u has a value greater
than A. Thus only finitely many atoms and only one function symbol may occur
in the members of the computation. By Theorem 3, if this computation is infinite,
then a cyclic loop will be present 1n 1t.

APPENDIX 2. PROOFS OF FACT 1 AND FACT 2

Let us define a mapping P of U\ (U; UA) into U \ A as follows: whenever
u = f(uy,...,un), where f is some n-ary function symbol, u;, ..., u, are terms,
and at least one among these terms is non-atomic, then P(u) is the first non-atomic
member of the sequence uy,..., U,.

Clearly, |P(u)| < |u| for any term u from the domain of P. For any such term
the equality H(u) = H(P(u)) holds. Of course, H(u) = u for any term in U;.
Consequently, the head of any non-atomic term u is equal to P"(u), where n is the
greatest natural number 7 such that u belongs to the domain of P*.

We note that the domain and the range of P are contained in the domain of D
and that the following interrelations between the two mappings are easily verifiable:
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Fact A. Whenever u belongs to the domain of P and the inequality
|D(P(w)| > 0 holds, then P(D(u)) makes sense and the equality D(P(u)) =
P(D(u)) holds.

Fact B. For any u in the domain of P the equality
(3) [D(W)] — [DP(W)] = Ju] = [P(w)]
holds.
Now we shall prove some generalizations of Fact A and Fact B.

Lemma A. Whenever n and t are natural numbers, u is a term such that
D'(P™(u)) makes sense and the inequality |D'(P"(w))| > 0 holds, then P*(D'(u))
also makes sense and the equality
(4) D(P"(w)) = P*(D"(u))
holds.

Proof. One firstly considers the case of t = 1 and proceeds by induction on n in

this case. The general case can be obtained from this particular one by induction
ont. m

Lemma B. Whenever n and t are natural numbers and w is a term such that
DY(P" (1)) makes sense, then D'(u) also makes sense and the equality

1D (w)] - [D(P" ()] = uf - [P"(w)]
holds.
Proof. We firstly consider the case of { = 1 and proceed by the following
induction on n in this case. For n = 0 the statement is trivial. Suppose the validity
of the statement for a certain natural number n and let u be such a term that

D(P**1(u)) makes sense. Then an application of the induction hypothesis with
P(u) in the role of u yields the equality

ID(P(w)| = 1DE"H (W) = [P(w)] = 1P (w)].
This equality together with (3) implies the needed equality
ID(w)] = D@ (W)] = Ju] - [P (u)].

To obtain the general case from the particular one of ¢ = 1, we proceed by induction
ont. Fort = 0 the general statement is trivial. Suppose the validity of the general
statement for a certain natural number ¢, and let the term u and the natural
number n be such that D'F'(P"(u)) makes sense. Then D'(P”(u)) also makes
sense and the inequality [D'(P™(w))] > 0 holds. Making use of Lemma A we
conclude that P*(D*(1)) also makes sense and the equality (4) holds. From here,
applying consecutively the particular case of n = 1 with D’(u) in the role of u and
the induction hypothesis, we get

D ()] = D P (W) = D (W) = [DP(D(W))] = D' (w)] - P (D' (w))]

= [D'(w)] = [D' (@ (W) = [ul - [P (w)]. m
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We shall present proofs of Fact 1 and Fact 2 using Lemma A and Lemma B,
respectively.

Proof of Fact 1. Suppose that u is a term and t is a natural number such that
H(D*(H(w))) makes sense. Let n be a natural number such that H(u) = P*(u).
Then the expression H(D'(P"(w))) will make sense and therefore the premise of
Lemma A will be satisfied. Hence, the conclusion of the lemma will be also satisfied.
Thus P*(D*(w)) will also make sense and the equality

DH(IH(w)) = P"(D'(w)
will hold. Now it is clear that the terms D*(H(u)) and D'(u) are non-atomic, and

the term obtained by applicating P the maximal possible number of times will be
one and the same if we start from either of these two terms.

Proof of Fact 2. Suppose that uis a term and ¢ is a natural number such that
DY(H(u)) makes sense. Let n be a natural number such that H(w) = P*(u). Then
the expression D'(P"(u)) will make sense and therefore the premise of Lemma B
will be satisfied. Hence, the conclusion of the lemma will be also satisfied. Thus
‘D*(u) also makes sense and the equality

D" (W] = D' (H(w)l = [u| = [FH(w)|

holds. It remains only to take into account that |[H(u)j=1. m

Added in proof: When writing the present paper, the author did not know
about the paper of F. E. Fich “Lower bounds for the cycle detection problem”,
J. of Computer and System Sciences, 26, 1983, 392-409. Thanks are due to Pro-
fessor Donald Knuth who called the author’s attention to that paper, essentially
containing the results of [2] (as well as other ones).
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AN EXAMPLE OF A FINITE NUMBER OF RECURSIVELY
ENUMERABLE m-DEGREES CONTAINING AN INFINITE
SEQUENCE OF RECURSIVELY ENUMERABLE SETS

ELKA BOJKOVA

Eaxa Boxucxoea. IITPUMEP KOHEYHOI'O UMCJIA PEKYPCHUBHO NEPEYUCIIA-
EMBIX m-CTEIIEHEW, COAEPKAIINX BE3KOHEUYHYIO MOCJIEAOBATE/JIb-
HOCTBb PEKYPCHMBHO NEPEUYNCHAEMBIX MHOKECTB

Hens »Tol cTaTbM NOCTPOMTDL IJIA NPOM3BOJIBLHOTO HATYPAJIBLHOTO UMC/A N PEKYPCUB-
Ho mepeuucnfemoe (p. n.) MHoxecTBo A, Takoro utobui muowectsa A, A%, ..., A" npn-
HaJ7Ie’Kalu Pa3HBIM Mm-CTelleHAM, a MHoxxecTBa A", A1 Ant2  _ oiuoit un Tolt ke
m-cTenenm. Takum o6pa3om Mbl monydyaeM HPUMeD JUIA 7 Da3HBIX p. II. m-CTeneHel dr (A),
dm(A?), ..., dm(A™7 1), dm(A™), npunanneswammnx k oauod btt-cTenenu (Tounee, c-crenenn
— crenennb dc(A) muoxectBa A cosnagatomasn ¢ dec(A?), ..., dc(A™), ...). Jas eroro moc-
TATOUHO NOKA3aThb, uTo MHOwecTBo A"1! m-cBomumo k MHOXecTBY A™, a MHO»ecTBOo A"
He m-cBoaMMO K MHOxecTBY A"l Jlna eToil Hesm coamaem cXxemy Asis MOCTpOeHus p. 1.

MHOXeCTBa A, CONOCTABMMOIO MOCNENOBATENBHOCTH p. I. MHOoecTB Ag, A1, Az, ..., Tak
yToGbl NepBoe ycsioBUe BbIIO BLINONHEHO HE3ABUCUMO OT Bhibopa MHowxecTB Ag, A, As,
. [Nocne aToro mbr crpouM muoxkecrsa Ag, A1, A2, ... N0 ®Tanam, NoNbL3YACH MeTOAOM

npuopuTera, 4ToGbl BBINOJMHUTL BTOPOE YCIOBME.

Elka Bojkova. AN EXAMPLE OF A FINITE NUMBER OF RECURSIVELY ENUMERABLE
m-DEGREES CONTAINING AN INFINITE SEQUENCE OF RECURSIVELY ENUMERABLE
SETS :

The aim of this paper is to construct for an arbitrary natural number n a recursively enu-
merable (r. e.) set A such that the sets A, A%, ..., A" belong to different m-degreés and the sets
A, APl A2 belong to the same m-degree. That will provide an example of n distinct
r.e. m-degrees dm(A), dm(A?), ..., dm(A") belonging to one r.e. bii-degree (more precisely,
c-degree, the degree dc(A) of the set A coincidental with dc(A?), ..., dc(A™), ...). It suffices to
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prove that the set A"t} is m-reducible to the sct A™, but the set A™ is not m-reducible to the
set A"~ For this purpose we construct a scheme for building a r. e. set A, corresponding to a
sequence of r. e. sets Ag, Ay, Az, ..., such that the first condition holds regardless the choice of
Ag, A1, Az, ... Further we build the sets Ag, 41, A2, ... by steps, using the priority argument
to ensure the second condition.

In [1] Fischer proves that the reducibilities <,, and £y, differ on the re-
cursively enumerable (r.e.) non-recursive sets. He constructs an example of a r.e.
btt-degree containing infinitely many distinct m-degrees. In [2] Odifreddi asks if
every r.e. {t-degree contains one or infinitely many r.e. m-degrees. Dowriey [3]
solves Qdifreddi’s question by constructing a r.e. {t-degree containing exactly 3 r.e.
m-degrees. Rogers [4] and Odifreddi [5] summarize the obtained results about the
structure of the different kinds of degrees.

In this paper we construct (for an arbitrary natural number n) a r.e. set A
such that

A A2 <+ < AV = AT =, A =
That will provide an example of n distinct r.e. m-degrees (d, (A), dim(A?), ...,
d,n (A1) and d,,(A™)) belonging to onc r.c. btt-degree (more precisely, c-degree
— the degree d.(A) of the set A coincidental with d.(A?), ..., d.(A™), ..)).
Obviously, all the recursive sets belong to one tt-degree and one m-degree, i.e.
for any recursive set 3 the following equivalencies hold:

B=,B'=, B=, -

Now, we have to find a set A such that the sets A, A% ..., A" belong to
different m-degrees and the sets A®, A"t1 A"*+2  belong to the same m-degree.
It suffices for this purpose to prove
(1) An-{-l ém A"
and
(2) - A" <, AP

The method elaborated by Ditchev in [6] is used to construct the set responding
to both conditions. First, we construct a scheme for building a r.e. set A corre-
sponding to a sequence of r.e. sets Ag, A1, Az, ... (answering to some conditions),
such that (1) holds regardless the choice of Ag, Ay, As, ... After that we build the
sets Ag, Ay, Aa, ... by steps, using the priority argument to ensure (2).

* ok %

(1.1) Definition. Let A and B be sets of natural numbers:
a) We say that the set A is “m-reducible” to the set B (A <., B) if there exists
a recursive function f : N — N such that

Ve (v € A < f(z) € B);
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b) We say that the sets A and B are “m-equivalent” (A =,, B) if
AZnB and B £, A
We shall denote by “A4 <,, B” the fact that A <., B but A #,, B.

Let for any natural number n the recursive functions J", J, J%, ..., J? be
such that for any n and for any z there exists a single tuple z1, ..., z, such that
(1.2) r=J"z1, ..., Tn)
and
(1.3) Virgi<n I (21, -, 20)) = 23]

(1.4) Definition. Let A be an arbitrary set of natural numbers. For any natural
number n we define the set A™:

A ={JM &y, ..., zs) |71 € Ak .. &2, € A}
Obviously, for any set A
A §mA2 §m §mAn §mA"+1 gmAn+2 §m"',

1. c. the essential part of the problem is to find a set A such that:
(1) for every i, 1Sign — 1, = A1 <, A%
(2) for cvery i, i2n, A £, A%
[t is easy to prove the following two lemmas:

(1.5) Lemma. Let A be an arbitrary subset of N and n be an arbitrary natural
number. Then A™t! <., A™ iff there exist recursive functions f; : N*t! — N,
fo: NPH N fo s NPT S N such that

(16) $1EA&...&.’1:,1+1EA
= f1(1‘1,...,.1‘n+1)€A& &fn(rl,...,an)EA.

Proof. Using the fact that one unary function g reduces A™+! to A™ iff for the
(n + 1)-ary functions fi, ..., fn, defined as follows:

f.‘i(xlyx21 RS xn+1) = Jz‘n(g(‘]n-{-l(rl) Ly, .. ~yxn+1)))) i = 15 Qa R
the condition (1.6) holds, one can easily verify that Lemma (1.5) is true.
(1.7) Lemma. a) If A"~ <, A", then for any m, 2sm<n — 1:

Am—l <. AM:
b) If A® =,, A"tY, then for any m, m > n:

Am =, Am+1.
Hence to solve our problem, it is enough to pfove

AT G AT = AL,
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* ok ¥

Let n be an arbitrary natural number*, n > 1. We shall find a set A4 such that

A<m A < o<y A =, AV =, AN =L

(2.1) Definition. Let L, be a language with the following alphabet:

— ¢p, €1, --. — infinite sequence of constants;
— 21, ..., &, — n variables;
— Fy, ..., Fy — (n+ 1)-ary functional symbols.

Terms are defined by means of the following inductive clauses:
a) ¢; is a term, 1 € N; z; is a term, 1<i<n;
b) if 7, ..., 7"t are terms, then Fy(7!, ..., 7"*!) is a term, 1<i<n.

(2.2) Definition. For any term 7 we define sublerms of r:

a)if 1 =c¢;, 1€ N, ¢; is a subterm of 7; if 7 = z;, 1£i<n, z; is a subterm
of r;

b) if 7 = Fy(r',..., %), 1<i<n, then the term 7 and the subterms of
r, ..., 7 %! are subterms of 7.

(2.3) Definition. For any term 7 we define deepness dp(7) of T
a)if T=1¢;, 1€ N or 7 =z;, 12ign, then dp(7) = 1;
b) if 7 = Fi(rt, ..., m"*), 1<ign, and dp(r!), ..., dp(+"*!) are defined,
— J
then dp(t) =1+ | Jnax dp(77).

(2.4) Definition. We will call a partial structure every ordered (n + 1)-tuple

U={(N,;0,...,0,), where 8, ..., 8, are partial functions of n + 1 variables.

(2.5) Definition. Let U = (N;#8;,...,0,) be a partial structure. We define the
value 7y of the term 7 in the partial structure U:

a)ifr=¢;, Tp(t1, ..., tn) =iforany ¢y, ..., t,, 1 € N;
fr=ua;, p(ty, ..., ta) =t forany ty, ..., t,, 1<i<n;
b)ifr = Fy(r!, ..., m"*), 1gisn, L €N, ..., th € Nand 7}, ..., i}t are
defined, then
Tt oy tn) Z O, ), o TR, L ).

(2.6) Definition. We define the cod cd(7) of the term 7:
a)if r=¢;, 1 €N, cd(r) = J2(0, i); if 7 = &, 1<i<n, cd(7) = J3(1, i),
b) if 7 = Fi(r!, ..., r"t1), 1<ign, cd(r) = J"*2(i+ 1,cd(r)), ..., cd(77F1)).
That coding allows us to verify for any natural number whether it is a cod of
any term and if so, to find this term.

Theorem 1. Let M = {2k | k € N}. There ezxists a partial structure U =
(N,01,...,0,) such that the functions 81, ..., 8, are recursive and:

* n is fixed till the end of this paper.
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I)theN...th+1€N,

() teM&.. &tyy1 €M
== 01ty ., tag1) EM& . &0,(t1,. . thy1) € M);
)Vt .., " —terms) I EN, ..., t, €N,
(%%) —w(tleM&...&tneM
= it o, ) EM&E . &St ..., ta) € M)).
Proof. We shall say that for the partial functions wy, ..., w, the condition (%)
holds if domw; = - -+ = domw, and the condition (*) holds for domw,.
We build the functions 8;, ..., 8, by steps: at any step s =0, 1,2, ... we build
the functions 953), cey 0515) as finite extensions of 6’&3_1), ce 6,(15_1) such that for
055), ..., 65 the condition (%) holds. For s = 0 we accept 6’5—1) =..=0V=02

(The domain of @ is empty.)
Finally, 6, = |J 6, i=1, ..., n.

2

seN

I. By the even steps s = 2p we shall ensure that the functions 955), . 9513)
are defined in (JP(p), ..., J,'fill (p)) and therefore the functions 6, ..., 6, will
be total.

1) If (J7+(p), ..., J7H(p)) ¢ dom6° ™" then for all I, 1150,

2, if M (p)eM&.. &I (p)eM,
gl g1 o gntt :{ ) 1 \P nt1 P )
l ( 1 (P); y Yl (p)) 3, otherwise,
and
01(3)(3/1, cey yn+1) = 053_1)(1/1) sy yn-l-l)) if Jn+1(y1) sy yn+1) # p.

2) TE (/7 (p), ..., JiH () € dom '™, then Vi gign [0 = ogs-”] .

II. By the odd steps s = 2p+ 1, p € N, if there are not terms o, Tl
such that p = J*~1(cd(7!) ..., cd(r"7 1)), we take Vli<i<n [955) = 053_1)]. If such
terms exist, we shall find {1, ..., ¢, such that the condition (#x) holds. In addition
we obtain that the condition (x%) holds for any terms o,

In the second case we first verify whether some of the terms 71, ..., ™m1is
a constant with a value — an odd number. If so, for any n-tuple of even numbers
t1, ..., t, the condition (**) holds and we do nothing; i. e. we take 01(3) = 05’—1) for
alll, 1<l <n. If all the terms 7!, ..., 7" !, which are constants, have the values —
even numbers, we shall ensure (x*) by finding t;, ..., t, and building 0&5), ceey 6%
such that: .

— it ) EM&E. & (L, -, ) €M

-—i1¢M \/...th¢M.

Every term is a constant, a variable, or its deepness is bigger than 1.
(1) For all the terms 7, ..., 7"~ which are constants, we have that their values

belong to M.
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(2) For these ones, which are variables, we shall choose the corresponding numbers
t1, ..., tn (which are values of such terms) to be even and these terms also will
satisfy the condition. Because thete is at least one number among t1, . .., ¢, which
is not a value of any term, let this number be odd and by this way 1, ..., ¢, also
will satisfy the condition. In both cases we shall take ¢y, ..., t, big enough not

1) o 65" and thus to the values of the terms

to belong to the domains of 0(
with deepness bigger than 1.
(3) For the terms with deepness bigger than 1 we need an auxiliary lemma —

Lemma 1. It will be applied for the partial structure
Ue=D = (N, 65T 0y for el L et

(obtained from (2) or, if there are no terms with deepuess 1, we take 1, ..., {,
big enough and such that t; € M v ...V ¢, € M) and {or one term T among the
terms 71, ..., 771 dp(r) > 1. Using this lemma we shall obtain the functions
0( 0( such that 0’55—1)205‘5)’ 1£i<n, the condition (¥) holds and the value
of Lhe term 7 for ({1, ..., tn) is an even number. If at the same time (1, ..., ¢,)
enters in the domain of the value of some other term among 7!, ..., 7"~1 (except
7), we have to ensure that the value of the other term in ({1, ..., t,) is also an
even number.

Lemma 1. Lef the terms ', ..., 7" 1 be given. For any partial structure U =

(N;01,...,0,) with finite functions setisfying (%), for any term 7 with dp(7)22,

for any natural number m, and for any n-tuple of natural numbers (i1, ..., t,) such
that v

{ty, ... twygdomry and LEM V. Vi1 €M
there exists a partial structure U' = (N, 07, ..., 0,) with finile recursive functions

salisfying (%), such that:

(i)  0;20; for every i, 1<i<n;

(i) (tr, ..., ta) €dom ryr and 1ur, (11, ..., ty) > 2,
where z = max({m, max(l,(dom 8))), ..., max(I,+1{dom 8{))});

(i) if (ty, ..., in) € (dom TU, \ dom TU) then TU,(f Lo th) EM,
7=1 ..., n—1

We shall apply this lemma successively for all the terms among 71, ... 77~!
with deeprness bigger than 1 and we shall obtain

Tb(s)(tl) ey t") € 114'& .. [/( )(t], ey tn) € A‘[)
LhEMV.. Vi, ¢gM.

The idea to prove Lemma 1 is to find for the term 7 = Fy(a!, ..., 0"*1) a
partial structure V = (N, 87, ..., 0/, ,) such that Vj, 1<jsn+1, ({1, ..., tn) €
dom od,, 2z = a{,(il, v tn)and (z1, ..., zng1) € dom 6/, . In this case we shall
build the functions 81, ..., ;. such that 61207, ..., 0,,,260, ), dom 0, | =
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dom 0], U{(z1, ..., zay1)}. and the values of the functions in (21, ..., z,4,) are
defined as follows (z is big enough):

NIz e M&.. &2,41 € M, the values of all the functions are 2z;

Nz gMV...V 241 € M, and for some term 77 among 71, ..., 777! there
exist a number [, 1</<n, and terms ', ..., e"t! such that 77 = Fy(e!, ... e"t?),
then the value of the function 8] is also 2z;

3) In the other cases the values of the functions are 2z + 1.

So we ensure that (%) is true for the new partial structure (if 2y ¢ M V...V
Zni1 € M, because the terms 7!, ..., 7”1 are n — 1 and the symbols Fy, ..., F,
are n, al least one of the functions is in the case 3) and its value is 2z + 1).
Except that we ensure 7y (t;, ..., t,) to be big enough and for any of the terms
i, j=1,...,n=1,such that (t,...,t,) € (dom 7.\ domr{,), T(j],(tl, Lt EM
is true. The last follows from 2), but not evidently. So we need an auxiliary lemma
- Lemma (2.7). '

With this lemma we have to prove that for some I, 12i<n, 77,(ty, ..., t,) =
0y(z1, ..., zn+1) and f1 is in case 2), and therefore Tj,(tl, oly) =226 M.
In the general case the lemma can not be proved for the term 77, it is only true
that therc exists a subterm of 77 for which the condition holds, but in this concrete
application of Lemma (2.7) in Lemma 1 we can prove that this subterm inay be

only the term 7.

(2.7) Lemma. For any two partial structures U = (N, 6y, ..., 0n) and U' =

(N, 0}, ..., 0), for any lerm o and for any natural numbers yy, ..., Ynsi;
ti...., by, such that:
a) dom #; = - - =dom O, and that is a finale sel;
b) dom 0/ = dom 6; U{(y1, ..., yns1)}, i=1, ..., n,and (y1, ... Ynt1) €
dom 0;; :
)0y 04, ... 0, S0,
d) ({1, ..., tn) € (dom oy \ domay),
there exist a subterm o' of o, i € {1, ..., n}, and terms et, ..., et such that:
(i) o =Ff(e, ..., et
(H) Eb/(tl, Ly tn) =YL, -y Egvj.l(tl, cy (‘H) = Ynti-

Proof. By the definitions (2.3) and (2.5) we have
(2.8) Yr-term, YU -partial structure [dp(r) = 1 = 7 is a total function].

From condition d) we have (¢1, ..., t,) & dom oy. Therefore dp(r)22 and
from (2.3) it follows that there exist k, 1<k<n, and terms ol, ..., 0"t such that
Fi(ol, ..., 0" ) =0.

We have two cases: _ .

Casel Yiggnt1[(ty, ..., 1n) € dom o). Let z; = o, (t1. ..., ta), J =
1,...,n+1. From d) it follows that (z1, ..., zn41) € dom 6, and (z1, ..., Znt1) €
dom 6} and from b) we obtain z; = y1, ..., Zn41 = Yn41. From c) it follows that

Vj1§j§n+l[0'gjr(il; Ly ln) = 0’3 (tl,b R tn)].
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We obtained a}},(tl', oty =1, o, ogTI(tl, coy th) = Ynai, le. the

conditions (i) and (ii) hold for o' =g and e/ =¢?, j=1, ..., n+1.
C as e Il. We apply induction on dp(o):
1) dp(¢) = 2. Then dp(¢') = --- = dp(6™*') = 1 and the lemma follows from

(2.8) and Case I;

2) Let it be true for the terms with deepness less than dp(c);

3) We shall prove it for o = Fi(o!, ..., o"t1). The terms o!, ..., o"*! have
smaller deepness. We have (¢1, ..., t,) & dom oy. Two cases are possible:

Case 1. Jicjgnnal{ty, -, tn) & dom of;]. But (1, ..., t,) € dom oy =
(t1, ..., tn) € dom U{),, and by the induction hypothesis for o/ we obtain that there
exists a o’-subterm of o, i, €, ..., " such that o' = F;(e!, ..., &) and
Vmi<msnt1lefli (1, ..., 1) = ym]. But ¢’ is a subterm of 0/, s0 ¢’ is a subterm of
o also and in this case the lemma is proved.

Case 2. Vjigjznt1[(t1, ..., tn) € dom 6];]. Then Lemma (2.7) follows from
Case I.

* * %

(3.1) Definition. The total functions ¢1, ..., ¢, of n+ 1 variables are defined as
follows:

goi(tl, ...,tn+1):Jn+2(i, i1, ‘..,tn.*_l), i=1,...,n LN, ... thy1 €N

(3.2) Definition. Let Ny = N\ ({J Range (%:)).
i=1

(3.3) Definition. Let {A;}ien be a sequence of disjoint subsets of Ny. The se-
quence {[A;]}ien of disjoint subsets of N and the set A are defined as follows:
a)ifpe A;, thenp € [Ai], p&€ Ny, 1 €N,

b) lfpl € [Ail]&...&pn+1 € [Ain+1]&0k(il; Cey in+1) =m, 1§k‘§n, then
(Pk(ply ey pn+1) € [Am]a
¢) A= | [4i]. (We remind that M = {2k | k € N}.)
i€EM

Note. If the set {(p, i) | p € A;} isr.e., then A is also r.e. In this case we say
that we have a r.e. sequence of r.e. sets.
We can prove the following lemma:

(3.4) Lemma. Let {A;}icn be a sequence of disjoint subsets of No and the set A
be obtained by Definition (3.3). Then for any n + 1 natural numbers py, ..., pns1
1t is true that

71 GA&...&pn+1 €A < gol(pl, -~-;pn+_1)€A&-~-&SOn(p1, ...,pn.H) €A

(3.5) Corollary. Let {A;}ien be a sequence of disjoint subsets of Ny and the set
A be obtained by Definition (3.3). Then A™*t1<,, A™.
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(3.6) Definition. We define a correspondence between two terms 7 and ¢ as
follows: :

a) if 7 has not a subterm that is a constant, then 7 corresponds with o = r;

b) if ¢;,, ..., ¢, are all the subterms of 7 which are constants, i; € {A,], ...,
ixr € {Ar.], then T corresponds with the term ¢, where o is obtained from 1 by
replacing ¢;; with ¢, for any j € {1, ..., k}.

We need this correspondence to have the following

(3.7) Lemma. If {Ai}icn 15 a sequence of disjoint subsels of No, 7 15 a term,
P1, ..., Pn are arbitrary natural numbers, and:

a) for any constant c¢; which is a sublerm of T we have a number i € N such
that j € [As]; :

b) 7 corresponds with o by Definition (3.6);
and

) p € [A“]& S &pn € [Ain]&(fy(il, col, Bn) = m,
then Tv(p1, - .., Pn) € [Am].
(3.8) Lemma. Let V = (N, @1, ..., ¢n). For any natural number z there is
an effective way lo find a term T that have not sublerms which are variables (for

r @ No, T # conslant ¢;) such that & = v (xy, ..., zn) and the values of all the
constants — subterms of 7, belong to Ng. ‘ :

We prove this lemma by defining the function ||z|| for any z € N:
1) if z € Ny, then ||z|| = 0;

2) if 2 = @1(z1, ..., zn41), then |jz||=1+ | fnax l|z;]], 1gi<n,

(3.9)

and applying induction on {|z|].
We shall build a r.e. sequence of disjoint r.e. subsets Ag, A1, Az, ... of Np such
that for the set A obtained by Definition (3.3) it holds

(3.10) A" #p, AN
Then it follows from Lemma (1.7) and Corollary (3.5) that A is the set we need.

We shall build the sets {4;}ien by steps — at any step s we build {Ag’)}ieN,
ensuring that (A(’))" 1s not m-reducible to (A(s))"'1 by the e-th recursive function,

e = J3(s). (A is obtained from {AES)}iEN by Definition (33))
At the end we take A; = | Aﬁ*’, i € N. For this purpose at any step s we shall
s=0
find numbers z1, ..., z, such that if . is the e-th partial recursive function, e =

J2(s), J™)(zy, ..., z,) € dom ¢, and e(J M (21, ..., zn)) = TP D2y, ..., 20o1),
one of both conditions holds:

(1) e Ak.. . &z, € A&Eilgign—l(zi ¢ A)',
(i) (2 @AV.. Ve, gA) &z €Ak &1 €A

If for this purpose we put the numbers 1, ..., z, in some sets Ay, ..., 4;,
we create a positive e-requirement {z1, ..., £, }, and if some numbers y1, ..., ¥
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must not belong to some set, we create a negative c-requirement {y;, ..., yrt. We
shall use the priority argument: if at the step s we need one number = to belong
to some set and at a step ¢ — not to belong, the smaller between J2(s) and J3(¢)
has a priority. So, when we choose z1, ..., z, al the step s, they must not belong
to any negative requirements created at some steps t < s such that J2(¢) < J#(s),
but they may belong to negative requirements created at steps » < s such that
JE(r) > J2(s). In the second case the J7(r)-requirement is injured and we need at
some later step 7/, JE(r') = J(r), to create a new J2(r)-requirement.

If one J#(s)-requirement is not injured at a step r > s, it is called active at
this step. If 1t is active at every step » > s, it is called constant. At the end we
shall prove that for any e the condition ((i) V (ii)) is injured only finite times.

Now we shall describe the construction of the sets {A;}ien.

(31)Step s=0. Let Ny = Ny UN,, where N; and N, are infinite disjoint
recursive sets and N» = {ag < a; < ---}. Let r’ be a monotonically increasing
function such that Ran(r’) = N; and r(z) = r'(n.2* + ). Let

Pe,s(z) = {

Let AEO) ={a;}, 1 € N. So, all the sets are not empty.
Step s>0 ¢= Jis). First we verify whether there exists an active
e-requirement. 1f such a requirement cxists, then we do nothing, i.e. we take

w.(z), if z € dome, and ¢, (z) is countable for less than s steps,
not defined, otherwise.

Ags) = /1(5_1), i € N. Otherwise we verify whether there exist z; € Ny, ...,

i

T, € Ny,zp >r(e)&.. &z, >r(e), Mz, ..., ¢n) € domep, , belonging neither

to |J Ags_l) nor to any active negative requirement, created at a step t < s such
i€N

that J2(t) < J2(s). If such numbers do not exist, we do nothing, If there are such

numbers z,, ..., ©,, we take the smallest — .13%6'), . .z'gf). From the choice of J7
there exist z1, ..., z,_1 such that
(M8, ) = e L zen),

It follows {rom Lemma (3.8), applied for 21, ..., z,_1, that there exist terms
¥, ..., ¥~ such that
(3.12) =Y (z, ..., &), i=1, ..., n—1

We consider these numbers among zy, ..., zo—1 for which the constants-
subterms of the corresponding terms ¢!, ..., ¥"~! already belong to some sets

Ags—l), i € N. Let that be 21, ..., z,.

Case L Jigip 3k € N(z € {A(;k;ll)]), ie. z € A and in this case we

satisfy (i). Let ASY = A5V U {el”), j = 1, ..., n, and AP = APV for
I ¢{2, 4,6,...,2n}. We create a positive e-requirement {l‘ge), ce zgf)}, which
1s also constant.
Case II. 4 GA(S)&...&zq e AL,
IL.1. ¢ = n — 1. Then we satisfy (ii).
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Let A( *) = 4(5 2 U{.T(P)} J=1,...,n, and A(s) A(s_l) forl g {l,... n}

(e) _

We create a positive e-requirement {27, ... =y )} which is also constant.

12 g<n—1.
I1.2.1. 3p1<pen—1 (¥p has a subterm-constant with a value y‘;,

@4(g4“mnﬁ%mw9m.

For simplicity let p = n — 1. We satisfy (i) — we put x( 9. 2% into A and
create a negative requirement such that z,_; stays always out of A

We take Ag]) A(S RAY {a:( )} J=1 ..., n and A( ) = A(s D for | ¢
{2,4,6,...,2n}. We create a positive e-requirement {x] LT )} and a negative
e-requirement {y7~ Y,

I1.2.2.Ypigp<n—1 (1p has asubterm-constant with value 7, 7 ¢ U A(s R

= ¥ € {1'1 ,...,zn)}). We find the terms 9!, ..., ¢! correspondmg to the
terms 71, ..., 7771 according to Definition (3.6). From Theorem 1 for the terms
7t ..., 7*7 ! there exist natural numbers i;, ..., i, such that

hEM& . &in €M <= (i, ..,in) EM& .. &1 o1,...,in) €M
does not hold, i.e. one of the following holds:
(3.13) iy e M& . &in € M&(T5(iy, i) M V.. VTE™ Gy, 0n) € M),

(3.14) (L gM V.. Vig g M) &, ..., in) EM& ... &)™ (i1,...,in) € M.
Let my = rlj/(il, o i), 1€jEn — 1. We take: Ag') = A;s_l) U {xg-e)},

je{in, .. i}, and A = AP for 1 g {iy, .., i),
If (3.13) holds, then by Definition (3.3¢) we have
x(le) € A& . &l e AW
and from Lemma (3.7):
a—¢v(my~w$W)€M$%
and therefore z; € AG®) V...V z,_1 ¢ A, so in this case (i) is true.
If (3.14) holds, then m; € M & . & mp_1 € M and therefore 2 € ABY& .

& z,-1 € AB). Wehavealsoiy, € MV...Vi, ¢ M and then z} (&) g AL AVARYES) gZ
AG) e (ii) is true.

We create a positive e- requlrement {m e xﬁf)}, which is also constant.
At the end we take A; = L.J Az(- ), i € N. Now we have to prove that the set
s=0

A satisfles the condition of cur problem for n.

(3.15) Lemma. For any e-number of a p.r. function the condition ((i) V (ii)) is
injured only 2° — 1 ttmes, 1.e. we create not more than 2° e-requirements.

Proof. We shall use induction on e.
1) For e = 0 we have that the e-requirement can not be injured, because there
is no requirement with higher priority and 2°— 1 = 0.

233



For ¢ = 1 we can injure the e-requirement only once when we create the single
0-requirement (if it exists) and 2! —1=1.

2) Let the statement hold for all the numbers smaller than e.

3) Let e be a number of a p.r. function. The condition ({i} V (ii}) for e is injured
when a requirement with number between 0 and e — 1 is created, i.e. not more than
20 421 4. 42871 = 2° — 1 times.

The lemma is proved.

(3.16) Lemma. The set N1\ A is infinite.

Proof. Let (N1)y = {yv |y € Ni&y < z}. We shall prove that the set

(N1)r(z) N (N1 \ A) contains at least ¢ elements.
(M)r@y={ylyveEM&y<r@)}={ylye M&y<r'(n2"+z)}

and because #(0) < (1) < - < (2" + 2z - 1) < (02" +2) < -,
the elements of the set (N1),(z) are n.2% + z. Between them only 0-, 1-, ..., = — 1-
requirements may be elements of A (the others are bigger than r(z)), i.e. not more
than n.2°+n.2' + - +n.2°7! = 2% Therefore, the elements of (N1),(z) N (N1\ A)
are at least n.2% + £ — n.2° = z and the lemma is proved.

(3.17) Lemma. For any natural number e such that Ny C dome, (and espe-
cially for any e which is a number of recursive function) there exists a constant
e-requirement.

Proof. Let e € N and N7 C dom .. Let us assume that there is not a constant
e-requirement. We find sq such that at the step sq all e;-requirements for e; < e
are already built.

From Lemma (3.16) we have that there exist z; € N1\ A4, ..., z, € N, \ A
such that z; > r(e)&... &z, > r(e). Let s > sg and J"(z1, ..., z,) € dome, ;.
There at the step s a constant e-requirement is created.

The lemma is proved.

Let A be obtained from {A;}ien according to Definition (3.3). According the
construction, A is ar.e. set, A" £, A" and A" <., A" ie. the needed set is
built. '
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A NOTE ON INTERSECTION OF MODALITIES

TINKO TINCHEV

Tunxo Tunves. 3AMETKA O [IEPECEYEHUA MOJIAJIBHOCTEM

PaccmarpuBaercs meton cemanTnueckux Tabauni ANA NPONO3UNMOHAJILHON MOMMUMO-
HanbHOM JIOTMKE, KOT la HEKOTODPble MOAAJBHOCTEN MHTEpNpPeTUPYIOTCA B Moaeneit Kpunke
KaK TEODETUKO-MHOYKECTBEHHOEC NepeceueHue JApyrux.

Tinko Tinchev. A NOTE ON INTERSECTION OF MODALITIES

In this paper a variant of the tableaux method for a polymodal language is considered, where
some of the modalities are interpreted in the Kripke models as the set theoretic intersection of
the interpretations of some of the remaining ones. As a consequence the completeness theorem
with respect to the class of finite tree-like frames and decidability are obtained.

0. INTRODUCTION

. The development of modal logic applications in theoretical computer science
(viz. propositional dynamic logic) motivates many new directions of investiga-
tions in the (poly)modal logic. For example, raised in 1979 by Vakarelov, the
question of axiomatizing the logic of intersection of modalities has led to en-
riched modal languages with names and universal modality (cf. [3, 4]). The main
reason for this enrichement is to avoid the modal undefinability of intersection
known from Gargov (1984, unpublished) and Van der Hoek ([5]). More precisely,
there is no set I' of formulae from the propositional modal language with three
modalities (R1), (R2), (R3) such that for each Kripke frame = (W, Ry, Ra, R3),
JEI'iff R3 = R1 N Ry. However, in the simplest case of tri-modal language one
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can axiomatize the logic of intersection — the set of modal formulae valid in all
Kripke frames F = (W, Ry, R, R3) with R3 = RN Ry — joining the axiom scheme
[R1]e V [Ra]e = [Rale with the minimal normal tri-modal logic. This is shown
by Tinchev and Vakarelov in an unpublished manuscript (February 1986) and in
[1], where the Vakarelov’s copying method is used; another proof is contained in
[5]. All these proofs make use of the standard canonical construction followed by
some p-morphic pre-image.

Here we shall give an clementary proof — without using the axiom of choice —
of the above mentioned completeness theorem, finite model property and decidabil-
ity (the last two not mentioned, but also known). The semantic tableaux method

- in some sense “reversed” version of that from [2, 6] -— is used. The “prix” is
completeness with respect to the smaller class of Kripke frames -—— the so-called
tree-like frames — and an easily obtainable refutation system.

1. SYNTAX AND SEMANTICS

We shall consider the poly-modal language L with a denumerable set of propo-
sitional letters ® and a set O of unary modal operators. The set of well-formed
formulas over @ and O is build up using propositional letters p € ¢ and modal
operators O € O, as usual, according to the following inductive rules:

—- every propositional letter is a formula;
-~ if vy and @y are formulas, then so are =g and (¢, & @2);
~— if v is a formula and O is a modal operator, then [Olg is a formula.

We adopt the usual abbreviations: (¢ V ), (¢ = ), (¢ <= ) and (O)¢
for =(mp & =), (~e V), (¢ = ¥) & (¥ = p)) and —[O]-p, respectively.

For the rest of this paper we assuime that the set of modal operators O 1s

‘structured - there exists a set B containing at least two elements such that O
is a set of finite subscts of B, & € O and {a} € O for any a € B. If O =
{ai....,an} is a modal operator, we shall write [ay,...,a,]e and (a1,...,an)ep

instead of [{ay,...,an}]e and ({a1,...,an})p, respectively.
The modal depth of a formula ¢ — the number of nested modalities in ¢ —
we define, as usual, inductively: :
depth(p) = 0 for any propositional letter p,
depth(=¢) = depth(y), depth(p; & @2) = max(depth(p), depth(pz)),
depth([0Q]¢) = depth(p) + 1.
The semantics of the language L is based on the Kripke siructures F = (W, R),
where W # @ R: O — 2%>*W and R(O) = (] R({a}) for any O € O, which are
ag€0

called frames. A model MM over a frame Fis a tuple (F, V), where V' is an evaluation
assigning subsets of W to the propositional letters in ¢, 1e. V : ¢ — 2% The
truth conditions are ‘

M zEp iff z€V(p),

M, ek —p iff Mzkep,

MakE by ff MeEpand M xE P,
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M, ek [Olp iff Yy(xR(O)yy — M, yE ¢).

One can immediately verify M.z E ¢ Vo it Mz E ¢ or Mz E ¢, and
M,z E (O)p iff Fy(zR(O)y and M,y = p).

A formula ¢ 1s valid on M, ME @, M, zF ¢ forall z € W. A formula ¢ is
valid on a frame F, FE ¢, if ¢ is valid on any model over F. If ¢ is valid on every
frame, then 1t is called valed. A formula p is refutable if = is not valid, i.e. if there
are a model 1 and a world z in M such that M,z £ —p. A formula ¢ is called
satisfiable if -y 1s refutable, 1.e. if there are a model M and a world z in M such
that M,z £ .

The logic of intersection, K™ (0Q), is the set of all valid formulas.

A frame F = (W, R) is called tree-like if (W, |J R(O)) is a tree, the root of
. 0¢0
this tree 1s called the root of &F.

I{aframe F = (W, R) is trec-like and R™7(0) = R(O)U{(z,z) | * € domR(O)U
rangeR(0)} for all O € O, then (W, R™") is called reflerive trec-like frame. A
frame (W, R'") is called transitive lree-like frame if there is a frame (W, R) such
that R'"(0) is the transitive closure of R(O) for all O € O.

2. THE LOGIC OF INTERSECTION

It is well-known that the logic of intersection K™(Q) is axiomatizible by the
following
Axioms: Ax0. All (or enough) boolean tautologices;

AxI. [O)(¢ = ¥) = ([Olp == [O]);

Ax2. [O1]e = [Ol¢, 01 C 0O, 0,0, € 0; and
Rules: (MP) If F ¢ and F ¢ == v, then F ;

(Nec) If F ¢, then F [Olep.

We say that a formula ¢ is in normal form if ¢ is a disjunction of besic con-
Junctions, 1.e. conjunctions of the form

Mp & & s
(+) (0Pl & .. & (O1)p), & (0a)pd & .. & (On)k,
&[0 & . &[0y,

where A; is = or the empty word, and Oy, ..., O; are different modal operators,
> k.

Proposition. For any formula ¢ one can cffectively find a formula o' which
s in normal form, b o <= ¢' and depth{x) £ depth(y) for any basic conjunction
X from ¢’

Proof. The proof is carried out by an easy induction on the construction of .

Throughout we assume obvious conditions for effectiveness of O.
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Theorem 1. There is an algorithm 2 such that for any formula ¢ after a
finite number of steps AU gives a result U(p), which is a finite tree-like model such
that in ils rool ¢ is true or a proof of ~¢ in K™(0O).

Proof. We construct 2 by induction on the modal depth of formulas. Let we
assume that U is defined for any formula ¢ with depth(#) < depth(y).

First of all we assume without a loss of generality that ¢ is in normal form. If
any basic conjunction from ¢ contains conjunctive terms A;p; and A;p; such that
one of them 1s the negation of the other, then we obtain a proof of —¢ by boolean
arguments. This proof is (). Therefore we can suppose that every disjunctive
term {rom ¢ has a satisfiable boolean part.

If there is a basic conjunction from ¢ which does not contain a term of the
form (0)0, then we set A(p) to be the model M with W = {w}, R(O) = & and
V(p) = {w} iff the occurrance of p in this term is positive, and V(p) = @ otherwise.

Therefore we have to consider only the case when every basic conjunction from
@ contains a term of the form (O)4.

Let x be the basic conjunction (x) and define ny+ - +ny formulas x;;,1 £ ¢ < &,
1 £j £ ny, in the following way: If Oz, ..., O are all modal operators among
Oy, ..., Oy, which are subsets of O;, then

Xij = ¢k, &, & - &,
From depth(y;;) < depth(x) £ depth(p) for 1 i< kand 1 £ j £ n; we conclude
that the algorithm 2 is defined for them.

Let we consider the set {(y;;) |1<i<k, 1 £ £ n;}. I one of its elements
A(x:;) is a proof (of =x;;), then this proof can be extended to the proof of =y in
the following way:

+ T//‘xl &', . &d)xa(l)

FlOYe, & ... &[O]¢e, ,, = [Oi]—wp;] (by Ax0, (Nec), Axl, (MP), Ax0),

+_ [01‘1]'1/’}1‘1 :> [Oi]"/)rla R | }_ [().’L‘u(,)]w.’vu(,‘) :> [Ol]wtu(‘) (by AX2)

From here we obtain + —x by boolean argurments.

To(i)

fromaed -ﬂ(p;”’

Case 1. Let for every disjunctive term x of ¢ the corresponding set {2(x:;) |
1<igk, 1 <j < n;} contain a proof. Then we have a proof of —x by the above
considerations. Then one can easily obtain a proof of = and it is 2(p).

Case 2. Let there exist a disjunctive term y of ¢ such that the corresponding
set {A(xi;) | 1Sisk, 1 £j £ n;}does not contain a proof. Then %(x;;) is a finite
tree-like model 9;;, in which root w;; the formula x;; is true. Let 9; = (Fi5, Vij),
where F;; = (Wi, Rij), and w;; be the root of M;;. Without a loss of generality
we can suppose that the sets W;; are disjoint. We are ready to define a finite
tree-like model M with a root w such that 9, w k ¢, and we set A(p) = M. Let

=U{W;; |1gigk, 1 £jsn}, wgW and W =W U{w} Weset

R({a}) U{R” {aH)i1gigk, 125 n}U{{w,wj)|la€O;} foraeB,
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R(0)= ) R({a}) for O €0,

acO
V() = {Vi(p) 1 1gisk, 1 £j < ny),
and

Vip) = V'(p) if p has not a positive occurrance in.the boolean part of y,
P V/(p) U{w} otherwise.

One can immediately verify I, w k& .
Thus A(p) is defined and has the desired properties.
Theorem 1 is proven.

Corollary 1. The logic of intersection is decidable and complete with respect
to the finite tree-like frames.

3. SOME SIMPLE EXTENSIONS OF THE LOGIC OF INTERSECTION

If we put some additional axioms to the considered in the previous section
formal system, we obtain the so-called simple extensions of K™(Q). For the sake
of notational simplicity let assume that @ = {{a}, {b},{a,b}}. In many cases
adding axiom schemes only for the modalities [a] and [#], which have corresponding
first order conditions, leads to the obvious modification of the tableaux used in
the proof of Theorem 1. For example, we shall mention only the seriality axiom

- (a)true, (b)true, {(a,b)true. We can add an arbitrary subset of these axioms
and find an appropriate modification of the construction to obtain decidability and
completeness with respect to the class of finite frames much like to the tree-like
frames (some leafs must be reflexive).

A bit more complicated case is when we add axioms that guarantee the reflex-

wity:

(Ref?) [alp = ¢,
(Ref”) | e = ¢,
(Ref*?) [a, b]p = o.

If we add only (Ref®) and (Ref’), the obtained system is incomplete as one can
cdsily see. The reason is that the reflexivity of R(a) and R(b) implies the reflexivity
of R(a) N R(b) = R({a,b}). Let T™(O) be the logic K"(O) + (Ref**).

Theorem 2. There is an algorithm U such that for any formula ¢ after a
finite number of steps U gives a result (), which is a finite reflexive tree-like
model such that in its root @ is true or a proof of —~p in T7(0).

Proof. 1t is enough to make small modifications in the proof of Theorem 1.
When the case x does not contain a term of the form {0)8 is considered, we take
the formula which is the conjunction of the boolean part of y and the formulas
after [O]. And when x;; is formed, we have to consider a formula obtained as just
we mentioned, write it in a normal form and so on.
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Let

More complicated case is when we add axioms for transitivity:
[0}y = [0][0]¢ for any O € O.

denote this simple extension by K47(0).

Theorem 3. There is an algorithm U such that for any formula ¢ after a

finite number of steps U gives a resull A(p), which is a transitive iree-like model
such that in its rool @ is true or a proof of = 1 K47(Q),

Sketch of a proof. 1t is enough to destroy a formula in a systematic way guar-

anteing transitivity. The condition for finishing and starting the construction of the
model is some periodicity of the considered finite number of potential conjunctive

terms.

Let we mention that we can produce finite models in the last theorem, but we

lose its property to be a trec.

f¥ai
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REPRESENTATION PAR DIFFERENCES DIVISEES
DES MOMENTS RECIPROQUES DE COMBINAISONS LINEAIRES
DE VARIABLES ALEATOIRES INDEPENDANTES
EXPONENTIELLEMENT REPARTIES

MODY DIALLO, TZVETAN IGNATOV

Modu Luano, Heeman Henamos, IIPEACTABJIEHUWE PEIIUTIPOYHBIX MOMEHTOB
JIMHEVMHBIX KOMBUHALNU HE3ABUCHUMbIX EKCITIOHEHUWAJNILHO PACIIPE-
JAEJEHHBIX CJIYYAWHBIX BEJUYUH UEPE3 PA3JAEJIEHHBIE PA3HOCTH

,Hﬂﬂ PEeUMIPOYHBIX MOMEHTOB NMHENHBIX KOM6MH8.LUA}!X cocTaB/IEHHBI HE€3aBUCUMBIX

eKCTIOHEHUMAIBHO PAClpeleIeHHbIX CydyaliHuX BenuuuH Haiijgeno npencrasncuue (pop-
myna (3)) nocpencTBom pa3zesneHHEIX pasHocTeil noaxonaueil gynxuuu.

Mody Diallo, Tzvetan Ignatov. REPRESENTATION OF THE RECIPROCAL MOMENTS OF
LINEAR COMBINATIONS OF INDEPENDENT EXPONENTIAL VARIATES

For the reciprocal moments of linear combinations of independent exponential variates is
given the representation (formula (3)) through divided differences of a suitable function.

1. INTRODUCTION

Dans beaucoup de probléemes de statistique surgit la nécessité de la détermina-
tion des moments réciproques de la variable aléatoire

1 1 1
1 p = — - Cod —Ea,
(1) = gl bt 6
ou &1, €, ..., &, sont des variables aléatoires indépendantes exponentiellement

réparties de moyenne unité. Comme exemple, nous pouvons donner les résultats
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de Cox et Lewis (1966) relatifs a 'intensité moyenne du flux des naissances dans le
processus des naissances. Plus précisément,

- 1
E(u):(n_m)g : |
m — lm Emy1 + -+ —&y

Am+41 An

qui se réduit jusqu’a ['obtention du premier moment réciproque £ <——> . On peut
n

voir d’autres exemples dans ’article de Thomas (1976). Dans le méme article
est donnée I’expression du moment réciproque d’ordre r de 7,, mais dans laquelle
figurent des grandeurs qui ne s’expriment pas explicitement. Cependant, il faut
les chercher & partir de la décomposition en fractions élémentaires de la fonction
caractéristique de n,.

Le but principal du présent travail est la présentation des moments réciproques
de 7, par différences divisées de fonctions convenables.

2. REPRESENTATION DES MOMENTS RECIPROQUES DE »,
PAR DIFFERENCES DIVISEES

Rappelons (cf. [4], p. 47) que les différences divisées d’ordre n de la fonc-
tion (u) suffisamment lisse sur les points (nceuds) de la droite réelle ... < ¢; <
tig1 £ ... S lign £ ... doivent étre définies comme il suit:

[tit1, . tignlup(u) = [ti, . lipn—1]ue(u)

(2) [ty tign]up(u) =

ti+n ~t;
avec la supposition que ¢; #tj4n. Sit; = t;41 = -+ = ;4 alors
D™ (1
[ti: cee ,tH_n]uSO(U) = —(_:T(L)ll

ol avec D™ p(t;) est désignée la n® dérivée de la fonction ¢(u) au point ¢;, n 2 0,
et DPp(t;) est désignée par o(t;).

A Taide des différences divisées nous pouvons représenter les moments récip-
roques de 7, par le théoréme suivant:

Théoréme. Soit un nombre naturelr, r <n, et Ay, ..., A, des nombres réels

r
n

‘ . : 1 : P
posttifs. Alors il existe le moment réciproque E (——) d’ordre r, qui est €gal a
Ui

(3) E (%) = (—1)"*”r1(r_1 1)!A1...An([Al,...,An]w*lln,\)..

Démonstration. Dans 'article de Ignatov et Stateva (1989) (formule 9) la
densité de 7, est représentée a ’aide des différences divisées par

(4)  fou (@) = (=D sgn(@) M Az A, Ag, An]a(sgn(Az)) 4 exp(—Az),
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1, siz>0,
ou (u)4 = max(0,u) et sgn(z) = { 0, siz=0,
-1, siz<0.

Utilisant la formule (4), pour le moment réciproque d’ordre r de 7, nous avons

1 71
(5) E (5—) :/;;(-—1)”"1)\1...)\n[/\l,...,)\n],\e"\”da:
" 0

- Az

. €
:(—l)n—l/\l--'Angﬂ/[/\l""’/\"]’\ e dz

r=1 l)k 1o - Az +oo

= (=1 AR lm[Ay,
(=1) ! el—r}})[l { Z r——l) A(r—k)zrk |,

k=1

+(—/\)"1(r_11)! / ": dw}

. . r—1 ~A Ic—le‘-'>\E
= (=1 A lim[Ay, . --,Anh{z (r _(1)..).(r — k)er—*k

k=1

+o0

+(—A);‘1(r_11)! / e_: dm}.

&€

En considérant que 1 £k <r—1<n-1,0ona
(6) lim —— L\ oE [/\1, o AnhaETlemre =0,
En effet, de la formule de Leibnitz (voir Schumaker (1981), p. 50, formule (2.96))

[ti, tig1y- .- ti+n]uf(u)g(u)
~Z( oo i P (it it - o tienlug(w))

nous avons

(7) [)‘l) sy An])\/\k_l —he
= ST (O DX g, Anlae™)
i=1
k
= ([)\1,...,Aj])\Ak—l).([/\j,...,/\nhe—)‘e)‘
j=1

e)"

—...+(_1)n—j(_n—__j_)_!

+ "It y(X e,n — )
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et de la formule (7) nous obtenons

1
lim——=[A;, ..., A a b le2e

e—0e"™ Tk
& 1 e (Ae)?
k-1 /
=2 (o ) U%gﬂAm“”@‘ﬁ+7r“
J=1
(/\5)”“’ _j , )
(=)l ity e —
}k: N A .
= : /\1,. . ,\/\ ) (}i};}’(\)—gr—_k—{/\]7,)\n])\’¢}(/\}€,n“])> = 0.

il s’en suit la relation (6).
De (5) et (6) nous avons

(8) b(hl) — (=1 ..‘Anm[xl,...,Anh((—x)r-l(r_l1)! / ‘3;_” dm).

On sait que (cf. [1])

0
/(lnx))\e"\”dx =—c—InA,
0

ol ¢ est la constante d’Euler; donc

o0 . +oo€__)\z
(9) lin(lJ (Inz)de dx = ]irré <—e'” In r( + / dz)
£— [ = xI
+ooe—)\z
= nm(e—*f ln6+/ dm) =-c—In)\.
e—0 r
De (9) nous pouvons écrire pour A > (
400
e—)\x
(10) / de=—c—InA—e *Ine+ofe, X),
‘ T
on lirr%) o(e,A) = 0.
De (8) et (10) nous obtenons
ay e
Mn
+o0
n—1 r-1 1 r—1 e—/\z
:(—-1) /\1/\71(—1) m)—llnl[)\l,...,/\n])\)\ / dz

€
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: 1
— (_l)n—r,\l .. ,Anm(llnl[Al, ceey '\n],\(—c)\r_l)

e—0

— lim(Ing)[, .. AW ey 4 lim[As, .., Xala (AT o(e, )

—lim Ay (VT »)

e—0

AL An .
—(—;—:—1—)!—[/\1,...,,\,1]A(/\ "n A).

Thomas (1976) a donné d’une fagon explicite le premier moment réciproque
pour la variable aléatoire 7, de (1) quand

(12) M=m—j+1, d=m-—-j+2, ... /\j_i:m—’i,

— (_l)n—r+l

oll m, i et j sont des nombres entlers fixés tels que 7 < j < m. L’expresgion donnée
par Thomas a la forme

s - _*_l____ 1 _4_r
(13) E(<m~j+1§1+ +m—i _) )

s . i—i g
- ﬁ_’_lrl(%).i C”_ Z) Zk(J L )(—1)’C(m—z‘—/c+1)’—1 In(m—i—k+1), r < j—i.
k=1

Nous déduisons (13) comme cas particulier de (3) avec les suppositions (12).
Conformement a (3) nous avons

1 1 -
E((m““*m_i ) )

_ _____(‘(1:’__’;):“ ( (m—i—k+ 1)) m—j+1,...,m—ih(AInA)

[S

k=
]'_

_ (—1);(‘:)“’“ (H(m—i—k+1)) i (m—i—k+1)"lln§rzzi—i—k+1)
k=1 k=1 (m—i—-k+1) [] k(s—k)
s=1,s#

1 (m—1)! = (m—i—k+1)"2In(m—-i—k+1)

:(_1)j—i~7‘+1 - -
L(r) (m =)t & (=1)F=1k - DG ~ i~ k)!
_q)-i-rtl izt —1 k
= I)I“(r) - <J—z)zkl(c]lj—)lz(_1) (m—i—k+1)In(m—i-k+1)

il j—i g
e L G [ N e S R
k=1 '

Enfin, remarquons que si entre les coefficients de la variable aléatoite 7, de (1) il y a
au moins deux indices différents, alors il n’existe pas un seul moment réciproque de
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Nn. St tous les coefficients de 7, ont le méme indice, alors son moment réciproque
d’ordre r existe a condition que r < n.
En effet, st r 2 n,pour A; >0,i=1,2,...,n,

E(n,") 2 < max f\i> E(G+&++&)7).

12ig

Puisque §; + - + £, est une variable aléatoire répartie suivant la loi gamma de
paramétres n et 1, alors

00
n—1

E((G+ - +6&) ") = [ 27" S~ e " dz = +oo,
0/ T(n)

par conséquent le r**™* moment réciproque de 7, n’existe pas. La formule (3) méme
“donne une indication” que le r**™¢ moment réciproque de n, = & +& + - -+ &,
pour r > n n’existe pas. En effet, pour € > 0 arbitraire, nous avons pour r 2 n:

—-r - n - —r -1 nortl n 1 n—-1yr—1
Em,")=¢ E((QE-) ):e ((r)—l)! € (n—l)!D N7 n A

(___1)n——r+1
= mm(lns+~--).
Le premier élément,Ine, dans la précédente somme tend vers Vinfini si ¢ — 0 et
cette situation ne s’est pas produite pour r < n, puisque dans ce cas 1’élément In¢
manquerait.

Enfin, donnons explicitement la formule pour le r**™° moment récipro-
que de 7, de (1). Sans restriction a la généralité nous pouvons supposer que
0< A € Ay £ ... £ A, Puisque quelques A; peuvent étre égaux, soit alors

A=e

5 la

o — ——
{/\1,)\2,...,/\n}:{Tl,...,Tl,...,Td,...,Td},

UTM <T<...<Tgetly+lp+ - +13=n.
Les différences divisées d’une fonction f(}) suffisarnment lisse peuvent s’exp-
rimer par (cf. {4], p. 45) :

(14)
I#1 lg
[Al,...,An],\f()\):[’—n,.._\.,rl,...,'—rd,.._\.,rd]Af(A):[Tl o T"J Iie)
' AN
11 Id
/—"‘d“"—'\ afhenn ~
det i it Td Td Td
O ) ) s () waa(d) N
[ la ’
e e, P e .
det< 1 1 Td Td >
w(A) oou(A) o un(A)

ou le déterminant du dénominateur est défini par

246



Iy lq
e e r—————

_ . a1 . 1 ... Td Ce Td
1 det
(15)  de (ul(/\) o) e un(/\))
ui(71) uy(71) . un(71)
Duy(m1) Dus{m1) Dup(71)
Dir=lyj(r) Dh~lug(m) ... Dh~lug(m)
u1(74) us(74) o un(72)
Duy (7q) Duy (1) Dun(Td)
DYy (rg) D' luy(rg) ... Dl 1 n(ta) ]
oi les fonctions u;()) sont données par w;(A) = A*=1, i =1,...,n, et D¥g(A) est

la k*¢me dérivée d’une certaine fonction g au point A (D%g(X) = g(})), c’est-a-dire
pour les éléments de la matrice dans (15) nous avons

1),
G=D' ek Gpcio,

D*(ui(ry)) = Dk(rjﬂl) = { m j

0 dans le cas contraire.

Le déterminant du dénominateur de (14) s’obtient de fagon explicite par (cf. [4],
p. 30)

15 la
e e e e

d ;-1
T T ... T oo T4 - Td _ AR
() s T eew I
1gijsd i=lv=l

Le déterminant du numérateur de (14) se calcule analogiquement en remplagant la
fonction un(A) par f(A) = A"~ 'n .

Remarquons que pour trouver le déterminant du numérateur, on considére que

DH(f(7) = Dy~ )

o

-1

EDF R (r=D) ik (r—l)‘ rlmk e
; (k — 1)d! (r_.l_l)I] +1In T]( k)!Tj ,A sik<r—1,
- r—1 :
) s T L |
(k-—z)z’(r—l,_@)l T ) sik>r—1.

W
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COHOMOLOGIES OF COUNTABLE UNIONS OF CLOSED SETS
WITH APPLICATIONS TO CANTOR MANIFOLDS

N. KHADZHIIVANOV, E. SCHEPIN

H. Xedocuueanos, E. Hlenun. KOCOMOJIOTUU CHETHOTI'O OB'bEJIUMHEHUA 3AM-
KHYTBIX MHOXECTB C IPUJIOEHUAMMU NJiAd KAHTOPOBBIX MHOT' OOB-
PA3UAX

Ocuosnott peaynprat: [lycTh X -— KoMnakT, A -— 3aMKHYTO€ NOAMHOMECTBO KOM-

o0
maxkra X, u X \ A = U F;, rne F; — samknytete 8 X \ A mMuoxkecTBa, Takue uTo
=1 .
dim{F;NF;) £ n—1 ana ¢ # j. Torna ecrecTpennnrit romoMmopdusm H"(X,A; G) B npamyo

o0
cyMMy H HT(AUF;, A; G) aBaseTca MOHOMOPHU3IMOM 1A T 2 n+1. [TonydyeHnr HeKOTOpHIE
1=]
pUMEHEHUA BTOTC pe3ysibTaTa ANA CUILHEIX KaHTOPOBBIX MHOroo6pasnax (0THOCHTENbHO
rpynnst G).

N. Khadzhiivanov, E. Schepin. COHOMOLOGIES OF COUNTABLE UNIONS OF. CLOSED
SETS WITH APPLICATIONS TO CANTOR MANIFOLDS

The main result: Let X be a compact space, A be its closed subset, and X \ 4 = {j Fy,
where F; are closed subsets of X \ A such that dim(F; N F;) £ n —1 fori # j. Then the nl:tlural
homomorphism of H7(X, A; G) into the direct sum ﬁ H™(AUF;, A; G) is a monomorphism for
r 2 n+ 1. Some applications of this result to strontg—_-lCantor manifolds (with respect to a group
G') are obtained.
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Let X be a compact topological space, let A be a closed subset of X and let
X\ A = | F;, where Fj are closed subsets of X \ A such that dim(F;iNF;) £ n—1

i=1
for i # j. Then by the Meyer—Vietoris sequence we may conclude that for r > n+1
m
there exists a natural isomorphism of H"(X, 4; G) into the direct sum [] H"(F; U
i=1
A, A;G). (Here we denote by H"(X, A;G) the r-th relative cohomology group in
the sense of Alexandroff-Cech with coefficients in G}
The same is true under the assumption that the cohomological dimension of
F; N F; with respect to G is less or equal to n — 1: dimg(Fi N F;) £ n— L.
(o]
In case X\ A is a countable union X\ A = (J F; such that dimg(F;NF;) £ n—1
i=1
for i # j, there is a natural homomorphism of H"(X, A;G) into the direct sum
00
H7(F; U A, A; G). Generally speaking, this homomorphism is not an isomor-
=1

phism, but it remains a monomorphism for r 2 n + 1. The purpose of this paper
is to prove the last result.
In fact we shall prove the following result about extensions of continuous maps:

Theorem 1. Let X be a compact space, let A be a closed subset of X, and
oo
let X\ A= | Fi, where F; are closed in X \ A. Let furthermore Y be an n-con-
i=1
nected CW-complez, i.e. all the homotopy groups of Y up to the n-th are trivial:
T (Y)=m(Y) = = m,(Y) = 0. Suppose that the inequality dimg, (F;NF;) £ n
for i # j, where Gy = n(Y), holds for any k 2 n+ 1. Then a continuous map
f: A=Y, which is extendable over AU F; for any 7, can be extended over X.

Let us show now that Theorem 1 implies the above result about cohomologies.
It follows from the characteristic property of the Eilenberg-McLane complex
K(G,r) that there is an one-to-one correspondence between the cohomology group
H"™(X, A; G) and the homotopy classes of maps of X into K (G, r) which are constant

o0
on A (cf. [1], p. 550). The natural homomorphism of H”(X, A4;G) into [[ H™(F; U
i=1

A, A;G) is a monomorphism if (and only if) each map f : (X, A) — (K(G,r), po)
with homotopically trivial restrictions on (F; U A, A) for any ¢ is homotopically

trivial globally.
Let 7 = {0, 1}, and let set

Xi=XxI, Ai=(AxDUXx{0)U(X x{1}), F =FxI,

and define f; : Ay — K(G,7) by fi|xx{o) = f and fi](xx{1})uax1) = Po = const.
Then applying Theorem 1 to the case X1, A1, F/ and fi, we get the desired result.

Indeed, the condition dimg(F;NF;) € n—1implies dimg(F;NF}) £ n. Then
dimg, (F{ N F{) £ n, where Gy, = mx[K(G, r)], since

, G fork=r,
me[K (G, )] = {0 for k #r
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by definition of the Eilenberg-McLane complexes. Thus we may refer to Theorem
1 and get the following

Theorem 1'. Let X be a compact space, let A be closed in X, and let X\ A =
U Fi, where F; are closed subsets of X \ A such that dimg(F; N F;) £ n—1 for

1=1

i # j. Then the natural homomorphism of H'(X, A; G) into [ H(F; U A, 4; G)
i=1

is @ monomorphism forr 2 n+4 1.

Let us recall that dimz X = dim X for a finite-dimensional X. Then, by Hu’s
theorem for obstructions (cf. [2]), it is possible to deduce Theorem 1 from Theorem
1’ as well, in the situation G = Z, dim X < .

Hereafter we shall obtain, by means of Theorem 1/, some results about strong
Cantor manifolds.

Let us recall the definition of a strong Cantor n-manifold (see [3]).

The space C' is called a strong Cantor n-manifold if for an arbitrary repre-

oo

sentation C' = |J Fi, where F; are proper closed subsets of C, we have dim(F; N
i=1

F;) 2 n— 1 for some i # j.

C is called a strong Cantor n-manifold with respect to a group G if for any of
the above mentioned representations we have dimg(F;NFj) 2 n—1 for some i # j.

Clearly, if C is a strong Cantor n-manifold with respect to G, then it is a strong
Cantor n-manifold as well. The first author has achieved some development of the
theory of strong Cantor manifolds (cf. [4]).

Now we shall prove that Theorem 1’ implies the following results:

Theorem 2. Fach compact space X with dimg X = n contains a sirong
Cantor n-mantfold (with respect to G).

Theorem 3. Let the k-dimensional cycle z¥ (mod G) be irreducibly linked with
the compact space X in some n-ball B™. Then X is a strong Cantor (n — k — 1)-
manifold with respect to G.

Theorem 4. The ball B" is a strong Cantor n-manifold with respect to any
group G.

Theorem 5. Fach absolute boundary in R™ is a sirong Cantor (n—1)-manifold
with respect 1o any G. (Recall that C is an absolute boundary in R™ if it is a common
boundary of at least two open domains in R™.)

Proof of Theorem 2. The equality dimg X = n means that there is a closed
subset A C X such that H*(X, A; G) # 0, where n is the greatest number with this
property (cf. [5]). By Zorn’s lemma we may find a minimal closed subset  C X
such that H*(F,ANF;G) #0.
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We shall show that £ is a strong Cantor n-manifold with respect to (3. Suppose

oo
this is not true, i.e. F = {J F;, where F; are proper closed subsets of I such that
i=1

dimg(F;iN{y) £n—2fori# j. Then H*(F;, AN F;;G) = 0 by the minimal
property of F. According to Theorem 1’ the natural homomorphism

o
H™(F,ANF;G)— [[H"(F;, AN F;; G)

izl
is a monomorphism, which is a contradiction. (Here we make use of the fact that
HYF,ANF;G)= H*(FUA,A;G) forn>0.)

Remark. Using the fact that the covering dimension “dim” equals “dimg”

in the finite-dimensional case (cf. [5]), we obtain a result of the first author about
strong Cantor manifolds (cf. [3]).

Proof of Theorem 3. Recall that the k-cycle 2%, lying in B"\ X, is irreducibly
linked with X in B™ if z* is not homologous to zero in B” \ X, but for any proper
closed subset X’ C X zF is homologous to zero in B"™ \ X’.

Let p : B® — 8" be a map sending dB" into a point py and the interior of B"
homeomorphically onto S™ \ {po}. Then it is easy to sce that

He(B"\ X, 08" \ X) = He (5™ \ p(X))
for k > 0 and v N

Ho(B™ \ X, 0B™ \ X) = Ho(S™ \ p(X)),
where 1o is the reduced homology group.

[e ]
Suppose the assertion of the theorem is not true, ie. X = |J Xi, where
i=1

dimg(X; N X;) & n—k—3 (for i # 7). Then dimg(p(X;) Np(X;)) Sn—k—3as
well. Consider the commutative diagram

He(B*\ X) —— Hp(B*\ X, 08"\ X) = Hi(S" \p(X)) — [ He(S" \ p(X))

=1

i !

Hn—k—l(p(X)) 9, HHn_k—l(P(Xz‘)),

where the vertical maps are the isomorphisms furnished by Alexander duality (cf.
(1], p. 381).

Then, analyzing the image of the element [z¥] € Hy(B" \ X) and taking into
account that ¢ is a monomorphism by Theorem 1, and having in view the minimal
property of X, we arrive to a contradiction as above. (If k¥ = 0, we have to consider

the reduced groups Ho(S™ \ p(X)) at the first row of the diagram.) -

Theorems 4 and 5 follow immediately from Theorem 3.
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Let us note that Theorem 1 implies directly that B" is a strong Cantor
n-manifold. To prove this, one has to suppose the contrary and to apply Theo-
remn 1 to the situation X = 3", A = 98", f =id : OB" — 0B".

Further the paper is aimed at the proof of Theorem 1.

Lemma 1. Let X be a compact space, A C X be a closed subsel, and let
f: A=Y map A into the CW-complez Y. Suppose that [ is extendable over
both AUF\ and AU Fy for some closed Fy, Fy. Then there exist a neighbourhood
N(A) of A and an cxtension f' 1 N(A) — Y of f, which is still extendable over
N(AYUF, and N(A)U Fy.

This technical lemma is quite elementary and follows immediately from Bor-
suk’s lemma about extensions of homotopies (cf. [6], p. 231). It remains valid for
any Y which is ANE (Absolute Neighbourhood Extensor in the class of normal
spaces).

Lemma 2. Let X be a compact space and let A C X be a closed subset
such that X \ A = |J Fi, where F; are closed in X \ A. Let furthermore Y be an
=1

n-connected CW-complex and suppose that dimg, (F;NF;) < n, where Gy = mi(Y)
forany k 2 n+ 1. Then a map f+ A — Y, which is extendable over AU F; for
any i, can be extended over X.

Proof. The first obstruction for extending the map f lies in A" (X, A; 7,41(Y))
(cf. [1], p. 574). The image of this first obstruction in H™+2(F; U A, A; m,41(Y))
is the first obstruction for extending f over F; U A, which is trivial, since f can be
extended over F; U A by hypothesis. But, as we have already noticed, the group
H™ (X, A;mp41(Y)), in virtue of the Meyer-Vietoris sequence, is naturally iso-

m
morphic to [T H"*2(F;UA, A;m,41(Y)). Hence, this first obstruction is trivial. We
1=1
have the same situation for the second, third and higher obstructions. Therefore,
there i1s no obstruction to the extension of f over X.

To go further, we need the following construction.
Let X be a locally compact space and let 6 = {F;}{2, be a covering of X by
closed sets. For any A C X let us'set

Alo) = A\ | Inta(Fi 0 A).
i=1
It follows from Baire’s theorem that A # A(c) for any non-empty closed set A. We
may define by transfinite induction a decreasing transfinite sequence of closed sets
B, as follows:
By =X, By = B,-1(0) for a non-limit ordinal «,

B, = () Bjp for a limit ordinal «.
B<a

We call the family {Ba} filtration of X generated by o. Furthermore we shall
have to manage with the following situation: X is a compact space, A is its closed
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subset, and ¢ = {F;}$2, is a covering of X \ A by closed in X \ A sets F;. The
main property of the filtration of X \ A generated by ¢ is the following:

(P) For any neighbourhood N of AU By in X there exists such an m that
AU B, is contained in the union N U F U ... U Fp.

Indeed, B, \ N is a compact space covered by the interiors of F; with respect
to Ba, so we may choose a finite subcover and take m greater than the maximal
index of elements of this subcover.

Lemma 3. Let X\ A = U F;, where A is closed in X and F; are closed in

X\ A, and let dimg, (F; N F;) £ < nfori#j, k2n+1, where Gy = mp(Y) for a
given n-connected CW-complez Y. Suppose that “the map f : A — Y 1s extendable
over both AU F, and {A Uy Fi}. Then f is extendable over X.
1=2
Proof. Let {Bqa} be the filtration of X \ A generated by {Fj}$2,. Let o be
the smallest ordinal such that it is still possible to construct a continuous map

fo : AU B, — Y which is extendable over both F; and [U Fi]~ It follows
i=2

from the compactness of X and from Lemma 1 that a cannot be a limit ordinal.
Hence there exists o — 1, or « = 1. The second case concludes the proof. It is
sufficient now to lead the first case to a contradiction. Lemma 1 provides us with
an extension f : N(AU Bgs) — Y over some neighbourhood of A U By, which is

[o v}
“still extendable over both Fy and [ U Fi]. By property (P) of the filtration we
i=2

m
have By_1 C N(AU B,)U | F; for some m.
1=2
To obtain the needed contradiction, it suffices to prove that f) is extendable

m

over |J Fi. According to Lemma 2 it is sufficient to prove that f; is extendable
i=1

over F; for any 7. But this is true by the hypothesis.

Proof of Theorem 1. Let X\ A = |J F; and {B,} be the filtration generated
i=1

by {F;}$2,. Suppose that « is the smallest ordinal such that the extension of f on
AU B, is possible. It is possible to extend f on some neighbourhood N(AU By).
If we assume that o is a limit ordinal, then B, = () Bg and in virtue of the
B<a
compactness of X one may conclude that for some 8 < o we have AU Bg C
N{(AU B,) in contradiction with the minimal property of o. If o = 1, the theorem
is proved.. Suppose that o # 1. Then a — 1 exists and we have some extension
f': N(AUB,) — Y. For any 7 we may extend f over F; by hypothesis. According
to Lemma 3 we may extend f over F; U By, and by Lemma 2 we may extend f

over U F; U B, for any m. Therefore by the property (P) of the filtration we may
i=1
extend f over 4 U B, in contradiction with the minimal property of .
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CLASSIFICATION OF DECOMPOSABLE MANIN TRIPLES
AND SOLUTIONS OF THE CLASSICAL
YANG-BAXTER EQUATION

TONY PANTEV, VASIL TSANOV

Towu Hanmes, Bacua anos. KIITACCUPUKALNA PA3JTOKNUMBIX TPORHBIX CUC-
TEM MAHVWHA U PEIIEHUA KJJACCUUECKUX YPABHEHUNA AHTA-BAKCTEPA

ITonyuyena kaaccudUKanMsa pa3oXMMBIX TPOHHBIX cucTemM Manuna anrebp Jin nan
«pou3BoALHON raaakoi anrebpanyveckoit kpusoil. aercs onncaHne COOTBETCBYIOUINX pe-
menni kaaccuueckux ypasitennit Aura-Baxcrepa. [IpusomsaTcs npumepst (u xonTpanpmu-
Meph), BLIACHAIOWME NPHUPOAY COOTBETCTBUA MEXAY oGmUMMU Tpolinnimu cuctemamu Ma-
1A M PEeICHUAMMU KJaccuueckux ypaBHenmit Aura-Bakcrepa.

Tony Pantev, Vasil Tsanov. CLASSIFICATION OF DECOMPOSABLE MANIN TRIPLES
AND SOLUTIONS OF THE CLASSICAL YANG-BAXTER EQUATION

We classify decomposable triple Manin systems over an arbitrary smooth algebraic curve and
describe the corresponding solutions of the classical Yang-Baxter equation. We also give some

examples and counter-examples clarifying the nature of the correspondence between general triple
Manin systems and solutions of the classical Yang-Baxter equation.

1. INTRODUCTION

In the present paper we discuss solutions of the classical Yang-Baxter equation

(1) ([r, 7]) Erb 2y, ua), rlfi*(ul, uz)] + [r13(uy, ua), r>3(ua, us)]

+ [Py, ug), 123 (us, us)] = 0,
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rh2(uy, up) = =12 (ug, uy),

where r(u;, uz) is a rational function of the cartesian square X x X of an alge-
braic curve X, which takes values in the tensor square of a simple finite dimen-
sional Lie algebra p, and, e. g., 71'3(uy, u3) is the superposition of the functions
r:XxX —p®@pand ¢13: pRp — U(p)®3, defined by 13 (a@b) = a1 ®b (see,
e. g., [11] for details). After the works of Drinfeld and Cherednik (see [5-8] and
[11]) it is general wisdom that there is a certain correspondence between solutions
of the Yang-Baxter equations and systems of relevant infinite dimensional Lie alge-
bras called triple Manin systems (see the definition bellow). We treat the triple
Manin systems which are related to Lie algebras of types A(X)®p and R(X)®p,
where A(X), R(X) are respectively the ring of adels and the field of rational
functions on X. The study of the relevant solutions of the equation (1) is extreme-
ly important for the classification” of completely integrable systems of non-linear
equations representable as Lax pairs by the method of Adler-Konstant-Simms (see,
e. g., [10]). ,

Solutions of (1) which are meromorphic functions on C x C of type r(u; — uz)
are classified in {1, 2]. It is-also proved in [1, 3] that any solution of (1) meromorphic
on the cartesian product of two discs is equivalent (on the germ level) to a solution
of type r(u; — uz), where the function r(u) can be extended to a meromorphic
function on C. This gives a complete classification of the local solutions of the
equation (1). However, the classification of global solutions of (1) on an arbitrary
algebraic curve X is an open problem. We discuss this problem from the viewpoint
of triple systems of Manin.

In Sect. 3 we define and study the natural class of decomposable Manin
triple systems to obtain their complete classification (compare with [5], where a
very close class of triple Manin systems is defined and discussed). It turns out that
they produce essentially only one solution of the equation (1).

In Sect. 4 we discuss other important examples. The systems of Example 1 are
known ([8]), but treated in the present scheme they produce rational solutions of
the Yang-Baxter equation which seem to have been overlooked. These solutions are
not of type r(u; — u3), but can be reduced to this type by a local (trigonometric)
change of variables to obtain the well-known trigonometric solutions. Example 2
is a Manin triple which does not correspond to any solution of the equation (1).
Example 3 is known (but Remark 3 might be interesting).

2. BASIC CONCEPTS

Let X be a smooth algebraic curve (over the field of complex numbers C), let
R(X), A(X) be respectively the field of rational functions and the ring of adels
on X (for general information on adels see, e. g., [4, Ch. VIL § 2]), and let p be a
simple Lie algebra (finite dimensional).

Definition 1. A triple Manin system is an ordered triple (4, B,g ® h),
where A is a Lie algebra, g, h € A are Lie subalgebras, B is a non-degenerate,
symmetric, bilinear, ad-invariant form on A, g and § are isotopic for B, i. e.

B(&,n) =0 forall §,neg(oré,neh),
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and A = g @ h as a linear space.

We shall discuss Manin triples for which g is a subalgebra of the Lie algebra
R(X)®p. There is a general method due to Cherednik (see [5, 6, 11]) to construct
Manin triples of this type, which we summarize briefly here. Denote by At (X) the
ring of regular adels on the curve X, let (, ) denote the Killing form of the algebra
p, let S C X be a non-empty subset of X and w be a meromorphic 1-form on X.
Let ys € A(X) be the characteristic function of the set S. For each subalgebra
A C A(X) we denote by Ags the subalgebra xs.4 of A(X). Let Ag denote the Lie
algebra As(X) ® p and Hs be the bilinear form on As defined by

(2) HS(fyg)ZZResz(f,g).w,
S

Obviously, Hs satisfies all the conditions required by the definition of a triple
system.

The problem of constructing triple systems in this context amounts to finding a
couple of Hg-isotropic subalgebras g, § of Ag with trivial intersection such that the
direct sum F = g@®}Y is a subalgebra and the restriction of Hg is still non-degenerate
on §.

Cherednik proposes that the algebra ) of the triple is chosen to be the sub-
algebra A;(X) ® p, which is obviously isotropic, whence the problem reduces to
finding a suitable complement g. It is essential (and convenient) for our purpose of
looking for solutions '

reR(XxX)@(pop)
of the equation (1) that the algebra g be a subalgebra of R(X) ®p. For each triple
Manin system (A, B,g® h) we define a map p : g — (A%h)* with the formula
(3) B(z) (€An) = B(z, [n,£]).
A map p : g — A®g such that '

B(p(z),£An) = p(z) (€An)
is called a cocommutator of g (if it exists). One can check by a straightforward
computation that p is a cocycle of g with coefficients in the g-module A%g and that
p satisfies the equation pa(p(z)) = 0 for all z € g, where

def
p2(zAy) = p(z)Ay — zAp(y)

(this is exactly the adjoin of the Jacobi identity, see, e. g., [11]). If it happens that
the cocycle p 1s a coboundary, i. e. 1if
(4) r)=p
for some r € C°%(g, A%g) = A%g, then ([r,7]) is ad-variant, and with some luck we
may expect that

([r,7]) =0,

i.e. that r is a solution of the equation (1).

It is a rare occasion that the equation (4) be satisfied by some r € A?g (this
module is “too small”). In the situation we are treating, one looks for a solution of
the equation (4) (and hence of the equation (1)) as a O-chain in the g-module

B(X) =R(X x X)® (p®p)
of rational functions on the Cartesian square of X with values in p ® p.
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3. DECOMPOSABLE MANIN TRIPLES

From this moment on we treat only subalgebras of As as described above.

Definition 2. A Manin triple (As, Hs,g ® §) will be called decomposable
iff
g=1@p, h=J®p,
where I, J are subalgebras of R(X)s, AT (X)s, respectively.

Remark 1. It is easy to see that the classification of decomposable Manin
triples amounts to the classification of triples (I, J,w), where I, J are as above,
I'®J = As(X) and w is a meromorphic differential on X such that the bilinear
form :

(5) B(a,b) =Y Res;abw
S

is non-degenerate on Ag(X) and vanishes identically on I and J. Indeed, as the
Killing form on p is non-degenerate, by suitable choice of coefficients the vanishing
of (2) is reduced to the vanishing of (5).

Proposition 1. Let (I, J w) be as in Definttion 2. Then either

1) C CJ (implying J = 1156.).( =AY (X)) or

i) C C I (implying J = (HS\{y}@X) x M, for some y € S), where M, is the
mazimal rdeal of the local ring @y.

Proof. We need two lemmas.

Lemma 1. /N A} (X) CC.

Proof. Assume that there exists an f € I N AF(X) which is not constant. Let
Z1,...,Zn € X be the poles of the differential w and let k; be the multiplicity of
the pole z;. The function

g LI~ f:) )
belongs to I, because f € I, and I is an algebra over C. Obviously, g(z;) = 0 for
each 7, but ¢ does not vanish identically, because f is not constant. Thus one can
conclude that there exists a k € N such that multy, (¢*) > k; for each i. For any
a € AY(X) we have

B(a,¢*) = Z Resz(a - g% -w).
s

For each i multy,(a - g¥ -w) 2 0, and hence B(a, g¥) = 0, because for each z €
S\ {z1,...,2n} we have multy(a -g* -w) 2 0 (as @, ¢ and w have no poles in
S\A{z1,...,z}).

On the other hand, ¢¥ € I and g # 0, whence there exists (Remark 1) an
element b € J such that B(b,g*) # 0, which is a contradiction. “Thus we have
INAT(X)ccC.
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Lemma 2. J is an ideal of the ring A% (X).

Proof. Let a € AF(X), b€ J. By definition As(X) = I® J,s0a = f+a;
with unique f € I and a1 € J. But a —a; = f € A5(X), because a and a; are
elements of A% (X). Thus f € IN A%(X) and by Lemma | f is a constant. As J
is an algebra over C, we have f.b € J and a.b = f.b+ a;.b is an element of J, i.e.
J is an ideal of A% (X).

Obviously, the field C may belong to only one of the algebras I, J.

i) Let C C J. Then J = AL (X), because J C A% (X) is an ideal by Lemma 2.

ii) Let C C I. We have A% (X) C As(X) = [ @ J and by Lemma 1 we get
A¥(X) = C+J. Because of C C I we have CNJ = {0} and hence A¥(X) = Ce&J.
By Lemma 2 J is an ideal in A} (X) and Af(X);s = C, whence we conclude that

J is a maximal ideal. Let z € S, then J, « 6z But @m is a local ring, hence we
have two possibilities:

either J, C M, or J, = (AH(X))z = O,

HJj, = (55 forallz € S, then J = A}’(X), which contradicts A}'(X) = C&¢J. Thus
there exists an y € S such that J, € M,, whence J C Hs\{y}@x x M, a A (X).

But J is a maximal ideal, 1.e. J = HS\{y}@x x M, , which concludes the proof of
Proposition 1.
In the following theorem we keep the notation of Proposition 1.

Theorem 1. Let (I, J,w) be as in Definition 2. Then:

) If CC I, then there exists a function u € I which is injective on the set S
with the following properiies:

a) w = dz, where z = u™!;

b) The multiplicity of z at all points of S is 1;

¢) Let uy = (2 — z(z))~!. The algebra I is generated by the functions u for
all z of S.

ii) If C C J, then there exists a function u € I which is injective on the set S
with a pole al the point y such that:-

a) w = du;

b) The multiplicity of u at all points of S\ {y} is L;

¢) The algebra I is generated by the functions 1, u, (u —u(z))™! for all z €

S\ {y}.

Proof. Case ii). The fact that As(X) = I ® J yields for each z € S the
existence of a function

¢ €1

which has one simple pole in S at the point z.
By Lemma 1 each function f € I has at least one pole in 5. Thus each z
determines ¢, up to a constant. Obviously, the algebra I is generated by the
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functions 1, ¢, for all z € S. By Lemma 1 for a fixed x € S the function
(¢z —6=(Y)) - (dy — dy(X)) €1

is a non-zero constant, whence ¢, is a non-degenerdate Mobius transformation of

¢y . We set

def
u = ¢y;

so now the algebra [ is generated by
1, u, (u—u(z)™!

for all z € S\ {y}. We expand the differential w at each point ¢ € S in power
series. At each point z € S\ {y} the differential w is regular. Indeed, fix z € S\ {y}
and denote by z, the meromorphic function u — u(z). The function z, is a local
parameter in a neighbourhood of the point z.

Let the Taylor expansion of w in the parameter z, be

w= (k2 4+ )dz, k21, ap#0.

Define the adels a and b by

def - def
ap = Xac(p)-ziC 1) bp = Xx(P)

for a point p € S, where x.(') is the characteristic function of the set {z}. As

Jo = @z, we know that ¢, b € J. By Remark 1 the bilinear form B is isotopic on
J,i.e. B(a,b) = ay =0, which is a contradiction.

To estimate the order of the pole of w at the point y, consider the Taylor

expansion of w at y in the local parameter z = u~?:

w = (cy_;c.z“’c + o taqg.z  Fag+ - ). dz.
The adel a defined by a, = x;(p).z obviously belongs to the algebra J = 90, x

HS\{y}@z. Also by Remark 1 we obtain B(a,a®) = 0 for each s 2 1. Direct
computation of B(a,a®) gives

B(a,a’) = o_(s542) =0,

whence the order k of the pole of w at y is estimated by k < 2.
Assume that £ < 2. Then the Taylor expansion is

w = (a0+)dz
as 1 € I, using Remark 1, we obtain '

a_1 = B(l, l) =0.
Let o be the first non-vanishing coefficient. We compute B(u't!, 1) and obtain by
Remark 1 (note that 1,u € I) that

: oy = B(u't1,1) =0,

which is a contradiction. Thus o2 # 0 and normalizing u we may presume that
a_9 = —1. The same argument as for oy gives a, = 0 for all n 2 0, whence

w=—z"2.dz =du,

which settles case ii).
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Case i), Let 2 € S, ¢, € I, and z, be as above. The differential w has no poles
in S. Indeed, if the Taylor expansion of w at some point & € S were

w=(a—p.2;%+ ). dzy with & 2 1 and a_j # 0,
then for the adel @ € A¥(X) = J defined by ay = xz(y).25~! we would have
a_ = B(a,1) = 0, which is a contradiction. So, for each z € S we have
w=(af+af 2.+ +alzb+. ) dz,.
But ¢, € I and it has no pole in S\ {z}. Hence
' a; = B(¢z,¢3) =0

for all s = 1. Thus in a neighbourhood of z we have

w = dzg
(normalizing ¢, suitably). Let y € S be an arbitrary point. Obviously, the func-
tions ¢z = z7 ! (z € S) gencrate 1. Denote u = z,. The differentials w and du are
meromorphic sections of Q}(X), whence f = 5-:; 1s a global meromorphic function
on X. But w and du coincide in an open neighbourhood of y, hence f = 1 and

w = du.

Similarly, w = dz, for each ¢ € S. So dz; = du for each ¢, 1.e. z; = u + ag,
where a, 1s a constant. But z;(z) = 0, whence a; = u(r) and the algebra I is
generated by v, = (v — u(z))™! (z € 9).

Remark. Repeating the above arguments at each point £ € 5, one can prove
under natural restrictions that if we assume the differential w to be adel (not a
global meromorphic differential on X), no real generalization is obtained.

Corollary 1. If § = (As,Hs,g® h) is a decomposable Manin triple on a
curve X, then there ezists a decomposable Manin triple §' = (A", H',¢'®Y') on P*
such that § is the pullback of §' by the functionu : X — P! defined in Theorem 1.

Proof. In the notations of Theorem 1 we have: the algebra I is a direct sum
I = @ ugy.(C.ug) (as a linear space) in the case i), and I = COC.ud ( 6{5 : C(u—
s S\ iy

u(z))™!) in the case ii). This remark makes the corollary obvious.

The Killing form on p is represented by a symmetric, non-degenerate, ad-
invariant element k € p* ® p*. Let K be the element of Hom(p,p*), canonically
corresponding to k. If K~ € Hom(p*, p) is the inverse linear map of K, then there
is a non-degenerate, symmetric, ad-invariant element k~! € p ®p, canonically
corresponding to K~!. For an arbitrary function f € R(X) we denote by r; the
p ® p valued function on X X X defined by the formula

(©) ri(e,y) = (&) = f) 4
Let @ be the differential of the cochain complex C*(g, B). In the following theorem

we describe the cocommutators p : g — A% g of the Lie algebras appearing in the
current context.
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Theorem 2. Let (As,Hs,g @ h) be a decomposable Manin triple, and let
(I,J,w) be the corresponding triple as in Remark 1. Then:

i) In the case i) of Theorem 1 we have p(z) = 8(r,)(z) for all x € g;

ii) In the case ii) of Theorem 1 we have p(z) = —d(ry)(z) for all z € g,
where u, z € R(X) are determined in Theorem 1.

Proof. We shall prove only the case 1). The case ii) can be proved similarly.
We have [ = %9 uz.(C.uz), hence the functions of the set

{ub@alk21, z€8 acyp)
span g as a linear space. Denote by a.z} the adel (a.z}), = 6,(z).(a @ z}). Tt is
obvious that
azle AA(X)®p=h.
The form Hs is a non-degenerate on As(X), so it is sufficient to prove that
Hs(p(uf @ a), b2l ® c.2l) = Hs(0(r.) (vt ® a), b.2" @ ¢.2T) for each z € S,

a,b,c€p, k21, n,m > 0. Let us define for each z € S the functions v,, w;, a,

8. € M(X x X):

vy X x X —-C wy : X xX—C
(P, q) — uz(p) (p,q) — u:(q)

ar c X xX —-C B i X xX—C
(P.q) — z:(p) (P, q) — z:(q)-

In this notations we have 7, = (o — §).k~! as a meromorphic function on X x X
and if k=1 = Za,- ® b; € p® p, then we compute 9(r,)(ut ® a) as follows:

A(r.)(uf @ a) = Za (@ = B) " a; @ bi)(uk ®a)

_Z {a=p)" ' ad, al®b+w (a—ﬁ)’l.ai®bi).

But £~' is an ad-invariant element of p ® p, whence ad,k™! = 0, and whence
Eadaai &b; = — Z a; ® adgb;.
i :
Thus
O(r:)(uz ® a) = (v; —wj Zad a; ® by

= (vp —we).(VE 7 4w (e = B)7! .Zadaai ®b;.

H

By definition we have o = v™!, 8 = w™!, and 2z, = z — z(z), hence uu! =
(z=2(z)).2"' =1~ 2z(z).u, and _
(vz = wg) (o = B)71 = (Vg — wg)(w — v) " owv = —vpwe vw.(vw) ! = —vpw,.

Finally, we obtain

Ar) (vt ®@a) = —(vEw, + -+ whv,). Z adsa; ® b;.
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Let us compute -

Hg((?(?‘z)(ufg ®a), bziAcz]') = —HS(Z v;w’;H_s.adaai ®b;, b.zlAc2])

1,8

1
=7 > (Resg(277° dz,) Resy (7~ ¢ 0¥ dz, )

x (adqas, b).(bi, ¢) — Resy (20 ™%.dz, ) Res, (22~ 5 FD+s 420 ) x (adgai, ¢).(bi, b))

1
:‘5'2(5"’ s+1-0m, k+2-s5-(adaai, 8).(bi, ¢) = b, s41-6n, kt2—s.(adaas, c).(bi, b))

1

=~ pm k1. zi:((adaai, b).(bi, ¢) — (adaas, c).(b, b)).

Using that ad,k~! = 0, Va € p, we write
Hg(0(r, )(u’C ®a), bzl Ac.zl)

= n+m k+1- Z ad (12, bz»c) (ai;c)~(adabi;b))-

As k™1 is a symmetric tensor and the Killing form ( , ) is an ad-invariant, we can

write the identities

——Z ((adgay, b).(bi, ¢) + (a;, ¢).(adg by, b))
_Z ((a;,adgb).(bs, ¢) + (ai, c).(bi, adab))

=2.(k71 adsb ® ).
In such a way we obtain
Hs(0(r)(uk ® a),b.22 Ac.zT) = bpymps1-(k7F, adab ® ¢).
For p(u* ® a) we have by definition - '

Hs(p(uf @ a), b.zP Acz™) = Hs([uf ® a,b.27],c.2M) = Hs(2] " ® [a, 8], c.2

= 6n+m,k+1 .(adab, C).

But (z ® y,a®b) déf(x, a).(y,b) = k (z,a).k(y,b), consequently
(™1, adab® c) = (k™ '(keadad), K(c))
= (K~ o K(adab), K(c)) = (adsd, K(c)) = k(adab,c) = (adgb, c)

(here {, ) is the natural pairing of p and p*). '

Thus

Hs(d(r,)(uf @ a),b.22 Ac.2l) = bpymps1-(k77, adab ® c)
= bnym k+1-(adab, ) = Hs(p(uﬁ ®a), b.zl Ac.zl),
i.e. p(z) = d(r;)(z) for each z € g.

265



It is obvious that any two solutions of the equation (4) with a fixed cocom-
mutator p differ by an element ¢ of the module B(X) such that d(¢) = 0, i.e. by
elements of H°(g, B). Thus the problem of uniqueness of solutions for the equation
(4) is solved by the next proposition.

Proposition 2. In the notations of Theorem 1 we have
(7) HO(p, B(X)) = 0.

Proof. Let p, be a Cartan subalgebra of p and let I = {a1,...,ar} be a
fixed system of simple roots for py. Let {e3 }aca-, {e2}i=1, .1, {Cg}ﬁeA-}- be the
~corresponding Weyl base. We know that it satisfies the following relations:

[0 e2] = a(ed)e;, Vae AT,

i

(e, ef] = p(el)-e, Vue AT,

(*) [ef,el]=0, Vi,j=1,...,m

eZared] =D aled)el, Vo€ AT,
+
[ef,ef] = {N‘*ﬂ'eaw’ atfF0€A,

A p 0, a+B8#0€A.
Hence the base of B(X) over the field R(X x X) is

ex ®ep, €a ®ef, eg@ef,

Docs, e, doc,

el ®e;, €l ®e], el ®ef
foreach o, BEA™, 4,7=1,...,r, A, p € AT,

Let A € B(X) be an arbitrary element and f;ﬁ“,...,f;': € R(X x X) be
the coefficients of A of the corresponding base element (e. g., e5 ® e and so on).
Assume that A € Z%g, B(X)) = H%(g, B(X)) C B(X). Let u € g be non-constant
(there exists such an element u by Theorem 1). We have

9(A) =0, O(A)(u*®a)=0.

By the relations (x) we obtain for the coefficients of 9(A)(u* @ e7) the following
expressions:
— for the coefficient in front of eg ® €5

Fz5 0.0) = o(ed).fo (p,g)-w*(p) + B(eD) S5 (p @) u*(a), Ve, BEAT;
— for the coefficient in front of e, ® €?:
Fl(p,q) = o)) 20 (p ) u(p), Va€A™ Vi=1,..,m;

— the coefficient in front of e} ® €} vanishes identically, and so on.

If 0(A) = 0, then all the coefficients of O(A)(u* @ €?) vanish identically on
X x X. Consider for instance a(e?).uk(p).f;;(p, g)=0foreachk 2 1,t=1,...,r.
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For each a, 3t : a(e?) # 0 (because o is a non-zero root of p, and €?,... €0 are a

base of py). Then for a suitable ¢ we have u(p).£:2(p, q) =0, VY(p,q) € X XX, i e.
f;lo = 0. Similarly, fﬁ = fw = =0, Vi=1,... Voz EAT; VA ue AT,

Also fog (p,q)-(e(ef).u*(p) +ﬂ(61)- (@) =0, Yk 2 1, t= 1,--~,r; V(p,q) €
X x X.
Let

D(u) ={(p,q) € X x X [u(p) = u(g)} Usupp(divxx (u)).
If we assume that f3; (p,q) # 0 for some point, then f_ 7 (p,¢) # 0 in an open
subset of X x X. The set D(u) is closed, hence fap (P,q) # 0 in an open subset

of X x X \ D(u). Setting k = 1,2, we obtain for each (p, ¢) in an open subset of
X x X\ D(u):

a(ed) u(p) + B(e?).u(a) = 0,
a(ef) w?(p) + B wt(g) = 0, Vi=1,....r

The determinant of this linear system is u(p).u(q).(u(p) — u(q)) and it does not
vanish for (p,q) € X x X \ D(u). Hence this system has only the zero solution, i. e.
a(ed) =0, Vt=1,...,r, which is a contradiction, because « is a non-zero root and
e, .. ., €2 are a base of p,. So we have fag = f;;' = f;ﬁ_ = ;: = 0. The above
argument implies that for A € Kerd we have

_ 0 0 00
A= g €, ®e; ® fij .
, i

Consequently, for « € A™, using the fact that 8( Yut ®e;) =0, Vk 2 1, we
derive a(e?). O(p q).uk(p)=0foreachi,j=1,....,r, a€ A" and k 2 1

But for each i = 1,...,r there exists @« € A~ such that a(e?) # 0, hence
setting k = 1 we obtain u(p).f2’(p,q) =0, Y(p,g) € X x X,i.e. fi? =0.

It turns out that for all trlple systems described in Theorem 1 there exists
a solution ry of the equation (4) which coincides (up to pullback from P! to the
curve X) with the well-known “rational” solution (6) of the classical Yang-Baxter

equation {(compare with [8, 11]).

Remark 2. It is easy to construct Manin triple systems on an arbitrary curve
X, which are “subtriples” of those described in Theorem 1 and which determine
the respective curve X (by taking the intersections of Ag and h with R(X) ® p).
However, one can check that we get no essentially new solutions of the Yang-Baxter
equation in this way.

4. OTHER EXAMPLES

Apart from the solution (6) there are two well-known classes of solutions of the
Yang-Baxter equation — the elliptic and the trigonometric solutions, described,
e.g., in [1, 2, 8 10]. While (as known) the elliptic solutions are directly obtained
from (non-decomposable) triple Manin systems which we shall describe briefly
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later, we show here that the trigonometric solutions are obtained from rational solu-
tions of the equation (1) (and (4)) corresponding to suitable triple Manin systems,
which we proceed to describe.

Example 1. Let X = P!, S = {0,000}, and let ¢ be the co-ordinate function
on P'. Let u(P') be the ring of polynomial adels on P!, Denote 4 = u(P!)s @ p.
One may interpret A as the cartesian square L(p) x L(p), where

Lp) €t op

is the non-twisted affine (Kac-Moody without central extensions) Lie algebra of p
(see, e. g., [9]). Indeed,

A=u(P)s ®@p = (Clt,t™ Do) ® p x (C[t,17 o0} @ p-

Thus the first factor L(p) is the polynomial algebra C[t,t=1] ® p interpreted as a
subalgebra of the adels at the point 0 € P!, likewise the second factor at co. Denote

g=(Clt,t™" s ®p = L(p).
We choose a Cartan decomposition of p:
p=n_Onodny,

and hence of L(p):
L(p) =n- @ 1o & Ay,
where
i_=n_@( LCt7)op), fo=ny, ny =1, & (tCHOP)

(see [9, p. 78]. For each a € A denote by a® the projection of (a)o on fig and with
a® the projection of (@) on Ty (note that Aoy = A{e} = L(p)). Define

b= {a € (b-){0} X (bs){eo} |a®+a =0},

Let w be the meromorphic differential ¢=1.d¢ on P*. Then (A, Hs,g®bh) is a triple
Manin system. The cocommutator p of g i1s described as follows:

p(f{j) = 0,

where Xii, H; are the canonic generators of the Kac-Moody algebra g 2 L(p) (see
[11]). A straightforward computation gives an element r € B(P') such that r is
a solution to both equations (1) and (4). Thus we get a rational solution of the
classical Yang-Baxter equation, which corresponds to the Manin triple (4, Hs,8®
h). If we substitute exp(u) for the co-ordinate function ¢, we obtain the so-called
trigonometric solution of the classical Yang-Baxter equation, which is studied in
detail in [1, 2].
The solution r for the case p = 5| (2, C) is the following:

1
r=(t—s)"'.(te- @eq + Z(t +5)eo®ep+seQe),
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where 1, s are co-ordinate functions of the first and the second copy of P! in B(Pl) =
R(HDl x P') @ (p ® p), and {e_, e, e4) is the canonical Cartan-Wayl basis of the
algebrap =s5|(2,C).

Example 2. We preserve the notations of Example 1. Define
h={ae(b-®Cltt )0y x (bs ® C[t,1™ ) o0} |

mo((a)o) + mo((a)es ) = 0},
where 7o is the projection on the subalgebra C[t, 1= ®no C L(p). Again (A, Hs, g®

h) is a triple Manin system, but this time there exists no cocommutator of the al-
gebra g determined by it. More explicitly, the functional defined by formula (3)
is an infinite series and does not correspond to any function p : g — A%g. Pre-
sumably, this pathology is due to the choice of the “bad” definition of the “Cartan
subalgebra” of L(p), contrary to the “good” definition in Example 1. Observe that
this drastic change in the cocommutator situation of g is achieved by changing only

the “b” part of the triple system.

Example 3. For completeness we include a brief description of the triple
Manin system generating the elliptic solutions of the classical Yang-Baxter equa-
tion. For more details see [1, 10]. Let I, Iy be the internal automorphisms of
5| (n,C), defined by the matrices

10 ...0 10 ... 0
01 ... |
m= |0 0 = U
10 ... 1| 0 0 ... en-!

where € is a primitive n-th root of unity. Let X = C/{Z @ Z7} be an elliptic curve.
We choose S = {0}; w = dz (z being the co-ordinate on C); p = 5|(n,C). Define

o= {rer(0 @plf (x4 5T = O,

and f has no poles outside the set {k + I'T} .
5

.on

The well-known elliptic solutions of Belavin (see, e. g., [10]) correspond to the
cocommutator of the algebra g determined by the Manin triple (As, Hs,g @ b).

Remark 3. The elliptic solutions of Belavin are the only essentially non-
rational solutions known (to us). It is curious to observe that the triple of Example
3 generates also a (local) solution 7 of the equations (1) and (4) determined by the
cocommutator of the algebra h. As a function of the local parameter z, 7 coincides
exactly with the “rational” solution r, (see formula (6)).

Remark 4. One can check that the analog of Proposition 2 is valid for all
examples treated above.
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O K4+-TPA®AX

HUKOJ AW XAIKUUBAHOB

Huxoral Xadocuueanoe. O K;-I'PAPAX

G Ha3biBaeTCH ]\",{-rpatﬁ:om, €CJIM NpY NPOU3BOJNLHOM 2-pacKpacke ero peGep mosiBiA-

JOTCA MOHOXPOMAaTHUUECKME TPeyroJibHMKU ¢ obmel cTtoponoit. Yepes R“(K;) obo3Havyaem
MVHUMaJIbHOE YNCJIO BEPHIWH I\"i—rpad)on ¢ KAUKoBBIM uncsioMm k. Ilokazanbr HepaBeHCTBA
R°(K}) £ 29 m RY(K}) £ 61.

Nikolaj Khadzhitvanov. ON K;-GRAPHS

(i is called K-graph if for every 2-coloring of its edges there are monochromatic triangles

with common edge. By Rk(Ki) we denote the minimum of vertex number of K-graphs with
clique number k. The inequalities R®(K}) £ 29 and R*(K}) £ 61 are proved.

1. BBEAEHUE

Mycts dukcuposan Hekotopwlit rpad I Ilusa rpada G 6yaem roBopurTh,
yro oH aABIAercA [-zpagom, ecnm nnsa nwoboit 2-packpacku pebep rpada G
uMeeTCA XoTA 6Bl oauH noarpad sToro rpada, KOTopeil 0IHOBPEMEHHO MOHO-
xpoMaTnuer 1 usomopoen rpady I'. Cornacuo reopeme Pamcen [1] umerorca
[-rpadm.

MunnMmabHOE N, KOTOpOe ABJAETCA YUcioM BepuuH [-rpada, o6o3naya-
ercs yepe3 R(I') n nasweiBaerca wucaom Pamces zpaga T

Yepes K,, o6o3HavyaeTcA MONHLIN n-BepIIMHHEIH rpad, a uepes K/, — ero
noarpad, MoNyJYeHHBIR yxaieHIeM HEeKOTOporo pebpa us K.
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B nacrosieil 3aMeTKe [AOKa’KeM HECKOJIbKO IIPeJUJIOMKEHUMA, OTHOCAIIMXCA
k I-rpadam B crietmanssom cayvae [' = Kj. B [2] {em. Tarxe {4]) nokaszaHo,
aro Kjo asnserca Kj-rpadom, oanako Ky Her, Tak yro R(K}) = 10.

B [3] mokazano, uyro nas mwboro rpaga I' cymectsyer I-rpad ¢ Tem ke
KJIMKOBBIM unMcyoM. ClieaoBaTelbHO uMeloTCs K j-rpadbl ¢ KIUKOBLIM UUCIOM
3. Hns namnoro k ¢ R*¥(T) 06031HaunM MUHMMAILHOE 1, JUIA KOTOPOr0 UMEETCA
I'-rpa¢ ¢ kimMkoBbIM UUCIOM k.

3iech Haitmem olleHKM cpepxy i uucen RP(K}) u RY(K})).

2. CYHHECTBEHHO 3-CTEITEHHBIE I'PA®BI

I'pa¢ G Gyiiem Ha3bIBaATL cywecmeenno J-cmenewnblMm, eciIu AJA J060-
o pa3bueHuUs MHOMXKeCTBA ero BepUIMH B 00belVHeHNe ABYX [0 AMHOMeCTB A,
XxoTA Bbl aiisi onHoro A; BepHO clenylolllee: Kak Dbl HUM BBHIOMDAJM BEPHINHY
v B A;, ocTaiibHBIC BEPIUMHLI MHOXecTBa A; nopowjaior noarpad rpada G,
KOTOPBIA UMeeT cTenelb xots 661 3, 1. . deg{Ai\v)g 2 3. CoBepurenHo nerko
YKa3aTh MpUMEpPLI CYUIECTBCHHO 3-crerennbix rpados. Ilna nac npeacrapis-
JOT UHTEpPEC TAKUE M3 HUX, KOTOPble UMEKT KIAMKOBOE UUCIO 2.

[NPUMEP CYILIECTBEHHO 3-CTEIMEHHOIO I'PA®A C KJIIMKOBhIM UUCJIOM 2

Mycts, Vi, 1 £¢ £ 5, - an3bIOHKTHBIE H-sneMeHTHble MHO)ectBa. [lo-
aoxuM Vo= UV, u obbsasum V MHOXecTBOM Beplund rpada H, B KOTOpoM
JIBE BEPIIMHLI CMEXHBI TOrJA U TOJILKO TOTHA, KOTZa IIPHMHALIEKAT COOTBET-
creenHo a8ym Vi mu Vig, ,rae 1 £ i <5 u Vg = Vi, OueBunno B rpape H
HET TPeyroJILHUKOB, TaK 4To »ro kiHkosoe uncio 2. I'pad H nonyuaercsa us
npoctoro mukaa Cy pacllernyieHMeM KaKJ0# U3 ero BCpIIMH B 5 Ionelt, npudem,
KoHeuHo, noboe pebpo paciuennseTcs B 25 jouneit.

Jlemma 1. Toasko wmo nocmpoennnt epad H seasemed cyuwecmsenno 3-
cmenennbM epadom.

Hoxasameavemeo. Ilyctn V = A U Ay, Tak rkak muoxkecrBo V; — H-ane-
mentioe 1 V; = (VN A) U (Vi N Ay), 170 xotrs Obl 02140 M3 MHOXecCTB V; M Ay
umm V; N Ay umeer xota 3 saeMenton. Yucio MHOoXKecTB V; paBHseTcA 5 U
1109TOMY JUIAl 0JIHOTO M3 MHICKCOB j € {1,2} umeroTcs Tpu MHIEKCA €, LIS KO-
Topeix |V; N A;| 2 3. Caenonarensno HaliayTces Taxue i u j, uro |V; N A;|

[Vi+1 N AJI > 3. llycrtn V; 0 A]' » {al,ag,ag} u Vi+1 ﬂAj D {(M;,(ls,ds}.
Sr1u 6 BepuH nopoxaaoT B H noaHelit Guxpomarudeckuit rpad K3z u, ove-
BUIHO, yAanasa mobyio u3 Hux, monyumm noarpad Ky sz. Tenepw AcHo, uTo
VAQIAA TIPOU3BOJILHYIO BEpPIUMHY v M3 A;, oCTasbHbIC BEDIIMHBLI 5TOI'0 MHO-
KeCTBa MopoxkaaloT noarpad rpada H KOTOPDBIA UMeeT cTeleHb X0TA OBl 3,
410 M TpefoBaloCh HOKA3aTh.

IIpoGnema. Haitn MuHumaabHOe n, JJIA KOTOPOro CYLICCTBYeT n-Bep-
TIVHHBIA CYIECTBEHHO 3-CTeleHHbI rpad ¢ KIUKOBBIM YNCIOM 2.
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3. COEIVMHEHUWE CBA3HOI'O U CYIIECTBEHHO
3-CTEINEHHOI'O 'PA®A

ycts L — cBAsHBIf rpad, a M — cymecrBenHo 3-cTemeHHbIA rpad u
sTH JABa rpada He uMeloT o6wuUx Bepiuna. Yepes G 00o3HAUUM COeaMHEHME
rpadoB Lu M, G=L+ M.

Jlemma 2. FEcau npu nexomopotl 2-pacxpacke pebep 2pada G = L+ M nem
smonorpomamuneckuz K}, mozda nodepad L monozpomamuren.

Joxazameavemeao. QuUeBUIHO, NOCTATOYHO B KadecTBe L UMETb BBUIY
cpAslBt 2-pebepublit rpad, T.e. cudrarTh, uyro L cocToMT M3 ABYX pebep
(a0, a1] # [ao, az] ¢ obuteit BepumHoit ag. JlomycTUM, IPOTUBHO TOMY, UTO Tpe-
fyerca j0Ka3aTh, 4YTO MMeeTcsa 2-packpacka pebep rpada G, npu koTopoit
pebpo [ag, ay] — uvepHoe, a peGpo [ap, as] — 6eyloe, npUyeM HCT MOHOXpOMa-
Tuaecknx K.

Yepes A} 0603HaYMM MHOMXKECTBO BCeX BepluuH nojrpada M, nobas us
KOTOPBLIX CBA3aHA C BEPUIMHON ag YepHbiM pebpoM. Uepes Ay oGosnauum Mio-
»KECTBO BCEX OCTaJBbHBIX BeplinH rioarpada M, Tak 4To BepnmHa ag CBfidaHa
¢ moBol U3 BepluuH MHOXKecTBa Ay GelibiM pebpom.

YcranopuMm, uto B A; uMeerca Takad BepumHa ¢;, uto deg(A; \ ¢;i)mr £ 2,
YO0 UPOTUBOPEUUT TpeJUIOJIOKEHUIO, YTO M ABAMETCH CYIECTBEHHO 3-cTe-
nenupiM rpadoM. Pasymeercs, u3-3a CMMMeTpUM, 3TO JOCTAaTOUHO JIOKA3aTh
TOJUBLKO [UIA MHOMXecTBa Aj.

Bce Bepinmmisr MHOMKecTBa Ap, 32 UCKIIOUEHUEM caMoe Gollee 0J(HOW, cBA-
3alibl BEPUIMHON ay BeiibiM pebpom, TIOTOMY YTO MHade cyllecTBoBasM Obl ABA
Jepible TpeyrodbEUKa ¢ obnielt cTopoHo# [ag, ay], T. €. nMeun Gbt YepHBIA K.

WUrak, B A] uMeeTcs BepiiuMHA €), TAKas YTO BCe BeDIIMHBI MHOXECTBa
Ay \ ¢; cBasansl GesbiMu peGpaMyl ¢ BepIIMHOM ay .

Teneps yxe HeTpyaHo coobpa3uTh, 4UTO B IOPOKIEHHOM HoArpade
(A1 \ c1)M HeT CMeKHBIX YepHBIX pefep U HeT cMexHbIX 6eieix pebep. leidc-
TBUTENLHO, eciu nMmerorcA B (A \ ¢1)m depHble pebpa ¢ obmieil BepUIMHOM v,
Toraa Mpl MMesn Obl IIBa UepHEle Tpeyrojbhuka c obulei ctopoHoit [ag, v, a
QCIIM MMeIoTCA ABe Gesble pebpa c obmeit BepumHO#d v, Toraa [ay,v] Gyxer
obuelt cTopoHOM HBYX BenblX TpeyrojJbHUKOB.

Oxonvarensho B rpade (A;\¢1)p HeT cMexHBIX pebGep 0JMHOKOBOTO MBETA
M CleHOBaTENbHO HET Bepiiud cTenenu 3. Taxkum o6pa3oM NoKa3aHo, 4To B A4
uMeeTca Takad BepumHa ci, 4ro deg{A; \ c1)pr £ 2. Kak MBI yske oTMeTHIH,
TaKUM >Ke 06pa3oM J0Ka3bIBAeTCA, 4YTo B Ay MMeeTCA BepHIMHA Cg, I KOTO-
poit deg({As2 \ c2)mr £ 2. OxasweiBaercd, rpad M He cylecTBEHHO 3-cCTenelleH,
Yro AIBIAAETCH MPOTUBOPEUNEM.

IokaszaTennCcTBO JieMMBI 2 3aBEepIIEHO.
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4. Ki-T'PA® C KJIMKOBBIM YUCJIOM 5

W3 nemmbr 2 s51eMeHTADHO BBITEKAET:

Jlemma 3. Ecau M — cywecmeenno 3-cmenennsiii epag, mozda coedunenue
G =K} + M seasemes Kj-epadom.

Loxazameasvcmeo. Ecian monmycTuTh, UTO yTBEpPKIEHWE He BepHO, TOrJa
Halinerca 2-packpacka pebep rpada (- 6e3 MOHOXpPOMATUUECKUX NMOArPadOB,
uzoMop¢ueix rpady K;. Tornma, cornacuo nemme 2, noarpad K4 6yner mo-
HOXPOMATUUYECKUM, YTO SBJAETCH HPOTUBOPEUYUEM.

ITycte H — rpad, onpenenenHslit B 1. 2. W3 semMMbr 3 TpuBuaJbHO cile-
Ayer

Teopema 1. Coedunenue G; = K4 + H sesgemca Kl-zpadom ¢ xauxoawvim
4 4
qucaom .

leitcTBUTENBHO, U3 JIeMMEI 1 M 1eMMbl 3 CJedyeT, uto coeauHenne (G fAB-
asierca Kj-rpadgom. KiUKoBoe YuCiio 8TOr0 COEAMHEHUA PABHACTCA 5, IIOTOMY
4yro ciaraeMoe K; MMeeT KJIMKOBoe uucao 3, a ciaraemoe H — 2,
Tak kax uuciio BepumH coeavHenus (G; paBHAercA 29, To U3 H0Ka3aHHOM
TEOPEMBI CHIeLyeT, UTo
R3(K}) £ 29.

IIpo6rema. Haittu R*(K}).

5. K{-TPA® C KIMKOBBIM UMNCJIOM 4

Paccmorpum rpa¢ Ha ¢ur. 1, cocToammit u3 Tpex 5-UMKIOB ¢ AByMA 06-
UMY HECMEXXHBIMU BePIIMHAMI; i-bIi O-LMKI HyMepoBaH uj, uh, uh, u}y, uj,
npuyeM ub =a, uf =b,1=1,23.
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W3 aroro rpaga momyuum Hosblit rpad H clenyomuM o6pa3oM: 3aMeHUM
xaxayio us 11 sepumH u; ¢ 5-aHTUKINMKOH U a Kaxxznoe us 15 pebep [u ]+1]

(6ymeM CUATaTh ub = ul) 3aMEHUM TPYIIoA U3 25 peGep, COEAMHAIONIMNX IO~
6yI0 BEpIIMHY W3 U‘ ¢ mo6oit BepmmHo# u3z U? i41) AICHO, UTO Uy =U2 = U3 u

U5 = U5 = U5 .
Takum o6pasom rpad H monydaercsa U3 .Tpex sk3eMIIApoB rpada H (on-
peesienHoro B 1. 2) — H', H? u H3 — nocpencTBOM OTOXIECTBIEHUA HEKO-

TOPBHIX BEPIIMH.
I'pad H couepskut B KavecTBe noirpada rpadp H ¥ mosToMy sBasercs
CYUIECTBEHHO 3-CTeneHHbIM rpadom (cM. ntemMmy 1).
Paccmorpum ente rpad L, nzobpakenssiil Ha ¢ur. 2¢. OH moyueH 06%-
esvHEHMEM TpexX rpadoB L', n306paeHHbIX Ha Gur. 26, IpuyYeM OTOKAECTB-
JIeHb! HEKOTOpBIe BepIIMHbI U pebpa.

1 _ .3 1 3
O vy = U3 vy (ﬁvl
vl =3 v} .
: v
vl (/( v% ?
2,1 ol 2 4
vy = Uy Uz = U3
2
Va v3 v3
2 .3
vE = vg 2
3
3
. 2 ov
O, .3 v 4
vy = v i
a 6

Pdur. 2

Hakonen, cxkonctpyupyeM rpad Gy cneayiomum obpasom: (G ABjAeTca

AM3BIOHKTHEIM ob6beanHenueM rpados L u ﬁ, K KOTOpPOMY HPUCOEVHEHbI B
KauecTBe pebep BCEBO3MOMHBIE OTPE3KH, COeAUHAONME JNIO0YI0 U3 BepUIMH
rpada L ¢ mo6oit us Bepumn rpada H', rae i=1,2,3.

Takum o6pasom, rpa¢ G HonydueH U3 TpeX CoeAMHEHUI L'+ H? oroxaec-
TBJIEHNEM HEKOTOPBIX BEPIIMH M pefep 3TUX COeANHEeHMNA.

Teopema 2. Toavxo-wmo nocmpoennnd zpad Go seasemca Kjy-epagom c
KAUKOBBM wucaom 4.

Hoxazameavemso. Iloxkakem cuauana, uro Gy — Kj-rpad. omyctum
npotuBHoe. Torna uMmeercs 2-packpacka pebGep rpada G 6e3 MoHOXpoMa-
Tudecknx noArpados, niomopdurix rpady Kj. Tak Kak Kaskpri H' — cy-
L1eCTBEHHO 3-CTereHHBIA rpad, Ipy [OMOIIM JeMMBl 2 3aKkmodaeM, uto LI —
MOHOXPOMATMUECKUH IpU paccMaTpuBaeMoil packpacke. C aApyro#t cTopoHsl,
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L' u L? umeror obiee pebpo ¢ L3, Tak uto Bce pebpa rpada L RosmkHb GBITH
OKPAallleHbl 0 AMHAKOBO.

Taxmm oBpasom, pu paccMaTprBaeMoif packpacke pebep rpada Go, au- -
nieHHON MoHOxpoMaTudeckux K, noarpad L — MoHoxpomaruueckuid. OaHa-
ko L conepKUT B KayecTBe noarpada rpad K,’%f OKoHYaTeNBHO, MBI JOCTUTIN
MO 3aKJI0YeHUdA, YTo TIpU paccMaTpuBaeMoil packpacke pebep rpada Gy nce
TAKM UMeeTCA MOHOXpOMAaTUYecKuit K}, 4To ABIAETCH NIPOTUBOPEUMEM.

Wrak, nokasaso, uro 3 — Kj-rpa¢d. Ocraerca nokazarts, uro Gy UMeeT
kmuroBoe uucyo 4. To uro rpag (o conepskuT 4-KIMKM AcHO — ni06oit M3
noarpadon L' + H? oueBnaHO MMeeT 5TO CBONCTBO. ITosromy Hamo ycraHo-
BUTL, uTo rpad G, He mMeeT S-kimk. Bo nepsbix, noarpad H ouepnmio He
COMEPWAT 3-KIMK, a €CJIHU [u,v] — 2-KJIWKa 3TOro noArpada, TOrla XoTsA bl
onHa 13 ee BeplMH — 6yJeM CUUTATH, YTO 5TO U — HE COAEPHUTCH B 06be-
mnerun Ui U UE. DTo MOKa3BIBAET, YTO U ABJACTCA BEPUIMHON POBHO OLHOTO
13 noarpados H?; oBo3nauum ero uepes Hio. Us onpenencunsa rpada G crue-
AYET, 4TO BEPIIMHA u CMeXHA B L ToJbKo Bepmmbam noarpada L°, KoToperit
He comepRut 3-kiuk. Crenonatennio B (7 HeT H-KIMK.

HOKaBaTCJIbCTBQ TEOpEMbI 2 3aBEepIINCHO.

Yucno sepumms rpada G, pasaserca 61. IlostoMy U3 TONbKO-4YTO JOKa-

3aHHOW TeopeMbl CjelyeT, UYTo
R4(Kfl) < 61.
Mpo6aema. Haittu R*Y(KY).

Kax mbI yxe ynomanyma B 11, 1, cyiecrByior Kj-rpadbl ¢ KJIMKOBLIM YUC-
joM 3.

IIpoGaema. Toctpours Kj-rpad ¢ KIAUKOBBIM uMciIoM 3.

6. IPUBABJIEHUE

B [5] noctpoennt K3-rpaduil ¢ KAMKOBBIM yucioM b U 4. B waeiinom ot-
HowleHun [5] MMeeT HCKOTOPOE CXOACTBO € HacToAfilell cTaTeil. 31ech XOTUM
VICIIPABUTh HECKOJILKO AOIMYILEHHBIX B [5] onevaTok ua ctp. 213.

1) Ha crpouke 1 n0mosHUTE omnpedesenus rpada M caeayiomuM obpa-

3

. _ VRNTS VTNY; VI
som: M = {J(R; + Si)u{[c, "), [, "], [, ]}

i=1

2) Ha crpouxe 5 Bmecto U; U V; nocrasures U; + Vi.

3) Ha crpouke 9 npunucats B KoHIe: ... 6€3 MOHOXPOMATUYCCKUX Tpe-
YTOJIbHUKOB .

4) Ha puc. 2a coeavuuts Bepmumnnl ¢’ u ¢’ pebpom.
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A BORSUK-ULAM TYPE THEOREM FOR Z,-ACTIONS

SIMEON STEFANOV

Cumeon Cmeganoe. OJHA TEOPEMA TUIIA TEOPEMbBI BOPCYKA-YJIAMA N1J14
Za-AEACTBUN
Ilyctb n = 2k + 1 n chepa S™ npeacranieHa B puae

s ={z= (21, ..., zkq1) €CFFI[f2]| = 1}.

PaccMoTpuM KaHoHUUecKoe aeiictaue rpynnsl Zg = {1,1, -1, —i} B S™, onpesieneKHoe yMHoO-
skenneM. OCHOBHBIM pe3ynbTaToM paboThl ABAAETCA ClelylOLad TeOpeMa TUNa TEOpeMbI
Bopcyxa-Y nama:

Jlns xawaoit HenpepbiBuoit dynxumu f : S™ — R! paccMoTpum MHOmecTs0

A(f) ={z € S"| f(z) = fliz) = f(-2) = f(~i2)}.

Torna dimA(f)Zn ~ 3. )

OcuoBHoe cnencTeue: Ilnsa Kaxkaoit HenpepblBHOM pyHkKuumM [ : $% = R! cymecrryer
z € 5% rakoe, uTo

H2) = f{iz) = f(=2) = f(~i2).

Simeon Stefanov. A BORSUK-ULAM TYPE THEOREM FOR Z;-ACTIONS
Let n = 2k + 1 and the sphere S™ be represented as

st ={z= (a1, ..., 2eg2) €CHF 2] = 1}
Consider the canonical action of the group Z4 = {1, ¢, —1, —¢} in S" defined by multiplication.

The main result in the article is the following Borsuk-Ulam type theorem:
For any continuous function f : S™ — R? consider the set

A(f) ={z € S™ [ f(2) = f(iz) = f(—2) = f(~iz)}.
Then dim A(f)2n - 3. '

The main corollary: For any continuous function f : $3 — R! there exists z € S® such that

f(2) = f(iz) = f(=2) = f(-i2).
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There exist various generalizations of the classical Borsuk-Ulam theorem, where
the antipodal map in the n-sphere S™ is replaced by a free Zp-action for p prime.
Then some coincidence point theorems are obtained ( [3-6, 10], etc.}. The case of
a composite p is more complicated and no result of this kind is known to us. The
purpose of this note is to get some Borsuk-Ulam type result for free Z4-actions in
S™ (n is odd). More precisely, we consider the canonical Zs-action on S™ defined
by z — iz and prove that for any continuous function f : S$” — R! the covering
dimension of the set

A(f) ={z € 5" | f(z) = f(iz) = f(=z) = f(~i2)}
is 2 n— 3. (The proof works for arbitrary Zs-actions). In particular, for any
f: S® — R there exists zo € S such that f(z0) = f(iz0) = f(—20) = f(~izo). It
is easy to see that the estimate dim A(f)2>n — 3 cannot be strengthened in general,
since the set A(f) is defined by 3 equalities.

1. PRELIMINARIES

Recall first some basic definitions. Let G be a group. A G-action in X is a
continuous map g : G x X — X, p(g, r) = gz such that: 1) 1z = = and ii)
g1(g922) = (g192)z. Then X is called G-space. The subset A C X is invariant if
gA = Afor any g € GG. The orbit of a point z € X is the set orbit z = {gz | g € G}.
The orbit space is the factor X = X/ ~, where & ~ y iff z € orbit y.

A G-action is said to be free if gz Z x forany g #1, 2 € X. Let X and Y
be G-spaces. A map ¢ : X — Y is equivariant if p(gz) = g¢(z). The join of X
and Y is the factor X * Y = X x Y x [0, 1]/ ~, where (z, y, 0) ~ (2, ¥/, 0) and
(z,y, 1)~ (2, y, 1) forany z, 2’ € X, y, ¥ €Y. As usual, we write

X*xY = {(tll‘, tzy) Itl +ito=1; 1, 1,20, z€ X, y € Y}
Note that if X and Y are G-spaces, their join is also a G-space with respect

to the action
g(tiz, tay) = (tigz, tagy).

Proposition 1. Let the (metric) G-space X be a sum of two closed invariant
subsels X = X1 U X4 and there exist equivariant maps p; : X; — K;, 1 =1, 2 nto
some polyhedra K;. Then there exists an equivariant map ¢ @ X — K; * Ko,

Proof. Since K; are equivariant ANR’s, there exist equivariant extensions
@i« U; — K, for some invariant open neighbourhoods U; O X;. Take
x(z) dist(z, X \ U;)
\T) = = T .
dist(z, X \ Uy) + dist(z, X \ Us)

Then ¢(z) = (A1(z) B1(z), Ad2(z) @2(z)) is an equivariant map ¢ : X — K; * K.
We shall define and list some properties of the so-called “B-index” introduced
for a space with a fixed point free involution {free Zy-action) by C. T. Yang [11].
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Definition. Let X be a compact space with a fixed point free involution
T : X — X. We say that the B-index of X (with respect to T') is not greater than
n if there exists a map ¢ : X — S™ such that

p(Tz) = —p(x)

for any © € X. Then we write B(X; T)<n. The equality B(X; T') = n means that
B(X; T)$n and B(X; T) gn—1.

We shall make use only of the following properties of this index:

1) B(X;T)z1iff X contains an invariant (with respect to 7") continuum,;

i) B(S™;T) = n for any fixed point free involution T in S™;

iii) Let U be an open connected Tp-invariant subset of S™. Then

B(S"\U;Tp)gn -2,

where To(z) = —z.

The properties i) and ii) (and many others) may be found for example in [8,
9, 11]; iii) follows from a theorem of J. W. Jaworowski [2].

We shall give now a definition, which is important for the following.

Definition. Let X be a (G-space. A closed invariant subset F© C X is said
to be cquivariant partition in X if for any ¢ € X, g # 1, the points z, gz lie in
different components of X \ F'.

It is easy to see that if A is an invariant closed subset of X, then every equiv-
ariant partition in A may be extended to an equivariant partition in X.

Proposition 2. Let X be a compact space with free Zs-action and F be a
closed invariant subset with dim F£k. Then there exist equivariant partitions in X

- @y, ..., Prya, such that
E+1
(ﬂ¢JnF:@

=1

Proof. Apply an induction on k. For k = 0 take some sufficiently small (finite)
invariant covering w of X with open sets U such that F N FrU = @. Then
$;, = U{FrU|U € w} is an equivariant partition in X and ;N F = @.

Suppose the proposition is valid for ¥ — 1 and dim F £k. There exists in F" an
equivariant partition Fy with dim Fy <k — 1, hence, there are equivariant partitions

k

Fi, ..., Fy in I such that (ﬂ FZ) N Fo = &. The partitions F; may be extended
=1

to equivariant ones F:in X. Write ®; = E-, i=1, ...,k Qpyy = Fy. Then

k1 k
(ﬂ <I)L'>ﬂF: <ﬂ Fi> NFy=.
i=1 i=1

2. Z4~ACTIONS IN 5"

Letn:?k"}"land
S ={z= (21, . -; z1 |2l = 1}
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Then the group Z4 = {1, i, —1, —i} acts freely in S™ as usual:
1z = (1'21) ey iZk+1).
By 28" we denote the space S™ x {—1, 1}, where Z,4 acts as follows:
i(z x {e}) =iz x {~¢}.
Proposition 3. Let X be a compact Zy-space with equivariant partitions

o,

3 .

ntl
oy ®@rg1 (n = 2k+1) such that (| @; = . Then there exists a Zy-equivariant
j=1
map ¢ : X — S™.

Proof. Apply an induction on n. Let n = 1 and O®; be open invariant

2
neighbourhoods of ®; such that (| O®; = &. Since ®; is an equivariant partition,
j=1

X\ O®; = A; U(iA;) U(—A;) U(—iA;), where ¢ A; are non-intersecting closed
sets (€ € Za ). Define ¢ : X\ O®; — S* by ¢(€ A1) = €. Then ¢ may be extended
toamap ¢ : (X \O0®)UA4; — St and finally to an equivariant v : X — S! by
the formula p(c2) = € p(2).

Suppose the proposition is valid for n — 1 and consider &, ..., ®,4; with
n+41 n+1 n—1
() ®; = . Take as above O®; with (| 0®; =@. Put X1 = |J X\0®;, X» =
=1 j=1 j=1

n

GIX\O<I>]-, so X = X;UX,. Then, evidently, the sets X, N®;, j=1,..., n—1,
j=n .
are equivariant partitions in X; with an empty intersection, as well as XoN®;, j =
n, n+ 1, are non-intersecting equivariant partitions in X3. Then by the induction
hypothesis we have equivariant maps ¢; : X1 — S"72, 93 : X3 — S! which
induce (by Proposition 1) an equivariant ¢ : X — S"~2 % S'. Note, finally, that
§n=2 x S! = §" as Z4-spaces.

Lemma. Let f : S® — R! be a continuous map (n is odd). Consider the set
A(N) ={z € ™| f(z) = f(iz) = f(-2z) = f(-i2)}
and suppose that dim A(f)<n — 4. Then there erists a Z4-equivariant map

,(/J . Sn __)25”—2 % Sn—2.

Proof. Since A(f) is a closed invariant set with dim A(f)<n — 4, by Proposi-
n-3

tion 2 we can find in S™ equivariant partitions @1, ..., ®,_3 such that ( N <I>,~> al
=1

n—3

A(f) = . Write ® = ) ®;, then for any z € ® f(orbitz) # const. Consider the
i=1

sets

M ={z € @|f(2) = f(=2) or f(iz) = f(-iz)},
N ={z¢c ®|f(z) = f(==2) and f(iz) = f(~iz)}.
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Evidently, these are closed invariant sets and N C M. Moreover, M is an
equivariant partition in ®, and N is an equivariant partition in M. Really, suppose,
first, that M is not an equivariant partition in ®. Then for some 2 € ®\ M, g # 1,
the points z, gz lie in the same component K of ®\ M. If g = i or ¢ = —1%, we
have t K = K;if y = —1, then —K = K. In both cases ~K = K, so we must have
f(z0) = f(—20) for some zo € K C ®\ M, which means zy € M — a contradiction.

Suppose now N is not an equivariant partition in A/. Proceeding as above, we
find a component K of M \ N such that —K = K. Set

Ky ={:e K|1() = f(-)},
K_= {z cK , f(zz) = f(-zz)}
Then K = Ky UK_ and Ky NK_ =, since K NN = . Hence K = K, (par
example). Considering f on iK, we get some zo € 1 K such that f(z0) = f(—z0).
On the other hand, izy, —izp € K; therefore f(iz9) = f(—1i2¢), which means that
20 € N — a contradiction.
Let ®,_7, ®,_1 be equivariant partitions in 5™ such that &,_,N® = M,
&,_1NM = N. Then we have

n-1
(®=N
i=1

Put Ny = {2 € N|f(z) < f(iz)}; N- =iN;y. Then N=N,UN_, NyNN_=0O
and =Ny = N4, —N_ = N_. Consider the set N together with the antipodal
involution To(z) = —z. For its B-index we must have

B(Ny; To)sn — 2.

Indeed, if B(N4+; To)2n—1, then B(Ny; Tp)21; it means (see i)) that N, contains
a To-invariant continuum and hence by iii) B(N_; Tp)$n — 2, which contradicts
B(N_; Ty) = B(Ny; To)=n — 1. Therefore, by the definition of B-index we have
a Tp-equivariant map ¢4 : Ny — S"72. Define p_ : N_ — S""2 by ¢_(iz) =
ip.(z). Then we get a Zg-equivariant map ¢ : N — 25"~ 2 defined by

_ [e+() x {1}, ze Ny,
wlz) = {got(z)x {-1}, ‘zEJJ/-_.

Extend ¢ to some closed invariant neighbourhood ¢ : ON — 252 The
n-1

sets ®; \ ON are equivariant partitions in S® \ ON with (| & \ ON = &. Then
i=1

by Proposition 3 there exists an equivariant map of S \ ON into S"~2. Therefore,
by Proposition 1 we get some equivariant

P St 28" % & §72
The lemma is proved. '
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3. INFORMATION ABOUT THE COHOMOLOGIES OF THE LENS SPACES

Let n be an odd number. The lens space L} is the orbit space of the Zg-

space S™ (with the canonical Zg4-action z — iz), so we write L] = 5™, The
[e0]

space Ly = |J L} is the classifying space for all principal Zs-bundles. For their

n=1
cohomology rings with coefficients modulo 2 we have (see for example [1])

HY (LY Za) = Au] ® Zs[v],
where degu = 1, degv = 2,
H™(LY; Z3) = Aluo] @ Zafvo] / (vg*' = 0),
where degup = 1, degvo = 2 and n =2k + 1.

The natural inclusion ¢ : L} — L$° induces an eplmorphlsm 7* in the coho-
mologies, such that *(u) = ug, i* (v) = vo.

Let X be a compact (free) Z4-space with an orbit space X. Consider the
principal Z4-bundle € = (X, )?, p). Let f : X — L3® be a classifying map for €.
Then f*(u) and f*(v) are some characteristic classes in H*()Z'; Z2) that we shall
denote by u(X) and v()?), respectively. (So we have ug = u(L}), vo = v(L}).)
Note, that every Z.4-equivariant map ¢ : X — Y induces a map ¢ : X - Y and
if f:Y — L is a classifying map for n = (Y, Y, 7), then f ¢ is a classifying map
for &€ = (X, X, p), therefore u()?) =g u(?) and U(X) =g v(}?)

4. THE MAIN RESULT

Theorem. Letn =2k+1 and f : S" — ]R. be a continuous map. Consider
the set
A(f) = {2 € 5™ | f(2) = [(iz) = f(-z) = f(—iz)}.
Then dim A(f)2n — 3.
Proof. Suppose the contrary. Then by the lemma we have some Zj-equivariant
WS =282 x SPT2 We shall show that such a map does not exist.

The orbit space of S" is L7?; denote by M the orbit space of 25m~2 x S"~2,
Let uy = u(M), vy =v(M). It is enough to prove that
Uy 'l)llC - 0
in H*(M; Z3). Really, then uwo = u(L}) = $*(u1), vo = v(L7) = ¥*(v1), hence
ugvf = ¥*(u1v¥) =0 in H™(L}; Zy), which is a contradiction.
Decompose 25772 x S"~2 = A; U A,, where

Lol 1
Ay ={(tiz, tay) | &1 22} Ay = {(t1z, t2y) lt1§§}

Let My = gl, M, = A, be the corresponding orbit spaces. Then M =
M, U M. Define the homotopy equivalences 7y : A — 25772 ry : Ay — §7~2
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by ri(tiz, tay) = &, ra(tiz, t2y) = y. Since r; are equivariant, they induce maps
between the orbit spaces, which are also homotopy equivalences. Hence

H*(]Wl) — H*(é\gn—-Z)’ H*(A/Iz) — H*(S’n—?) — H*(LZ_Z).

All cohomologies are taken with Z,-coefficients.
g
Consider the Meyer—-Vietoris sequence

(1> 2)
— H* 3 (M1 O M) — H" Y M) —= H" Y (M) @ H'" (M) ——

It is clear that i (v}) = @3(vF) = 0, since H"~1(M,) = H"~'(M3) = {0}. Therefore
v¥ = éw for some w € H""2(My N M,). Then ujvf = u) bw = 8(1* (uy)w), where
i : My N My — M is the inclusion map (see for example [7]). To prove u;vf = 0 it
is enough to show that i*(u;) = 0. Since i = i15;, where j; : My N My — My, i

My — M are the inclusions, we have *(u;) = j7ij(uy) = jr(u(M;)). We shall
prove that u(M;) = 0. Note that 257=2 is a deformation retract of M, , therefore

u(My) = u(‘EE"—Z). We have to show that
u(25"%) = 0.

Suppose, first, n > 3. Clear]y 2572 = RP"2 Let f : RP"2 - LY be a

classifying map for € = (25"~2, R P"~2 p), then u(%’"‘z) f*(u). Suppose that
(1) #0. Then in the cohomology rlng of R P"~2 we have [f*(u)])? # 0 (see [7]).
On the other hand, [f*(uw)]? = f*(u*) = f*(0) = 0, which is a contradiction.

Let now n = 3. Then we directly see that a classifying map for the Z4-bundle
€= (25, fS’l, p) is the map f : 25! — L} C LY which is a double covering (both
251 and L} are homeomorphic to S1). Therefore u(25) = f*(u) = 0

The theorem is proved.

Corollary 1. For any continuous function f : S° — R! there exists z € S®
such that

£2) = fliz) = f(=2) = f(—iz).
Corollary 2. Let S® be a sum of two closed (non-invariant) subsets S° =
AU B. Then some of them contains a whole orbit z = {z, iz, —z, —iz}.

Proof. Take f(z) = dist(z, A) in Corollary 1.
The 3-sphere is a group with respect to the multiplication induced by the
quaternion structure in C?.

Corollary 3. Let F and A be closed subsets of S3. Then there exists z € S®
such that

vol( FNzA) = vol(FNizA) = vol(F N —zA) = vol(F N —izA),

where “vol” is the 3-volume in S°.
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MAPPING THEOREMS :
FOR COHOMOLOGICALLY TRIVIAL MAPS

SIMEON STEFANOV

Cumeon Cmepanos. TEOPEMbBI O COBINAIEHUUW AJAA KOOMOJIOI'MYECKHU
TPUBUAJNBHBIX OTOBPAXKEHUN

[Monyuennt HEKOTOPLIE TEOPEMBL O COBNafeHUM Itsi otobpaxennii n-chepur S™. Crnenc-
Ha
TBHEM [OKA3aHO, UTO KaXJ0€ KOTOMOJIOI'MUECKU TpUBUaNbHoe oTtobpawenne f : S —— Y

cheper S™ Ha HekoTopoe Y ckAecHUBaeT Mapy Todek Ty, T3 € S™, paccToAHUE MEKAY KOTOD-
BIMU He MeHble AMaMeTpa npaBunbHOro (n + 1)-cuMniekca snvcahsoro B S™;

f@) = 1), s ol 2 HEED,

Hanbuie foKasaHo, UTO JUIA KaAXKAOTO pa3nodkeHna S™ Ha n 3aMKHYThIe IOAMHOMKECTBA,
2(n+2)
n+41
KayK/l0e NOHMMXKAIOEee pasMepHocTh oTobpamkenne f : S™ — Y NOCTOAHHO Ha KOHTMHYYM
2(n+ 2)
n+1

S™ B k-mepHble cTArMBaeMble nonmaapel (ana k < n).

HEKOTOPOE M3 HUX COAEPUT KouTunyym K ¢ diam K 2 . llokasano Takxke, uto

K ¢ diamK 2 . Hakonen nonyuena teopema o coBnajieHMn AN otobpaskenui
Simeon Stefanov. MAPPING THEOREMS FOR COHOMOLOGICALLY TRIVIAL MAPS

Some mapping theorems for méps of the n-sphere S™ are obtained. As a corollary, it is

on
shown that every cohomologically trivial map f : S —— Y of S™ onto some Y identifies a
pair of points 77, z2 € S™ such that the distance between them is not less than the diameter of
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the regular {n + 1)-simplex inscribed in S™:

2(n + 2)

Ersh

Furthermore, it is proved that for any decomposition of 8™ into n closed subsets some of

2(n+2)
n+41

flzr) = flz2), o — 22l 2

them contains a continuum K with diam K 2 . Also it is shown that every lowering

2(n+2)

n+1
a mapping theorem for maps of 8" into k-dimensional contractible polyhedra is obtained (for
k < n). ’

dimension map f : S™ — Y is constant on a continuum K with diam K 2 . Finally,

The Borsuk-Ulam theorem states that every map of the n-dimensional unit
sphere S™ into R" identifies a pair of antipodal points. This theorem ceases to be
true if we replace R™ by an arbitrary n-dimensional contractible polyhedron P,.
However, it is easy to see that there exists a positive & such that any map of S into
some P, identifies a pair of points z;, z2 € S™ with ||z — z2|| 2 «. We shall find
the greatest o with this property and we shall prove the corresponding mapping
theorem in a more general situation (Theorem 1). The fact is that the greatest o
with the above-mentioned property is the diameter of the regular (n + 1)-simplex
inscibed in S™. Corollary 1 of Theorem 1 gives a generalization of a theorem due
to J. Vaisala [1]. Furthermore, we obtain a theorem for decomposition of S™ into n
closed subsets (Theorem 2), a mapping theorem for lowering dimension maps of S™
(Theorem 3}, and finally a mapping theorem for maps of 5" into lower dimensional
contractible polyhedra (Theorem 4).

n+1

Lemma 1. Lel ey, €3, ..., €np1 be unit veclors in R™ such that S Aiei=0
, 1

n+l
for some A; 2 0 with 3 Ay = 1.
1

1 .
Then (e, ¢;) £ — ~ for some i, j.
n

1 .
Proof. Suppose the contrary — (e;, ¢;) > —— for every 7, j. Then
. n

n+1 2 a4

ZAZ- Zx\2+22/\)\
1

z<]
and
n+4l n+1 n-+1 n+41i
0= Xei D die Z/\Q—i-QZ/\ Aj(eq, ¢;) }:/\2—— > AJ,
1 1 i<j i<j
hence

n+1 n+1
O>ZA2—— (1-ZA>
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n+1l 1
Z M < Tl On the other hand, a well- known inequality gives

n+1 2
n+1 <Z/\z>
Z)\?> ! - !
- PE L on+41 n+1’

which is a contradiction.

2(n +2)
nt 1

Lemma 2. Let F be a closed subset of S™ with diam F' < . Then

I~ is contained in some open semisphere of S™.

Proof. Denote by co F the convex hull of 7 in R**' and suppose that co F’
does not contain the origin O. Then there is a hyperplane T in R™*! such that
0O e T and FNT = &, hence one of the components of $”\ T is an open semisphere
containing F'.

Suppose now that O € co F, then, according to the theorem of Caratheodory,

n+2
O is a convex linear combination of n + 2 points of F/ : O = Z A;jz;, where
i=1

n+2 —_
-S> X =1land x, ..., Znys € F. Consider the unit vectors e; = Ouz;.

According to Lemma 1, we have (e;, ¢;) £ — for some 7, 7. Let ¢ denote the
n

+1

1
angle between e; and e;, then cosp = (e;, ¢5) £ — — and we have ||z; — z;{| =

/1 — 2 2
2%1n - COSSO \[ 1 + —_—) = ——m, which contradicts the
n+1
condition diam F' < A [ 2n + 2
n+ 1

2(n + 2)
1

Note that the number is exactly the diameter of the regular (n+1)-

simplex inscribed in S”.
All cohomologies in this note are Cech cohomologies with integral coefficients.

Lemma 3. Lel w be a finite open covering of the compact space X and
7 : X — N, be the canonical projection of X into the nerve of w. Suppose
n .
;X Y isa map of X on Y and there exists £ € H™(X) such that
¢ € Imm \ Im f*. Then for some yo € Y the set f~'(yo) is not contained in
any element of w.

"This proposition is proved by the author in [4, Lemma 2].
Given a map f : X — Y we shall say that f is frivel in dimension n if
Jr(HNY)) = 0.
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Theorem 1. Let X be a compact metric space and ¢ : X — S™ be a map,
which is non-trivial in dimension n. Suppose f : X L. Yisa map of X on'Y
and there 1s § € H*(X) such that £ € Im* \ Im f*. Then there exist z1, z2 € X

such that f(z1) = f(z2) and ||e(z1) — p(z2)]] 2 2_(:%12“)

Proof. 1t is enough to prove that there exists yg € Y such that the set
©(f~'(yo)) is not contained in any open semisphere of S”. Really, in this case

Lemma 2 implies diam o(f~'(yo)) 2 An+2)
n+1

Suppose that for any y € Y the set ¢(f~!(y)) is contained in some open
semisphere Oy. Choose an open V, 3 y with the property o(f~'(V,)) C O,.
The covering {V, |y € Y} has a finite subcovering {V,, |i=1,2, ..., k}. Put
w=A{0y, |i=1,2 ..., k}. Since p(X) = S™, w is a finite open covering of S™
such that for any y € Y the set o(f~!(y)) is contained in some element of w.
Consider the diagram :

and the theorem 1s proved.

X — i
Wl j"ﬂ'()
Ncp“(w) ";: Nw

where 7 and 7 are the canonical projections and p is the natural simplicial iso-
morphism. By the same reasoning as in Lemma 3 the diagram

.

H™(X) L HMSM)
H'(Npw)) &% H'(N)

P

is commutative. Note that 7 is an isomorphism, since the elements of w are open
semispheres and the intersection of each finite system of semispheres is cohomologi-
cally trivial. Then € € Im ¢* implies £ € Im 7, so that £ € Im#*\Im f*. Hence, by
Lemma 3, there exists yo € Y such that f~!(yo) is not contained in any element of
¢~} (w). It means that ¢ f~1(yo) is not contained in any element of w, but yo € V,,
for some ¢, thus ¢ f~*(y0) C ¢ f~1(V,,) C Oy, € w, which is a contradiction.

The theorem is proved.

Note that in the case ¢* # 0, f* = 0 the existance of £ € Imp* \ Im f* is
guaranteed and the theorem is valid.

Let X and A be disjoint closed subsets of RY. We say that X is n-linked with
A in RV if the inclusion map i : X — R™ \ 4 is non-trivial in dimension n.

Assume for convenience that R¥ ¢ R for k < n. :

Corollary 1. Let the compact space X be n-linked with R* in R*t5+1 gnd
7o RPHEHL R e the projection of R on the orthogonal complement-
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of RF (R NR* = {0}). Put ag = infrex ||7(2)|)|. Then for any map f - -
X " ¥ trivial in dimension n there exist z1, z2 € X such that f(z1) = f(z2)

2(n+2
and ||z — z2|| 2 a0 -(:—_*_rz
Proof. Put ¢ = ﬁfrl—ﬂl-i, where i : X — RHEH] \Rk is the inclusion map.

0T, gotkt \R*¥ — S7, where S = {z € R"" |||zl = ag}. We have

*
ot =1 (ﬁi—%) , therefore ¢ is non-trivial in dimension n, since (ﬁ) i1s an
T

isomorphism and 7 is non-trivial in dimension n. Then the conditions of Theorem
1 are fulfiled, hence there exist &, z2 € X such that f(z1) = f(z2) and ||¢(z1) —

o(z2)|] Z @0 gg:_*_—_}_lz—z (¢ maps X into Sg). Finally, we have
- 7(z1) — m(z a m(e) a m(22)
o =2l 2 o) = el 2 o T2 - o0 2y

_ [2(n 4+ 2)
= |lp(2r) = p(z2)l] 2 010\/-—71—:1—.

The first inequality is obvious, the second one holds by the definition of ag.
In his paper [1] J. Viisila has proved that if X is a partition in R™*! between

O and oo, then for any map f : X ~22, Y trivial in dimension n there exists

yo € Y such that the set f~!(yo) is not contained in any open halfspace W with

OW 3 0. Clearly, this theorem may be obtained by the non-metrical variant of

Theorem 1 and Corollary 1 — we only have to replace the condition “there exist
. 2(n+2)

ty, €3 € X such that f(z1) = f(zg) and ||l@(x1) — p(z2)|| 2 T}-_l_” by “there

exists yo € Y such that ¢ f~(yo) is not contained in any open semisphere”. To
obtain now the theorem of Vaisala, it is enough to take Corollary 1 in the case
k = 0; really, a compact space X is n-linked with O in R™*! iff X is a partition
between O and oo.

Corollary 2. For any map f = S™ — . Y trivial in dimension n there ezist
' 2(n 4+ 2)

ry, o € S such that f(z1) = f(z2) and ||z1 — z3|| 2 s

This corollary may be immediately obtained by the theorem of Vaisala and
Lemma 2.

We may ask whether f identifies a pair of points z;, z3 € S” with ||z, —z|| =

2(n +2)

T It is not difficult to show that the answer is “no” — there exists a
n i
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map f : S? ~2 ., T from §! onto the letter T such that |[z; — za|| = /3 implies
f(z1) # flz2).
2(n+2)
+1

erty. The answer is “yes” and the corresponding example may be constructed as
follows:

Let P be the regular (n + 1)-simplex inscribed in S§” and P(*~1) be its
(n — 1)-dimensional squeleton. Put Y = C P("=1 where C P("~1) is the cone over
P{=Y) with a vertex O. The obvious deformation f 8" = Y has the property
2(n+2) 2(n+2)

] for any y € Y. Moreover, diam f~1(y) = Tl it

Another question is whether is the greatest number with this prop-

diam f~1(y) <

y=0.

Theorem 2. Let S™ be the union of n closed subsets S™ = |J F;. Then some
i=1

1=
o L /2 2
I contains a continuum K with diam K 2 —*———(nrl )
n

Proof. Suppose the contrary -— then there exist ¢ > 0 such that none of the sets
O F; contains such a continuum. Let w; be the finite family of all components of

n
O.F;- Set w = |J w;. Then w is a covering of S™ with ord w < n, since every w; is
i=1
a disjoint family. Thus, the nerve N, is an (n — 1)-dimensional polyhedron and the
cone C' N, is an n-dimensional contractible one. Consider the map f = im, where
7 . 8" — N, is the canonical projection and ¢ : N, — C N, is the inclusion map.
Then f : S® — C N, is trivial in each dimension and according to Corollary 2 .

2 2) . ‘
there exist 1, za € S™ such that f(x;) = f(z2) and ||z — || 2 —(—nn—f—l—l But
© f(z1) = f(z2) implies 7(x1) = m(z2), i.e. 21 and z5 belong to one and the same

2(n+2)
+1

Evidently, n is the greatest number with this property. In the case n = 2 we
may even prove that for arbitrary decomposition S? = Fy U F, some F; contains
a continuum K with diamK = 2 (i.e. containing a pair of antipodal points).
Really, if we suppose the contrary, we find as above a map 7 : S? — N,,, where
N, is an 1-dimensional polyhedron such that n(z) # w(—=z) for any x € S?, which
contradicts a theorem of E. V. Schepin [3]. For n > 3 this is not true. Vaisala,
[1] has constructed a map f : S® — P of S™ into a k-dimensional polyhedron,

n+1 k+1
J, such that f(z) # f(—z) for any z € S*. Let P, = {J F;
i=1

element K of w, therefore diam R 2 , which contradicts the assumption.

where k = [

. S
be the representation of Py from Lemma 4, where ¢ = 5 Inin I|f(z) = f(—2)]|
resn
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k+1
Then S™ = U f~Y(F;) and none of the f~!(F}) contains a continuum K with
i=1
2(n+2)

diam K = 2. Nevertheless, we do not know whether 1

is the greatest
number with this property.

Lemma 4. Given € > 0, every n-dimensional polyhedron P, may be repre-
sented as the union P,v: nle F; of n+ 1 closed subsets such that the components
of each F; have a diamete;=<] €.

To prove it, one has Lo carry out induction on n taking some sufficiently small
subdivision of P, and considering its (n — 1)-squeleton.

Theorem 3. Let f : S — Y be a lowering dimension map. Then for some
2(n + 2)

yo €Y the set f~1(yo) contains a continuum K with diam K 2 T
n

Proof. Assume that ¥ = f(X), so that ¥ is a compact space with dimY
< n— 1. Suppose the contrary. Then we can find a closed finite covering w of Y
with ord w £ n such that for any ® € w the set f~(®) does not contain such
a continuum. Since dimY £ n — 1, thereis anw-map h : Y — P,_; of Y into
some (n — 1)-dimensional polyhedron. Let v be a closed covering of P,_; such
that A~!(y) is inscribed in w. According to Lemma 4, P,_; may be represented as

n

P,_1 = U Fi, where each component of the sets Fj is contained in some element
i=1

of v. Consider the representation of S™

st =R E).
i=1

According to Theorem 2, some f~' h=1(F;) contains a continuum K with

2(n +2)

n+1’
thus in some element of v. Since f(K) C A~ h f(K), then f(K) is contained
in an element of A~!(y) and hence in some element ® of w. But then we have
f~1(®) D K, which contradicts the definition of w.

Our remarks on Theorem 2 remain valid here — for any lowering dimension
map f : S? — Y some f~'(yo) contains a continuum K with diam K = 2 (this is
proved by the author in [2] for arbitrary maps f : S** — Vi, where dimY; < k).
On the other hand, for n > 3 it is not true, as following from the Viisald’s example.

Let ¢ : X — S™ be a map non-trivial in dimension n and f : X — P, maps
X into an n-dimensional contractible polyhedron P,. We shall prove that for some
zo € X the set ¢ f~1 f(zo) is not contained in any open semisphere of S™. It is
enough to show that H”(f(X)) = {0}. Really, consider in this case f as a map

diam K 2 Then h f(K) is contained in some component of F; and
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f 1 X — f(X), then f* = 0 and the existence of zg € X with this property follows
by the proof of Theorem 1. Form the exact sequence

HM(Po) == B (X)) T ™ (B, (X)),
Here H"(P,) = {0}, since P, is contractible and H"*!(P,, f(X)) = {0},
consequently H™(f(X)) = {0}.

2(n+2) .

Then Lemma 2 implies diam ¢ f~! f(zo) 2 , 1. e. there exists £; €

= n41
2(n+2)
n+1

Suppose now f : X — P maps X into a k-dimensional polyhedron and k < n.
At the close of this note we shall answer the question how many zo € X do there
exist with the above-mentioned property.

Let ¢ : X — 5" maps the compact space X into the n-sphere S”. We shall
write

X such that f(zo) = f(z1) and [|¢(zo) — @(z1)|| 2

NX, ¢) <k .
if there exists a map f : X — Ppy; of X into a (k + 1)-dimensional contractible
polyhedron, such that for any z € X the set ¢ f~! f(X) is contained in some open
semisphere of S™.
The previous reasoning shows, that if ¢ is non-trivial in dimension n, then

X, ¥) 2 n.
Lemma 5. y(X, ¢) £ dim X for any compact space X.

Proof. Suppose dim X = k. There is a finite open covering w of X such that
for every U € w the set »(U) is contained in some open semisphere of S, There
exists an w-map f : X — P, of X into a k-dimensional polyhedron P;. Then for
any ¢ € X the set ¢ f~! f(z) is contained in some open semisphere. Denote by
C Py the cone over Py. It is clear that C Py is a contractible (k + 1)-dimensional
polyhedron, and if we consider f as amap f : X — C Py, then f has the required
property.

Consequently, (X, ¢) < k.

Lemma 6. Let y(X, ¢) 2 n and f : X — P, maps X inlo a contractible
k-dimensional polyhedron. Consider the set

(1) A(f) = {z € X |@ [ f(z) is not contained in any open semisphere of sty

Then y(A(f), ¢lagy) 2 n—k.

Proof. Suppose that y(A(f), ¢las)) £ n—k—1, 1 e. that there exists a map
g+ A(f) — Q of A(f) into the (n — k)-dimensional contractible polyhedron @ such
that for every « € A(f) the set ¢ g~ ! g(z) is contained in some open semisphere of
S™. Since @ is contractible, g has an extension § : X — Q. Form the map

h=fxg: X —> P, xQ.
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Clearly, Pr x @ is an n-dimensional contractible polyhedron. We shall prove
that for any £ € X the set ¢ h~! h(z) is contained in some open semisphere. Note,
that

 ehTh @)y CefTH @) Ned T d(e).

In the case z ¢ A(f) the set o f~1 f(z) is contained in some open semisphere,
thus ¢ A~1 h(z) is contained in the same semisphere.

Suppose now that = € A(f). Then f~! f(z) C A(f) and = h(z) = f~! f(z)
Ng~tg(z) c A(F)Ngtg(z). But A(f)Ng'g(z) C g~ g(z), really, if y € A(f)
Ng~"§(x), then §(y) = §(z) and §(y) = g(y), §(z) = g(=), so that g(y) = g(x), thus
y € g~ g(z). Consequently, i~ h(z) C ¢! g(z), hence ph=  h(z) C g~ g(z).
The set pg~! g(z) is contained in some open semisphere, therefore ¢ h=! h(z) is
contained in the same one.

All this reasoning implies that WX, ¢) £ n—1, which contradicts the condition
(X, ¢} 2 n.

Theorem 4. Let X be a compact metric space and the map ¢ : X — S”
be non-trivial in dimension n. Let f : X — Py map X into a contractible k-
dimensional polyhedron. Consider the set

B(f):{xEX|diam o f U f(z) 2 ?_gr-?—;:-li)}

Then dim B(f) 2 n— k.

Proof As it is shown above, v(X, ) 2 n. If we consider the set A(f) defined
by (1), then the inequality v(A(f), ¥la¢s)) 2 » — k holds by Lemma 6, hence
dim A(f) 2 n — k by Lemma 5. Obviously, A(f) C B(f), therefore dim B(f) 2
n—k.

Corollary. Let f : S® — P, map S™ into a k-dimensional contractible poly-
hedron P,. Consider the set

B(f) = {x € S*| diam f~! f(z) 2 \/@}

Then dim B(f) 2 n — k.
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SOME SITUATION THEORETICAL NOTIONS™

ROUSSANKA LOUKANOVA!, ROBIN COOPER?

Pycanxa Jyxanoea, Pobun Kynp. HEKOTOPDBIE ITOHATUA CMTYA[IMOHHOﬁ TEO-
PUN

Curyaumnonnas Teopus cTaBMT cebe UENBIO NPeANOXMTh aJdeKBATHbIE MaTeMaTHuec-
KHe CPeACTBa IUIA CEMaHTUKM eCTECTBEHHBIX A3LIKOB. 32 MOCJ/Ie/IHKE NeCATh JIeT OHa Nepe-
»KUJla PAJA NepeMEH U NpoaokaeT pa3BuBaThcH. Co cBoel CTOPOHBI CUTYyallMOHHAA TEOPHA
nobyykaaeT nosinsieHue GoOpManM3aMoB, NOAXOAANIMX A CTPOEHUA Mojleielt HEKOTODBIX €€
061bEKTOB, KOTOpbIe He BCerja GpyHAMpoBaHHbe {1, 2].

B eToii cTaThe MBI HANOMMHAEM O HEKOTOPBLIX NMOHATHUAX CMTYaUMOHHON TeopuH, BBe-
neubix B [5, 11, 12], u npeanaraem Apyrve Kak Halnpumep cuibhas/cnabas MHGOPMATUB-
HOCTh CMTYalMH s’ 110 OTHOUWIEHMNIO K ApPYroit cutyauum s”/, cnenobanve ¥ sKBUBAJIEHTHOCTD
cyxaeHuit m Tunos. OHU M UX cBoMCTBa HEOGXOAMMBL JUIA ,,MCUMUCIERUA“ UHTepnpeTanuii
Bbipakenmit ($ppas), noposxaennox rpammarukoit GR2, nccnenosana B {14]. Jlyume 6buio
6bl PaCCMAaTPUBATHL BTY CTATHIO KaK CTABAULYIO 3aJa4y O AOCTPOEHMU MOLEMN BBEIAEHBIX
NOHATMI C HOMONBIO annmapaTa u3 [2], UeM Kak BKJIaJ B TeOPUM MoAeJieii 0 CUTYaUMAX.

Roussanka Loukanova, Robin Cooper. SOME SITUATION THEORETICAL NOTIONS

Situation Theory is meant to provide an adequate mathematical tool for Semantics of Natural
Languages. In the last ten years it has passed through a lot of changes and is still developing. On
its part Situation Theory has motivated the appearance of formalisms appropriate for modelling
situation theoretical objects that are not necessarily well founded ([1, 2]).

* After having been used in [14], the notions introduced in this paper have undergone quite
a lot of revisions in result of discussions between the authors during the stay of one of them, R.
Loukanova, at the Center for Cognitive Science, Edinburgh University, Feb.-Mar., 1994. The stay
was supported by a TEMPUS grant.

1 Department of Mathematical Logic and Tts Applications, Faculty of Math. and Comp. Sci.,
University of Sofia.

2 Center for Cognitive Science, University of Edinburgh.
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In this article we remind some situation theoretical notions, introduced in [5, 11, 12}, and
suggest some others such as strong/weak informativeness of a situation s' with respect to another
situation s, envolving and equivalence for propositions and types. All of them and their properties
are needed for the “calculations” of the interpretations of phrases generated by the grammar
GR2 elaborated in [14]. One of the possibilities for representing the information transferred by
uttering of natural language phrases is to accept that the models of the real situations including
the situations described by the utterances are informative with respect to the situations used
in them for describing some objects. Something more, in the situation semantics, proposed by
the GR2, we assume that the described situations are strongly informative with respect to the
speaker’s resource situations. That gives a way to conclude whether what the speaker claims by an
utterance is true. An important means for representing an equivalent but differently structured
information in Situation Theory is the operation absorption- of parameters (abstraction) over
infons and propositions. By this operation complex relations and types are received in addition
to the primitive relations and types. In this article we propose to use complex types as special
kind relations — “situated” relations that could be prescribed to objects.

The article should be considered as setting a task for modelling the introduced notions with
the apparatus developed in [2] rather than a contribution to the Model Theory of Situations.

1. INTRODUCTION

Let introduce informally some notions from Naive. Situation Theory used in
Situation Semantics. Short introductions into the terminology are also [5] and [11].
Building a formal model of Situation Theory presupposes some familiarity with the
books [1] and [2]. For building models of Situation Theory see [9] and [10].

Situation theoretical objects are objects built up from the next primitives:

A — the collection of primitive individuals;

R — the collection of primitive relations; each relation comes with a set of
argument roles associated with conditions for appropriate filling;

T — the collection of primitive types; each type comes with a set of argument
roles associated with conditions for appropriate filling;

P — the collection of primitive parameters.

Let v be a relation or a type (primitive or complex) with a set of argu-
ment roles Arg(y). An assignment (filling) for v is any partial function 6 with
Dom(9) C Arg(7y), the values of which are situation theoretical objects satisfying
the conditions for appropriateness for v.

Basic infons (the term infon is an abbreviation for information) are objects of
the kind

L7601,
where 7 is a relation or a type (primitive or complex), f is an assignment fory, and
i € {0,1}. No order over the argument roles is assumed, but the following notations
for infons < v, 6;1 > are used often in the literature on Situation Semantics:

< 7v,arg, @ O(argy), ..., arg, : B(arg,); i >,
< 7, 0(arg;), ..., 0(arg,); 7> (in this notation argument roles are implied
and their revelation is left to the reader),

where v is a relation, {arg,,...,arg,} is the set of argument roles of v, 0 is an
assignment for v, and 7 € {0,1}. Usually, it is said that f(arg;) fills the argument
role arg;"
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For example, if we have the primitive relations chair and sit and a,b € A, then
& chair,arg : b;1 >
and
» & sit,subj — arg : a,0bj — arg : b;1 >

are infons. In the alternative notation these infons are written

& chair, b;1> L stt,a,b;1 > .
When @ is not defined for some argument role arg;, k € {1,...,n}, the following
notation is used:
& v,arg, : f(arg,),...,arg, : _, ... arg, : fB(arg,);i> .

For example,

& sit,subj — arg : a,0bj —arg: _ ;1>
is an infon that does not specify the object a is sitting on. Such infons are called
unsaturated and they are interpreted existentially, i.e. there is an object pu such
that

& sit,subj — arg : a,0bj —arg : p; 1> .
Complex infons are obtained out of infons by the traditional operations like v, A
and by quantification.

There is an operation over infons building complex relations — absorption of
some of the parameters occurred in an infon (basic or complex).

Because of simplicity of the representation we assume that different occurrences
of the constituent relations in an infon o have different argument roles. We write
o[f] when 6 = {6,,...,0,} is a list of the assignments occurred in o. Let §' =
{61,...,6,} be another list of assignments for the argument roles in 0. We also
write o[¢’] for the result of replacement in ¢ of the occurrences of the assignments
f1,...,0, correspondingly with 8, ..., 6.

Let o(£1,...,&,) be a parametric infon (basic or complex), where &1, ... &, is
a list of some of the parameters in o. The result of application of the operation
absorption of the parameters &q,..., &, over the infon o(&;,...,&,) is a comples
relation, written

[€1,.. . &afo(Er, .. &)

The argument roles of this relation are noted as [¢],.. ., [£,].
For example, the objects

[/ < chair,§;1>] and [/ < chair, §;1 > A <sit,a,€;1 ]

are complex relations representing correspondingly the property to be a chair and
the property to be a chair the individual a is sitting on.

The propositions are objects of the form (8 : T'), where Tis a type (primitive
or complex) and 6 is an assignment for argument roles of T

A proposition (8 : T) is true just in the case when the objects that are values
of the assignment 0 are of type T.

In this article we are concerned mainly with a special kind of propositions,
modelling the claims that in a situation s some objects are in or are not in some
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relations. For this purpose there is 4 primitive type = with two argument roles —
the situation argument role and the infon role.
The proposition (4 : ), where
f(situation) = s for some situation s
and
f(infon) = o for some infon o,
is written usually as
(s ko).
We write s £ o when the proposition (s k ¢) is true, and s ¢ & when the proposition
(s £ o) 1s false.
The situations are sets of infons and it is required that:
skoiff o €s for every basic infon o
and for any infons ¢y and oy
seoy Aoy iff sE oy and s E g,
if sEo; Voy, then sk oy or sk 03.
Complex types are formed from propositions by the operation absorption. Let
p(é1,...,€x) be a parametric proposition, where £;,...,&, is a list of some of the

parameters occurred in p. The result of application of the operation absorption of
parameters &1, . .., En over the proposition p(€1, . ..,&x) is a complex type, written

[Elx--~1€n/p(£1!"'!€n)]'

The argument roles of this type are noted by [&1],. .., [€n].
For example, we could form the type

[€,¢/(s B chair, & 1> A < sit, (, € 1))
The proposition
(6 :[6,¢/(s F< chair, & 1> A sit, (,§1 ),
where 8([¢]) = a and 0([¢]) = b, represents the claim that the objects a and b are

of type
[€,¢/(5 E< chair,&; 1> A < sit, (65 1)].

This proposition is true just in the case when
s < chair,b; 1> A < sit,a,b;1 > .

The absorption is a binding operator that binds the absorbed parameters,
i.e. the parameters £, ...,&, are not already among the parameters of the object
[€1,. .., &/p(€1, ..., &)]. The set of the parameters of a situation theoretical ob-
ject p, Par(u), i1s the set of the “free” parameters that occur in it. More precisely,
we could define the set Par(y) inductively:

1. If p € AURUT, then Par(p) = &;

2. If u € P, then Par(u) = {u};
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3. If p =< v,0,% >, where v is a relation or type, 6 is an assignment for vy
and 7 € {0,1} UP, then

Par(p) = Par(y) U Par(i) U U Par(6(arg));
arge Arg(v)

4. If g = p1 V p2, where py and ps are infons (or types), then
Par(u) = Par(u1) U Par(u2);

5. If p = py A po, where py and py are infons (or types), then
Par(p) = Par(p;) U Par(puz);

6. If p = [€/v(€)], where € is a set of parameters and v is an infon or a

proposition, then
Par(y) = Par(v) — €.

Let ;¢ be a parametric situation theoretical object. Let ¢ be a function such
that Dom(c) C P, Par() C Dom(c), and its values are situation theoretical objects
that are not parametric. Let p(c) be the object obtained by replacing each “free”
occurrence of any parameter { € Dom(c) N Par(u) with ¢(¢). The function ¢ is
called anchor for p when p{c) is a situation theoretical object (i.e. all conditions
for appropriateness are satisfied).

2. INFORMATIVENESS IN SITUATION SEMANTICS

Let go through some of the notions and their properties used for Situation
Semantics provided by the grammar GR2 in [14]. Everywhere to the end of these
notes we deal only with assignments which are total in sense that an assignment
for a relation or a type is defined for all of its argument roles.

We accept that it is possible for a parametric proposition p({i,...,{,) to be
true. Truth parametric propositions have the existential interpretation:

Definition 1. A parametric proposition p({) is true with respect to an anchor
¢ for p if p(c) is true.

Definition 2. A parametric proposition p(¢) is true if there exists an anchor
¢ for the parameters of p(¢) such that p(c¢) 1s true.

Definition 3. Let p;(¢) and py(€) be parametric propositions, where ¢ and £
are correspondingly the lists of the parameters of the propositions p; and py. The
proposition p; () involves the proposition po(€), written p1(¢) = p2(€), if for any
anchor ¢; for p1(¢), such that p;(c;) is true, there exists an anchor c; for ps(€) that
is an extension of ¢; and such that pa(ca) is true too.

Definition 4. The propositions p;(¢) and p2(€) are cquivalent, written
pi{¢) & p2(€), iff p1(() = p2(€) and p2(§) = p1(Q).

Let o(€) be a parametric infon (basic or complex), where £ = &,...,&, is a
hst of some of the parameters in g. Let Arg; be the set of the argument roles
in o, filled by the parameter §;, j € {1,...,n} (a parameter could fill more than
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one argument role in o). We assume that for each 7,5 € {1,...,n}, if 1 # j, then
Arg,NArg; = ©.

Every assignment 6 of the argument roles of the relation {€/¢(€)] in the infon
< [£/0(€)],8;1 > (or of the type [£/(s E o(£))] in the proposition (8 : [£/(s E
o(€))])) could be used to define an assignment ¢, filling the argument roles in o.
The assignment #' is the same as the existing already assignment in o, possibly
except for the argument roles in Arg,, ..., Arg,, and

(1) ¢’ (arg) = 0([¢;]) for each arg € Arg;, j€{1,...,n}.
Property 1 ([12, p. 233]). For every situation s
(s < [£/0(§)).0;1>) & (sk a[f']).
Property 2. For every type [£/(s E o(£))}] and its assignment ¢
(6:1¢/(sEa(€))]) & (s Eol0]).

Definition 5a. A situation s is (weakly) propositionally informative® if for

any proposition p
(s £ true,p; 1 >») = p.

Definition 5b. A situation s is strongly propositionally informative if for any

proposition p
(s K true,p; 1 >) & p.

Corollary 1. Let s; be a propositionally informative situation. Then for any
situation s, any parametric infon o(€) and any assignment § of the argument roles
of the type [{/(s F o(£))]

(s1 B true, (0 : [€/(s F o(€)]); 1) = (sk o[f]),

where 6’ is defined as in (1).

Property 3. If s is a model of a real situation (i.e. s is in a set of situations
modelling parts of the real world), then it is (weakly) propositionally informative.

We would like to model limited, partial parts of the world, that is why we do not
accept that the real situations are strongly propositionally informative. A special
case of the notion of strong propositicnal informativeness looks more appropriate
for representing the cases when some situations are “truth-tellers” with respect to
some situations. '

Definition 5c. A situation s, is strongly propositionally informative with
respect to a situation s if for any parametric infon o(€) and for any assignment 6
of the argument roles of the type [£/(s E a(£))]

(s1 E< true, (0:[§/(s E o(€)]);1>) & (6:[¢/(s F a(€))):

If we accept a version of Situation Theory in which types are relations, a special
kind of situated relations, then we could use them to build infons € T',8;1 >, where
T is a type and 6 is an assignment for T. In such a way we"could build two different
propositions: (8 : T') and (s £ T,0;1 ). If somebody insists on keeping a strong

3 See the T-schema in [10).
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distinction between the two kinds of objects — relations and types, a special two
place primitive relation be-of-type could be used. Then the object < T',6;i > could
be introduced as a shorten record for the infon

<& be-of-type, 8, 71>,

where T is a type, 0 is an assignment for 7, and i € {0, 1}.

The intuition behind accepting the types to be used as relations and for building
infons is that the proposition (s < 7',6;1 >) carries different information than
(6 : T). The proposition (¢ : T') just says that the objects in § are of type T, while
the proposition (s £< T, ¢; 1 >>) claims something else — situation s supports the
information that the objects in # are of type T". In particular, we could build the
following propositions:

(2) (0:[¢/(s E ()

— the proposition that the objects in the assignment 8 are of type [£/(s E o(€))];
3 (s1 L true, (0 : [§/(s E 0(§))]); 1)

- the proposition that the situation s; contains the information that the proposi-
tion (8 : [£/(s & 0(£))]) is true;

(4) (s1 B [§/(s F 0(£))), 0,1 )

— the proposition that the situation s; contains the information that the objects
in the assignment 6 are of type [£/(s E o(£))].

Definition 6. A situation sy is (weakly) tnformative with respect to a situation
s if for any parametric infon ¢(£) and for any assignment 6 of the argument roles

of the type [€/(s E (£))]
(s1 B[/ (s E0(§))],0;1>) = (s £ o)),

where the assignment ¢ is defined as in (1).

The difference between these notions of informativeness is that in the proposi-
tional variant (Definition 5a), when the proposition (3) is true, we could involve the
information that the objects in 6 have the property o in the situation s: s £ o[f’]
(Corollary 1). In the other variant, given by Definition 6, the proposition (4) says
that the situation s; contains the information that the objects § have some “situ-
ated” properties. We could involve the information s E o[f'] directly by the fact
& [&/(s E o(€))],8;1 > that is supported by the situation s;. The proposition
(3) says “too much”, while the information given by the proposition (2) is not
“enough” — it does not say where the information that the objects # are of type
[£/(s £ 0(£))] comes from, i.e. where the information that s £ ¢[{0'] comes from.

The most suitable formalism for modelling situation theoretical notions is giv-
en by Aczel’s universes of structured objects, [1], and by Lunnun’s generalized
A-universes which contain structured objects supplied by a component function
and a replacement operation, [2]. Lunnun’s A-universes come with parameters and
abstraction (i.e. absorption), where alphabetic variants are identified. The notion
of many sorted A-universe is used to build a situation theoretical universe of struc-
tured objects. In such an universe we need Property 1 and Property 2 to be held.
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These properties insist on adding an appropriate application operation within the
A-universes. In [2] the application of an abstract is at the meta-level (see [2, p. 18]).
Something more, accepting the types as relations legalized for building infons opens
new questions about a special application operation that enables the replacement
“in depth” of the informative situations (see Definition 6, Corollary 2, Corollary 3
and Property 6).

Property 4a. If s; is a model of a real situation, then it is propositionally
informative with respect to every situation s.

Property 4b. If s; is a model of a real situation, then it is informative with
respect to every situation s.

Definition 7. A situation s’ is strongly informative with respect to a situation
" if for any parametric infon ¢(€) and for any assignment 8, filling argument roles

of the type [{/(s" F o())],
(s" Eol0]) & (s B [E/(s" E a(€))], 6, 12>),
where the function # is defined as in (1).

We do not insist that the situations modelling parts of the world are strongly
informative with respect to all situations. But for the calculations of the linguistic
meanings in Gr2, [14], it is the case that some situations (described situations) are
strongly informative with respect to others (resource situations).

Corollary 2. Let o(€) be a parametric infon, where £ = &;,...,&, 1s a list
of some of the parameters in ¢. Lel s and s; be situations such that s is strongly
informative with respect to s;. Then

(s E[E/(s1 E o ()], 0: 1) & (s1E a(E)),

where 8 is the assignment such that 0([¢;]) = & for each j € {1,...,n}.
Definition 8. A type T} involves a type T, with respect to a situation s,
written 7} = T5 , if for any assignment 0 for T} exists an assignment 6, for 15

such that '
(s EK T, 01;1>) = (s B T2, 02;1).

Definition 9. Types 77 and T3 are equivalent with respect to a situation s,
Ty & Ty, it Ty = Ty and Ty, = 1.

Definition 10. A type 71 involves a type T3, written 77 = T3, if for any
assignment ; for 77 and for any situation s; exist an assignment 6, for 75 and a
situation sy such that

(51 ET1,01;1 ) = (s2 t:<< Ty, 02;1°>).

Definition 11. Types 77 and T3 are eguivalent, written 7y < Ty, if Ty = T
and Ty, = T7.

Proposition 1. Let

=[/(s1 Ea1(€)), Ta=1[6/(s2E02(6))), (s1F a1(§)) = (52 F 02(§)),

where s; and s, are situations, o1(¢) and o3(€) are parametric infons, and £ =
&1, ..., &n is a list of some of the common parameters in oy and o3, t.e. {&;,...,&} C
Par(o1)NPar(oy) (ie. there is an one-to-one function from Arg(7T;) onto Arg(73)).
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Let s be a situation that is informative with respect to sy and strongly informative
with respect to s3. Then 77 = T5.

Proof. Let Arg; be the set of the argument roles in o7, filled by the parameter
&, 7 €{L,...,n}. Let Arg} be the set of the argument roles in o3, filled by the
parameter &, § € {1,...,n}. Let 8 be an assignment for T} such that
sEL T, 0;1>, le seL[{/(s1E01(£))], 01> .
Then by Definition 6

s1 F o1[0],
where # is the assigniment that is the same as the assignment in ¢, possibly except
for the argument roles in Arg,, ..., Arg,, and for each arg € Arg;, j € {1,...,n},

0' (arg) = 0([¢;1)-
By Definition 2 there is an anchor ¢ for (s; £ ¢1{¢']) such that s; £ 01[0'](c). Let
define the anchor ¢ for (s; & 01(£)) that is the same as ¢, possibly except for the
paratneters in €, and for them it is defined in the following way:
() = 0'(arg)(c) for each arg € Arg;, j€{1,...,n}.
Then o1[¢](c) and 1(c’) are one and the same infon? and sy E o1(c’). Hence,
sy E o2(c”), where ¢” is an extension of ¢’. Then sy & 02(§).
Let define the assignment 6", filling the argument roles of the type Tp =
[€/(s2 E 02(€))] in the following way:
0"([¢;]) =¢ foreach je{l,...,n}.
‘The situation s is strongly informative with respect to sy, so by Corollary 2
sEL[E/(s2E o2(E))], 071>, e sELTy,0"1> .
Proposition 2. Let

Tr=[&/(si (@), To=[/(s2E 02(8))], (51 F 01(€)) & (52 F 02(§)),
where s, and sy are situations, 61(€) and ¢y(§) are parametric infons. Let s be a
situation that is strongly informative with respect to s; and s3. Then Ty < 1.

Corollary 3. Let
Ty =[E/(s < [v/0(7,6)),6,1>)] and Ty =[£/(sk o(0"))),

where o(7,€) is a parametric infon such that v = v1,72,... . ynand £ =&1,..., &
are some of its parameters, each parameter v; fills the argument roles of o that are
in the set Arg;, j € {1,...,n}, 0’ is the assignment for the argument roles in ¢ that

is the same as the assignment in o(7,&), possibly except for the argument roles in
Arg;, and ¢'(arg) = 0([y;]) for each arg € Arg;, j € {1,...,n}. Then Ty & T3 for

any situation s’ that is strongly informative with respect to s.
Corollary 4. Let s; and sy be situations such that s, is strongly informative
with respect to sg. Let

Ti=[¢/(s1 e [7/(s2 £ 0(7,€))),0:1)] and Ty = [€/(s2 E o(8))],

4 More precisely, in a model of Situation Theory, like [9], that could be proved by induction

with respect to building the infon ;.
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where o(7,&) is a parametric infon such that v = v1,72,...,7, and € = €;,..., &
are some of its parameters, each parameter +; fills the argument roles of o that are
in the set Arg;, j € {1,...,n}, ¢ is the assignment for the argument roles in ¢ that
is the same as the assignment in o(7,§), possibly except for the argument roles in
Arg;, and §'(arg) = 8([7;]) for each arg € Arg;, j € {1,...,n}.

Then T} & T, for any situation s that is strongly informative with respect to

s; and so.

It is accepted in Situation Semantics that the speakers make claims (s £ o)
describing some situation s via the utterances of natural language sentences. The
situation s is called described situation for the utterance, and (s £ o) — propo-
sitional content of the utterance. Resource situations are used by the speakers to
provide some individuals or information about some individuals needed for describ-
ing a situation s as being of certain type, i.e. for the propositional content of the
utterance. Which situations are resource situations for an utterance is up to the
speaker references. In Gr2, [14], it is accepted that if s is the described situation by
an utterance, then it is strongly informative with respect to any resource situation
s’ for this utterance.
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CODE EVALUATION IN OPERATIVE SPACES
WITH STORAGE OPERATION

JORDAN ZASHEV

Hopdan 3awes. KOJNOBO OLIEHUBAHUWE B ONTEPATOPHBIX TPOCTPAHCTBAX
C OIIEPATOPOM CKITAIVNPOBAHUA

PaccMaTpuBaeTcs HOHATME ONMEPATOPA CKIAAMPOBAHMA B ONEPATOPHBIX: HPOCTPAHCT-
pax ViBaHOBa, poACTBEHHOE COOTBETCTBYIoWeMy MoHaTuio VIBanopa. Jlna onepaTopHbIX
NpPOCTPAHCTB € OMEePaTOPOM CKJIaAMPOBAHMA HNOKa3aHa TEOPeMa KOAOBOrO OUEHMBAHMUA, U3
KOTOPOU JECKO ClleJlylOoT NOYTM BCE OCHOBHBIE Pe3yJibTaThl anrebpanyeckoit Teopun pexyp-
CHM A TAKUX APOCTPAHCTB. B radecTse npumMeHeHU oy 4alOTCA OCHOBHBIE PE3YILTATH
TeOpHUKU KOMBMHATOPHEIX npocTpaHcTs Ckopaesa B o6oGuieHHoOM BapuaHTe, cBoboAHOM OT
MCNOIb30BAHUA KOHCTAHT.

Jordan Zashev. CODE EVALUATION IN OPERATIVE SPACES WITH STORAGE OPERA-
TION

A concept of storage operation in an operative space is considered, which is closely related to
Ivanov’s concept of storing operation in such spaces. For operative spaces with storage operation
a code evaluation theorem, implying almost all principal results of algebraic recursion theory for
such spaces, is proved. As a special case these results are obtained for a generalized version of
Skordev's theory of combinatory spaces, free from using constants.

0. INTRODUCTION

One of the methods in algebraic recursion theory is based on a principle which
we call “the code evaluation theorem”. This theorem is a fundamental result in
the sense that all principal facts of algebraic recursion theory usually follow easily
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from it. For instance, in operative spaces in the sense of [1] the first recursion
theorem, the normal form theorem, and the universal element theorem are near
consequences of the code evaluation theorem. On the other hand, the last theorem
in operative spaces requires suppositions which differ from those needed for other
methods, especially the method of Ivanov [1]. The principal advantages of the
suppositions needed for the method of code evaluation are connected with the
possibility for further generalization of the theory. For instance, in the context of
categorial generalizations [7], suppositions called “axioms pA;, uA,, pAs, tuA”
etc. in [1] become rather gross; there are examples of DM-categories in which to
prove the analogue of these suppositions is almost as much difficult as to prove the
analogue of the recursion theorem. Another important advantage is in the fact that
the method of code evaluation is not crucially dependent upon the totality of the
operation of iteration and gives interesting consequences for non-iterative spaces,
as suggested in [8].

The code evaluation theorem was proved for various kinds of algebraic systems
[4]. For operative spaces in the sense of [1] it was not published in ite original form,
but only for generalizations in different directions, as in [5], [7] and [8]. It was not
clear, however, how this method will do in the case of the theory of combinatory
spaces in the sense of [2].

The purpose of the present paper is to prove the code evaluation theorem for
operative spaces with a storage operation and to show how it applies for combinato-
ry spaces, providing in this way a basis for some generalizations of the theory of last
spaces. The operative spaces with a storage operation were essentially introduced
in [1], but the notion of storage operation in the sense of the present paper is not
a special case of the notion of t-operation in [1]. The last spaces are interesting by
themselves, but being a generalization of combinatory spaces, the code evaluation
theorem in them gives as a consequence all principal results of recursion theory
in last spaces, except the theorem of representation of partial recursive functions,
however in suppositions which differ from those in [2], the difference being but of
secondary significance. [t provides also an elimination of constants from the theory
of combinatory spaces, i.e. a generalization of the last theory, which is free from
using “points”, the elements of the set € in the original theory of combinatory
spaces [2] playing a similar role.

1. PRELIMINARIES

In order to avoid confusion with notations in [2], our notations for operative
spaces will differ from those of Ivanov [1], especially multiplication will be denoted
in reverse order. Thus in the present paper by an operative space we shall mean
a partially ordered algebra F with two binary operations: multiplication ¢ and
pairing (p,v9) (for ¢,¢ € F), and three constants 7, T}, Fy such that Fis a
semigroup with an unit / with respect to multiplication, and the following equalities
hold for all o, ¢, x € F: (0, )Ty = o, (¢, V)Fy = ¥, x(v,¥) = (xp, x¥). Note
that the last definition includes also the supposition that the both operations are
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increasing on both arguments. By storage operation in F we shall mean an unary
operation S in JF which is increasing and satisfies for suitable constants D, Ag,
Ay € T and all p, ¥, x € F the following three equalities:

(s1) | S(ew) = S(9)S(¥);
(52) S((p, ) = (S(p), S@))D;
(s3) S(S(0)) = AoS(p)Ar.

A partially ordered algebra JF consisting of an operative space, an operation S
and constants D, Ag, A; € F satisfying (S1)-(S3) will be called an operative space
with storage, or shortly OSS. An OSS will be called regular, iff the inequality

(54) (T S(1), FS(I)D < DS(I)

is fulfilled in it.

Now let us fix an operative space F with a storage S; we shall write ¢ for
S(p). Let X be an arbitrary subset of F; then by a simple X-admissible initial
segment we shall mean a subset A C F of one of the following three forms:

NA={£€T|€ <Y}, where p €T,

2) A= {€TF|plx <y}, where p, ¥ € F and x € X;

NA={£e€TF|(Ex)” <YI™}, where ) € Fand x € X.

A K-admissible initial segment is by definition a countable intersection of sim-
ple X-admissible initial segments. An element ¢ € JF will be called K-iteration of
another element ¢ € &, iff ({,9)p < ¢ and for every X-admissible initial segment
A C F such that

(LA ={(Lp|Ec A} CA
we have ¥ € A. We shall fix the set K and we shall write simply “iteration” instead
of “K-iteration”. If ¥ is an iteration of ¢, then ¥ is the least solution of (1,&)p < ¢
with respect to € in F, since the sets of the above form 1) are X-admissible initial
segments. Therefore the iteration of ¢, if it exists, is unique, and in this case we
shall denote it by I(¢). (Note the difference between our iteration I{y) and that
used by Ivanov [p]; however, both iterations are easily expressible by each other.)

Next, suppose we are given an infinite list of formal symbols called variables
and denoted by z, y, z with or without indexes; and suppose we have another list
of symbols ¢g, ..., ¢;—1 called parameter symbols. We shall fix an interpretation
assigning to each parameter symbol ¢; a parameter, i.e. an element v; € J, called
also value of ¢;. We shall have also symbols for the elements I, T4, F, D, Aq,
A of F which we shall denote by the same letters, so each of these elements is the
value of the corresponding symbol denoted by the same letter. We shall call the
last symbols basic constants; both parameter symbols and basic constants together
will be called constants, and constants and variables together will be called prime
terms. Now terms are defined inductively as it follows: all prime terms are terms;
if t and s are terms, then (ts), (f,s) and S(t) (or shortly t7) are terms. We adopt
usual conventions of dropping external brackets in multiplication (¢s) of terms etc.
Terms of the following two kinds: p, p~, where p is a prime term, will be called
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stmple terms. If no otherwise indicated, the letters ¢, s, p, ¢, r with or without
indexes will denote the terms below. Terms of the form

(. ((to)t1) .. tn1)tn
will be written shortly as tfg ... t,_1t,. An evaluation ¥ is a function with a finite
domain Dom(¥) consisting of variables and values in F. The value 5(t) € Fof
a term ¢ under an evaluation ¥ defined for all variables occurring in t is defined
inductively as it follows: 19(t) = 9(t) if t is a variable; 19(73) is the value of t if t is a
constant; J(ts) = 19(t)19(5‘) J((t, 5)) = (J(t), 9(s)); and 9(t™) = (9(t))". For some
purposes it will be convenient to consider the empty word A as a special term with
value I, and, accordingly, 19(A) = I for any evaluation J. By an extraterm we shall
mean a word which is either a term or empty, and the letter P below will always

range over extraterms. Thus we have AP = P = PA for all extraterms P and we
define A™ = A.

2. REDUCTIONS AND NORMAL FORMS OF TERMS

Expressions of the following five kinds:

(R1) (ts)"—t7s7;
(R2) ((t,s))" = (7 s7)D;
(R3) (t7)" — Aot"Ay;
(R4) t(sr) — tsr;

(R5) t(s,r) — (ts,tr),

will be called contractions. As usual, the notion of contraction gives rise to a
reduction notion: we shall write ¢ }—; s for “s is obtained from ¢ by. contracting of
aredex in t”, where by redex we mean an occurrence of a left side of a contraction,
and contracting of a redex means replacing it by a corresponding occurrence of the
right side of the same contraction; by i~ we shall denote the reflexive transitive
closure of the relation |~;. A term is normal, iff 1t does not contain redexes. An
S-redez 1s a redex of one of the first three kinds, i.e. an occurrence of left side of
(R1), (R2) or (R3). For each term ¢ we define another one tV by the following
equalities: '

(1) sV =5, if sis a simple term;
(2) (ts)N =tNs, if sis asimple term;
@3 - (t(sr) = (tsm)™;

(4) (t(s,r )Y = (ts)N, (tr)™);

(5) (s = ()M,

(6) (&)Y =@V, sV);

(7) , ()N =)

(8) (¢, ) = (¢ )N (sHM)D;

(9) (Y = (AN Ay

310



To see that this is indeed a correct definition, consider the ordinal number
p(t) = a(t)w® + Bt)w? +4(H)w + 6(1),
where a(t) is the maximal length of S-redexes in ¢; 5(t) is the number of S-redexes
in t; 7(t) is the length of t; and 8(t) = ) y(ti), where t = ptg...tx—1 and the term
i<k

p is not of the form pop1. The equalities (1)-(9) are obviously defining at least a
partial function tV on terms t, but this function is total since an induction on u(t)
shows that tV is defined and ¢ is normal for every term ¢. Moreover, we have

Lemma 1. For all termst and s:
(a) t i tV: and
(b) of t i s, then tV = sV,

Consequently, sV = s for every normal term s and for an arbitrary term ¢t ¢V
is the unique normal term s for which ¢ i s.

Proof. (a) is obvious by an induction on u(t); to prove (b) it is enough to
show that t 1 s implies t¥ = sV. This is done also by induction on (). It is
convenient to write t 1—g 5 for t = 5. Suppose the hypothesis of the induction and
consider nine cases for ¢ as in the definition (1)-(9) of ¢V. We shall consider the
case corresponding to (3) only, the rest ones being similar or simpler (we are leaving
them to the reader). This is the case when ¢ has the form r(pq). Let ¢ =1 5. Then
{wo subcases are possible:

Subcase 1) s = rpg. Then tV = sV by (3).

Subcase 2) s = ro(pogo), where  i~; o, p Ij po, ¢ I~k qo, and i, j, k are
natural numbers such that i + j + k = 1. Then u(rpq) < p(t) and rpq i1 Topaqo,
whence, using the induction hypothesis, we have t¥ = (rpg) = (ropogo)” = sV.

n

Lemma 2. The function tV on terms t is primitive recursive.

Proof. This is not obvious since an induction on a higher ordinal was used
in the definition of tV. But the normal form function ¢V can be represented as a
composition of two primitive recursive functions R and B on terms defined below.
First define a function F on terms by the following equality:

t if t is a prime term,

F(s)F(r) ift = sr,

(F(s), F(r))D ift=(s,r),

AoF(S)Al ift = s”.

This is a definition by induction on complexity of ¢, so F' is primitive recursive and

by a similar induction we see that t~ i~ F(t) and F(t) does not contain S-redexes.
Next, define by the same induction the function R as it follows:

o~

F(t):

t if ¢ is a simple term,
R(s)R(r) if t = sr,

(R(s), R(r)) ift=(s,r),

F(s) ift=s".
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In the same way we see that R is primitive recursive, ¢ - R(t) and R(¢) does not
contain S-redexes.

Finally, define the function B on terms containing no S-redexes by the following
equality:

t if t 1s a simple term,
B(p)s if t = ps and s is a simple term,
B(t)y = ¢ B(pgr) if t = p(qr),

(B(pg), B(pr)) ift=p(q,r),
(B(q), B(r))  ift=(q,r).

The last definition proceeds by induction on the number ¢(¢), defined by

0 if ¢ is a simple term,
e(t) = < e(r) + 7(s) ift =rs,

e(r)+e(s)+1 ift=(rs),
whence B is primitive recursive. Moreover, by induction on €(t) we see that for
every term t containing no S-redexes t i~ B(f) and B(t) is normal. Therefore,
for an arbitrary ¢ we have t - B(R(t)) and B(R(t)) is normal, and by Lemma 1
tN = B(R(t)). =

Finally, let us mention that the extraterm A will be considered as normal and,

accordingly, AY is A by definition; the function PV on extraterms P is obviously
primitive recursive.

3. THE CODE EVALUATION THEOREM

As in Section 1 we shall have fixed an OSS JF, an interpretation of parameter
symbols in J, and a subset KX C F. Consider a formal system ¥ of inequalities of
the form

(10) si <z, 1<mn,
where n # 0 and sg, ..., s, are normal.terms containing no other variables than
Zo, ..., Zn—1. For every extraterm P containing no other variables than zg, ...,

z,_1 we shall write f’(fo, ...,&n-1) for the value J(P) of P under the evaluation
Y {zo,...,2p_1} — F defined by ¥(z;) = &, i < n. We shall write shortly Z
for (zg,...,Tn_1), 5 for (so,...,8n—1), and € for (éo,...,€n-1). As usual, terms
without variables will be called closed terms and the value of a closed term ¢ will be
denoted by {. We shall call a term ¢ a fit term, iff every occurring in ¢ simple term of
the form ™ occurs in ¢ only through occurrences in a subterm of the form Pz"T",
as explicitly indicated in the last subterm; the extraterm A is also considered as
fit. Obviously, for every term ¢ there is a fit term ¢’ containing the same variables
and with the same value as ¢ for every evaluation defined for the variables in ¢. A
solution of (10) is defined as an n-tuple £ € F* such that 'SZ(Z) <& for all i < n.
Least solution of (10} is a solution s = (pg, ..., pn—1) of (10) such that for every
solution £ = (&g, ..., €n—1) of (10) we have p; < & for all i < n. It is obvious that
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any system X of the form (10) is equivalent to such one for which the left sides
s; are fit normal terms. We shall write N(Z) for the set of all normal extraterms
containing no other variables than those occurring in X, and N will be the set of
all normal extraterms.

A set K C N(2) will be called closed with respect to the system ¥ of the form
(10) iff the following five conditions are fulfilled:
(Cl) =z € K foralli<mn;
(C2) if Ps€ K and s is a simple closed term, then P € K;
(C3) if (to,t1) € K, then both to,t) € K;
(C4) if Pz; € K, then (Ps;)¥ € K and P € K;
(C5) if P(z;)"@Q € K, where @) is either A or A;, then

(P(s))¥Q € K and P € K.
Now by coding for the system X of the form (10) we shall mean a triple (K, k, o),

where K C N(X) is closed with respect to ¥, £ : K — J is a function, and o is an
element of J such that the following five conditions are fulfilled:

(K1)  ok(t) =Ty ift=A

(K2)  ok(t) = F1k(P)s ift = Ps and s is a simple closed term;
(K3)  ok(t) = Fy(k(to), k(1) if ¢ = (to,02);

(K4)  ok(t) = Frk((Ps)Y) if t= Pz, i<n

(K5)  ak(t) = Frk((P(si))Y) if t = P(a;)”, i< n.

Theorem 1. Suppose the OSS F is regular. Let (K, k, o) be a coding for the
system (10) with fit left sides and let w € F be an iteration of o. Then the n-tuple

wk(Z) = (wk(zo), ..., wk(zn-1))
is the least solution of the system (10) in F.
Proof. Since w is an iteration of o, it satisfies the equality
(I[,w)o =w,

whence by multiplication from right by k(t), t € K, and using (K1)-(K5) we obtain
the following equalities:

(1) wk(t)=1 ift=

(12)  wk(t) = wk(P)s if t = Ps and s is a simple closed term;
(13)  wk(t) = (wk(p),wk(q)) il L= (pq);

(14)  wk(t) = wk((Ps; W) ift = Pxy, i< m

(1) wk(t) = wk((P(s))N) ift = P(z;)", i< n.

We shall prove the inequality

(16) wk(t)wk(s) < wk((ts)N)
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for all t,s € K such that (st)V € K. For that fix t € K and denote by K’ the set
{s € k| (ts)V € K}. Then the subset A C 7, defined by
A={9€F|Vs €K (wk(t)dk(s) <wk((ts)V))},

is a X-admissible initial segment. To show that (I, A) C A, suppose ¥ € A and
consider cases for s € K’ as it follows:
Case 1) s = A. Then by (K1) we have

wk(t)(I,9)ck(s) = wk(t)(1,9)Ty = wk(t) = wk((ts)").

Case 2) s = Pq and ¢ is a simple closed term. Then using (K2) and (12) we
have

Wk(E)(T, 9)ok(s) = wh(t)(I, 9)F1k(P)§ = wk(1)0k(P)§
< wk((tP)V)7 = wk((tP)Nq) = wk((ts)™).
Case 3) s = (p,q). Then, similarly, by (K3) and (13)
wk(t)(1,9)ok(s) = wk(t)I(k(p), k(g)) = (wk(t)Ik(p), wk(1)Ik(q))
< (Wh((tp)V),wk((te)") = wk(((tp)™, (ta)™)) = wk((ts)™).
Case 4) s = Pz;, i < n. Then, similarly, using (K4), (1
wh(t)(1,9)ok(s) = wh(t)Ok((Psi)V) < wk((t(Psi)V)V) = wk((tPs:)")
= wk((tPYWs:)V) = wk((tP)N ;) = wk((ts)V).
Case 5) s = P(z;)", i < n. Similarly,
wh(t)(I,9)ok(s) = wk()k((P(s)) ) < wk((t(P(s:))V)Y) = wh(((tP)" (s:))")
wk((tPYN (2:)7) = wk((ts)™).
Note that in cases 2)-5) we used also conditions (C1)—(C5) to ensure that the

involved terms belong to K’. These cases exhaust all possible cases for s € K’
since s 1s normal. Therefore, for all s € K’ we have

wk(t)(I,0)ok(s) < wk((ts)N),
which means that (I,9)c € A, and the inclusion (I, A)o C A is proved. Since w is
an iteration of o, we conclude that w € A, whence we get (16).
Next we shall prove that for all ¢ € K \ {A} such that ()" € K we have

(17) (Wk(1))™ < wk((t)M)1™
Indeed, let K" be the set {t € K |t # A& (t")¥ € K} and consider the X-admis-
sible initial segment

B={9€F|9k(A) < T&Vt € K" ((9k(t))” <wk((tHV)I7)}.
To prove that (I, B)oc C B, take 9 € B. Then (I,9)ok(A) = (I,9)Ty = I and to
prove
(18) ((Z,9)ok(t)” < wk((t)")

for all t € K" consider cases for ¢ as it follows:

bl

Case 1) t = A. Impossible, since t € K"

3) and Lemma 1
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Case 2) t = Ps, where s is a simple closed term. Then if s is a constant, we
have, using (K2), (11) and (12),

(1, 9)ck(t))” = (Jk(P)5)~
< Wk((PYNIE)" = wk((PYV)(E) T = wh(())1”
and if 5 = ¢, where ¢ is a constant, we have, 51mllarly,

((1,9)ak(1))” = (9R(P)3)” < wh((PYN)(E) )T = wh((P)V)Ao(8) A1 1"
= wk((PYY)Aoc™A) I = wk((t)M)I”

Case 3) t = (p,q). Using conditions (C2) and (C3) we see that p,q € K",
hence by (K3), (S4), (12) and (13) we have
((1,9)ak(t))” = ((Ok(p), 9k(q)))” = ((Wk(p))", (9k(9))")D

)"
< (wk((p)MI7wk((a)N)ID = (wh((p)Y), wk((¢ YT+ 17 F4I7)D
< (Wk((P)M), wk((a)M)DI™ = wk((PDN, (¢I)V)D)I™ = wk(()V)I ™.

Case 4) t = Px;, i < n. Then using (15) we get

((1,9)ok(t)™ = (Ik((Ps:)™))™ < wk((Psi) ))I™ = wk((P(s:))V)I™

= wk((POYN(z) )™ = wk(tO)M)I™.

Case 5) t = P(z;)", ¢ < n. Then t = P(z;)” € K, whence by (C5)
(P(s:))Y € K. On the other hand, ((P(s;)))Y = (P Ao(s:i))V A:1, and
since (t7)N = (P7Ao)N(z;) A1 € K, we see by (C5) again that ((P(s;)))N € K,
i.e. (P(s:)")N € K". Therefore, using Lemma 1 and (15) we have
((1,9)ak(t))” = (9k((P(s:) ™)™ < wk(((P(s:)))IM)I™

= wk(((P(s:)))")I™ = wk(((P) Ao(si) ) ) Ar 1™
= wk(((P) " A0)™ (2:) )AL = wk((P(z:)) 7)) = wk((t)V)17
Thus (18) is proved and thence (I,9)o € B. Since w is an iteration of o, by

the inclusion (I, B)o C B we have w € B, whence we obtain (17). Using (16) and
(17) we are able to show by induction on ¢ that

(19) [{wh(z)) < w(t)

for all fit t € K. For that suppose t is fit and consider the cases for ¢t as above:
Case 1) t = A. Then (19) is obvious from (11).
Case 2) t = Ps, where s is a simple closed term. Then if P is fit we have by
the induction hypothesis

H{wk(T)) = P(wk(Z))5 < wk(P)5 = wk(1),

and if P is not fit, then, obviously, s = I” and P = P'z;” for some i < n and
extraterm P’, and using (17), (16) and the induction hypothesis we have

tH{wk(F)) = P'(wk(®))(wk(z:))T™ < wk(P")wk(z;)[T" = wk(P'xijIA: wk(t).
Case 3) t = (p,q). Then using the induction hypothesis and (13) we get
H(wk(®)) = (Pwk(3), Gk (z)) < (wk(p), wk(e)) = wk(t).
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Case 4) t = Pxz;. Using the induction hypothesis, (16) and (C5), we have
~(C«’k(‘)) = P(wk(T))wk(z:) < wh(P)wk(z:) < wk(t).

Case 5) t = P(x;)". Impossible, since t is a fit term.

This completes the proof of (19). Since the terms s; are supposed to be fit
ones, (19) implies that wk(Z) is a solution of (10):

5i(Wk(T)) < wk(s;) = whk(z:). v

Now let € = (o, ...,€q~1) be an arbitrary solution of (10) in F. We shall show
that for each t € K
(20) ' k(1) < T(D).
For that consider the K-admissible initial segment

By ={9eTF|Vte K (Jk(t) <t?))}.

We shall show that (I, B;)oc C By, whence (20) will follow immediately. For that
suppose ¥ € By and prove for allt € K that

(21) (1, 9)rk(t) < T(),
considering cases for t as it follows:
Case 1) t = A. Then
(I,9)ck(t) = (I,9)Ty = I = ().
Case 2) 1 = Pq, where ¢ is a simple closed term. Then
(1,9)ok(t) = 9k(P)T < P(E)7 = 1(E).
Case 3) t = (p,q). Then
(1, 9)ok(t) = (9k(p), 9k(g)) < (), 7(E)) = T(E).
Case 4) t = Pz, i< n. Let s = Ps;. Then, since reductions do not change
the value of terms and £ is a solution of (10), we have

(1,9)ak(t) = 9k((Psi)V) < 5(€) = PE)5i(€) < P(E)& = 1(E).
Case ) t = P(z;)7, 1 < n. Similarly,

(1,9)ok(t) = 9k((P(s:))N) < POE(E)" < PE&)™ = 1(D).
This completes the proof of (21) and, therefore, of (20). Then for each i < n
we have

wh(zi) < F:(€) = &

Remark. As it may be noticed by the reader, the previous theorem holds with
the following variation: we leave the supposition that J is regular and terms s; are
fit, and replace the supposition that w is a K-iteration of ¢ by a (possibly) stronger
one, which is obtained from the definition of K-iteration by erasing the occurrence
of I”in the definition of simple K-admissible initial segment. The proof is the same
with corresponding simplifications, namely we need not to pay attention to fit terms
and we prove (19) for all t € K. The preference of the presented above version
was made for purposes of applications to combinatory spaces, but the version,
mentioned in the present remark, is interesting as well.
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4. EXISTENCE OF CODINGS

To apply Theorem 1 one needs to construct a coding which in many cases is
more or less a straightforward work. We shall describe a general situation when
codings exist always. Namely, let F be an OSS and let as before an interpretation
of parameter symbols in J and a set X C F be fixed. Denote by S the set of all
pairs (X,t), where ¥ is a system of the form (10) and t € N. Then by universal
coding in F we shall mean a pair (k, o), where 0 € Fand k£ : S — X is a function
such that for every fixed system X of the form (10) the triple (N, kx, o) is a coding
for ¥, where ks(t) = k(X,1) for all ¢ € N. By proper representation of natural
numbers in J we shall mean a function assigning to each natural number n an
clement nt € JF and satisfying the following condition: for every natural number
m there is a mapping Ry, : ™ — F such that

Rm(‘p()y . --;Som—l)n+ = ¥n

for every m-tuple (po,...,pm-1) € I and all n < m. If these mappings R,, are
of the form

Rm(@0, .- em=1) = (p0,(¢1,-- - (Pm-1,Dp.. )p)p,

where p € JF, we shall say that the representation in question is normal and
p is its specific element. We shall say also for a proper representation of natural
numbers in ¥ that it is primitive recursive, iff unary primitive recursive functions are
representable with respect to this representation, 1. . for every primitive recursive
function f of one argument there is ¢ € F such that pnt = (f(n))* for all natural
n. We shall call an element ¢ € F elementary in aset B C F, iff ¢ may be expressed
through basic constants and elements of B by means of multiplication, pairing and
storage operations, 1. e. iff ¢ is the value of a closed term with parameters in B.
Elementary mappings [ : 3 — J are similarly defined as mappings of the form

(&) = t(&) for suitable term ¢ with parameters in B.

Proposition 1. Let a primitive recursive representation n™ of natural numbers
n be given in F, and suppose nt € X for alln, and let the set X satisfy the following
three conditions:
(a) xp=¢ % forall p €F and v € X;"
(b) there is 6 € F such th(it én = ux for all xe€ X;
(c) there is m € F such that mx = (T4 %, Fyx) for all x € X.

Then there is an universal coding (k,o) in F, and if the representation nt is
normal, then such a coding may be found with o of the following special form:

(22) o= (6070, (61717 . (bar—rya— 1) . ))B,
where vg,...,vi—1 are the paramelers, yi4; = vi forall i <1, 60 = - =6,y = Fy,
b= =68y_1 = FyAg, and B is elementary in a fized finite set B C F.

Proof. Take a primitive recursive numeration of elements of S and define
k(X,t) = (the number of (X,t))*. Using the representability of primitive recursive
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functions we see that there is ¢’ € F such that

0% if ¢ is a simple closed term,

1t if t = ps, where s is a simple closed term,
o'k(E,t) = { 2+ ift = (p,q) for suitable p, q,

3%+ if t = Pz for a suitable variable z,

4% if t = Pz~ for a suitable variable z.

Next we construct gg, 01,09, 03,04 € F such that
ook(Z,t) =Ty ift = A;
o1 k(Z,t) = FL (X, P)5 if t = Ps and s is a simple closed term;
o2k(S,1) = Fy (k(Z,p), K(Z,q)) if L = (p,q);
03k(Z,t) = Fy (k(Z, (P2(2))Y) if t = Pz;
0ak(E,t) = Fy(k(Z,(P(Z(x))Y) if t = Pz,

where () is the left side of the inequality in £ with right side &, if such inequality
exists, and X(x) = z otherwise. The existence of o3 and o4 follows from the
supposition of primitive recursiveness of the given representation of natural numbers
in F; the existence of o is obvious, since the last representation is a proper one.
The crucial point is the construction of oy. It may be done by making use of (a)
and (b) as it follows: '

Fuk(E, P)s = Fk(E, P)ak(Z, s) = Fya k(E, P)k(T, 5)
= F+aA0']()k'(E, PS)O'M]C(E, PS) = F+QA0'10(0'11)A(SIC(E, PS),

and define 01 = Fya“oi9(011)76, where o € J is such that ak(E,t) = 1 for
all simple closed terms ¢ (the existence of a follows from the fact that simple
closed terms are finite in number), s is a simple closed term, and oy and oy
are constructed using the representability of primitive recursive functions. The
construction of o3 is based on the use of (¢): for t = (p, q) we have

14.(/6‘(2, p), ]C(E, q)) = F.(.O'ZQIC(E, t), 0’21]6(2, t))
= F+(0’20, 0'21)(T+]C(E,t), F+k'(2,t)) = F+(0'20, Ugl)ﬂk(z,t),

and we define. 03 = Fy(020,021)m; 020 and o1 are constructed using the rep-
resentability of primitive recursive functions. Finally, taking ¢” € F such that
o"it = g for all i < 5, and defining ¢ = ¢"'0’8 we see directly that (k,o) is an
universal coding. The form (22) of ¢ in the case of normal representation nt fol-
lows easily from the above construction by some simple transformations using basic
equalities in the definitions of operative space and storage operation and the set
{6,7,010,011,020,0921,03,04,0,p} for By, where p is the specific element of the
representation nt. m

Corollary 1. Suppose for every ¢ € F there is a solution () of the equality
(I,€)p = € with respect to £ in JF, and there are two elements M,Q} € F such that
for all ¢ € F the following equalities hold:

(i) ¢ MFy = MFy¢7
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V) QMT, T, =T,.

Then there is an universal coding (k,o) in F such that o has the form (22) with
respect o a set By consisting of elements explicitely expressible by means of basic
constants, @, M, and operations of multiplication, pairing, storage and iteration L

Indeed, define nt = (M F4)"MT, T4, and let X be the set of all elements of
the form n* for a natural n. Then (i)-(iii) imply the condition (a) in Proposition
1. Using (iv) and (v), we see that the operation Rg defined by Ro(ep, ¢) = (¢, ¥)Q
satisfies the equalities

(23) Ro(p,¥)0T = ¢ and Ro(p,¥)(n+1)* = yn*

for all natural n and all ¢, € F; and for the element 7 = I((T4, F19")Q) we see
by induction on n that rn* = ¥, whence the operation R; defined by Ry (¢, ¥) =

(T4, Fyd7)Q)p ™ satisfies _
(24) Ri(p, $)0% = ¢ and Ri(p,¥)(n+1)* = ¥R (p, y)n*

for all natural n and all ¢,9 € F. Using Theorem 1 in [6] we conclude that n*
is a normal primitive recursive representation with specific element Q. Conditions
(b) and (c) in Proposition 1 are satisfied with § = Ry(0t0*, MF, M“F,") and
7 =Ry ((T40%, F 01), (Ty M Fy, Fy M FL)). Applying Proposition 1 we obtain the

corollary. =

A system X of the form (10) will be called finitely codable iff there is a finite
set K C N(Z) which is closed with respect to £. For finitely codable systems we
can easily find codings with a special simple form of the third component o.

Proposition 2. Let a normal representation n* of natural numbers n with
a specific element p be given in F. Suppose nt € X for all n and the set X
satisfies the condition (a) in Proposition 1. Then for every finitely codable system
¥ there is a coding (K, k, o) for & such that K is finite and o has the form (22)
with B elementary in {p} and the set of representations n™ of natural numbers
n. Moreover, if the system ¥ contains occurences of a parameter symbol ¢; only
through occurences of ¢;”, then the part concerning the correspondent parameter v;
may be erased from the form (22), i. e. 0 may be supposed of the form

o= (Feyo™ o (Fyvier ™ Gigrvier ™ (Fr Aoy 5 1) )6

Indeed, if K C N(X) is finite and closed with respect to X, then we can
enumerate elements of K and define k(t) as (-(t))*, where ~(t) is the number of
t € K. Then we may construct o satisfying (K1)-(K5) in a way which is obvious
enough and obtain the necessary form (22) of ¢ by some elementary transformations
using (a) of Proposition 1. To obtain the last form of ¢ in the Proposition 2, we
have to notice also that if the system ¥ possesses the property in question, namely
that it contains occurrences of the parameter symbols ¢; only through such of ¢;7,
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then all extraterms in the least closed with respect to £ set K C N(X) possess the
same property, which is clear from the closure conditions (C1)-(C5). =

An element ¢ € F will be called finitely recursive in a set B C F, iff it is
definable by a finitely codable system with parameters in B, i.e. ¢ is a member
of the least solution of a finitely codable system of the form (10) with respect to
an interpretation of parameter symbols in B. Similarly, by varying one or several
parameters, finitely recursive in B mappings of one or several arguments are defined.

Proposition 3. The set of finitely recursive clements (and mappings as well)
15 closed with respect to the operations multiplication, pairing and storage. If for
every ¢ € J the least solution I(y) of the inequality (1,&)p < & with respect to &
exists in F, then the set of finitely recursive elements (and mappings as well) is
closed also under the operation 1.

Proof. For the operations multiplication, pairing and I this is easy. For in-
stance, if ¢ is the member ¢ of the least solution (po, ..., pn—)) of a system X of
the form (10), then (o, ..., ¥n—1,{)) is the least solution of the system &' = ¥
(I,y)zo < y obtained from ¥ by adding the inequality (I, y)zo < y, where y is a
new variable. If K C N(¥) is finite and closed with respect to T, then the set

- K'=KU{y, (Iy), Hu{(Uy)" [te K}
is finite and closed with respect to ¥’. This is the proof for the operation I, and
the cases with multiplication and pairing are similar or simnpler and are left to the
reader. The case with the operation storage offers a little bit more difficulties.

Lemma. Let ¥ be a system of the form (10) and let U C N(X) be finite and
closed with respect to 2. Then there is a set 17" C N(X) such that U CU', U’ is
finite and closed with respect to ¥, and *” € U’ for all variables x in .

Proof (a sketch). Define:

Uy={seNEZ)|FHteU(s=) orsa, = tOV)};
Ug—{ NA@[PGN(L) Pq~e U, and ¢ is a prime term};

Us = {(O)Y,(a)") | (p,9) € U}
Then the set U’ = U UU, U U, U Us satisfies the conditions of the lemma. We leave
to the reader to check this in detail. m

Now, if ¢ is the member g of the least solution (o, ..., pn—1) of a system X
of the form (10), then (o, ..., pn-1,% ) is the least solution of the system &' = X,
2o~ <y, where y is a new variable. If U C N(X) is finite and closed with respect to
¥, then the set U’ U {y}, where U’ C N(Z) satisfies the conclusions of the Lemma,
is finite and closed with respect to X/. m

5. RECURSION THEORY IN NORMAL OPERATIVE SPACES
WITH STORAGE

The existence of codings combined with Theorem 1 implies basic facts of the
recursion theory. We shall illustrate this in the present section with the case of
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regular OSS with constants M and @ satisfying the conditions (i)-(v) in Corollary
1. The last structures will be called normal OSS (shortly NOSS). For an arbitrary
NOSS F we shall fix the representation n* of natural numbers n and the set K
defined 1n the proof of Corollary 1. A NOSS F will be called iterative, iff the
K-iteration () exists for every ¢ € F. By Theorem 1 and Corollary 1 we have
immediately

Corollary 2. If a NOSS T is ilerative, then every system of the form (10)
has a least solution in F, which members are explicitely expressible by means of
parameters, basic constants including M and @, and operations of mulliplication,
patring, storage and iteration I

Calling recursive in parameters those elements (respectively mappings) of an
arbitrary OSS which are members of least solutions of systems of the form (10)
(respectively, of a system of the same form with respect to the set of parameters
enlarged with such for the arguments of the mapping), we have as well

Corollary 3. In the iterative NOSS T there is an element w € F which is
recursie in parameters and universal in the following sense: for every recursive in
purameters mapping T FH T there is a primitive recursive function f of m
arquments such that for all natural mg, ..., my_.1 we have

(25) U(w,md, ... ,mt_ ) =w(fl(mo,...,m,_1))*.

Indeed, by Corollary 1 there is an universal coding (k,o), and let w be the
iteration of ¢. It 1s obvious that we can find a system X of the form (10) such that
for all my, ..., mu_ the element ['(w, md, ..., m}_,) is a member, correspond-
ing to a variable z of the least solution of the system (o, ...,m,_1), obtained
from ¥ by replacing the parameters, corresponding to the last n arguments of the
mapping ') with md, ..., m,’;_l, respectively. Then taking the function f for
which (f(mo,...,mu_1))" = k(E(mo,...,mn_1),7) in the notations of the proof
of Proposition 1, we obtain the equality (25) from: Theorem 1. =

Corollary 4. Let F be an iterative NOSS, and let T : F — F be a recursive
mapping. Then there is an elementary in parameters § € F such that

(26) T = ML P A )BMTL T,
Joral £ €.

Indeed, by Corollary 2 T'(€) is explicitly expressible through £, the constants
and the operations, mentioned in Corollary 2, whence by Proposition 3 I' is a
finitely recursive mapping. Applying Proposition 2, we conclude that there is a
system ¥ of the form (10) (containing a parameter symbol for £) such that I'(€) is
a member corresponding to a variable z of the least solution of ¥; and there is a
coding (K, k, o) for ¥ such that K is finite and o has the form (F1 €7, (F1 A€ ™, 1)) 8,
where /4 is elementary in parameters (and M and @ as well, but the last are treated
now as basic constants). Then by Theorem 1

(27) , () = M(F4E7 (Fy AT, 1) B)k ().
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Obviously, we may suppose that k(z) = 0%. Moreover, by the last representation
(27) it is clear that the element I'(£) can be defined by a finitely codable system con-
taining occurrences of the parameter € only through such of €. Then by applying
for the second time Proposition 2, we get the representation (26). m

Corollary 5. Let F be an iterative NOSS and define for all o, € F
App(p,¥) = I((1, F4 Aoy ")) M T4 Ty
Then T 15 a combinatory algebra with respect to the operation App as an aplication
operation.

Indeed, writing App(p, o, ..., pn) for App(... App(App(p, ¥o), v1) ...0n), we
prove by induction on n that for every recursive in parameters mapping I’ : 3" —

F there 1s an elementary in parameters ¥ € F such that for all &y,...,&, € T we
have
F(éo) R :5”) = APP(%&), < JETZ)
Using the representation (26) and the induction hypothesis we have for suitable 8
and vy elementary in parameters:
F(gO; e '7&71) = H((L F+A0(£n/\7 (507 R (6n—2;£n—1) o )A)D),B)MT+7'+
=K, Fy Aokn )Ty, (F, Th F Ao(Co, -, (Gn-2,€n1) - ) ) D)BYM T Ty
= App((T4, (F4, T4 Fy Ao(€o, - -+ (€n-2,&n=1) .. ) ) D)B, &)

= App(App(7,&0, .. &n—1),&n) = App(7, &0, ..., &n).

Hence, J is a combinatory algebra with respect to the operation App, because the.
last operation being recursive in @, every mapping defined by explicit expression
in terms of this operation 1s recursive in . m

6. APPLICATIONS TO COMBINATORY SPACES

Let 8 = (¥,1,C 11, L, R, ¥, T, F) be a combinatory space in the sense of {2] (un-
explained terminology and notations concerning combinatory spaces, mentioned in
this section, may be found in [2]). We shall write (¢, ¥) for [I(¢, ) and we shall
suppose that T and F belong to €, which 1s not a loss of generality. Consider a
corresponding companion operative space S.. We shall denote the basic constants
and operations in 8, in the same way as we have done above for an arbitrary
operative space, especially Ty = (T, I} and Fy = (F, ). There is a storage opera-
tion S in 8, defined by S(¢) = (L, pR) (see [2], exercises 7, 10 and 11, pp. 55, 56);
the corresponding constants are defined as follows:

D=(LR— Ty (L,R*, FL{L,RO)L,R) = (LR — Ty R™, FL R,
Ao = (L* (RL,R)) and A} = MI~ = M(L,R), where M = ({L, LR), R?); condi-
tion (S4) i1s obviously satisfied: (T4 17, F+I7)D = DI™. Moreover, 8, is a NOSS
with respect to M, defined as above, and Q = (L? — T4 R, Fy(RL, R)). Indeed,
for arbitrary ¢ € € and ¢ € F we have

MF+<C,[>L,D = <<F’ L>7R><C» [)(p = (<F,C>,I><p
= ((F.e),p) = (L pR)(Fye), I) = ¢"MFy e, ),
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whence (by [2], exercise 9, p. 55) MFyo = o " MF 17 but MF ™= MF, since
MF I"c={{F, L), R){(L, Rye = ({F, L), R){I, Re) Lc,
and for an arbitrary 6 € C
((F, L), RY(I, ReYb = ({(F, L), RY(b, I} Rc = {{F,b), ) Rc = {{F, b), Rc))
= ({F, 1), Re)b,
whence
MF{I"c= ((F,I),Re)Lc= ((F, Lc), Re) = M Fye.

Therefore the condition (i) in Corollary 1 holds and similarly we have (ii), and (iii)
is obvious. To see (iv), consider for an arbitrary ¢ € C the equality

QMEy(e, Iy = QUUF, ), T) = Fy(RL, RY(F.e), 1) = Fy (e, I).
[t implies by the exercise 9, mentioned above, that QM I I~ = FI”, but
MFELI™ = MFy, whence QM F; = 41" and QM M = Fy I"M. On the
other hand, I"M = M, whence we get the condition (iv). The last equality follows
from I {p, ¥) = {p, ) for all ¢,1 € T, which can be proved by the same method
as above: take arbitrary b,c € F and from '

(L, RY(I,¥c)b = (L, R)(b, I)vbe = (b, I)pec = (I,1c)b
conclude that (L, R){I,c) = (I,c), whence
I, bhe = (L, B, #he = (L, R pedpe = (1, pedpe = (o, ).
Finally,
QMT, Ty = QUILTY, Iy = Ty RUT, T, 1) = T4
and the condition (v) in Corollary 1 holds as well.

Remark. To apply Corollaries 2-5, we need to suppose that the space S. is
iterative with respect to the fixed set X. We should comment a little upon the
connection of the last supposition and that of the iterativity of 8 in the sense of [2]
and [3]. The condition of iterativity, used in {2], is possibly more general than that
in [3] (no proof is mentioned that it really is), but the former condition employs the
set € of “points” of the space 8§ and can not be stated in point-frec generalizations
of the theory of combinatory spaces, the last being one of our objectives. That 1s
why the condition in [3] has to be regarded as natural for such generalizations. It
may be said that up to secondary details the suppositions of iterativity of the NOSS
$. with respect to X and that of iterativity of 8§ in the sense of [3] are equivalent.
The first of them possibly does not imply the second for two reasons: the set X is
too small and only countable intersections of simple X-admissible initial segments
are allowed as K-admissible ones.” But if we admit arbitrary intersections of that
kind and take X' = €U {{c, I} | ¢ € C} instead of X, then it does. The condition of
iterativity of the NOSS 8. thus strengthened, namely that a solution () of

(28) (1,6)p <&

with respect to ¢ belongs to every intersection A of simple X’-admissible initial
segments satisfying (I,A)p C A (let call this condition “non-countable X'-itera-
tivity”), is equivalent to the following one for the space 8:
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(I) For every ¢ € JF there is a solution () of (28), which belongs to every
intersection A of subsets of J of the form

(29) {¢ € FxéC <V}
where x, ¥ € F are arbitrary and ¢ is a normal element of F such that (I, A)p C A.

Indeed, if § satisfies (I), then 8, is a non-countably K'-iterative, because every
simple X'-admissible initial segment is an intersection of sets of the form (29): for
such segments of the first two kinds this is obvious and for segments A of the form
{6 € F|(Ex)” < HI7}, where » € X', it follows from the equivalence

(Ex)" < PI™ <= Ve e C({e, I)éxn < 9(c, I)).
Conversely, if § is a non-countably X'-iterative, then 8 satisfies (I), because every
set of the form (29) is an intersection of simple X'-admissible initial segments of
the same form with ¢ € €. On the other hand, the condition of iterativity of § in
the sense of [3] possibly does not imply the condition (1), because the first one uses
a solution [p, ¥] of .
(30) : (¥ —1,8p) <€
instead of (28). (Actually, § is iterative in the sense of [3] iff for all ¢, 1 € J there is
a solution [, 1] of (30} in F which belongs to every intersection A of sets of the form
(29) such that (¢ — I, Ap) C A.) It should be noticed that the existences of least
solutions of {28) and (30) are equivalent and both solutions are casily expressible
by each other, namely: l(¢) = RleR, L]Fy and [@, ] = (T}, Fre)y, ). But
in the case of least solutions in the stronger sense as in conditions (1) and that
of iterativity of § in the sense of [3], this equivalence is not obvious, and that is
why ([) is possibly less gencral than tterativity of 8. ‘T'his loss of generality is,
however, rather insignificant (condition (I) holds in any case when general criteria
of iterativity of 8, given in [3], are applicable). And it may be complgtely avoided
by some simple complications in the proof of Proposition 1, which are valid for the
present kind of NOSS, namely companion operative spaces 8. of combinatory ones
8. (These complications consist of modifying the definition of (¥, ) and the rest of
the proof of the proposition, sa that k(2,¢) = 0 fort = A and k(2,t) = (n+1)* for
t # A, where n is the number of the pair (X,t), and the element ¢ of the universal
coding (k, o), constructeéd by.the proof, is of the form (L? — Ty R, Fy7(RL, R))
for some 7 of a certdin form, similar to (22), but with crased Fy. Then, if § is
iterative in the sense of [3], the element R[L?, 7{RL, R)]is a K"-iteration of o, where
X" = {{e¢,I) | ¢ € C}, and applying Proposition 1 instead of Corollary 1 with the
set K" instead of X, we obtain corollaries analogous to the above Corollaries 2-5 for
the present kind of NOSS.) Thus it may be finally said that by the method of code
evaluation, based on Theorem 1 or its variants, the principal results of the theory
of combinatory spaces may be obtained even in a little bit better suppositions in
comparison with [3], but this improvement is at most of a secondary significance.

Now, when the NOSS 8. is iterative, the Corollaries 2-5 hold for it and they
consist the principal facts of the theory of combinatory spaces, excluding the the-
orem of representation of partially recursive functions. Thus we obtain a general-
ization of the last theory which uses no “points”. We should note that Corollary 2
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for this case is equivalent to the first recursion theorem in 8, since operation II is
expressible by means of the storage S, namely (p, %) = S(Y)(R, L)S(¢){I,1) (see
[2], p- 35). Note also the normal form of computable mappings I" obtained from
Corollary 4:

F(f) - H[([: F+AO£A)/[;» L]<F1 ((7‘5 T» I>>7
where 3 is elementary in parameters. We may also obtain the existence of univer-
sal elements w of the kind considered in (2, 111.7], namely: for every recursive in

parameters mapping I' : "*! — F there is an absolutely normal in the sense of [2]
element v such that for all bg,...,b,-1 € € we have

r(w7b0) . --7bn—1) = w<7<60) ce )bn—l>a[>)

where (bo, ..., bn-1) = (bg, (b1, ... (bn=2,bn-1)..)). For that purpose the proof of
Corollary 3 has to be applied to a modified version of that of Proposition 1, which
is valid for companion spaces 8, of combinatory spaces 8 and uses new parameter
symbols for the parameters bg, ..., b,_1, and another code function %’ instead of
the old one k:

k(1) = ((LE(Z,1), (bo, ... b 1)), 1)

7. FINAL REMARKS

The Corollary 5 for combinatory spaces (and its obvious analogue for an
arbitrary operative space) is an important corollary which was not mentioned in
monographs [2] and [1]. Its principal significance is in the fact that it shows that the
recursiveness in combinatory spaces (respectively, operative ones) is a special case of
explicit expressibility.in combinatory algebras, thus confirming the view that com-
binatory algebras (or their equivalents like C-monoids of Lambek and Scott) are,
perhaps, the best abstract system for the recursion theory. But the principal ques-
tions, arising in this connection about structures like combinatory spaces, NOSS
ctc., have not been investigated. Especially, it is not known whether the analogue
of the Park’s theorem holds, i.e. whether the Curry combinator in the algebra in
Corollary 5 provides the least fixed point of the corresponding recursive mapping.
And many interesting questions for concretes examples of NOSS about properties
like extensionality and weak extensionality of correspending combinatory algebras
are open. An interesting perspective is connected as well with non-iterative NOSS
for which the operation App in Corollary 5 may define a partial combinatory al-
gebra. There are examples in this respect, which suggest interesting applications
(for instance examples 2 in [8]). We are leaving these topics for possible further
publications.

Finally, let us note that the theory of OSS, as exposed above, holds (without
big complications in the proofs) also for a generalized kind of storage operation 9,
for which there are two constants Dy, D; such that the equality

(S2a) Se,¥)) = (DoS(yp), D1S(¥))D
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i1s satisfied instead of (S2). Operative spaces with such generalized storage opera-
tion have interesting models arising from some category theoretic considerations.
Namely, let C be a monoidal category in which binary co-products X @ Y exist

for all X, Y € C and satisfy the isomorphism Z@ (X @Y) = (Z@ X)®(ZQY)
naturally in X, Y, Z. Then any object V of C, which satisfies the isomorphisms

VevVeV=veV,

provides such a model — the semigroup C(V, V) of arrows from V to V with an
operation S defined by S(p) = 77 1o (ly ® p)or1, where 7 : V — V @ V is the
given isomorphism. These models suggest connection with “recursion categories”
of D1 Paola — Heller [9] and descrve further examination in a separate paper. '
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MOUVEMENT AVEC FROTTEMENT D’UNE SPHERE
HOMOGENE DANS UN CYLINDRE HORIZONTAL

SONIA DENEVA

Cong Hdencea. KAMEHUWE IHAPA 110 T'OPU3OHTAJIBHOMY LIMJIUMHIPY

B I)'d.BOTC paccMaTpUBAETCH 3adaya O ABVXKCHUU OJAHOPOULUOIC LIapa IO NOPU3OHTAJIb-
HOMY HCHOUABHUXHOMY ILIMATHNHAPY oA ,llel‘;lCTBHeM CUNHU TPEHNA.

Sonia Deneva. MOVEMENT OFF A ROLLING SPHERE ON A HORIZONTAL CYLINDER

Some aspects of the-classical problem about rolling sphere on a homogeneous horizontal
cylinder are considered in this paper.

Le mouvement d’une sphére dans un cylindre horizontal immobile est un prob-
léme classique que nous considerons ayant vu la force du frottement entre deux
corps selon la loi de Coulon. Pour simplification du probléme nous supposons que
la force du frottement est située dans un plan perpendiculaire de ’axe du cylindre.

Par ailleurs nous montrons comment calculer la chaleur qui se sépare par suite
du frottement ayant vu que le travail et la puissance de la force du frottement sont
equvalents & 'énérgie thermique.

Le cylindre est circulaire de rayon R; la sphére de centre C, de masse m et de
rayon r se roule sur la part inférieur du cylindre. La section verticale du cylindre
et de la sphére est representée au dess. 1; ici P est le point de contacte de deux
corps. Nous introduisons 'angle ¢ = (Oz,/bP) qui determine la position du point
P. Le vecteur unique n qui est normal & deux surfaces s’exprime par la formule

(1) n=sinfi+coslk,
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Dess. 1

ou 1, j, k sont orts de systéeme Ozyz (I'axe Oy détermine la direction de ’axe du
cylindre). Le vecteur unique ¢ qui est tangentiel a la section normal du cylindre
s’exprime par la formule

(2) { = —cosli+sindk.

Evidement ¢ est & sens du mouvement du point /2. La vitesse du glissement de P
s’exprime par la formule

(3) vp = v(—cosfi+sinlk),

ou v est la grandeur de la vitesse.
Selon la loi de Coulon la force du frottement est

(1) T = fR,(cosfi—sind k),
ol [ est coefficient du frottement et R, - la pression normale du cylindre sur la
sphere.

Puisque le plan équatorial de la sphere reste toujours sur le plan vertical Orz
la vitesse de rotation de la sphere est

(5) w=wj, w>0

parce que la sphére décendant se tourne en sens inverse des aiguilles d’une montre.
La sphére est un solide, ¢’est-a-dire nous avons la relation cinématique

(6) vp =ve +w x CP.

Ayant vu (1), (3) et (5) la relation (6) se réduit a I’équation

(7) v=—60—rw ot §=R-r

La formule (7) donne la vitesse du glissement du point P ol § < 0; les grandeurs 6

et w doivent étre déterminées. Le théoréme de la resultante cinétique et le théoréeme
du moment cinétique appliqué au point C se traduisent par les équations

d
(8) : Et'(mvC) =mg + Rn + T7
2 ,dw .
¢ - —_— =
(9) pr CPxT,



ou selon (1) on a

(10) Ry = —Ry(sinfi+cosfk), R, >0.
Ayant vu que
re =6sinf, zc =6bcosl, yo =0
nous obtenons de (8), (10) ¢t (4)
(11) mé cosf 6 — mésin 0?2 = —Rpsinf + fR, cos b,
~mbsinf 0 — mécos 06?2 = mg — Ry cosf — fR, sin@,
ol ) ‘
méf = —mgsinb + fR,, mé0* = R,, —my cos .

Des formules (11) on obtient

(12) R, = mgcos@ + mé6?.
Remplacons (12) en (11) et on trouve I’équation
(13) 80 — F80% — fg cosO -+ gsinf = 0.

On remarquera que si f a des valeurs petites (13) se réduit, a I'équation du pendule.
[I n’est pas difficile de voir que I’équation (13) exprime le mouvement d’un point
qui se mouvoitl sur une circonférence matérielle avee frottement. De ’équation (9)
ayant vu (4), (5) et (12) on obtient
dw 5f

= ) )2
(14) = (gcosf)—%—(w )

Derniére équation montre que w(t) est une fonction croissant du temps mais si le
coeficient du frottement cst tres petit w devient une constante en particulier zéro
(siwg = 0), c’est a dire si le frottement est trés faible nous pouvons avoir (pour la
sphere) seulement glissement sans roulement.

Retournons a ’équation (13); on a

- 140)

Posons 6% = u et nous obtenons de (13)

1 d .
(15) ;2(5([—1;—f5u+gsin()——./g(1050:0.
La solution générale de 1’équation (15) s’exprime par la formule
(16) u=0%=Ce*? + Asinf + pcosd,

ou C est une constante d’integration et les constantes A, y sont

/g (-2
BT ) A (Ve

La constante C s’exprime par les conditions imitiables du mouvement

(17) A

(18) | O = e <9§ — Asinflg — pcos 00) .

331



Ayant vu que 8(t) est une fonction décroissante du temps on obtient de (16)
et (18)

(19) 0 = —\/e=2/(9=00) A 4 Asinf + pcosé,
ou
(20) A =62 = Asinfy — pcos 0

et A, u sont données par (17).
Nous donnerons une solution approximative de I’équation (19) supposant que
le coefficient f est un nombre petit, c’est-a-dire

(21) =0, f =0 ctc

D’autre part nous supposons que ’angle § varie en telles limites que nous pouvons

accepter

92
(22) sing =0, cosf=1--, 2 0=00) = 1 4 2£(0 — 0y),
Cest-a-dire nous acceptons par exemple que 0y £ %

Ayant en vue ces raisons nous obtenons de (17) et (19)

, /g 29
A=62 -
(23) 6% 1=+
do 2 ,
(24) L~ 2 a1l = 2f00) + f(2a +6)0% 02
dt 5 5
Posons
ad
(25) ():so+f<3+%‘~>

et remplagons dans (24); on obtient

dy 29 g o
2 2 a1 - 910, — 22,
(26) 7 5 +a{l - 2f6) 57
Nous acceptons que
: 1
9 —
(27) AT
qui n’est pas une grande restriction pour f et encore que
: 2
(28) 62 > Gfé—gsin By + -gq cos fg.

(’est-a-dire nous avons une impulsion initiable. Alors il est évidement que I’expres-

.2 -
sion ?g + (1 — 2f0g)a est positive. Posons
9 )
(29) b :2+§a(lm2fﬁo)
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De I’équation (26) nous obtenons

dop
(30) d—f = —ﬁ\/b’l e

Apres l'integration de (30) et conformat (25) nous recevons

(31) 9_f<3+ +Clcoq\/7f—C2§111f

ol a se détermine par (20) et €, C sont les constantes suivantes:

6 N
(32) cl:ao—f<3+“ > Cy = /b2 — C2,

Ayant en vue (20), (23), (29) nous obtenons

s . .
(33) C= —ﬁo, 6 <0.

Retournons & 'équation (14) d’ott nous déterminons la vitesse de la rotation w(t)
de la sphére ayant en vue (22) et (31); on obtient

(34) w(t) =w +—f—g 1+31 2+ ! 5(('2 CYsin2y /24
°T o 4 8 e 5
+2(» Cgfsm \/7

ol wg est la vitesse de la rotation initiale.

De la formule (7) nous déterminons la vitesse du glissement du point de contact
P. > '

Remplagons dans (7), (31) et (34) et nous obtenons

(35) = Cy\/gbsin \/7{+CQ\/&3(105 \/gt—rwo
5f 1, .2 {4
5\ 1+Zb t+ < \/7(F -~ C?)sin2 t+ Flpw\/g_551n gt :

Posons t = 0 dans (35) et selon (33) on obtient
(36) Vo = —600 — TWop

qui coordonne avec formule (7).
Puisque vg # 0 pour avoir un mouvement frottement de glissement il faut

de (36)

3 wqg < 6lé0|
(37) 0 ot
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c’est-a-dire wq est une grandeur bornée.
La formule (35) est valide aux valeurs suivantes de ¢, 0 <t £ty ol

(38) o= §+M*_7ﬂ

2Vy V9610
Au moment {; la vitesse v devient zéro, c’est-a-dire v(t;) = 0. Apres linstant ¢,
la vitesse du point de contacte P reste toujours zéro, c’est-a-dire nous avons un
mouvement nonholonome de la sphére dans le cylindre.

Remplagons ¢ dans la formule (31) el nous obtenons

. ad 6]()Oj + rwp . . 000 + rwg
39 0 = 34+ -C ———— — (9 8IN ——————~ -
(39) 1=/ < ) 1< T 2810 i

St le coefficient f est trés petit € > 0 et la formule (39) montre que §; < 0, c’est-
a-dire selon le dess. 1 la sphere a passé le plus bas point du cylindre & gauche de
PPaxe Oz. Apres le point 0, la sphére se retourne sans glissement sur le c¢ylindre.

A la fin nous calculerons le travail de la force du frottement T qui se transforme
en chaleur, ¢’est-a~dire en ¢énérgie thermique. Ayant en vue (3) et {4) nous obtenons
pour le travail élémentaire de 7

(40) dA = —fR,vdt,

ou R, est la pression normale et v est la vitesse du glissement de la sphere. Le
signe moins montre que le travail de T est négatif parcequ’il est dirigé au contraire
du mouvement. Remplagons (12) et (35) dans (40) et en conformant {21), (22),
(31) nous obtenons

(41) dA = ~fm_th<(}'1\/gésix1\[/+62\/ 6 cos \[l—rw()
) e 1 1 2 3 |9
+ C1\/go | C3 5 tcos t+Cz (32 §C1 cos Zt
Lo 2 |9 .3 |9
—rwo | C5 — 5 cos Et +C1Vgb | C} - =C3 ) sin gt
. g g o 1 ‘ g.
+ C9\/gé ((H - = 2 st \/%t cos \[é—_t — rwo ((Jf — 56’3) sin? Et
p— .2 19 g 2 . ) 2 (9
+ 3C7Ca2/gb sin gt cos gt+3C102\/gésln gt cos 6t
— 3rweC1Cysin ﬁt cos \/%1‘>
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Aprés I'intégration de (41) nous obtenons pour le travail de 1":

1.
(42) A(t) = —fmg6<C1 +CiC2 + §Cf r‘go <1+ il )

I 4 1
+ (Cg + (J; - —CfC2> sin zt - (;'1 -+ (jf - ;—C] (122 cos zt
2 1 2 )
%rwo (C Cz) sin { 2 gf Srwo 2T0 oy sin? L4
8\/_ ! 2 5 2\/— 1 5

(3C Cy —C; )sm3 \/gt — % (3(]1(]5 — C?) cos® \/%I>

Quand wy = 0 on obtient de (42)

L.
(43) A(t) = —fmé( L+ CiCE + - C] (Cg+ '3—5(1502> siny /21
6

(/' (s
A +3 1 ari e g 1 Q2 ot 3 -3 g
—(Ch1+C7 = C1C5 ) cos ~l+—(3(/1(42—(,2)sm =t
2 2 6

—3 (3()1 — () cos’ \/%/>

Les constantes b, Cy, Cy sc donnent par (29), (32), (33). Tout le travail de la force
du frottement se détermine par (42) et (43) pour t = ¢; ou {1 sc donne de la formule
(38).

Nous donnerons un exemple numérique. Prenons R = 100 ten, r = 10 ten,
5 =90 ten, Oy = % — 0,785, 0p = 55!, f = 0,1, wo = 0.

Des formules (23}, (20) nous obtenons ‘

A=654s"", p=218s"2 a=502s""%
Si la sphére est construite de fer nous avons
mg = 32,67 kg,‘ fmgé = 294,03 kg ten.
Remplagons les données numériques dans la formule (43) et nous obtenons
Al = 1477 2 kg ten.

(est le travail que la sphére a achevée avec la force du frottement pendant leur
mouvement. Ce travail se transforme en chaleur par la formule

(44) Q = IA4,

ol I est ’équivalent thermique du travail.
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YCTOMUYUBOCT HA CTAIIMOHAPHUTE ABUKEHUA
HA CUCTEMU OT CUMETPUYHU TEJIA, CB'bP3AHU
CbC CPEPVYHN IIAPHUPHA

HUKOJIMHA BACUJIEBA

Huwoauna Bacuaesa. YCTOMUNBOCTD CTALUMOHAPHBIX JIBUAKEHUNA CUCTE-
Mbl OCECUMMETPUUYECKUX TEJM, CBA3AHHBIX COPEPUYECKUMUM IIIAPHU-
PAMHA

Pa6oTa moceanieHa ycTOMUMBOCTM CTAUMOHAPHBIX ABWXKeHUI cucTeM abCONIIOTHO TBEPJBIX
renn co CTPYKTYpol aepepa. B KoHIaX AMHaAMMUYECKMX OCEl CMMMETPUM TEJ PacnoIoMKEeHbI
veanbible chepuueckue mwapuupbl. OQAHO U3 TesJ MMeeT HenoiswxkHylo Touky. Cranumo-
HAaPHBIMM ABNAIOTCA ABUKEHUS, IPU KOTODBIM OCHU TeJl BPallalOTCA Kak TBEPJOE TEJIO BOK-
pyr BepTMKaAbHON OCH € NMOCTOAHHOM yriosoi ckopoctu. Ilpurom Kas/0e Teno cucTembl
copepliaeT BpalleHMe BOKDPYT cBoell ocu cummerpun. JocraTousibie YCNOBUR BEIBEIEHBL U3
Teopembl Payca 06 ycroduMBOCTM NpUBEJEHHONW CUCTCMBI. )

Nikolina Vasileva. STABILITY OF STEADY-STATE MOTIONS OF SYSTEMS OF SYMMET-
RIC RIGID BODIES WITH BALL-AND-SOCKET JOINTS

"The paper is developed to the study of stability of steady-state motions of a tree:like system. Heavy
symmetric rigid bodies are connected at the ends of their symmetry axes with ball-and-socket
joints. One of the bodies is fixed. The steady-state motions are obtained when the symmetry
axes and rods move as one rigid body, rotating with a constant angular velocity around the
vertical and at the same time the bodies rotate uniformly around their symmerty axes. The
sufficient conditions for stability of steady-state motions are derived from Routh’s theorem for
stability of the reduced system.

Ia pasrienamMe cucrema abcoJIIOTHO TBbPAM Teja, 33 KOATO €A U3I'bJ-
HeHU CJIeJHUTE YCJOBHUA! CUCTeMaTa UMa CTPYKTypa Ha AbLPBO M C€ HaMUPA
nox AefcTBUETO Ha cuiiaTa Ha TexecTTa, TATO (0) e HemoABWXHO, TeraTa OT
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CHCTEMATA UMAT JUHAMMWYHM OCH HA CHMMETDHA U Ca CBbP3aHM HOMEXKIY CHU
B KpaullaTa Ha OCUTE CH Ha CUMETDPUA C ITOMOINTA HA CHEpPUYHU IIAPHUDHU.
HonyckaMe C'bIl0, Y& KUHEMATUYHHTE BDP'b3KM, PEAJIU3UPAHU B CbUJICHEHUATA
Mex Iy TejlaTa, ca WAEAJHU, T. €. CUJMTe Ha peaKlMnTe He U3B'bPINBAT paboTa
3a BAPTYAJHU MpeMeCTBaHUA Ha cucTeMara. Ha najgenara cucreMa chblocTa-
BfiMe opueHTUpaH rpad, B Koiito abprure uqs(e = 1,...,n) choTBeTCcTBaT Ha
ChUJIEHEHMATa, a BbpxoBeTe s; (i = 1,...,n) — Ha Tenata OT cucremaTta
([1]). Tpeanonarame, 4e HOMepaLMATA Ha AbI'MTE M BbPXoBeTe B rpada e
[paBUHa, T. €. BCEKU BP'bX U INMPEAUIECTBAIATA [0 Jbra HOCAT €JIUH M ChII
Homep. IlpenmonaramMe cbilo, Ye OBCUTE Ca HACOUYEHUM OT BpPbX C IO-MaJ'bK
HOMeP K'bM BpbX C no-roiaMm noMmep (¢ur. 1). Toraba mMaTpunata 1Ha MHIMACH-
toct T ([1]) uma enementy T;;, kouTo mpueMaT cToiiHocTH —1 1 0, a UMeHHO
Ti,j = —1, ako avrata u; (BbPX'bT §;) NPUHALIEKA HA 'bTA OT BbpPXa Sy IO
Bbpxa §;, U T;; = 0'B NPOTHUBEH ciydvaii.

‘TAJIO (1 )

TAJIO (2)
TANO (3)
THIO (4)
TANO (6)
O rno (5)
a 6
Pdur. 1

Pasrnexname ta10 ¢ Homep . T'bit KaTo I'BTAT MEXKAY BBHPXa §; U MPO-
M3BOJIEH IPYr BPbX §; OT I'pada e €JUMHCTBEH, TO CaMO elHa OT INapPHUPHUTE
TOYKM Ha TAN0 (1) Boau xbm Tano (j). Toukara P;, Bogewa kbM Tsno (0),
ce Hapu4a IpedecTBallla TOYKa. IWBbM mapHupHuTe Touku P; u (J;, chbBra-
Jally ¢ LeHTPOoBeTe Ha CHepUYHUTe MWapHUPK Ha TaATo (1) (dur. 2), nobapsaMe
TOUKOBa Maca, paBHa Ha CyMaTa OT MAacHUTe Ha BCUYKH TeJla, KbM KOUTO BOAU
tasu Touka. [lonyuenoro Tano ¢ maca M ce Hapuda JombiHeHo TaAKo (1), a
HEeroBUAT MacCOB UeHThP B; — GapuilenTsp Ha TAI0 (¢).. Thil KaTo Tesara ca
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cHUMeTpUYHU, MacoBUAT UeHTHp C; M GapuueHTbpbT B; Ha TaA0 (1) dexkat Ha
ocTa Ha cuMeTpud Pi@Q; Ha TANM0TO. AKO €; € eMHUYHMAT BEKTOD, HACOYEH I10
oCcTa Ha CMMETPUA Ha T0 (i) B M0COKa OT IIAPHUPHA Touka P; KbM MacoBUA
nentsp Cj, TO

— 1 n
(1) PCi=ciei, ¢; 20, PQi=le;, P;B;=be;, bi:]T/[“ (Ci"li)mi_liZTijm]
—

P
o ' TAIO (’I,)

THAO (0)

2ano (7) !

Pur. 2

BbBeskaaMe HEM3MEHHO CBbp3aH ¢ TANOo (i) Gasnc
o T
) = (&l o) o) ;-
e()~<e1 €57, e3 (i=1,...,n),
o i
32 KOHTO KOODIMHATHUAT BEKTOP eg) = ¢;. TeH30pbT Ha MHEpUMATA Ha HO-
bJIHEHOTO TAJo ({) OTHOCHO To4yKaTa F; MOXe Ha ce NpelcTaBu BLB BUIA

J, = Jl(i) <e(1i)e(li) + egi)egi)) + Jéi)egi)eg). Wnepunure MOMEHTH Jl(i)’, ]éi) u

— " — c s = 7(®)
i = —M(Ti;lib; + Tyulibi) = €j5,1 # Jrcii = J)
Ca TIOCTOAHHU BEJIMYUHU M 4Ype3 TAX KMHEeTUYHaTa €HeprAa Ha cUucreMarTa ce
3allMCBa B'bB BUIA

n ) n n
T = Z J?Ez)(ei,wi)z + ZZE,‘jéi . é]',
i=1 i=1j=1
KBAETO w; U €; €& C'bOTBETHO abCOJIOTHATA BIIOBA CKOpPOCT Ha TANO (1) U
afcooTHATa NPOU3BOLHA HA BEKTODA €;.
I/IHepuMaHHaTa KOODAMHAaTHA CUCTEMA, 3a KOATO Mpedliojarame, Ye BEKTO-

0
pBT eg ) Ma I[IOCOKa, NPOTHBONOJIOXKHA Ha CUJaTa Ha TeXecTTa, o3HadaBaMe
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c Oe(lo)ego)ego). Teusopst [';, 3amaBamn nonoskennero Ha Gasuca el') oTHOCHO
fasuca e(o), MOMe [a Ce ofpedesd ¢ MOMOIITa Ha TPU CKaJapHU BeJWUYMHM.
Hait-uecTo ToBa ca 'bIJIMTe HA TPM MOCHEAOBATEHN POTALMUHU OKOJIO C'HOTBET-
HU ocH, npuBekaamy Gasuca e(®) B 6asuca e(?). Q6uknOBeHO MOCHEMHATA OC
Ha BBPTeHe e ollpedeseHa oT TPeTAaTa KOOPAMHATHA oc €; Ha 6a3suca elV). Axo
O3HAYMM C @; bI'bjla HA 3aBbPTaHe OKOJIO Ta3M oC, To abCOJIOTHATA BIIIOBa
CKOPOCT w; MOMe€ Ja Ce 3aIlMlle BbB BUAA W; = W)+ ¢;e;, KBAETO w! U €; He 3a-
BHUICAT OT BEJWYUHHUTE ¢1,...,¢,. Kato 06061eHn KoopAMHATH Ha CUCTEMATa
usbupame briaute ¢i,...,¢, U BEJIUUYMHN, ONpeJeALIMA I10J0KEeHNEeTO Ha BEK-
TOPUTE €; B MHEPLUMAAJHOTO IPOCTPAHCTBO. 'T'bil KATO KMHETHUYHATA eHeprus Ha
CUCTEMAaTa He 3aBUCH OT ¢q,...,¢, , TO TE3U BEINYUHM CE€ ABABAT HMKJIMUHU
KOODAMHATH, a OCTaHaNUTe 000DIMEHM KOOpAUHATH, ONpEeAeAUld BEKTOPUTe
€; — TO3UILMOHHH.

Ot ypaBHeHMATA Ha ABWKEHUETO, TOJYyUYeHU B [2], clenBa cLllecTByBaHe-
TO Ha N ['bPBU UHTErpaJia

oL .
_ — / —_ -
(2) pi=—=J5(¢itw e)=pio (i=1,...,n),
Odi
KbA€TO KOHCTAHTUTE P1g, ..., Pno CA HAYAJIHUTE CTOMHOCTU Ha UMIIyJICHUTE p;.

Y paBHeHMATA Ha ABWKEHMETO UMAT Ollle eIVH II'b PBU MHTErpaJjl, KORTo u3-
pa3sBa, ye NpoeKUMATa Ha KUHETUWUHUA MOMEHT Ha CUCTeMaTa B'bpXy BepTHKa-
JaTa oCTaBa IIOCTOAHHA. ToBa MO3BOJABA a Ce BhbBele Olle eJHa UMKJINYHA
koopanHaTta ¥, onpelefflla BbPTEHETO C MOCTOAHHA 'bIIOBA CKOPOCT \Ileg)

Ha eJHa HoBa KoopauHaTHa cucreMa ¢ = ({1,(2,(3), (3 = ego).

CralMoHapHN IBIDKEHMA Ha MPOM3BOJIHA MEXaHMUYHA CHCTEMA Ca JABMIKe-
HMSTA, 33 KOUTO NO3ULMOHHUTE KOOPAMHATH U LUKJIUYHWATE CKOPOCTHA OCTaBAT
noctosHHM. CneLoBaTeNHO IPU CTALMOHADHUTE JBVKEHNA HA, CUCTEMHU OT ce-
PUYHU Teja UMKJIMYHUTE KOOPAUHATH ¢;, ONpEeAeJIALM 'bI'bjla HA B'bPTEHE Ha
TeJaTa OKOJIO OCUTe UM Ha CUMeTpHMA, U bI'bibT ¥ Ha BbpTeHe Ha 6Hasuca (
ce M3MEHAT JUHEWHO B'bB BpEMETOo, & IO3UUMOHHUTE KOODAMHATHA €; OCTaBaT
HeM3MeHHM oTHOCHO 6Ga3uca (. ToBa o3HauaBa, Ye OCHUTE Ha TejJaTa U Cbhe-
AMHABAIIMTE I'M UIAPHUPHU ce JIBIKAT KaTO €QHO TB'bPAO TAJNO, BbPTAIIO Ce
¢ MOCTOAHHa BIIIOBa cKopocT ¥ okoso BepTmranHaTa oc. OT cBOA CTpaHa
BCAKO OT TeJIaTa ChUIO Ce BBPTU OKOJIO OCTa CH Ha CUMETDUs C ONpelelieHa
HNOCTOAHHA 'bIIIOBA CKOPOCT ¢;.

CTaIMOHapHMTe JABIKEHUsE Ce OIpelelIAT 0T MoJiaraHeTo

we“’) Xe;, w= 1/365,0) + die;, ¥ = const, ¢; = dig = const
B ypaBHEHUATa Ha JBWXKeHuMeTo. [loslyyaBaMe paBeHCTBATa
n
(3) 1/)26:(30) X (ego) X Zeijej) + Aie( ) = = z;€;,
i=1

kbrero A; = Meb; — ¥pio, a 2; ca xoncrantu. B [2] e monyueno Heobxo-
AVMOTO M LOCTATbYHO YCJOBME 33 ChIUECTBYBaHe Ha CTAIMOHADPHU ABUKEHUA
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Ha pasr/eXJaHUuA TUIL CUCTEMM Tejla, KOeTo TYK me GopMyimpaMe B cienuus
BuX: AKO CBINECTBYBAT CKAJIADHU BEJNYUHU 1, ..., Ly U Y1, ..., Ym ¥ CAUHNY-

(1) (n)
HY BEKTODH €3 ’,...,€5 ', 3a KOMTO

& () V2eyy npu i #£ j,
Zvijej =Yiez , Vi =

j=1 jgl)‘*;-fi npu t = j,

TO IBWKEHHETO, OMPEAEIEHO OT HAYAJHUTE YCIOBUA
9 (i 0
Mbie;; — (\IlzJé )4 :ci)eieg )

ei(to) = ei, di(to) = bio, dio(to) = pio = O
IO

)

e craunoHapHo U o6pardo. Ille orbenexuM, ye cTauroHapHUTE ABVKEHUA
npuTeKaBaT e€aHo o610 CBoiicTBO, KoeTo cilexsa oT paBeHcTBo (3). Heka

panrsT Ha Matpunara V = (v;j;) e r =rank(V) u V;,,..., Vi ca r Hejlun Gaszuc-
o1 ctTbiba. Ako HebasuchuTe crbabose Vi, ...,V _ = ca npelacraBeHu BB
BUIA '
il
Vi, =— E rmsVi, (m=1,...,n=r),
s=1

TO MOTAT A4 Ce HAMEPAT KOHCTAHTH &;,, . . ., &;,, C IIOMOIITA HA KOMTO BEKTOPUTE
€i,,...,€;, Ce M3Pa3fABAT KaTO JUHelinuTe koMOuHaLUK

n-—-r

0
e, = — E Tms€j,. +5ise§ ) (s=1,...,7r).
m=1

OueBUAHO MOJIOKEHUATA HA OCUTE Ha TeJiaTa B MIPpOCTPAHCTBOTO MNP CTa-
HMOHAPHUTE ABUXEHMA 3aBUCAT OT paHra Ha MaTpuliaTa V. HpI/I T = T BEK-

0
TOPUTE €1,...,€, Ca YCIOPEAHM Ha BEKTOpPa eg ) Akor=n-— 1, T0ep,...,e,

ce M3pa3ABaT KaTo JNUHeRHM KOMOWHALMM Ha BEKTOPUTE e<30) M €j,, OTKbAETO
cilelBa, Ye B TO3U Ciydyail ocuTe Ha BCHYKM Tejia Ca Pa3NofIOKeHUM B elHA
BepTUKaJHa paBHuHA. IIpu 7 £ n — 2 chilecTByBaT CTAlMOHAPHW IABUMKEHMA
C HpOCTPAHCTBEHa KOHOUIYpallMA, T. €. He BCUYKM OCH JIeKaT B elHa BepTH-
KaJIHa paBHUHA.

Heka 3a nazena cucteMa Tejia € HAMePEHO €JHO HEMHO CTallMOHAPHO IBU-
KeHMe U HeKa CTalMOHAPHUTE CTOMHOCTU Ha BEKTODUIC €;, MMILYJCUTE p; U
BrJI0BATa CKOPOCT VU ca 03HAYEHH C'BOTBETHO C nipio(i=1,...,n) n V. Tora-
Ba IpecMATaMe KOHCTAHTUTE

(4) Ai = Mob — Wpio, (nie )z = Ay (i=1,...,n)
M QUArOHAJHWUTE ejlIeMeHTH Ha MaTpullata V = (vi]-)
(5) Vi; = ‘1’265 + ;; (1 =1,... .n)

(ocTaHanuTe 11 eJleMEHTH Ca KOHCTAHTH, 3aBUCELIM OT T€OMETPUYHUTE U MeXa-
HITYHUTE CBOMCTBa Ha cucTeMaTa TeJa).-KaTo umaMe npeipun yciosuara (3)
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3a C'bIIECTBYBAHE Ha CTAUMOHAPHM ABWKEHUA, Ie OTOEJeMNM, Ye BEKTOPUTE
M, 7ln YAOBIETBOPABAT NOJIy4EeHATA 10 TO3W HAUMH JMHEHHA CUCTeMa

n

0 .
Zmﬂb— :yieg) (i=1,...,n)

i=1

3a HAKAKBU CTOWHOCTH HA ¥1,...,Yn.
Hexa panrsT Ha mMaTpriuata V e r u Heka ¢ < ... < i, ca HOMepaTa Ha r
HeliHu Gasucuu cThaba. Ocrananure cTbaboBe ¢ HoMepa j; < ... < jnr C€

n3pa3ABaT oOT JMHeMHNTe 3aBUCUMOCTH

r

Vim :—Zrms(/is (m=1,...,n—r).

s=1

ToraBa morar na ce HaMepAT TaKMBA KOHCTAHTH &, (s = 1,2,...,7), 4de Mexuy
BEKTOPHTE 71, ..., N A& CHIIECTBYBA 3aBUCMMOCTTA
n—r '
. _ (0) —
(6) iy = — E "msNj,, + €i,€3 (s=1...,r).
m=1

Jluneiina 3aBUCHMOCT OT TO3M BMI MMa NMPOCTA FEOMETPUYHA UHTEPIIpeTa-
s s
s (ur. 3a) — nauynenure sunun L) = Hé )Hg )...H,(ls_)r+l (s=1,...,r),
¢'bLCTAaBeHM OT OTCEUKHUTE

HOLHG =tk (m=1,.n=r), H HS | =e, HS = H,,

0
OIIpEAENAT BEKTOPH H((,S)HS_)TH, ycropeAaHn HA BEKTODa eg ),

Pur. 3
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Ha GazaTa Ha ToO3M reoMeTpUYeH MoJeJ II€ n3ciieaBaMe ChUHIECTBYBa-
HETO Ha Apyr¥V CTAllMOHAPHW ABWKEHUA, MMOJYYECHHN IIPM CDHUIUTE CTOUHOCTH

£10; - - -, Pno HA AMIIYJICUTE, HO DK PAa3jWYHMA €IUHVYHM BEKTODHU €, ...,€,.
Ot dopmysn (4) n (B) mosyuyaBaMe, Ue aKO 'bLIUTE MEXAY BEKTOPUTE
€1, ..., €, ¥ BePTUKaJHATa 0C Ca ChOTBETHO PAaBHM Ha bIJIUTE, KOUTO BEKTO-
pUTE 71, . ..,7n CKIKUYBAT C BEPTHAKAAHATA OC, TO Marpuuara V W HadajHUTE
CTOMHOCTU Ha UMNOYJCUTE Pio,...,Pno HAMA Aa ce npomensar. CrenoBarteln-
HO HAMUPAHETO Ha APYro CTalMOHAPHO ABMYKEHUE, ONPELEIEHO 0T BEKTOPUTE
€1,...,€, U CHUIUTE UMILYJICU Pig,.-.,Pno, € CBHP3AHO C TEXHUTE MPOEKIMY

B'bPXY XOPWU3OHTAJIHA paBHWHA.
Jla pasriienaMe mpoekumute Ha Hauynennte gummu L) . L) Bnpxy
rTakaBa pasHMHa ((ur. 36). Te3u nMpoekiuMu ce CbCTOAT OT T MHOI'O'BI"bITHUKA,
§ s s 3
Ag )A(l ). .AEZ_),A(O ), Ags) = Ag (s = 1,...,r), ynTo cTpaHu ca AePUHUPAHU
OT BEKTOPHUTE

(s) — ! (s) - — D=
Am_lAgfL)_rmsnjm, A Ag=m;, (m=1,....n-rs=1,...,7).
Tyk 7} ¥ 7j ca IPOEKIMUTE HA BEKTOPMTE 7);,, U 7;,. OUeBNIHO CHOTBETHUTE

CTPaHU Ha MHOFOBIBIHMIMTE C M3KIIouenme Ha crparute AS) A() ca ycmo-
peaun moMekay cu. OTTYK clesBa, ye 3a [a MOJyYMM APYTO CTALMOHAPHO
JIBYOKEHME, 3a[1a3Balllo UMIIYJICUTE, € HEOBX0AMMO /12 CHUECTBYBAT Pa3NYHM
wrorobrbmmma AS) AL AD Ay BB B Bl ¢ enuaxsu awa-
‘KMHM Ha ChOTBETHMTE CTpanu. Hanpumep TakbB cllydail € B'b3MOMEH, aKo
[POEKIMUTE 7} ,...,7, Ca KOJMHEAPHK M BCSKa [ABOWKA 0T MHOTO'LI'bIHMLIATE

AP A AL AG w AP AP AP AP ca momo6hm, 1. e.

T D L T

= =..= (s,p=1,...,7).
[715] lrn—r,p( )

(7)

Emue npuMep Ha TakbB ciydait e nzobpaseH Ha ¢wur. 4.

(s)
B

Pur. 4
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Axo pasriexxaaHOTO CTAIIMOHAPHO ABMXKEHME € ONIpeJesiEHO OT TaKUBa BEK-

S5 S 8 S
TOPU 71, ..., T, Y€ MHOTO'BI"bJHULIATE A(() )A(1 ) .AEIE,_A% ) (s=1,...,r) morar
0
Aa ce TTOCTPOSAT 0 eJUHCTBEH HAYMH, TO OT PaBEeHCTBATa {(ei,eg )) = X(n;, eg ))
n x(ej,e;) = x(n;,n}) (i, = 1,...,n) cinensa, 4e €; = 7;, T. e. CTALUMOHAPHO-
TO IABWKEHME, ONPENCNIEHO OT BEKTOPHUTE N1, ..., N, U UMIYJICUTE pig, .. ., Pno,
e eamucTBeHo. Harpumep, ako n —r = 2 ¥ He BCHMYKHM BEKTODW 1),,...,7);,
ca yCTIOpeIHU TOMEXIy CM, TO IPOCKIMUTE Ha HaUYy[eHUTe JUHUA — TPHh-
S S §
['bJIHULATE Ag )Ag )A(z ) (s=1,...,r), ca ¢ PUKCUPAHU ABJKUHU U OUEBUAHO

ca MOCTPOMMM NO €AMHCTBeH HauumH. To3u 1npumep nokaspa, ue eAHO HOCTa-
TbYHO YCJIOBUE 33 eJMHCTBEHOCT HA CTAIlMOHADHUTE ABUAKEHUA € 3a JaJCHU-
Te CTOMHOCTH HA BEJIUYUHHMTE pP1g, .- -, Pno A& ObJI€ USITLIHEHO HEPABEHCTBOTO
rankV 2 n— 2.

[lle uscensaMe ycToRYMBOCTTA Ha CTAlMOHAPHOTO ABUKEHME, OIIpelelie-
HO OT BEKTOPHUTE 7)1, ..., N, U UMIIYICHUTE P10, ..., Pno- | DBl KATO KOOpPAMHATH-
I P W \Il ca IWKJIVYHKA, TO MOXKEM Jl1a [OBOPMM 3a YCTOWUMBOCT CaMo

OTHOCHO IO3UIIMOHHUTE KOODAMHATU €;, TEXHHUTE CKOPOCTH €; U MMMyJICUTe

oT
pi = 5(; ({30

2

Y cTOMUMBOCTTA OTHOCHO MMIYJICUTE p; CllefBa OT CBLIIECTBYBAHETO Ha
[MKAMYHATE ITbPBU UHTETpaiu (2), KOUTO M3pa3faBaT MOCTOAHCTBOTO Ha CMYy-
HIEeHUATA €; Ha 000BIEeHNnTEe UMIIYJICH ;.

HuknuyHuTe KOOPAMHATH @1, P32, . .., P, CE EJIUMUHMPAT C B'bBEKAAHETO Ha
dyuruuaTa Ha Payc

R=T-I- Zp,zzﬁl— —I- Zp, ()p, (el + ) - = Ry+ R —W.

i=1 i=1 J

Oyuximute Ry, B u W 06eIMHABAT ChOTBETHO UJIEHOBETE OT BTOPA, IIbD-
Ba ¥ HyJleBa CTelleH Ha NO3JULMOHHUTE CKOpPOCTH. KakTo e u3BectHO [3], Bea-
KO CTAUMOHAPHO IBVMKEGHME MOXKe Ja Ce pa3riexkJa KaTo C'bCTOSHUE Ha paB-
HOBecHe Ha eJHA HOBAa MeXaHMUYHA CUCTeMa, HapedeHa IIpUBeeHa, 3a KOATO
bynkumaTa W mpencTaBs HelHa MOTEHUMAJHA eHePrus. 3a Ja H3cienBame
YCTOMUYMBOCTTA, Ile M3Moa3paMe TeopeMaTa Ha Payc [3]: ako ¢yHkumara W
“Ma U30JMUPpaH MUHUMYM 3a AadeHU CTOWHOCTH pig, ..., Ppo HA UMIIYJICUTE, TO
CTAUMOHAPHOTO ABUMMKEHME € YCTONUMBO 10 OTHOIIEHME Ha I103ULMOHHUTE KOO p-
AUHATH Ha BCUYKX 06006IIEHN CKOPOCTH MOHE 33 CMYIIEeHA, KOUTO HE M3MEHAT
KOHCTAHTHUTE P19, - -., Pno-

Pynxuuara W e ofpasyBaHa 0T BCUUKM WieHoBe Ha K, KOUTO He CbObP-
AT ITO3MIMOHHU CKOPOCTH, M OCBEH OT MO3ULMOHHMTE KOODAMHATU 3aBUCH U
OT UMIYJICHTE p; Ha UMKJIUYHUTE KOOpAWHATH. Helnmar sua Moxe ja ce mo-
Jydd, aKo B M3pa3a 3a K IpUpaBHUM Ha HyJa BCUUKU HO3ULIMOHHU CKOPOCTH.
Tbit KaTo TO3NLMOHHUTE KOODPAUHATY ONPEREIAT 110JI0KEHUATA Ha CTPYHWTE
M ocUTe Ha CUMeTpHUA Ha Tenara oTHOoCHO Gasmca ¢ = ((1,{2,(3) , TpAbBa ma
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0
TIOJOMUM W; = \Ife( )+ bie; (i=1,...,n) B u3pa3a 3a dyaxumara ua Payc. [To
TaK'’bB HAUMH [107ydaBaMe
n

:12 ()pl ZAe(O) i ZZEU xez) (egO)Xej).

i=1 i=1j=1

Heka

Wo = QZ mf’zo+er(o) ‘ ZZ% Px ) - (e x 1)

i=1j=1

e CTOMHOCTTa Ha IIpMBelleHaTa MOTEHUWaJHa eHeprua W 3a daleHo cTaluo-
HapHO JABVWXKeHHe. 3a jaa ollpeleliMM ycJioBUATa, pU kKouto W mMa uzoaupan
MUHUMYM, 1€ u3cjieasamMe paznukaTa W — Wy B oKoiHOCT Ha cTauvMoHApPHATA
TO4YKa Ha NPUBeICHATA CUCTEMA, ONpeJeNIeHa OT BEKTOPHUTE Ny, ..., Tn.

CMyTeHOTO I10JIOKeHUe e; Ha BeKTopa 7); 1 MpeACTaBMM B'bB BUIA €; =
n; + &, KbdeTo £ € BEKTOp ¢ J0CTAThbUHC MaJIKa O'bibkrHa. [lopanu paseHct-
pata [n;| = |e;| = 1 BekTOopBT & € MOAUMHEH Ha YCIOBUETO

2
(8) & =2 m
3a 12 M3KJIIOYMM BapPUPaHeTO Ha LMKJIMYHATA KoopimHara ¥, MoxKeM Ha
0
n3bepem Gasuca { = ((1,(2, ()7, (3 = eg ) 1o cnezmvm fgaunn: Heka HanmpumMep

BEKTOP'BT 7);, HE € BeDTMKAJeH 1 (3 = e3 ,C = e3 X 0j,,¢2 = (3 x (3. Torasa

JONYCKAHETo, Ye bIII0BaTa CKopocT ¥ He Ce CMyllaBa, O3HAUABA, Y€ nj, = €j,,

T. €. CMYIIEHMETO Ha BeKTopa 75, € &, = 0. ‘
WUsuncnapame pasnuxaTta

ZAeEﬂ (e - m)——zzeu el x (n;+ &) [e§” x (n; + )]

i=1j=1

ZZ&J el x 1) - (e§) x ;).

i=1j=1

Karo usnonssame pasedcrBata (3), (5) u (8), monydaBame

i Wo——~Zg” eM)(e; - eD) - QZZUW& &.

i=1 1j5=1

IMo. To3n mauna W — Wy e nmpeacraBeHa KaTo Cyma OT ABE KBaJApaTHYHU
dbopmu. Marpuuata (£;;)7;-, y9acTBa B U3pa3a 3a KUHETUUYHATA €HEPTUA, Ta-
Ka Ue mbpBaTa GOpMA € MOJNOKUTENHO JeGUHUTHA. KakTo Deme oTbesA3ano, B
HeTpUBUAJHKMA cIydail (KOraTo He BCHUYKU OCH HAa CUMETPUA U CTPYHN ca Bep-
THKaJEM) MaTputaTa (vij)F;.; e ocobena. Toit kato (~vi,,); ,=; € basucna
MaTpuila Ha marpuuara —V, to W — Wy ce npencTtaBs BbB BUIA

1 n
9) CW-Wo=3 ;%(éi ce{)(& - ef”)
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sz ip 515 + Z rmsgjm (é’i,, + Z Tipfj.)
i=1

s—lp 1

S Y . g\T
Karo npemmonarame, de Marpuimte (€;;)7; -1 ¥ (=vi,i,)5 ,=1 €& MONOXKH-
TesHo AedUHUTHU, BbkdaMe, ye W —Wy 2 Ouuwe W-Wy=03a & =0, =

1,2,...,n. CieaoBaTeJHO Ba)XHO € Ja Ce€ HAMEPAT CJIYyYauTe, KOraTo ypaB-
Henuero W — Wy = 0 uma u HenysieBu peutenus. OQUeBHUAHO B TO3M clydaid
ypaBHenueto W — Wy = 0 e B cuna 3a cmyrieHnaATa &;, yA0BJETBOPABAIIN
y paBHEHUATA

Eze:(}()):o (2.:1,2,...,"),
fi2+2fi'771':0 (i=1,2,...,n),

G, 4D rmsbj, =0 (s=1,2,...,7).
m=1

3a mangeHo { MEPBOTO PABEHCTBO M3pa3fABa, Ue CMYILEHMETO Ha BEKTOPA 7);

(0)

¢ NepHEeHANKY IAPDHO Ha €3, & BTOPOTO — Ye AbJKUHaTa Ha CMYyTEHUA BEKTOD

e; = n; + & e paBHa Ha exmuanua. OTTYK ClenBa, Yye CMYTEHUAT BEKTIOD €; Ce
nojlydaBa OT BEKTOPA 7); Upe3 BBbPTEHE OKOJO OCTa. e(g) Ha HAKAKBB Mal'bK

BI'BJIL X;. Torasa fi MOXK€ Jla Ce 3allMiie B'bB BUAa

(10) & = e;—mi = (1= cos xi)es” x (€5 x mi) +sin xiey) x 1 (i=1,2,...,n).
3&MeCTBaMe B TpCTOTO paBeHCTBO

(11) —cosxleg) (()xm)+smxh ()xnis

0
Z Tms{— COS Xj,. €3 el” (eg ) x M) +smxjme(3 ) x Nind=0 (s=1,...,7r),
KOeTO 3a[McBaMe BbB BUAA
r n~r

Tms(cos xi, —cos xjm)ego) x (e (o )Xn]m)—i-z Pms(sin Xis—sinxjm)ego)xnjm =0.

1 m=1

n

3
1)

OueBnaHO TOBAa PABEHCTBO € U3M'BJIHEHO 33 Xi, = Xj. = X, T. €. 3a CMy-~
L{eHUA Ha CHUCTEMAaTa, MPU KOUTO OCUTE Ha TejlaTa Ce 3aBbPTAT OKOJIO OCTa
ego) Ha eaumd u cbu bI'ba . Ho 1bit karo €, = 0, To x;, = 0, Torasa
X1 = ...= Xn = 0 1 ToBa e HyneBoTo pemenne. Cera TpabBa Aa oNpeleiuM
YCIOBUATA, IIPU KOMUTO 33 MaJIKM CMYLUeHus cucremara (11) mMma eIMHCTBEHO
HYJIEBOTO pellleHneE. ‘

W3pasbr BB dopMmyaa (10)

(0) (e(so)

— Ccos Xie;

(0) el0)

X 7; = COS X; 771+SIIIX1 X 1
0 0
;(;) (()

xm)—{—smxe

IedUHUpPa BEKTOD, HOJNyYeH OT OPTOrOHAJNHATA NPOEKINA 1)) = —e X1;)
0

Ha BEKTOPpa- 7; Upe3 poTallvA Ha ‘BbI'bJ X; OKoJo ocTa e3 . OT gpyra crpaHa,
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aKo BEKTOP'sT §; e npeacraBed BB Buaa (10), To npoexkuuATa ef Ha cmyTeHMs
BEKTOD €; = 1; + £; ce u3pa3ABa Mo popMyraTta

" _a® (0) : 0

e = —ef x [e}) x (mi + &)] = cos xin} + sin x;el x n;,

npu ToBa € odeBuaHo, de |ei| = [pf|. Ciuenoarenno pasenctBata (11) ce
3aIMCBaT B'bB BUIA

n-—r

! / .

e, =-— E rms€; (s=1,2,...,7).
m=1

Kato cpaBHABaMe IOCIACAHMTE PABCHCTBA CbHC CHUICCTBYBALIATa MCEKIY
BekTOpHUTE 7); 3aBUcUMOCT (B), 3argouyaname, ye W = Wy 3a BekTopH €; = 1; +
&, KOUTO CBIIO Cca pelleHMe Ha cucrema (6), 3ama3pamo ALJKMHUTE Ha Mpo-

0 0
eKIMATE BbPXY XOPWU30HTAJHA PaBHUHA, T. €. ei.eg ) =~ ni‘eg ) CrnenoBaTelsHo,
KOT'aTO CTAllMOHAPHOTO ABMXKEHME € OIpeleJIeHO OT TaKaBa ChBKYINHOCT OT BEK-

TOPUA 71, - . ., Tn, Y€ IOCTPOEHMETO HA MHOTOBI"bJIHULIATE AE)S)A(IS) . .AE:Z,AE)S) e
cMHCTBEHO, chcTeMaTa (11) MMa eAMHCTBEHO HYJIEBOTO pelienue. B Tozu ciy-
uaii, ako MaTpuuarta (—v;,;, Z,p:l e MOJIOXKUTENIHO JHePUHATHA, TO Pa3juKaTa
W — Wy ce anyniupa 3a AaleHOTO CTAIMOHAPHO IBIDKEHME U IIPUEMA I10JI0-
KUTEJTHU CTORHOCTH B JIOCTATbUYHO ManKa OKOJHOCT, T. €. TOBa CTAlMOHAPHO
JABWXEHHE € TOUKa Ha U30JIMpaH MMHUMMYM Ha IIpUBEJIcHaTa INOTEHUNAaJHA €HED-
rusa. CwobrinacHo reopemarta Ha Payc cTauuoHaApHOTO ABWKEHUE € yCTOMUMBO
[10 OTHOIIEHUE Ha MO3UIIMOHHUTE KOOPAMHATH M BCUUKU 0CODIIEHM CKOPOCTH
[I0HE 33 CMYIHIEHUA, 3ara3Ballly HaUYaJJHUTE CTOMHOCTH Ha UMIIYJCHATE.

Enno nocrarbuyHo ycioBue 3a ycroiiuusoctT e rankV 2 n — 2 u GasuchHa-
Ta IoAMATpUIla Ha MaTpuuara —V na Gbae monoxkutenHo deduuutdHa. [le
0TGeNeKnM, e TIOJIOKNTENHATa AeGMHUTHOCT Ha (—v;,i,); ,=1 32BUCH U3KJIIO-
YUTEJHO OT FeOMETPUUYHUTE XAPAKTEPUCTUKU Ha CHCTEMATa.

AKO 3a Ppa3’rAeKIAHOTO CTAllMOHADHO ABWKEHUE MHOIObI'bJIHALMUTE
AE)S)A(;)...ASETAE)S) (s = 1,...,r) HAMAT €IMHCTBEHO NOCTPOEHMUE, TO TOBA
ABIDKEHVE TIPUHAUIEKU KbM CEMENCTBO OT CTALMOHADHM [ABMKEHUA, KOWUTO
MMaT eJHAKBU HaudaJHU CTOUHOCTU Ha UMITYJICHTE, HO ONpeAelfAlllNTe 'Y BeK-
TOPH 71, ...,Mn Ca& Pa3JIMUHU. 3a BCAKO OT Te3u peurenus ¢yHxknuara W — Wy
ce aHyJIUpa U cileJOBATENHO [IPUBeleHaTa CUCTEMA HAMA U30JIMPAH MUHUMYM.
KaTo nmame npeasua pasedcTso (9), MoxeM za sakmounM, ue W—W; e noino-

MKUTENHO NePUHNTHA QYHKIMA OTHOCHO IIPOCKLMUTE ego) -& Ha cMyIleHunATa &;
B'bPXY BEPTHKAJIHATA OC U MOXEM Ja MPHUIIOKUM JoI'bJiHeHMeTo Ha Pymannes
([3]) 3a ycToifuMBOCT OTHOCHO YaCT OT NMO3ULMOHHUTE KoopauHaTu. ChbriacHo
Tazn Teopema ABMMKCHUATA, [IPUHAUIEKANM KbM TOBAa CeMeiCcTBO, ca ycToM-
UYMBU [0 OTHOIIEHWE Ha MO3MULMOHHUTE KOODIMHATH 7; = ego) e (i=1,...,n)
u Bcuukn 0606uienn ckopocT. BpoAT Ha NMO3MIMOHHMTE KOODIMHATH B TO3U
cilyyaif € u3cieaBaH No-To4HO B [4].

IMpumep. Ille uscnensaMe HAKOM OT CTALMOHADHUTE [BWXEHUA HA CUC-

TeMa OT IIecT CHMEeTPUYHM Teja, mpeactaBeda Ha ¢ur. 1. CpborBeTHaTa M
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Marpuna V uMa cielHus BUI

ry hby lLiby Lbg libs  libs

libs @2 0 0 0 0

libs 0 z3 I3bg I3bs I3bg

by 0 l3by 4 0 0 -

11 b5 0 I3bg 0 z5  Isbg

libg 0  Izbg 0 Isbg s

EgHo cTanMoHApHO ABWKEHME Ha Ta3M CUCTeMa e NoJydeHo B [4] 3a ciy-
yaag r = 3 u baszucau cruabose Vo, Vs u V4. 3a cTaumoHapHUTE CTOWHOCTU Ha
BEKTOpUTE €1, . ..,€5 UMaMe
n = 616(30) —0om,

l l b
ﬂ3=626g0)— —1771~-5— 775+—6776 ;
[3 I3 bs

Isbs — Isb b
o = eacl? - ot = lsbo <n5 + zTG"G) |
3V4 5

K'bAETO 0 € napaMeThp. 1lpoeKUMUTe Ha MHOTOBI"bIHULINATE AE)S)A(IS)A(;)AE;)AEJS)
(s = 1,2,3) ca mpeacraBeHd Ha QUr. 5 U NMpU AAACHM ABHKMHMA HA CTpPAHUTE
ca eIMHCTBEHMU.

3 ) @ a0
Aj=4y A

AJZAZZ 3

dur. 5

Basucnata noaMarpuua Ha (—V') ce npeacrassa BbB BUIA

by

0 0
g
A=-M 0 l3bs I3by
l3l5b2
N
" € [IOJOXKHUTENTHO ,ﬂeq)MHMTHa., aKO Ca U3IT'bJIHEHN HepaBeHCTBaTa
liby 3bgb2

0, —I3b 0, ——=—>0.
p > U, 303 > U, l5b3'—13b5>

Or dgopmyaa (1) cneasa, ye KoHcTaHTHATe b; U [; MoraT a MMaT pasaud-
HM 3HaIM caMo B ciydas [; < 0, T. e. KoraTo mpejiecTBallara Touka FP; ce
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HaMupa Mexay bGapunentspa B; u apyrua kpait (; Ha octa Ha cUMeTpHA.
Karo mmame npensua ToBa, monydapame, e A e NONOKATEIHO AehUHATHA,
aKo KOHCTaHTuTe 0,(3,ls ca oTpunarennu u lgby < lsbs. Tosa o3mauasa, de
renata (3) v (5) TpAbBa Ha MMAT MOAXOAANIO paslipelelieHre Ha MacCUTe.
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SUR LA DISTRIBUTION DE FLUX THERMIQUES
PAR FROTTEMENT POUR QUELQUES SYSTEMES
TRIBOMECANIQUES

VASSIL DIAMANDIEV

Bacua Juamandues. O PACIHPEAEJIEHUW TEITJIOBBIX TOTOKOB 1P TPEHHNU
J11 HEKOTOPbBIX TPUBOMEXAHUUYECKNX CUCTEMAX

B aToit pabore paccMoTpeHa obuian TepMudyeckasa npobiema NpU TPEHUM JUIH KOHK-
peTHEIX TpuboMexaHUMUecKUX cucTeM. B pabore naliaeHbl TeMIepaTy pHbie IONA ®TUX CHUC-
TeM, 4epe3 KOTOPBLIX ONpelle/ieHO pacnpejiel/ieHWe TENJIOBLIX NOTOKOB BO3HMKAIOMWIMX MPHU
TPEHUM.

Vassil Diamandiev. ON THE DISTRIBUTION OF THERMAL FLUXES AT FRICTION TO
SOME TRIBOMECHANICAL SYSTEMS

A general thermal problem at friction to some concrete tribomechanical systems is considered
in this paper. The temperature fields of these systems are found, on the base of which the
distribution of thermal fluxes arisen at the friction is determined.

Il est notoire que quand deux corps se frottent dans un plan quelconque on
surgit une chaleur qui se distribue par des flux entre deux corps. Ces flux for-
ment des champs thermiqﬁes en deux corps qui déterminent la température du
frottement. Ce probléme thermique a une grande signification pratique pour les
propriétés d’exploitation des machines. Le probléme thermique selon la physique
mathématique [1] peut se formuler de la maniére suivante [2]. 1 faut résoudre
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Péquation de la conductivité thermique

1 86; 8%, 0%0; 0%

1 —— ——— T ; — §
(1) a; Ot Ox? + dy? + 9z (i=12)
par les conditions suivantes initiales et limitées:

(2) bi(z,y,2,0) =T (:=1,2),
(3) Oi(z,y,2,0)/Si =Ty (i=1,2),
(4) 01(0>yvz)t):62(ovyyzyt)v

. 002 06, B

(O) )\2—6?(0,3/,2,15)—/\1E—(O,y,z,t)-—prv.

Ici 0y (z,y,z,t), 02(z,y, z,t) sont les champs thermiques en deux corps qui sont en
général non stationnaires, c’est-a-dire dépendent du temps. On suppose que le plan
dans lequel on a le frottement est le plan x = 0. Les surfaces Xy et Xy limitent les
corps. Les coeflicients a; s’expriment par les coeflicients thermiques A;, ¢;, p; par
la formule

(6) ‘ a; = — (i=1,2),
¢i i

L’équation (2) exprime que la température des corps au morment initial coincide
avec celle de I'environnement. L’équation (4) exprime la température du contact
de deux corps. L’équation (5) exprime que la somme des flux thermiques selon la
lol de Fourier est égale a la chaleur qui se forme par le frottement.

On applique ce schéma général du probléme thermique pour des systémes con-
crets tribomécaniques. On trouve les champs thermiques pour deux corps et apres
on résout le probléeme pour la distribution de la chaleur & des flux thermiques.

Dans cet article on considére un systéme tribomécanique suivant: deux vile-
brequins se frottent dans leur section frontale et transversale. L’un des vilebrequins
est immobile tandis que 'autre se tourne avec une vitesse angulaire constante w.
On veut trouver les champs thermiques de deux corps qui sont en général non
stationnaires. On suppose que la section transversale a des dimensions minimales.

Ce systéme tribomécanique est examiné par Klémentev [3] mais en un aspect
tres borné. Klémentev suppose que la température ne dépend pas du temps. Cette
proposition simplifie le probléme jusqu’a une équation différentielle ordinaire tandis
que le cas général améne jusqu’a une équation différentielle partielle.

Ici on considére des variantes différentes selon les longueurs des vilebrequins.

1. CAS DE VILEBREQUINS AVEC LONGUEUR INFINIE
ET COEFFICIENTS THERMIQUES DIFFERENTS.

Le systéme tribomécanique est représenté a Fig. 1. On suppose que les deux
vilebrequins ont une longueur infinie et que leurs coefficients thermiques A;, ¢;, p;
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Fig. 1

sont différents. On suppose aussi que les corps ont une isolation thermique, c¢’est-
a-dire il n’y a pas un échange thermique avec ’environnement.

A cause des dimensions minimales de la section transversale la température
dépendra seulement de x et t, c’est-a-dire ’équation (1) se réduit aux équations

1 96, %0,
7 —_—— = ———
( ) ay 8t 8-’132’
1 06, 0%,
(8) @ ot 0t

ol aj et ay sont données de (6).
Respectivement les conditions initiales et limitées sont données par les formules

9 0, (x,0) = 05(z,0) = T,
(10) 0, (00, t) = T,
(11) 02(—00,1) = To,
(12) 81(0,1) = 0(0,1).

On déduidra en détail la condition (5) pour le cas concret. On suppose que
I’énergie mécanique du frottement se transforme entierement en chaleur. La quan-
tité de la chaleur qui se forme pour un temps dt de la surface dS est égale a la
grandeur

N
(13) dQ(ds) = JLS—C[S’Udt,
ol N est la charge normale entre les vilebrequins. Ici on a
dS = rdrdey,
(14)
v =Tw

a cause de la rotation uniforme w. On remplace (14) en (13) et on obtient

(15) dQas) = J f pwr? drdydt,

N N . .
oup=— est la pression nominale.

La quantité de la chaleur qui se forme dans toute section transversale se trouve
de (15), c’est-a-dire

ro 2w
dQ:prw/rzdr/dgodt,
0 0
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ol rg est le rayon du vilebrequin. On trouve aprés 'intégration
27
(16) dQ = ?prwrgdt.

On note avec d@y et d)> les flux thermiques des déux vilebrequins. Selon la
loi de Fourier on a
a0,
d@Qy, = -\ 5—(0 t) S dt,

d@Qs = Xy Q——z (0,1) S dt,

(17)

ol S = wri et Ay, Ay sont les coefficients de la conductivité thermique. Evidemment

(18) dQ1 +dQ> = dQ.
On remplace (17) et (16) en (18) et on trouve la condition limitée
802 06,

2
19 t A = —, .
(19) 2o 20,0 =4 S 0,0 = 27 fpors
Le probleme de la détermination des champs thermiques des deux corps se
réduit & la solution des équations (7) et (8) par les conditions (9) — (12) et (19). On
utilise la méthode symbolique de Heaviside [4]. Pour ce but on applique l'opération
de Laplace vers (7) et on obtient selon (9)

(’)QQL $ TO
2 L — 0, = ——
(20) Ox? a; Ly a’
ou
(21) 8L, (z, s) :/6‘3’01(:5, t) dt.
0

La solution générale de (20) a la forme
(22) 0L, (z, s) = (s)e"Var® 4 By(s)eV @ z 20,

ol B)(s) et Ba(s) sont des coefficients inconnus. Analogiquement de (8) on trouve

(23) Or,(z, s) = % + B3(S)€\/—. + Ba(s \/_— z 0.

Les conditions limitées (10) et (11) selon (22) et (23) s’expriment par les
dépendances

(24) BQ(S) = B4(5) =0.
On applique Popération inverse de Laplace vers (22) et (23) et on obtient selon
(24)
61(1’, t):T0+L-1 l:Bl(S)E_ BSTZ‘} ) z Z 0>
(25) ]
Oy(x, t)=To+ L7} [Bg(s)e\/ _”] , 2 <0.
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De la condition (12) on trouve

(26) Bl(S) = B3(S).
La condition (19) selon (25) et (26) se réduil jusqu’a la dépendance
Ao A 2
27 L~ B A =z Jfp
(27) NG [V's 1(5)]+\/a[ (V5 Bi(s)] 3pr~d7‘o~
On applique 'opération de Laplace vers (27) et on obtient
2 v/
(28) Bi(s) = By(s) = 5 J fowro

s% (A2 /@ + M Vaz)

On remplace (28) en (25) et on trouve les formules suivantes pour les champs
thermiques: ’

2 Jajas e‘\/f—z
2 & (x, t) =T —J -1
29) i D) °+3”’fw°xg¢a+m\/@L [ } ¢

v
=

JVayas L_l eV ﬁz

<
Ay ar + Ay Jaz ss |’ =

Pour calculer ’opérateur inverse de Laplace on prend une formule connue de
la théorie de la conductivité thermique [4]:

2
(30) Bz, ) =To+ ngpw o

(31) L1 [%e—k\/;} = \/l;—t_e—% (k > 0).
On peut prouver la formule
ko k2
(32) /L—l ([@(k, 5)] dk = L~} /<I>(k, 5 dk|
ky k1

ott ®(k, s) est une fonction intégrable arbitraire. On applique deux fois la formule
(32) vers (31) et aprés des calculs respectifs on obtient la dépendance

k. u? t k2
/e"ﬂ du+24/—e 1t —k,
T
0

ol k est un parametre positif arbitraire. Selon (33) on obtient par k =

S

| 1 .
(33) L {Te—k\ﬂ} =

§2

ai

e o
(34) L7t e VT = i /e'%du—}-Q ie"‘%i—t——?—, z>0.
E Vel . Vi
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L’expression (34) peut étre inscrite encore de la maniére suivante:

x

- 2 /axt
e Var® 1 2x ' 2 t

— - ay __5‘_2_ -
(35) L~! 3 = —= / e” da+2y/—e tat —g|, z>0.
5 Va T ™
s§2 } \/— 9
Analogiquement on trouve
(36)
[ VRN 0 & t
e V ez z 2 a 22
L7} 5 :l: —— / e da+ 2] ——e Tt 4| z<
: 2 a T ' '
52 Va VT ] ™

On remplace (35) et (36) en (29) et (30) et on obtient les champs thermiques
de deux vilebrequins

2 A/ a2
O1(x,t) =T +—J W T
i(z,t) =To fp 0)\2\/—-{-)\1
2
X i e da+2 e 4ﬂnt~;c vz 20,
37
(37) m

Arvar+ A Vay
azt

2
2 R
X | ——= / e da+ 2/ ——e tat + 2| x £0.
. iy
0

La température du frottement se détermine de (37) par z = 0, c’est-a-dire on

a
— _ 4 \/alag\/t-
(38) 01(0, t)_02(0, t)—TO+§prwr0ﬁ()\2\/a_l_+,\l \/a_z)

On voit de (38) que la température du frottement grandit sans restriction avec
le temps.
De (17) et (37) on peut déterminer la distribution des flux thermiques. On a

2‘ Al,/ag
d@1 == J —t S,
Q1 3 fpwro Mo + Mvas

2 W
dQ2—§Jwa o/\\/_+)‘\/__5d

(39)

De (39) on trouve le rapport

1Q: _ %a @

dQi M’

356



ou selon (6) on trouve la dépendance

(40) ig_z_ — VA2 caps
dQ1  VAiap

Le rapport (40) est connu dans la littérature comme la formule de Charon {6].
Cette formule n’est pas valide pour des autres systémes tribologiques.

2. CAS DE VILEBREQUINS AVEC UNE LONGUEUR FINIE
ET COEFFICIENTS THERMIQUES DIFFERENTS

Le systéme tribologique est représenté aussi & Fig. 1 mais les deux vilebre-
quins ont une longueur finie respectivemnent [y et I;. Pour une simplicité dans les
considérations on suppose que les longueurs sont liées avec la dépendance

lg ag
41 2_ (%2
(41) I ”

Il faut résoudre aussi les équations (7) et (8) mais par les conditions suivantes:

(42) 01(1’,0):02($,0):To,
(43) 9](11,t) = T(),
(44) O(=la,t) = Tp

et la condition (12). La condition (19) est la méme.
De nouveau on applique la méthode de Heaviside vers les équations (7) et (8),
¢’est-a-dire on trouve

T

(45) 6 (2,8) = 2 + Bi(s)e Vo™ + By(s)eVar®, a2 0,
8
(46) mJLg:%+3mRVEI+&@JV$ﬂmgo

ol 0, se détermine de la dépendance

(47) (z,8)= [ ¢ ”9 (z, t)dt (i=1,2).

o\

On applique les conditions (43) et (44) vers (45) et (46) et on obtient selon
(47)

Bl(s)e—\/%—l1 + By(s)e \/EI1 =
Ba(s)@_\/—— + Ba(s \/—12 =

La condition (12) s’exprime par la dépendance

(49) By(s) + Ba(s) = Ba(s) + Ba(s).

(48)
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De (45) et (46) on obtient les fonctions originales

(50) 01(z, ) =To + L~} [Bl(s)e_\/gz + Bg(s)e\/gx] , T 20,
(51) Oo(z,t) = To + L~* [Ba(s)e\/gwm(s)e‘\/gf], z <0

On applique la condition (19) vers (50) et (51) et apres quelques calculs on
trouve

2J
(52) X2 +/ai (Bs — Ba)+ M /@ (Bi — By) = gﬂo_,_ Yy

§2

Les équations (48), (49) et (52) forment un systéme de quatre équations rela-
tives & B1(s), Ba(s), Ba(s), Ba(s). La solution de ce systéme se détermine par les
formules

(53) ' Bi(s) =

2] fpwrgy/ataz(1l — eﬁz\/glz)
s Doy Va1 VR o Ja(1e IV (1-e V)

3

B2(S) =

~2J fpwro/ajaz e \/—I‘ 2\/%”)
%[AQ\/— 1+€ 2\/—12 —e 2\[“1‘ )+A1\/EE 1_*_6_2\/511)(1_6‘2\/%12)]‘

B3(S) =

2J fpwror/araz(l — e""\/azl")
%[’\2\/—(1+6 \/—12 \/‘ )+ A/ar(l+e 2\/5")(1—6—2 %Iz)]

B4(S) =

“%Jfl’wrox/amze—z\/gh(l - 6_2\/‘%—11)
S% [Az\/a(l-Fe—z\/;%b)(l—e_z\/;}{“) + ’\1\/55(14‘9-2\/;11—11)(1—6_2\/%12)]
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Selon la dépendance (41) de (53) on trouve
2
Bi(s) = : 2Jfpwrg /ataz
57 (A2 /@1 4+ M @)1 + e 2V arh)
2 Jfpwro/ajaze 2Varh
5% (A /@ + M ya)(1+ e 2 Varhy
g
Bs(s) prwro,/alag -
82(/\2\/~+/\1\/— 1+8 V e
_ %prw1'0,/(11@672VEI2
3 -2,/Z10 .
52 (A2 /a1 + A1 Jaz)(1+ e a2 7)

On remplace les coefficients (54) en (50) et (51) et on obtient

Bz(s) = -
(54)

B4(S) =

-/ =z —/=2~z
(65) Oi(x,t) =To + ML—l ¢ T alg(z ) ;, z20,
)\2\/0-1-*' A1\/(1_2 s%(1+e‘2\/‘;—111)
27 Var® _ o~V a2
(56) a(x, 1) = Ty + 20 PUT0VEI02 oy | € ‘ z < 0.

/\2\/a1+/\1,/a2 S% (1+e~2,/f;12) =
Pour le calcul de l'opérateurs inverses de Laplace on utilise le théoréme du
retournement [7], c’est-a-dire on a

[oVE _oVE@ma] T JEe s E e

ste

= €
S% (1+6—2,/a—111) 27!'1- . 55(1_1_6—2,/;;11)

w—00 Y—iw

(57) L~

ds,

oll 7 et w sont des nombres réels et positifs. Pour le calcul de I'intégrale en (57)
on construit un contour représentant le droit x = 7 et la circonférence (C) avec un
centre O et un rayon R. On fait une intégration dans un domaine complexe de la
fonction sous Vintégrale sur le contour donné. On applique le théoréme des résidus
[10] sur ce contour et on obtient

Y+
] w te_ /a1 /al (20 -z)
s

(58) —[e e ds
27r’¢—iw 85 1+6.—2 3—1 1)
1 eV eV T (2h-2)
+— [ ¢ ds = Res(0) + Z Res(sm).
Zm(c) o5 (1+e -2/ ) —

On peut prouver que
(59) ! e VAT VRO
im —

R—oo 27T'L -2
) (14e Ve )

ds = 0.
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Les résidus de I'intégrale en (58) sont pour les grandeurs s = 0 et s = s,,, qui
sont les racines de ’équation

(60) 14e Va2,

Dans le domaine complexe pour (60) on a des racines qui se déterminent par
Pexpression

(61) o = zﬂ2\§1—(2m+1) (m=0,1,2,..),

ou par les grandeurs
2

(61) Sm = —%(Qer 12 (m=0,1,2,...).

Pour calculer Res(0) on représente la fonction sous ’intégrale de la maniére
suivante:

" 2 /& —7)+sB(s, :c)
sVs(l4e Varhy

(62)

De (62) on suivit que
11 — T
var

On prend les résidus pour les poles (61') et on trouve

(63) Res(0) =

—“—Q-L(2m+1)2t 8y cos FE(2m + 1)
72 \/_“(2m +1)?

Selon (57) — (59), (63) et (64) on obtient la valeur suivante pour I’opérateur
inverse de Laplace:

VT _/a )
s% 1+ 6—2\/%11

11 - 811 i cos I (2m + 1)6_ l‘% (2m+1)%t
2m+1 )

(64) Res(sm) = —

L—l

(65)

La série infinie en (65) est absolument et uniformément convergente a cause de

o0
, 1
la convergence de la série § —,
g m=0 (2777, + 1)2

On remplace (65) en (55) et on trouve
2]
al(my t) =To + 3 fpwr()\/a_z
Ao /a1 + Ay y/ag

811 i cos FE(Zm +1) - Mf I3 (am+1)% ¢
(2m+1

(66)
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La formule (66) a une structure compliquée. On peut vérifier que ¢
fait ’équation (7) et la condition (43). La condition (42)
de l'identité

1(z; t) satis-
est vérifiée par Pexistence

f’: cos & (2m+ 1) 7r21
Gmilr ~ 5 T

m=0

Cette identité se constate facilement par les séries de Fourier [9].
Analogiquement pour le champ thermique de vilebrequin immobile on obtient

2
s (2, 1) =Tp + —LIPETOVEL_
A2/ar + Ay/az
8ly o= C0s FE(2m +1) - “2 T 82 (am41)% 1
w2 (2m + 1)2 ’

m=0

(67)
l+z—

La température du frottement pour les deux vilebrequins est donnée de la
formule

S (2m41)%t
(68) 01(0,t) = 02(0,1) To + -——-———— -

$Jfpwroli/ag 8 i ] “2
,\\/_+)\\/" 7 be T (am A 12

L’égalité de 6, (0, t) et 02(0, t) suivit de (41). Apres un temps infini on obtient
de (68) la formule stationnaire pour la température
3J fpwroli/ay
2,/a@1+ A1 Jaz
La distribution des flux thermiques on trouve de (17), (66), (67). On a
2] fpwrgA1 /a2
d 3 IEE 0V g gy,
O = A A
3J fpwro, A2v/ay
dQ, = "= Sdt.
Q2 WS

(69) 0y =0y =Ty +

I

(70)

Selon (6) de (70) on obtient

Qs _ VAacopa
d@1  VAieipr

Cest-a-dire de nouveau la dépendance de Charon [6].

Comme un cas particulier considérons des vilebrequins avec une longueur iden-
tique et des coefficients thermiques identiques. Alors le rapport (41) est vrai. De
(71) on trouve

(71)

dQs
d@Q,
c’est-a-dire la quantité de la chaleur du frottement se distribue en parties égales en
deux vilebrequins. ’

=1,
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Le champ thermique a la forme
J fpwrg 81 N cos Zz (2m+1) _r2% 2
72) Oz, t) =Ty + 2220 1), & CO8 Sriem+ 1) -2 (2m41)?t
(12) o) =To+ =53 TR 2 T amyre Nk
oi  est la longueur du vilebrequin. La température du frottement s’obtient de (72)
par ¢ = 0, c’est-a-dire on a

pru)T’ol 8 1 _n2a . 2
73 f O,t =T . —_— E 5 (2m41)° ¢
( ) ( ) ’ + 3/\ [1 71-2 m=0 (2 + 1)2 o ! } .

Apres un temps infini de (73) s’obtient la température stationnaire

Jfpwryl
3 ’

La formule (74) exprime la température maximale du systéme des corps.
On prend un exemple numérique pour (74). On a les données numériques
suivantes: 7o = 0, N = 100 kg, w = 100s™!, f = 0.1, ro=5cm, =100 cm, X =
1074

—4 cal _ _ kg .
1.08 x 10 e gad J = TR On trouve p = 1.24 — De (74) on obtient

(74) gst = TO +

(75) Brmax = 448°C.

On note que nos considérations supposent que toute la surface nominale par-
ticipe au frottement. Si on considére un frottement des surfaces rugueux on obtient
une température plus petite de (75).

3. CAS DE VILEBREQUINS INFINI ET FINI
AVEC COEFFICIENTS THERMIQUES IDENTIQUES

On considére le probléme thermique quand le vilebrequin tournant a une
longueur finie { mais le vilebrequin immobile a une longueur infinie. Les deux
corps ont des coefficients thermiques identiques, ¢’est-a-dire )

A=Ay, c1=cy, p1=p2
Les équations de la conductivité thermique sont

106, 8%,

s = L >0
(76) a Ot gg2) TED
1 86, 0%,
-t = 0.
(") a Ot oz?’
Les conditions initiales et limitées sont
(78) 61(z,0) = b(z, 0) = T,
(79) 6,(1,t) = Ty,
(80) 02(—00,t) = TO)



(81) 8,(0,2) = 82(0, ),

0+ 691 _2Jfpwr
82 0,1) — — it Y )
(82) P2 (0,0~ 2L (0,4 = 2 HIEETD,
Selon la méthode de Heav151de on a
T = =
(83) 0, (z, 8) = ~SE + Bi(s) e_\/gx + Bsy(s) g\/Eﬂ >0,
. T 7 T
(84) 01.(2, 8) = = + Ba(s) V% 4 Bafs) V3", 2 20,

ot 8z (z, s) se détermine de (47). On applique les conditions (79) — (82) et on
obtient

Bi(s)e Val 4 By(s)eVe! =0,

B4(S) = O,
(89) Bi(s) + Ba(s) = Ba(s), ,
Bi(s) — Bate) + Ba(o) = 5 LLESIVE
82 A
Le systéme (85) a la solution suivante:
Bi(s) = prwrm/—
3 52
| By(s) = — JfPW“O\/~ e 2VEL
(86) X2
Bt = L2l i
3Xs3
B4(S) = 0.

On prend Popérateur inverse de Laplace de (83) et (84) et selon (86) on obtient

prwro\/a -1 [e_\/-fl' e‘ﬁ(zl—-x)] .
3 - )

‘ (87) .91(:c,t) =Ty +

1\

3 0

3 3
52 §2

-VElel /T
(88) 92(m,t) = T() -+ prw’f'o\/a L_l \ie - ¢ , & é 0.

3A

On applique la formule (33) & (87) et (88) et aprés des calculs respectifs on
trouve

52 s2

Jf 2 zat 2[ 2212_7; :

2J fpwry [ T _a? -z _a?

H;(m,t):T0+———~——[—— / e~ % do — / e” % da
3A ™

(89) VT 0 VT 0

363



2 f NS e L

. pwro z 2 20—z 2

Oy(z, 1) =Ty + L2202 o Joy — ~a

w0 o(x,t) =15 + 5 [ N / e do NG / e da
0

i 2 20—z)?
+ 9—(6—75——6" rat )+l], z £ 0.
. =

La température du frottement s’obtient par z = (), ¢’est-a-dire on a

61(0,¢) = 62(0,¢)

i

Vat

(91) 2J { 2
Y SLLED LLL IS P g _2_ = da
3A T v
0

Apres un temps infini (¢ — o0) on obtient de (91) la température stationnaire
2.7 f pwry {
32 '

La formule (92) est pareille a (74) quand les deux corps ont une longueur finie.
On trouve la distribution des flux thermiques de (17), (89) et (90). On a

(92) gst =Ty +

1/Vat

2J fpwrg 1 2
d@y = ——rxo |1 - — e”% da| Sdt
(o3 3 7 / :
0
(93) _
1/Vat

_ 2Jfpwro o2
d@Q- = NG /e do . Sdt.

On obtient de (93) le rapport

0

1/Vat )
e~ do
(94) @ 4
dQh 1/Vat
VT— [ e da
i)

La formule (94) montre que le rapport des flux thermiques n’est pas une con-
stante mais qu’il est une fonction du temps. Au moment initial on a

_dQ_z =1
@, '
¢.-a.-d. les flux thermiques sont égales. Aprés un temps infini on a de (93)
dQ, — HIprog
(95)
d@s — 0.
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Le résultat (95) montre que par des conditions stationnaires le flux thermique
dans le vilebrequin avec une longueur infinie diminue et converge vers zéro. Le flux
thermique du vilebrequin avec une longueur finie grandit et obtient toute la chaleur
du frottement avec le temps.

4. SYSTEME TRIBOMECANIQUE EN ASPECT THERMODYNAMIQUE

Ici nous considérons les systémes tribomécaniques étudiés en un aspect ther-
modynamique. On détermine 'entropie du méme systéme en zone du frottement
selon le second principe de la thermodynamique. Il est notoire [11] que la méthode
de D’entropie a une grande signification pour la valeur de l'usure d’un systéme tri-
bomecanique.

La quantité de la chaleur qui se forme pour le ternps di dans la zone du frot-
tement a la systéme considéré se détermine ainsi

2
(96) dQ = —ngpwrg dt.

Quand les vilebrequins ont une longueur infinie nous avons obtenu pour le
champ thermique la formule suivante:

2 Va2
O(x,t)y ="To + §prwr0/\1 NS WY
v
0

z
agt ,
—a? /alt P
€ @ d(!—*‘? —7r——e dayt — , L

2
< 2z /
VT
La température du frottement se détermine par £ =0, c-a-d. on a

Vajast
Vr[My/az + Az ar]
Selon le second principe de la thermodynamique on a
(99) dU = TdS — pdV,

out U est Pénergie intérieure, S — ’entropie, et V' — le volume du systeme. Dans
Je cas considéré dV = 0 et U = Q, ot Q est la quantité de la chaleur, c.-a.-d. de
(99) on obtient

(97)

v
e

4
(98) 9(0, t) =Ty + §prw7‘0

d =T4dS.
D’ici pour I’entropie on trouve
dq
(100) dsS = -

Pour le systéme donné selon (96), (98) on obtient de (100)
2 ] fpwry dt

(101) dS = @105t )

"Z + 47 fp( d ____):__
0 g To\/—ﬂ()\l‘/02+/\2‘/01)



ou on trouve pour l’entropie
¢

2
(102) S=S,+ %prwrg’/ dt
0

4 1‘11‘12\/{ ’
To+ 37 fpwro s 70

ol Sp est ’entropie initiale. Aprés l'intégration on obtient
/\ A \/as
S=So 47 11/a2 + 2\/—\/- 3mro( A1 + Ao/ar) T
Vaiaz AfpJwayasy

« In (1 4 4] fpwro/arast )
3To (M Vaz + Az \/far) )

La formule (103) nous donne le développement de I'entropie dans la zone du frot-
" tement pour le systéme tribomécanique donné.
Maintenant on considére une autre variante du méme systéme, c.-a.-d. quand
les vilebrequins ont une longueur finie. Pour la température du frottement on a

(103)

2J fpwrols/az g oo oS EmEn
pwroli/az

104)  0(t) = Ty + SIPLTOUVI2 |y Z S
(104) (®) +/\\/—+/\2\/—— w2 (2m + 1)? , 120

La grandeur d@ se conserve comme en (96). Pour Pentropie on trouve de (100)
t (104)

ds = N

Ty + 2J fpwroli/az 18 f: e
0 Aav/a1 + Ai/a2 72 =0 (2m + 1)2

D’ici pour le développement de I’entropie on obtient

(105)

t

dt
S() = So + %’rprwrS’/
0

. (2m+1)2

7 4 aTrehy/m 8 }05 “2

b+ > 1-=
A2v/ar + A\/az2 2 =0

(2m +1)2

On applique le théoréme des valeurs moyennes vers (105) et on trouve
2mJ fpwrd t

(106) S(t) = So+ ,

3 2
2 (2m+1)
T, %prwroll\/cu 1 8 & e “

/\1\/a2+)\2\/a1 7r2 mEZ:O (2m+1)2

ol 0 < t* < t. Sion consideére le processus du développement dans une grande inter-
valle du temps t* est une grandeur grande et le facteur exponentiel peut s’éliminer.
Ainsi on trouve pour l’entropie

34
S(t) = So + 2nJ fpwryt

2J fowroli/az
3y + ————— X -
+ A1 +/82 + A2 faq

Evidemment elle grandit sans restriction avec le temps.
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OPpUHM HECUECTKHUX MHOXECTB...... Ceaaaan DRI
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Yasnap Maumen — Cgoiicrso Yepu-Poccepa u peaykuum ecrecTBeHHBIX BLIBOAOB
Bnaaumup Yakanos — O6obGuleHHble peMIeHNA JIMHENHBIX yIpaB/AfeMbIX CUC-
TEM (it e e e B
Ho paan 3awen — O cpasu abCTPAKTHOU TEOPUM PEKYPCHUHM C METOANOM 110CIHE N0
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CEUCHUM HJA HUX ..o ivrennnnn e e e e
Mpanxka Mbanosa-KapaTtonpaknuesa — Beckoneuno manbie nsrnbanus
NMOBEPXHOCTEH Bpalenmsa 3HAKONEPEMEHHOM KPDUBU3HBL «v...vv....... e
Crena Huxkonosa — JlonycTumble dyuxuMonansl B abCTPaKTHON CTPYKTYpe
IIPOU3BOJIBHOA MOWHOCTH ...... N e e ..
HHumurp Cropaenp — O6 obHapy)KeHMM HEKOTODBLIX 3aUMKIMBaHMUIi B pexyp-
CHBHBIX BBIUYUCHEHUAX .\ .vvennnn. e e e e
Enka Boxkosa — [IpuMep KoHeuHOro umcna pekypcHMBHO NMepPeUUCIAEMBIX M-
creneneil, coneprkalux BECKOHEUHY IO 10CJIEA0BATCALHOCTL PEKYPCHUBHO Me-
PEUUCTAEMBIX MHOMECTB ... ... e e R e ..
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