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ON SOME APPLICATIONS OF THE SINGULARITY METHOD

ZAPRYAN ZAPRYANOV, NIKOLAY MARKOV

3anpsn 3anpanos, Huxosat Mapxos. O HEKOTOPHKIX PUMEHEHUAX METOIA
OCOBEHHOCTEM ‘

napoaunamMuka npu Maanlx Yucnax PeliHonblca MrpaeT BaXXHYIO poJsib B MCCHENO-
BaHMAX MEXaHMKM CYCHeH3ui, kosomauoi xumum u duavonoruu membpan. B craTse me-
TOonOM ocobeHHOCTEH MCCNEeAYIOTCA HEKOTOPhIE CTAHMOHAPHBIE BA3KUE TeUEHMA NpU Hamm-
Une TBEPABIX MAM >KNAKMX YacTMU. TeueHus NpeACTaBIAIOTCH PYHIAMEHTANLHEIMMU De—
wenuAMM ypaBHennii CTOKCA B BUIE CTOKCIIETOB, BRIPOKAEHHHX KBaAPONO/IOB, CTOKCOHOB
¥ apyrux mynstunonos. PaccMoTpenn ciaeayloumue 3agaun: 1) TedeéHue, NOPOXKIACHHOE
Tpancnanueil u potaumeil TBEpaoii chepuueckoil yacTuuwl; 2) TpaHCcaAuMA chepuUecKol
Kallii B HENOABWXXHOI BA3KOI uacTune, ob6rexaemoi nuHellHEIM rpaJUeHTHBIM MOTOKOM.
O6cymaatoTCA TOCTPOEHNE PeNIeRUit BTHUX 3a7a4 U OCHOBHEIE XapaKTEPUCTHKM TAKOTO BU-
[a pemienuit. :

Zaprya.n Zaprya.nov, Nikoley Markov. ON SOME APPLICATIONS OF THE SINGULARITY
METHOD

- The hydrodynamics of low Reynolds number flows plays an important role in the study
of suspension machanics, colloid science and membrane physiology. In the present paper once -
again (now via-the singularity method) some steady viscous flows in the presence of rigid or
- fluid particles are examined. The flows are represented in terms of fundamental solutions to the
governing Stokes equations, including Stokeslets, degenerated quadrupoles, Stokesons and some
other multipoles. The problems considered are: 1) flow due to the translation or rotation of
a rigid spherical particle; 2) a translating spherical drop in a viscous quiescent fluid; 3) 'small
deformations of a fluid particle in a general linear flow.

The construction of the solutions of these problems and. the salient features of such kind of

" solutions are dxscussed
A



1. INTRODUCTION

An approximate solution to the Navier — Stokes equations can be obtained for
the case in which the Reynolds number, or the ratio of inertial to viscous forces, is
very small. Then the inertial effects can be neglected, and the action of viscosity is
» LUp
| !
1s small either because the fluid is very viscous (z — o0) or because the inertia,
or density, is very small (p — 0). These flows are frequently called “creeping”
flows. This simplification is justified since many multiparticle systems do involve
sufficiently slow motions for this assumption to be valid.

The creeping flow and continuity equations are

(1.1) V.T = uV27 - Vp+ FO§(7) = 0,

considered to be controlling. We can imagine that the Reynolds number Re =

(1.2) ‘ - VA4=0.

Here F(9) denotes a point force appliéd.to the fluid at 7= 0, 6(7) is the Dirac delta
function, 7' is the velocity, p'is the pressure and T is the stress tensor. The meaning
of the ﬁrst equation is:

1) For ## 0, V.T = 0;

ii) For any volume V' that encloses the point 7= 0,

/ / V.Tdr = —F©.
\4

‘The linearity of the creeping flow equations allows the creation of a class of -
solution methods that is readily applied to various types of hydrodymanic problems.’
These methods for solving Stokes equations are based upon fundamental solutions,
corresponding to the flow produced by a point force in a fluid space. If the boundary
shapes of the problem under consideration are simple, then -an analytic solution
can be achieved by using the internal distributions of force and force multlpole
singularities. .

' In this connection it is useful to write down some of the derivatives of the
Ossen — Burger’s tensor :
8ij iz
(1.3) - Bi; = —;‘!- + _rT]
~ and degenerate quadrupole V?B;;:
' i} The first derivative of the Ossen — Burger’s tensor (the Stokes dipole).

: : 0B;; 3
(1.4) VB,] = 6:::] :Bi] ( 6,].1:]‘; +6]k$:+6k1$]) :c,:c]:ck,
ii) The second derivative of the Ossen — Burger’s tensor
0°B;; 8i; | 365 , 2 3
I = Bijkk = -+ + —-—]—f+ 5zk5]k g (Girz; + djpzi)ar

(15) . 6wkaxk
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T 15
(6,kz1xk + 6]ka:k:c, + z; zJ) + x,z],

ii1) The degenerate quadrupole
2%; 6

— = LiZj;

(1.6) v V2B;; = V.(VB;,-) = Bijii = B s

1v) The derivative of the degenerate quadrupole (the degenerate octupole)
o 30
(1.7) V(VzBij) = VzBij,k = fr—s(éijzk + 6jka':i + 61“':8]') + _ﬁx‘sz’?‘

(Here we shall note that in order to ebtain (1.3)—(1.7) one has to use the following
formulas:

- ‘ o .
bijzi = xj, b =3, %‘—:5{]', Tz =12, r_ %

Ox; fz; r’

For the general particle shape the multipole expansion representation [1-3] re-
quires an infinite number of terms. If the particle shape is simple the multipole
expansion representation may contain only a finite number of terms. For the case of
a spherical particle, for example, the multipole expansion contains (as we shall see
in section 2) only two terms. For the other simple shapes like ellipsoid a truncated
expansion in just the lower order singularities is possible, provided that these sin-
gularities are distributed over a region. The other example is the solution for very
elongated, slender particles where the integral representation can approximately be
reduced to a line distribution of point forces along the centré line of the particle.

For interior flows (like the drop inside a flow) the velocity field of the Stokeson-

(1.8) v = HijU; = (2r%6;; — ziz;)U;

is used. Since the Stokeson is a linear with respect to a constant vector U (as we
shall see in section 3), it enters into the solution for a translating drop. In view of
the fact that the Stokeson is quadratic in r, its gradient is linear in r.

Other interior solutions are roton and stresson which are equal to the symmetric
and antisymmetric derivatives of the Stokeson, respectively. Since the roton and
stresson correspond to a rigid body rotation and a constant rate of strain field
(which are not typical for fluid flows) they are used rarely.

A knowledge of the flow in and around a droplet submerged in an unbounded
or bounded fluid is of considerable practicle interest. The submerged of the basic
equation subject to the boundary conditions for such type of problems has to yield
explicitly the flow fields interior to the droplet and exterior to it, and the general
equation of the interface. However, the mathematical treatment of solving simul-
taneously the flow fields and the equation of the interface is excessxvely difficult.
That is why an iterative procedure was adopted by Taylor [4].

" First; the drop is postulated to be spheérical and the flow fields are determlned
using the boundary conditions of continuity of the tangential velocity vectors, van-
ishing of the normal component of the velocity vectors, and continuity of the tan-
gential components of the stress vectors inside and outside of the spherical drop.

7



Later, the function describing the deviation of the droplet from sphericity is de-
termined using the relation between the outside and inside values of the normal
components of the stress vectors. The newly determined interface may then be
used for calculating the flow fields of the second iteration and so on.

2. FLOW DUE TO THE TRANSLATION OR ROTATION
OF A RIGID SPHERICAL PARTICLE

The slow translation of a rigid spherical particle of radius a through a quies-
cent viscous fluid induces a flow which can be found by means of the singularity
method. Since this flow produces a net force on the spherical particle in order to
construct a solution via internal singularities, we require a Stokeslet B.F(¢) located
at the sphere centre. However, the Stokeslet is most often accompanied by the
degenerate quadrupole. Thus, we suggest trying to construct a solution that is a
superposition of a Stokeslet and a degenerate quadrupole both located at the centre
of the spherical particle, i. e.

(2.1) '  W(F)y=p.B(F) +§ VZB(F)
Since each term in this expression satisfies the creeping flow equations (1.1)

and (1.2), further we shall try to determine the unknown vectors p pand ¢ from the
following boundary conditions:

- (2.2) 7=0 at r=aq,
(23) - "T50 as r— oo,

where U is the velocity of the particle.

In fact, since B(7) and V2B(F) tend to zero as r — oo, the boundary condition
(2.3) is fulﬁlled automatically. If we succeed to do this then from the uniqueness
theorem (cited in section 1) it follows that we have found the solution of the con- -
sidered problem. )

Introducing in (2. 1) the explicit forms of the s1ngular1t1es we obtain

o an=r(fe Vi (<24 5F).

If f is the unit normal vector to the spherlcal particle surface, we have F=ai at -
r = a and the boundary condition (2.3) gives

\ . - . I . 21 N
U=p. (—+ﬂ>+q. (—3—61‘;)
: a a \a®

. or

(2.5) , a®U = a’5+ 27+ (a®F — 6§).77. -
Since the problem considered is. linear it is reasonable to assume that the
unknown vectors 7 and §'in the equatlon (2.1) are expressed linearly via the particle

velocity U 1. e. 4
(2.6) F=ClU, §=CiU,

8



where Co and C; are unknown constants. With (2.6) the equation (2.5) becomes
(=a® + Coa® + 2C2)U + (a*Co — 6C,)U ifi =
or
(2.7) " (—a® 4 Coa® 4+ 2C)U + (¢*Co — 6C2)Unfi = 0

Taking into account that U and  are independent vectors we obtain the fol-
lowing system for the constants Cp and Cy:

a2Co + 202 = (13
a2Cy—6C, = 0.
3

"Hence Co = §a and Cz

2.
2 X , and (2.1) becomes

ad

#(F) = 24317.3(7?) + S0.B(7)

i (14 Por) BO
= 14+ —=v2) L
6mpal ( + 5 v ) S

(2.8)

It is easy to show that this expression is identical to the standard result in spherical
co-ordinates given in elementary books on fluid mechanics. (See for example [5).)

Therefore, indeed the translating spherical particle in a Stokes flow requires a
degenerate quadrupole, in addition to a monopole of strength 6mpual. Of special
interest is the fact that we have derived the Stokes law, F = —6wpuaU,. for the
drag on the spherical particle undergoing a steady translatlon without an explicit
computation of the surface stress vector i = T.filr=q- Here we have used the
statement that the solutions expressed as a multipole expansion yield quantltles of
interest, such as the hydrodynamic force, in a straight-forward fashion.

Now let us consider the flow due to a rotating spherical particle through an
unbounded quiescent viscous fluid. We suppose that the spherical particle rotates
with an angular velocity & and that the radius of the sphere is equal to a. If we
take a cartesian co-ordinate system with an origin that coincides with the sphere
centre then the boundary conditions of the problem considered are as follows:

(2.9) © T—0 as r— oo,

(2.10) : T=d xae, at r=a,

where &, is a unit vector in direction ¥ The equation (2.10) suggests that the
produced flow may be represented merely in terms of a rotlet (couplet) with strength
Chd, located at the centre of the sphere,i. e.

— - F
(2.11) 7= Cid x e
With boundary condition (2. 10) the velocity field (2 11) gives

ae,
& X agy = Clw X —

f




whence C; = a®. Therefore
a L
(2.12) S U= r—s(d;' X 7).
Using (2.12) we can calculate the torque acting on the particle:

M= //Fx (T.R)do = —8rpa’s.
5 o

3 A TRANSLATING SPHERICAL DROP IN A VISCOUS .
QUIESCENT FLUID

Consider a spherical drop moving slowly with velocity U in a viscous quiescent
fluid. We suppose that the fluids both outside and inside the drop surface are
_immiscible, and that the surface tension, o, at the interface is sufficiently strong
to keep the drop approximately spherlcal against any deforming effect of viscous
forces. It is also assumed that the Reynolds number of the motion within the drop
is small compared with the unity, like that of the motion outside the drop. The two
fluid motions are discribed by the equations (1.1) and (1.2) with different values of
‘the viscosity — p and /2 (here the caret indicates a quantity relatlng to the internal .
fluid and its motions).
We choose the origin of the co-ordinate system to be at -the instantaneous
position of the centre of the drop with radius a. The velocity ¥ and the difference
" p — poo must vanish. at infinity, and ¢ and p — p, are finite everywhere within the
fluid particle. - .
The boundary conditions at the interface of the droplet, r = a, are as follows:
(i) Vanishing of the normal component of the velocity vectors:.

@F-MAa=0, G-0)A=0
(ii) Continuity of the tangential ve\locityivectors:
7.(I — @) = 3.(I — An);
(iii) Continuity of the tangengial components of the sfress vectors:
(T.R).(I - iRy = (T.ﬁ).(z — ifl).
With the equation ‘
Ti=—pi+2uE.7
the equation (iii) has the form
(3.1) ", (E.).(I - &5) = ME.7).(I - in),
where A = E, the ratio of the drop and the solvent viséosities, respectively. A

|~

cursoty inspection of the menu of the availabl:e singularities results in the following
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selections: a Stokeslet and a degenerate quadrupole outside the drop, and a Stoke-
son and a uniform field U inside the drop. Then the veloc1ty fields outside and
inside the drop can be written, respectively, as

(3.2) ‘ | V= —4—U.(00 + C2a® V3 B(7),

(3.3) . ' = Dol + Daa™20. H(f“)
where the four unknown constants Cpy, C2, D¢ and Dy are determmed from the

boundary conditions at the drop interface.
Taking into account formulas (1 3), (1.5), from (3.2) we obtam

R B,,U +cZ 2a®V2By;U;

= 00—4‘3 (6 + —”"”’) U; +Cz3 3 (gfsi - 6“’"”")UJ~.

)

(3.4)

Since at r = a we have z; = an;, the equation (3.4) gives

' 3. (Co 3 Co ..
(3.5) ;= §U1 ( 2- + Cz) + -2-n,-njUj (-30- - 3C"2)
and thus . A ' .
v,'n,'l,:a = 7’1 U (CO + Cz) +{gn,-n.~njUj (—0—29- - 3Cz>
(3.6) . .
[}

= Tl,‘U_,‘ (500 - 302) .
»

Therefore, from the first kinematic condition (i) we find
(3.7) - : 3Co ~ 6C; = 2.
Reverting to (3.4) we obtain

=DoU; + D2 2(27’ i — zix;)Us5

' ’lA)}'lrza = (D() -+ 2D2)Ui —A.T’l,-'n,jUjDz,

and thus ,

(3.8) 9iNi|r=a = (Do + D2)n;U;

Tt follows from the second kinematic condition (1) that i
(3.9) . Do+ Dy=1.

The condition of continuity of the velocity at the surface of the drop (11) requires
to accomplish the following computations:-

(z_ﬁﬁ).m;:(a-ﬁﬁ.m,:( Co + cz>( —nin;U;).

. ' ‘ 11



e (I - @ift), b} = (6 — AR.5) = (Do + 2D2)(Us — nsn;Uj).
Substituting these expressions into (ii) yields
(3.10) 3Cy + 6C, = 4Dp + 8D,
In order to ‘apply the boundary condition (iii) we have need of the calculation
. of the rate of stress tensors E and E. From (3.2) and (3.3) it follows that

1 /0w Ovj '3 .
eijlr=a = 3 (—— + ——’) = g2Co(Bix,; + Bjx,i)Uk

" a.1i) Oy O
. 3
+ -éasCz(VzBik,j + Vsz(c,i)Uka
R O9; ot Doy ’
(3.12) e,-jlf_ = (ax] + 3 ]’) lr=a = o’ (3n,~Uj —3n;U; — 25ijnkUk)-

Using (1.5) it is easy to obtain the formula

60
(v Bix J + v? B]k z)lr a = "‘“"‘(6]k"z + 6knn] + 6:]"1:) + NN,

and thus
3C, 9C;
€45 |r...a = Z’;O‘nkUk(ézj 3"1‘"’_'7") + i_a—nkUk(5ninJ' + 6ij)
g9 X i
—%Cz(n,-Uj +njU,~)
and
€ijninilr=a = nkUk (96’2 - -3-(3'0)
Hence
(I - @nr). (E ﬁ)li =F. ﬁ— an.(E.a); -
3.13
( ) . = ———CzU + 920 n,nkUk = g(n,nkUk ~U;)
and
i A " Dy, 2D
’ , (I - ﬁﬁ)(Eﬁ)I, = Ef(n,-nkUk + 3U,) - —a—zngnkUk
(3.14) D,
= ——?-(n;nk'Uk - Ui).

Substltutmg (3.13) and (3.14) into (u) we find the fourth equation for the
constants Cp, C2, Do and D2

(3.15) . ' ADy+ 3C; = 0.

‘12



Sol\ving the system (3.7), (3.9), (3.10) and (3.15) for the coefficients Co, Cs,
Dg and D, we find

Co = 2+ 3A A
0T3O+ P eI+
3422 1

T Ay TPT a4y

Consequently the equations (3.2) and (3.3) have the form

' . 243) Aa?2V? | B(F) -
(3.1}6) v=2mpa— ™ [1 5273 B U

¥

C3+2 o 1
T+ N 21+ Na

The notable feature of (3.16) is that in the limit as A — oo, Cy and C, assume
the values for the rigid particle given previously in (2.8) while in the limit as A — 0
the degenerate quadrupole vanishes and the Stokeslet alone provides the exact
solution for a translating bubble. ,

In order to calculate the force on the fluid particle we have to 1ntegrate the
surface stress'vector over the drop surface

(3.18) //(T #)do = 4rpal (232:\\ ::: %)

In the limiting case, A — 00, this expressmn for the drag becomies F = 6rpal,
. which is simply the Stokes’ law for the drag on a rigid spherical particle. In the
limit A — 0 the expression (3.18) becomes ‘

)

(3.17) -1-5(7 H(7).

(3.19) ,» F = 4npal,
which is the drag on a spherical bubble at Re < 1.

- 4. SMALL DEFORMATIONS OF A FLUID PARTICLE
IN A GENERAL.LINEAR FLOW

In section 3 we solved the problem of a spherical drop of radius a in uniform
flow at zero Reynolds number. It is of interest to compute the small deformations
of a drop in a general linear flow at zero Reynolds number.

We assume that at large distances from the ﬁuld particle the fluid undergoes
a general linear flow

(41 17°°-:G(E°°+Q°°)f" r'——»oo
where 7' is a position vector, eff = const and Q°° = const (i,7 =1, 2, 3) are the
dimensionless rates of strain and vorticity tensors respectively, and G represents

the magnitude of V&. We know from section 3 that a drop will deform in almost
any viscous flow, other than in uniform (steady) translation through a stationary

13



fluid. With characteristic velocity V. = Ga the dimensionless form of the equatxon
(4. 1) is

(4.2) 5 = (E® 4 Q%) F, r— 0.

We assume that the density of the fluid inside the drop is equal to that of the
ambient fluid but the viscosities of the two fluids j and g are different (here also
the physical parameters pertaining to the interior of the drop will be distinguished
from the corresponding exterior parameters by a caret). Further we assume that
the surface tension o is constant on the drop surface and the capillary number

Ca= /—L% issmall,i.e. Ca < 1.

The magnitude of the drop deformation- depends on the capillary number and

the ratio of the internal and external viscosity A = E For Ca <« 1 very small

deviations from a spherical shape are possible: Taking into account this fact we
express the drop shape in the form

(4.3) ) FFEH=r—[1+ Caf(f")] =0..

So we assume that the deviation from sphericity is contalned in the function f(7)
and that the magnitude of this deviation is proportional 6 Ca. It is also assumed
that the Reynolds number of the motion within the drop is small compared with
unit like that of the motion outside the drop. ‘

In general, as one is solving. for the motion inside and outside -of the drop
one has to determine the shape of the drop. - It should be emphasized that the
shape of a neutrally buoyant immiscible liquid drop immersed in a continuous liquid
" undergoing shear is not governed solely by the bulk and interfacial propertles of the
two phases, but also depends upon the rate of the shear. Despite the linearity of the
Stokes equations governing the flow both inside and outside of the drop, in general
the determination of the drop surface equation constitutes a non-linear problem, .
owing to the fact that the unknown shape has to be calculated simultaneously
along with the solution of the equations of motion. In consequence of this non-
linearity, the droplet shape has not yet been found in its full geherality, but rather
only for small departures from the spherical form. ‘For small values of capillary
number Ca the boundary conditions on the drop surface could be linearized about
the boundary conditions for an exactly spherical drop and we shall see that for the
above problem an approximate analytic solution could be obtained. The two fluid
motions are described by the equations (1.1) and (1.2) with different values of the
viscosity — g and fi. We choose the origin of the co-ordinate system to be at the
‘instantaneous position of the centre of the drop.

The boundary conditions in a dimensionless form at the interface of the drop
are as follows: :

. (1) vanishing of the normal components of the veloc1ty vectors, 1. e.

(4.4) o FR=0,
(4.5)  dA=0;

14
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(i1) continuity of the tangential velocity vectors, i. e.

(4.6) ' 7.(I - AR) = 5.(I - A.7);
_(iii) continuity of the tangential components of the stress vectors
(4.7) (E.7).(I — i) = ME.7).(I - r‘iﬁ)-

(iv) relation between the outside and the inside Values of the normal compo-
nents of the stress vectors :

1

Vs.
Ca ’ S

Here V, is acting over the drop surface and 7 is the outer normal. In addition,
there is a boundary condition -at infinity, namely (4.2), and the requirement that
the solution be finite everywhere.

Applying the method of domain pertubations’(described in section 1) we first
postulate that the drop is spherical with radius “e”, and the fields inside and outside
it are solved, using only the equations (4.2) and (4.4)—(4.7). ,

Later the function f(7) describing the deviation of the droplet from sphericity is
determined using the boundary condition (4.8). Therefore, the solution presented
herein should be considered as a first approximation of a much more complex |
problem [6].

If we cons1der the disturbance flow 7/ due to the drop, then the total flow is
v= 7% + 7' and ¥’ — 0o as r — co. Inspecting the functional form of the various
smgulantles presented in section 1 we decided to represent the disturbance velocity
field outside of the drop in terms of a Stokeslet dipole and a degenerate octupole:

(48) - (T.7 = AT.7).7 =

(49) | = 2 (B D) (O + Cad ) 2,

where C; and C9 are unknown constants
Further we shall prove that in order to model correctly the flow inside the drop

we have to use the velocity field
' (4.10) § = d1E® 7+ da@3® x 7+ d3[5r?(E® 7) — 27(F.E® 7)),

where d;, dy and ds are specified by the boundary conditions.
Since the Stokeson H = 2r?['— 77 is quadratic in r the gradient of H is

-a third-order tensor that is.linear in r. It turned out that the symmetric and

antisymmetric derivatives (which are known as roton and stresson) can be used as
“building materials” in the construction of the interior flow field for a spherical drop

‘in the linear field (4.2). That is so because roton and stresson simply correspond to

arigid body rotation and a constant rate of strain field. In (4.9) we also use a cubic
field which is the less obvious portion of the solution. It should be emphasized that
in order to avoid any singularity at the origin of the co-ordinate system we must
use growing harmonics inside the drop..

The cubic field can be obtained by the apBroprlate linear combination of E* :
777 and r2 E% 7. If we seek the velocity field ¢ inside the drop in the form

= dE® P+ do@ x 7+ 9 ,

‘
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then Lo :
b = AE® : 777 + Br*E® 7,

where A and B are unknown constants, but it is easy to show that A = —%B;
From the equatlon of continuity (4.2) it follows that
V.4 = =bAegixrz; + 2Bek,:ckx1
= (5A + 2B)ek1 xkl‘l = 0,
and thus
’ 54+ 2B =0.
Therefore we can write’down
7' = d3(5r*E® .7 — 2E° : 77F).

Further we shall calculate the constants Ci, Cy, dy, d» and d3 from the bound-
ary conditions (4.4)—(4.7).
Taking into account formulas (1.3) and (1.5) from (4.9) we obtain

1 . 1 i N T
v = egiTk + §€kjiw,‘;°zj +7C1e8; (—— ':‘:k + ]::" + ::]
(4.11) ;2T 6 C: '
_ ;3:1:;1:]-.1‘]‘) + C2 Lt ke,@”}- 4 52623(5,']'.’1:); + (5]'1,;1‘,' + 6,'15.’1,']').
Since at 7 = 1 we have z; = rn; = n; and (4.11) gives
o 0o 3 15 1 oo
(4.12) v = e,“.nk(_l — 3C2) + ekjn,'njnk -—ch + -?Cz + Esk,jiwk .
Therefore ' ’
- e .9 . 3 1 '
(413) v =vin; =egning 1+ 502 - ZCI | + §5kjiwk nin;.
* Similarly from (4.10) one gets
. (4.14) 0; = dieging -I- dzekj;w,f"nj + 5d‘36,‘§nk - 2d3e;‘;mnjn,
(4.15) ' gﬁ =9n; = ek,nkn,(dl + 8dy — 2d3) + d2€k],wk n;n.
“According to (4.4), (4.5), (4.12) and (4. 15) we have
(4.16) : 3C1-18C; =4
1 © dy +3d3 = 0.

From the boundary condition (4.6) we obtain
. ' 1
ei‘}nk(l —‘3C2)4 - ei‘}nknjn,-(l - 302) + —2-ekj;w,;'°n‘,-
= ez‘znk((h + 5d3) — e,‘:‘]’-.nkn]-n,-(dl + 5d3) + dzekj,-w,?n,-. V
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Therefore d» :'—;— and

(4.18) 1~ 3C, = di +5ds.

- In order to apply the boundary condition (4.7) we have need of the following
quantities:

3
(4.19) eipnpn,-|r=1 = ez‘;nknj(-iCl — 18C% + 1) ).

(4.20)  Gipnpnile=y = egnen;(di +9d3).
After some algebra we find that the left and the right-hand side of (4.7) at r = 1
are equal to

: 3
exjni(8ik = nen)lr=1 = (1 - ZCI + 1202) (—eninin; + egine),

éxini(6ix — nkny)lr=1 = (d1 + 8da)(—eg3nin;ni + eg;nk).
Substituting these expressions into (4.7) yields '

(421) C1- 501 +12C; = A(d; + 8d3).

~ In this way we have four equations, namely (4.16)—(4.18) and (4.21) for four
unknown constants Cy, C3, d; and d3.
Solving this system we get

925X + 2 DY 3 S

“ 2542 S . |
#22)  G=3xyr o ny @ 2(A+1)’d3 20+ 1)
Therefore ' N
' 1., . 250+2  Ad? B(7)
72— ~3 ) 3 o0 = 2.
T= ERF 4 5@ x 7 2mpa(E ’7)(3 A1 3(,\+1)V) 8p
. 3 eyl 1 2 oo . o .
b= = E® 7+ =& X Pt = [6r*(E®.7) — 2E% : 777].

2(0+1) 2 20041
The solution just obtained can now be used to calculate from (4. 8) the de-
formation of the drop for small values of the capillary number Ca. If € is the
unit vector in the radial direction of a spherlcal co-ordinate. system, then a first
approximation to the unit normal vector 7 for small Ca is just €.. According to

the definition of 7 in terms of F and the equation Vr = L. ey it follows that
r -

VE _ Vr—CaVj _ & —CaVf
IVFl Nr=CaVi]l ~ \/1+Cal(V)2 -2 VI)
Next it is important to observe that

(4.24) =& - CaVf + O(Ca?),

(4.23) A=

(4.25) V.i = V.8 - CaV%f + 0(Ca?),

17



/ . — 0 T 0i; 311'; 3 1 2
(4.26).‘ V:e,_az:( )_r S =i-I=5

_From (4.24)—(4.26) it follows that the surface curvature V.7l can be expressed

{4.27) Vii= 2= CaVif +0(Ca?) = 3(1 - Ca, f) CaV2f + O(Ca?)

=2 — Ca(2f + V2f) + O(Ca?).

We shall note that the surface curvature can be expressed as the sum of the
inverse principle radii of curvature, that is :

1 1
Vi=—+ —
" "Ry + Ry’

With (4.27) the boundary condition (4.8) glves
| Ca{T.[er — CaV f + O(Ca?)] — AT [e, — CaVf + O(Ca?)]}
% [e — CaV f + O(Ca?)] = 2 — Ca(2f + V).
It is clear that to order O(Caz) the boundary condition (4.28) takes the form

(4.28)

(T.er — ATe;).er = a[2— Ca(2f + V*f)],
or

(4.29) C (Beo— ME.e:).er = 61'5[2 — Ca(2f + V*/)].

The shape function f(7) is a true'scaléf and linearly related t6 the variables 7, o

and (T.7 — AT'.7i). Thereforé f(7) must be expressible in invariant form as a linear
function of E* (or Q%), i.e.

(4.30) . F(F) = b7E> 7,

where b is an unknown constant.
From (4.27) and (4.30) it follows that the surface curvature V.7 is equal to

(4.31) ' V.i = 2+ 4(F.E® .7)bCa + O(Ca?),
and thus (4.28) becomes

(4.32) (B A ), = Ca[2+4(aE5°.f)bca].

In order to apply the boundary condition (4.32) we have to calculate the pres-
sures p and p from the Stokes equations inside and outside of the drop After some
algebra one obtams

6 /

4.33
(@3 52

= 5d36 :cpzp + 10(13c3,“:r:k:cJ -2dzesiTreibi; — 4d36k]17k1?,,

(4.34) (V) = A2dsea,

18



(4.35) (VD) = a(V*T); = p42dseRz.
Integrating the equation (4.35) with respect to z; we find that

(4.36) p= ﬁ21d36ﬁ.’8kxi +j)0 = 21dds E* : r7+ ﬂﬁo,

where pp = const. '
Similarly, one obtains the pressure outside the drop, namely

(4.37) ) | p= "'2‘#CIE°° L T+ ppo,

where pg = const.

We observe that the pressure field inside and outside of the droplet can be
calculated from Stokes equations up to a constant. The constant py involved in
the outside field is determined from the known pressure for the droplet. As we
shall see, the constant pp involved in the interior pressure field can be determined
from the boundary condition (4.8) for the normal components of the stress vectors.
Using the equations (4.19), (4.20), (4.32), (4.36) and (4.37) we obtain the following *
equation for the constant:

, ‘ 3 o
—po + Po + 21dzp B :rr + §,uClE'°°rr
3 9 : '
(4.38) +2p [1 +12C% - 7C1 + 701 = 30C; — A(dy + 8ds + da)] E® 7

- ,u[(—j?; +4BE® r‘F]
It follows from the equation (4.38) that

L2
| Po—Po= Ca
and v NN
(4:39) §(J1 + 31-,\d3 +1+4 E01 — 18Cz — Md1 + 9d3) = 2.

Fmally, substituting the constants Cl, Gy, dy, d2 and ds from (4.22) in the
equation (4.39) we obtain

192 +16
. T 8(A+1)’
and thus the corresponding drop shape is
(4.40) r=1+Ca gzi + 1?(4-* E*®.7).

In order to illustrate the result that we have obtained in (4.40) we shall note
that for a simple shear flow (v; = o2, v2 =0,v3=0)

14

0

(= ]
S DO N e

0
0
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and

) 191 + 16
=1 e
r +Cax1‘:c28(/\+l),
whereas for an extensional flow (v = —g%, v = -—%:cz, v3 = Z3)
1
~3 0. 0
E= 1
0 ) 0
0 -0 1/,
and
19) + 16 1, 1,

r=1+Ca ———()‘+1)( 3%1 - 2:1:2)
These two flows are sketched in Fig. 1. One can see that although the deformation
_is small in all cases for the limit Ca < 1, the slight difference in shape of the two
flows shows that extensional flow is more efficient at stretching deformable particles
than the simple shear flow.

AN
T

Fig. 1
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B'bPXY IBMKEHUETO U NESOPMAIMATA .
HA IIBE ®JIYWIHU YACTUIY B EJEKTPUYHO NOJIE

EKATEPUHA YEPBEHVBAHOBA, ABOP XPUCTOB, 3AIIPAH 3AINIPAHOB

Examepuna Yepeenuesanoea, Heop Xpucmos, 3dnpsn 3anpsnos. O IBUXKEHUN U HE-
®OPMAILUU IABYX KUIAKUX YACTUII B DIEKTPUUECKOM MOJIE

Paccmorpenu MeJUIEHHBIE CTANMOHADHBIE TEUEHUSA, TOPOKACHHBIE BIEKTPUUECKUM HO-
JleM BHe M BHYTPM ABYX >KMIAKUX YACTUH. TeUeHMA OCECUMMETPUYHEL, a SKUIKOCTH —
HIOTOHOBCKME, HeC>)KMMaeMule M 0Gnafaiomue. MOCTOAHHLIMMU, XOTA U PA3TUUHEIMM BA3KOC-
Tamu. [lonyueHs nonyananuTUUECKUe PEIIERNA KaK AJIA BIEKTPUUECKOTO, TAK M JUIA TUM-
POAMHAMMUYECKOTO MOJIA BHYTPH M BHE YacCTHIL '

Hoacuuranst Mansie nepopmanum dactun. OJHOBPEMEHHO C ®BTUM ONpeIeNIeHB 1O-
POKIECHHBIE BJIEKTPUUYECKUM IIOJIEM ABM>KeHHE U fedopMalunst COCTaABHOM >KUAKOM YaCTHUNEL,

) ‘. . . : .
Ekaterina Chervenivanova, Yavor Christov, Zapryan Zapryanov. ON THE MOTION AND DE-
FORMATION OF TWO FLUID PARTICLES IN AN ELECTRIC FIELD

The steady creepind flows, produced by an electric field, in and around two fluid particles
are considered. The flows are assumed to be axisymmetric and the fluids are considered to be
Newtonian, incompressible, and possessing constant, though different viscosities. Semlanalytxca.l
solutions for both the electric and the flow fields in and around the fluid particles are obtained.
Further, small deformations of the two fluid particles are calculated. At the same time the motion
and deformatlon of a compound droplet produced by an electric field are determined.

Ille pasriename ococuMeTpUyHaTa 33/a4a 33 BIUAHUETO BhPXY XUIPO Y-
HAMWYHOTO I0Jie Ha €JeKTPUYHOTO Moje E = —grad®, npuiokeHo yCIOpexHO
HAa OCTa 7z, BB (YA, CBABPKAII B'ceGe CM ABe KalKU, NOCTABEHM 110 Ta3n
oc, WU edHa c'hbcTaBHa kanka. Ile moxaskem kak Moxe Ia ce HaMepH nedop-
MalMATa Ha MEXIy(asoBATe FpaHMIM. B Npeio:xeHna TeopeTuyeH MOLEN €
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H36ATHATO M3MOJ3BAHETO HA HANDEKEHMATA, MOPOAEHW OT €JIEKTPUYHOTO HO-
Jle, KOUTO ca HelmHelnn (KBaAPaTUUHM) U C€ OTHACHT IO BTOPO mpubmmkenue.
Jocera TakaBa MOCTAHOBKA Ha €J€KTPOXMAPOIMHAMUUHATA 3ajada MOYTH He
¢ W3NOJ3BaHa, TIOPaJy KOETO TEOPETUYHMAT MOMeN He € pa3paboTeH B AbJ-
Gouuna. B cratumre Ha Sozou [l] m Oguz Sadhal [2] e HaMepeHO BTOPOTO
apubmpKeHre Ha ABMKEHNETO Ha (ayuia, NOPOAEHO OT eJeKTPUUHOTO NoJIe,
Ges na e HamepeHo bpBoTo! PNyMALT 3anouysa Aa Ceé ABWKM NOPad IBE
IPUYUHA — BCIEACTBAE HAa HaNpeXeHUATa, MOPOIAECHH OT €JIEKTPUUHOTO TIO-
‘e BBbPXY MexAydazoBuTe rpaHMUM, HO NMPEAM TOBA B I'bPBO NpuOimkeHue
' ce mosy4aBa TaHPEHUMANHa CKOpocT. U, BCIeACTBME BH3HUKBAHE M 3ama3BaHe
Ha 3apAguTe BBPXY Te3u rpanuim, div,7, = kjn [JIeeuu [3]: (95 7), c. 476;
(69.7), c. 392]. Tlpn taxa ompejeieHaTa NOBLPXHUHHA TaHIEHIWANHA CKO-
POCT 33 XMAPOIMHAMUYHATA 33/ava Ce U3NON3BAT yPABHEHMATA HA CKpPIB’bH
3a TaHreHIMAJHUTE U HOPMAJHUTE Hanpemeﬂmi

'

1. <I>OPMYJII/IPAHE HA 3AINAYATA

Hpe/zmonarame Ye GpAYMIBT € BUCKO3EH, HECBUBAEM M enempnqecxﬂ npo-
BosuMm. Vanonspame 6uchepudHa KOOPAUHATHA CHCTEMA

. c.shny ; c.siné
23— = =y,
chn — cosé chnp — cosé r=9

gE<m —oco<n<oo, 0gp<oo
HpM IBe B'BHIIHM KalK¥ MeXy(pa3oBUTe MOBBbPXHUHM MMAT ypaBHEHUSA
m =const >0, m = const < 0,
a Ip¥ C’bCTaBHA KallKa —
- m = const > 0, ‘72 = const >0,
KaTo 7; > 7z ¥ 71 € BbTPEIHaTa Mex1y(a3oBa IPAHUIA.
[lpenmosiara ce, Ye U3BBH MeXAY()a30BUTE IPAHMLIM €JIEKTPUYHOTO I0JIE
e enekTpoctaTuuno — Reed, Morrison [4], u ¢pnynaure He ca HUTO NepdeKTHH
IIPOBOJHUIA, HATO MEPPEKTHM M30JATOPH, T. €. MMAT MaJjKa eJeKTpOnpoBo-
- IMMOCT €; W AMENEKTPUYHN KOHCTAHTH k;, BclencTBue Ha KOETO Ce II0JyyaBa
TaHTEHIMAIHA TIOBbPXHOCTHA CKOPOCT. ' Moxe Ja ce HalpaBM CPaBHEHME C
aBoiiuuA ciroit BbpXy TBbpAaTa cdepa. llpy Team ycioBuA e€NeKTPOCTATHY-
HaTa 3a/adYa Ce OTHeNd OT xnnpozmnaanHaTa .
- 1.1. Onpe,u;emme Ha ejleKTpocTaTMuEMA noTennuan $(E = —grad<I>)
BbB BcAxa oT ¢ayuaHuTe oGiaact TpAbGBa Aa ce yAOBJIETBOPABa Y PABHEHUETO
Ha Jlannac ’ '

(1) o . Vi =0.
B 6e31<pa1‘»’ma1‘a B'BbHIIHA obnact

(2) ‘ <I>3—+—Eoz npu 22422 5 0.
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Bbpxy BcAKa 0T Mexay(a3oBuTe TPaHMIM TPAGBa Na MMa HENMPEKbLCHATOCT
Ha ® (MM HempeKbCHATOCT Ha TaHPeHIUMAJHATA KOMIOHeHTa Ha E), Hempe-
KBLCHATOCT HAa HODMAJHATA KOMIIOHEHTA Ha [OTOKA Ha 3apAAMTE, T. €. Helpe-
KBCHATOCT Ha HOpMaJHATa KOMIIOHeHTa Ha. ¢'E, KbleTo £’ e ejleKTpUYHATA
TPOBOMMMOCT Ha (JIyMIa, T. €. BhPXY 7); 33 ABE KallKM Ca M3I'hIHEHH

0P3 09, 5’1
= ®, =% ik A Nputin = .
n=mn, 1 3, an €1 on 5; T

(3 €3
) 6¢3 3(I>2 6’2
. n=mn, &:=3as, _3—17—26277-)—’, 62:5,
a BBPXY MEXIy(pasoBuTe IPAHUIM 33 CHCTABHA KAllKa:
. . o0d 8% . e
n=m, @1 = Dy, —1:51_(1, 61:—[1,
(4 on . On €
) . Q Q a¢2 € a¢3 ¢ 6.’3 .
- 2=%3, ST FErp—, 2=
T On. = On el

1.2, Xunpomuaamuuna 3agada. Tl kKaTo 3aJaunTe ca 0COCHMETDUY-
HM, MOXKeM Ia BbBELeM dynxmma va toka ¥. Kakro u B Taylor [5] npea-
nojlaraMe, Ye OK0JIO NPOBOAAIIaTa KafiKa B IPOBOJAANMA (GJyMI €leKPUIHOTO
IOJTe € CTATIYHO, ¥ NpeHe6 persaMe NpeHaCAHETO OT XHUAPOINHAMUYHUA [IOTOK
Ha €JIEKTPOCTATUYHUTE MOBbPXHUHHM 3aPANM, T. €. TIPeIIoIaraMe, de eeKT-
POCTATHUHMAT TOTEHIMAN He Ce BJMAe OT MHAyUMpaHoTo ABwkenue. Ho 3a
pa3jiMKa OT JOCETallHNTe pa3paboTKM HAMAa Ja npeHe6perneM HaI'bIHO IO-
B'bPXHUHHUTE 3aPAJHM, KOUTO [IPEAU3BMKBAT JBWKEHUETO HA (b.uyn,aa, a e TH
BKJIOUMM. B F'DaHUYHUATE YCIOBUA. : .

BB Bcnuknm 66actu yHKUMATA Ha Toka ¥; yAOBIeTBOPABA ypaBHEHUETO
aa Crokc

By =0, p=B12P

0 0 g
{sem-0% +a-man-nl}
Bpb3kara Ha ¢ym<mmra Ha Toka ¥; ¢ KOMIOHEHTHUTE Ha CKOPOCTTA MMa. Bpma.
(chn — B)* ¥ (chn — B)* ¥
T Zsme o0 W= Ta pg P=cost
cZsiné - dn’ c o8’

IIaneq OT KallKNTe BEKTOP’hT Ha CKOPOCTTa i3 TPAOBa Aa KIIOHM KM HyJ1a:

i3 =0 mpu 22422 0. »

Bopxy Mexnyda3oBuTe rpaHdiM JOIIycKaMe, de ce MOABABAT ,apef/’[ibonn'
CKopocTH U; Ha ¢'b31aeHNA TIOTOK OT eJeKTPMYHOTO noJjie. Tesn ckopocT mmie
6bAaT M3UMCHeHM NpK 6aslaHCa HAa CUANTE, AUCTBAIIM BbPXY KallkuTe, KaKTo

- TOBa- Ce€ NIpaBM MIPHY TEMIIEPATYPHO XWIPOIAMHAMUUHUTE 3a0aUH.
3anauure ca iuHedinu. 3aToBa QyHKUMATa Ha Toka ¥ ce ThpcH KaTo cBop

oT yHKkmmm Ha Toka ¥, KouTo ca IIPONIOPIMOHANHE CHOTBETHO Ha U; M Ha
vE, ABIDKaIA Ce Ha e.nexcrpnqﬂoro noJie, T. €.

U =y U% 4 uy %2 4 OF,



CJIG}.IOB&TGJIHO OT HENPpeKbCHATOCTTa Ha HOpM.a.JIHI(ITe 1 TaHT€HIIUAJHNTE
KOMIIOHEHTH Ha CKOPOCTTa CcJleaBat rpa,anHWre ycaoBusa:

1. IIpu dee ranxu:

_ - T S S 21 & § R P T
5) n=mn, U.N]= 3n1_U( ):nl, i.71 = U3.71,

_ ~ o 2w r7(2) 2 - —

=172, 2. N2 = snz—U( ).nz, Ug3.T2 = U3.T2

2. ITpu cscmasena xanxa:

.7 = dy.ily = ULy,
n=m,

o — - —

(6) 1-7T1=U2.73,

R T - N 2 7 I

’ Up.Ng = 3.n2-U na,
n =102,

. S — N -

2.T2=U3. T 9.

Tyk i; ¥ 7; ca CHOTBETHO €NMHUYHHUTE HOPMAJHU M TaHT€HUMAJIHU BEKTODU
KbM MexAypa30BUTE I'PIHULM.
Ot ypaBHeHuATa Ha CKpUBBH 32 TaHreHunaanTe Hanpeme}ma nMame

(7) T8 = T = (v + e)grad, (div,v*)

BbpPXY BCAKA OT Mexmy(baaoan're rpaumim. Tyk (1) 03HauyaBa BHHIHMUA (Y-
WA, & 1 — BbTPEHIHUA, 17(’) € TaHTeHIMAJIHAaTa CKOPOCT BbPXY NOBBPXHOCTTA,
IOpOJieHa BCJEACTBUE 3ala3BaHETo Ha MMOB'LDXHMHHUTE 3apAdy, T. €.

B[00 4o aq"“]
¢ S On. - o]’

(8) C divee®) = ~dnp =

KBAETO k e nmuenekTpuYHA KOHCTAHTA.

" C noMouiTa Ha NOTEHIMAINTE o) u () moxenm I3 HaMepHM dw,v( ), a

OTTaM OIpese/IAMe U TAHICHUMANHNTE HAMPEXKEHUA B XUAPOIMHAMUYHATS, 3a-
"naua. ClleloBaTeNHO CKOPOCTHOTO TI0Jie Ha (BJIyHIHUS MOTOK Ce onperens ox
norenimasa ¢ B wbpBo NpubIMKEHME.

Citel KATO OTpeXeM CKOPOCTHOTO ToJle Ha (IyMAHUA NOTOK{ MoKeM Ia
HaMepUM ¥ AedopManmaTa Ha MekAyha3oBuTe FPAHMIW 110 MeTOAa, pa3pabo-
TeH B mucepramunAra Ha E. Yepdenusanosa [6] u nyGnukawmure [7 — 10], Ho B
clydad HOpMAJHUTE HAIPEKEHUS ce 3aIMCBAT, KATO Ce M3NOJ3BAT ypaBHEHM-
Ara Ha Cxpuesn [11], chaBpxamm mombiHuTenna AAcHa yacT (Y + €)diveV(®),
T. €. : -

T,SQ ~ T = 2Ho + (7 + €)div, 7*, |

1 .
KbReTo 2H = — + —— e rl1aBHaTa KpMBHHA.

. " Ry Rz
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2. PEIITABAHE HA 3AJAYATA

2.1. HamupaHe Ha peUieHMETO 34 €JeKTPHYHO IOoJIe, Pentenvero Ha
ypaBHenuero Ha Jlannac (1) B 6uchepuunn KoopauHaT ce gaBa 0T GopMmy-
narTa,

0o .
A 1 1
(9). @®=(chn—p)%E,.c. Z [Ansh (n + -2—> N+ Byuch (n + 5) n] Pn(B),
n=0 .
Kkbaeto & — 0 mpu r2 + 22 — 0.
4 3a NoTEeHIMAJUTEe B PA3NUYHUTE PIIyUIHU oGnacrn UMaMe:
1. HOpu dae Kanxu

> ~(

n+-=)n
®, = Eoc(chn— B)/2) ane 2" Py(B) — Eoz,

n=0

Kbaero P,(B) ca nonuuomure Ha JIboxanmsp, > m > 0;

2w (w30
@ = Eoc(chn — B)/2Y bae 2" Pa(B) — Eoz, n<ma<0;
n=0
. > 1 .
®3 = Eoc(chn — B)'/? Z [Ansh (n + -2-> n+ Bgch (n + é—) n] P.(B) — Eoz,

n=0
K'bAETO ' )

1

h e E(n+=)n '

= chc;-—nﬂ = FV2(chy — B)1/? 2(271 + 1)e 2 P.(B).
’ n=0 .

2. IIpu cscmaena xanxa

. . 1
' L o —(n¥-)m :
; &; = Eoc(chp — B)1/? Z ane Y —FEoz, n>m>0;
n=0 ‘ .
By = E‘oc(chn ) RE Z [A sh (n-{- ) 4 Bnch <n+ ;) n], P.(B) — Eoz, -
n=0
M2 <n<m; ‘
1 .
1/2 S~ T
@3 = Eoc(chn — B) Z bne P.(B) — Eoz, 1< 1.
n=0

I

HaBcsKbIe B pasriexJaHUTe 00JIaCTH PENIeHUETO € OTPAHUYEHO, a BB
BpHIHBaTa o6mact 3 — Egz npu r? 4+ 22 — 00 ¥ TO3M TOTEHIMAN Ce OABABA
U B'bTpPE B KallKUTE MOPal¥ HENPeKbCHATOCTTa. [IpH ITOCTaBEHUTE I'PAHUIHMA
yciosusa (3) man (4) HaMHpaMe HEM3BECTHHTE Koe(bmmeHTM A,,, B,, a,, bn
CHOTBETHO 3a BCEKM, OT MOTEHIMAJINTE,
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[10-KOHKPETHO MOJIyyaBaMe CIENHATA PEKYPEHTHA CUCTEMA:
a) IpY JBe B'HHIIHM KAIK{

"("+l)fh 1 : 1
ane 20 —Apsh({n+ 3 N2+ Bpch [ n+ 3 )m
(nt2 s . 1
be 2 =Aush[n+ 12 + B, ch n + 72,
1\ J 3
<n + 5) {An+1 [ch ( ) 71 + €1sh (n 4 ) 7)1]
- ;
2 My
\ ' 1 - 1
4 +n{An—r [Ch (n - §> 71 +€1sh (n - 5) 7)1] .
1 1
R +Bn-1 [Ch ("'—§> n1 + €1ch (n—§) 7]1]} |
1 1 ' 1
(1— el)shmsh n+ m+ (2n+1)ch171 ch n+2 n+eish n+§ m

3
+Bn1 [sh (n + 5) m + €1sh (

’ (1 IR 1
—Bn {(1 — &1)shysh (n+ -2-) M+ (2n+1)chm [ch (n+ 5) m+eich (n+ 5) 171]} .

: —(ﬂ.'f'l')'h
=-2V2(1—¢e1)e . 2 [chy — (2n + 1)shm];

(n+1){4ns: [ch (n+ -‘;i) = exsh (n + }) nu]
e[ (54 ) e (14 2)
nftue [ o 3) et (- 3)
ot (o= ) (o))

AEAE ' 1 ).

—-A, {(1 - 52)81}7725}1 (n+ 5) 72 + (2n+1)chn, [ch (n+ —2-> 7y — €ash (n+ 5) 772]}
1 e ' 1 1\ -

—-B,,{(l—_ez)shngch (n+ -2-) N2 + (2n+1)chn, [sh (n+ —2-> N2 — €2¢h (n+ 5) 1;2]}
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N (n4+-)n2 .
=-2vV2(1—e)e % [chny + (20 + L)shm].



§) mpy C’hCTaBHA KallKa

——(n+l)m . 1\ : 1\ -
ane 2 = Apsh (n + 5) m + Brch (n + 5) m,
- N \ . :
1
(n+=)92 1 1 ' :
bpe 2" = Apsh (n + 5) M2 + Bnch (Tl + 5) 72, ‘

3 ' 3
(n+ 1){An*41 [ch, (n + —> n + esh (n + —> 7;1]
V 2 2)™M|
) N 3 3 .
+Bn+1 [Sh (n + -2-)771 +€3ch <n + ‘2'> 771]}

_ 1 » W
+n{An—1 [.Ch (n - 5) m +é€xsh (n - 5) m]

1 - 1\
+Bn_1 [sh' (n - 5) M j+<619h (n — 5) 771]} ’

' , 1 ' 1 (N N
-—An{(l - €1)shnsh (n+ 5) m + (2n+1)chm [ch <n+§> N1 + €1sh (n+ -2—) 171]}
1 1 . 1
-B, {shm(l —¢1)ch <n+§) %+ chmi(2n+1) {sh (n+ —2-) m +eich <n+ 5) 7)1]}
. ;tﬂ+l)n '
=-2v2(1—e1)e 2 [chmy — (2n + V)shyy];
: (3 '3
(n+1).{A,,+1 ch{n+ - )n—cesh{n+-]n],
. 2 2 ‘
3 . 3
+Bn+1 [sh (n + 5) N2 — €2ch (n + 5) ?72]}
' 1 1
+n{An_1 [Ch (n - 5) N2 —€2Sh (n - -2-> 172] »
1 | 1
+Bn—1 [Sh/ (n - 5) 1?2 —€ach (n - 5) 772}}

1 ‘ 1 1’ ‘
—A, {(1—52)shnzsh (n-{— —2—> N2 + (2n+1)chn, [ch (n+ 5) 12 — €3sh (n+ -2-> 7]2]}

N 1
-B,, {(1—'62)shnzch <n+ 5) N2 + (2n+1)chn, [sh (n+ §) N2 — €a2ch (n-l—'—;-) 712]}

1
=)n2

A o |
= —2V2(1 — &3)e 2" [chna — (2n + 1)shyy)].
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IIpu Hamupane Ha ypaBHEHUATA B FOPHUTE JBe PEKYPEHTHH CHUCTEMM Ca
M3I0N3BAHU CJeIHUTe ABe GopMyJIn:

hyp  sh? g o et Syl
« (ch; —nﬁ)2 (chj) —nﬂ)‘iv = V2(chn — B)1/2 g[Ch"“L(z"“)Shl"”e P8,

shn
chy - B

oo il
= V2(chy — )}/ Z(Zn + l)ei( +2)".P,.‘(ﬂ).
n=0 .

- IIBeTe pexypeHTHU CHCTEMM Ce PEIaBaT YMCIIEHO YPe3 TPUTOYKOBA MAT-
PUYHA MPOrOHKA.

Cuen KaTo ce OIpemensaT NOTEHIMATNATE OT ABETE CTpaHM Ha Memnyq)aso—
BUTE TPAHMUIM, MOXKE Ja Ce HaMEePU MOBbPXHUHHUAT 3apAl, KOHTO ce AbIDKM
Ha C'bIEeCTBYBAHETO HA NMOTEHIUMAIHAA FPASUEHT OT BhTIPENIHATA U BbHIIHATA
CTPaHa Ha rPAHUATA MEKIY AMENeKTPUINM, KaTo N0y eHUAT 3apAX TpAGBa
na ce 3amnasu (Taylor [5}). -

CiemoBaTeHO BBpXy MexaydazoBaTa rpanuiia MMame

chn -8 [k(e) a®(e) _ 'k(i)Q?i)] — —4mp.
c | On dn ,
Hle npe06pa3yB;iMe Ta3u Gopmyna B yA00eH 3a [10-HATATHIIHUTE HU NIPEC-
MATAHUA BUA. KaTo M3mon3BaMe rpaHUYHOTO yCJIOBUE
) a0 (&) s

= @ By
HoJIyJaBaMe : ,
k(g)‘aq»(e). ~ k(,.)a@@)': 4008 ad(e) e )e<e> aq><e>
'( 10) on On on e an
_ 0 _ 028
: . 6(') an .

Ilenta Ha Teau npeo6pa3yBaHusA € Ja Ce CH3AAAAT ycnonpm 3a pas3zeifiHe
Ha npoMeHauBHTE. [10-KOHKPETHO NOJIyJaBaMe:
a) 3a JABe KallK{

1
6@ E E s (n+")771
T2 = = ) Y @n+ DA+ B P PalB),
o n=0 ‘ .
0®3 "_ eonc

(Ch'h )"’Z(?n +1)(An — Bn)é*"*”"’Pn(ﬂ)-

n=0

on

n=ng

6) mpu C’bCTaBHa KalKa’

QE_Q_ _ 61 Egc

1
o . (nt+-)m
5 T, Chm = A7 3 (2n+ DA + Ba)e 2 Pa(B),

n=0

n7=m

28



, ‘ )
0, _ sz‘.Eoc 12 = —("+5)ﬂ2
o -1 (chnz — B)/2 Y "(2n + 1)(An — Ba)e P.(B).
n=ng ‘ ’
3a KpaTKOCT Te3u (popmymd MorarT 4a ce 3allUIIaT TaKa:
o = W E(chn ~ ) ZOQn n)Pa(8),
K'bIETO '
WE= S —E.

1—
2.2. Hamnpane IOJIETO Ha CKOPOCTMTE Ha ¢y mamns HOTOK, nopo,n;en
OT eJIeKTPUUIHOTO mose. PYHKIMKUTEe HAa TOKAa MMAT CJIeAHMA BUL:
1. TIpu nBe Kankm

‘ . 1 , 3 -

.i ol —(n- —)7] —(n+=)n

W= (- g 3 Che P ke T2 a(8), m>m>0;
‘n=1 .

1 3 ‘
i e I o] (n+=)m
¥ =( chn— )~y [c,?)e 2 tdle 2 } un(B), n<m<0
n=1 '
3

¥ = (chy - g) 2

RN 1 /1 1 3
i ;[Anch (n—§> N+ Bysh (n—i). n+Cngh <n+ 5) +Dy,sh (n+ ) }vn(ﬂ),
kb1eT0 Un(B) = Pa_1(B) — Pay1(B), Pa(f) ca nonuuomure Ha Hbox{a}m’bp

2. Ilpn cbecTaBHA Kanka

n=1

; © ' 1 o
. ' o0 —(n=>)p =(n+-)n
W) = (chp - )2y [c,(,% 27 4dPe 2 J w(B), 1>m>0;

¥y = (chy - B)~3/2 ;
- 1 1 3 3
x Y |Apch n—g 1+ Bnsh n—g n+Crch n+§ N+ D,sh n+§ Nl va(8),
n=1 - . ’ .
' m >n>n>0;

1, 3 v ,
=) (n+=)n
V3 = (Chﬂ ﬂ) -3/2 Z [C(S)e 24 d,(,s)e 2 } va(B), n<n:>0.

n=1

3a MIO-KPAaTKO 3allICBaHe IE MU3II0J3BaMe 03HAUYEHUETO

= (ch = )2 " Un(n)un(8).

n=1
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Heu3BeCTHUTE KOHCTAHTH Ce ONPeNeNAT OT TpaHiyHuTe ycuosus (5) — (7).
[Ile 3amumem no-noapo6ro yciopueto (7) 3a TaHreHIMAJHUTE HaNpee-.
HUsA, Ype3 KOUTO Ce MHAYLMPpa ABIPKEHMETO Ha (GIIynaa BCIEACTBUE HA TOBBP-
XHUHHUA 3aPAL. , ’
OT 3aKoHa 3a 3ama3BaHe Ha 3apAAUTE UMaMe

v I i
div,o® = —dmp = B1=F (k(r) (->€E ))) 020
’ [4

-

e® /) on

Axo ozsaunm (k&) — k®)(y + €) = x, ycnoBuara 3a HampexeHnATa 106MBAT
BUIA , ‘

S . _ 550
(11) 1) - 79 = xgrad, (FLLEDY,
c on
. - (e) ‘
(12) T — 1) = [x.ilﬁ_ﬂ-.@— + a] 2H.
¢ oy

W3pa3enu upe3 GpyHKIMATA Ha TOKa U CKOpocTTa U; BbPXy HOBBLPXHUHMTE
Ha MeXIy$a30BATe IPAHVLM, HAIpEXKEHUATA Ca

= {37) [——————(Chn ﬂ)sa\ll] %chnsinf}

Ten 3siné - n

)

n=ny =0y

kbpaero U; e ckopocTTa Ha MexIyda3oBaTa rpaHmiia.
" 3a-exoKa Ha HODMAJIHUTE HANPEKEHUA UMaMe

©o (-t & [ew | U]
Alen= "0 sin¢. { A N o @
*-—(1 - Xi)Uic*(1 — ﬂz)
. chp—Bo®®\ . chn—B 0 L0l
grad, (———c— an )——sm{v.c2 6ﬂ( n—pB)—— an
', .chnp—-8 8 0 .
| = - Slnf-_"’lc_z——géﬁWEb?(Chn - ﬂ)3/2 ';) Qn(n)vn.(ﬂ)\,
. ) |

K@nero A= ;(;)-
Cnen npeo6pa3yBaHe nesy4aBame

g (chr) ﬂaq>(l)>_W g (chn = ﬂ)3/2 [Z n(n+1)
]

c i esiné

D)y o, (D)

m+1 5@n+1) Q’"“]”"‘(ﬁ)"
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1-8°

Cera e B3eMeM IpesBua, de

(n+1) i(n—%)fl ;t(n+§),?‘ o |
nn e - e ‘
—\/_Z ot T | oo~ anrs | (0 = L W),
‘ : n,:()
*1-8) X : e *wiV(n)
Tl g7 = 2o W mn(B), Wi = 5L,

n=0
¥ 3a GasaHca Ha TaHTeHUMUAJHWTe HAIIPEXKEHUA BbPXY MeXIy(Pa30BUTE I'PaHU-
I MMaMe ' '

U (m) _, 0

@y -
n(n) :._%(1_,\-)U-c2W(3)(n) ~

on? i an?
n(n+1) ' n(n +1) (n4+1)(n+2) .
+GWe 22(2 =) Qn-1— _2_n+—1 chn.Qn + WQ."H

(Tyx Hama B!) opu n = ;. » -

ToBa o3HauaBa, 4e §aﬂa'-ia1‘a MOXKe [la ce pelM upe3 paslelfHe Ha Mpo-
MEHJIMBUTE U U3I0J3BaHe Ha Beye PElleHNTe XUAPOIMHAMMYHY 3agaun (Hamp.
BX. UepBeHMBaHOBa — KaHI. AWcepTalldd U Iy 6IMKaIMMTe, CB'bP3aHM C Ta3¥
TeMaTHKa), KaTo ce NpuGaBM NOI'bJIHUTENHUAT WIEH 0T eNeKTPUYHOTO HOJiE B
AfcHaTa CTpaHa. 3ajadaTa € JUHEHHAa U CKOPOCTHTE Ha QrynaHUTE YaACTH-
m U; ce namupaTt ot GajllaHCa Ha CHJIMTe, AefiCTBamy BBbPXY MEXAy(Pa3oBuTe
_ rpaHUIM, a QYHKIMATa Ha TOKa Ce pa3riexia Karo cGop oT BUIa '

¥ =0, 9" 4 U092 4+ ¥F,

KBbJETO BCAKA QYHKLMA Ha TOKa € IOPOJEHA OT CHOTBETHOTO NOJE Ha CKopoc+
THUTE. : : ‘
Taka 3a kbepuuMeHTHTe Ha (YHKIMWTE Ha Taka IoJydyaBaMe cliesHaTa
6eskpaiina cucTeMa OT ypaBHEHMA:
1. [Ipu BHHIIHA KAaIKKA

Anch (n - %) M + Bnsh (n - %) M + Cnch (" + 2) M + Dysh (n + g) m

1 - :

= — Ui W{(m) ' -
' 1) 1 ‘ 3 3
Arnch n-3z 72 + Bpsh n-g n2 + Cnch n+§ n2 + Dysh n+§ 2
- == U2 WE ), |
: . ' 1 1\ .
(2n — 1){An [(2'" ~ I)ch (n - 5) m+ 2/\1(271 + 1)sh (n - 5) 7]1]
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+B, [(271 — 1)sh (n - %) m + 221 (2n + 1)?h (ri - % ‘},2}}
+(2n +3){Cn [(211 + 3jch (n + 3) 71 4 2)i(2n + 1)sh ( + g-) m]
+D,, [(271 + 3)sh (n + g) m+2x(2n + l)ch (n +5 m }

=it [_’\1(2" -D(2n+ 3)Wf§1)('h) —-2(1- /\1)Wf(.3)(m)]

(n+1)(n+2)

Qhos (o) = St Lo @in + P @k ).

9 1 n(n+1)
+4c*GW [ o1

2(2n—1)

(2n - 1){ [(211 - l)ch (n —%) n2 = 2Xs(2n + sh (n - %) 7,2]
B, [(271 ~ 1)sh (n - %) 2 = 2ha(2n + ek <n - %) m] }

: +(2n + 3){0;. [(2n + 3)ch (n + %),"2 - ?\A1(2n +1)sh (n + %)’72]

+D, [(én_+ 3)sh <n+g> ﬁ; - 2/\2(2n‘+ 1)ch (n + %) ,',2]’ }

= Uzcz [%/\2(211 _ 1)(2n + )W (n2) — 2(1 — ,\Q)W,?)(nz)]

n(n+1 ) (n+1)(n+2)

n(n+1)Qn () - ot e, QD(n2) + —2(2——“—)—@,%;1:‘(172)],

2 rrr2
+4¢*GW [2(2 )
- 1 1
di = [%U1c2(2n—1)Wr(‘1)(771)-A,,(2n-—1)‘sh (n - -2—> _nl—Bn(2n—1)ch (n - 5) m

o 3 3 ‘ 1 '

Cl=- [%UlézWél)(m) + dgl)e—(ﬂ+3/2)m] e(n=12m
d,zl = [%Uzcz(Qn—l)W,El)(nz)+An(2n—l)sh (n - -2—> n2+Bn(2n—1)ch (n — 5)172 ~
) | ' 3 N e 3 e~ (n+3/2)12
+Cr(2n + 3)sh (n + -2—> N2 + Dn(2n + 3)ch (n + -2—> 172] —
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' -3 [ 1 (2
. . ~{n-——Iina . . ) g T
C: = —F ' »2., ' {iuchW'(ll)('n) + d,":e 2 ]

2. Hpu cic'ra.sna.' Kafka

Anch (" - %) 71 + Bpsh (n - %) M + Crch (n + g) M + Dnsh (n + g) m
= Lpew®m) |
=~ Ui * W (m),

1
(n—-)m

Ch =~ A[%Ulczwrsl)(hl) + d,‘,e‘("+3/2)m] e "2 ,
di = {-;—Uzcz(?n—l)W’('l)(qz)4;An(2n—l)sh (n - -;—) N2+ B (2n—1)ch (n - %) n2
. o ] 3 . 3 —(';""g)’lﬂ
+Cn(2n + 3)sh (n + '2') N2 + Dn(2n + 3)ch (n + 5) ,72} ¢ —

1 3
S G (2
Cl=we 2 [%UchW,,(nz)+dge 2 ’} '

OcBen HemsBectHute A,, B,, Cp, M T. H. HEM3BECTHM B Ta3M CUCTEMa Ca,
"M CKOPOCTHUTE U1 u Uz. Te ce onpenenar or 6ananca Ha cuiiTe, AeiicTBaIH -
BBPXY KallKUTe. . ' ,

Cucremute ce pemasat Ha ABa eTana. 3aladaTa e JMHeiHa, ropajy Ko-
€TO MOKEM Ja I'¥ pa3sTjiexaaMe KaTo c60p oT ABWKEHHA M CUJIM, TIPOIIO PLMO-
HasHU choTBeTHO Ha Uy, Uz u GW! (enexpuuno none), 1. e. 3a KOe(UIMEHTHUTeE
MOXeM. la 3alliiIieM

An = UIAT] + U AT + A,
 Ba=UyBY + U,BYs 4 BE,
Cn = U1CY' + UpCY + CF,
D, = U DY* + U, DY% + DZ,

Anch (” - %) 72 + Bpsh (n - %) n2 + CnCh <n g) N2 + Dysh ( g) 2

= —%UzczWrSl)(flz),
(2n - 1){4,, [(27;'- 1)ch (n - %) M+ 2A1(2n + 1)sh (n - %) m]
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Bl [(271 - 1)th <n - -21') m+2M0(2n + l)ch n— = 171]}
+(2n + 3){ [(2n + 3)ch (n + 2) m+ 2)\1(27; +1)sh{n ( + §) 771]

+Dy, ,'[(271 + 3)sh (n + %) m+ 20 (2n+ l)ch n + ] }
|

= Uy [ )\1(2n—1)(2n+3)W(1)(m) 2(1 - 1)W(3)(n1)

(n+1)(n +2)

n(n+1) netl) or g)- n(n + )thn1Qfl.(771)+—-2-(2—_*-_—1)—erz+1(771)]:

2(2n-1)

2 1
+4c*GW [ m 1

(20 - 1){,4,, im0 (n=5) e 2 10 (2 3) ]
s fpsin v (o= )20 (s D) ]|

s+ 9 tan + 0 (n+g),,2+2(2n+1)sh( Ll
| +D, [A2(2n+3)sh (n+%) nz+2(2n+1)ch nts }

—U2c2 [1(27; - 1)(2n+ 3)V[},(,1)(1)2) 2(1 - /\2)W(3)(712)]

;462GW2 [27'2(271 + 1)) Qn 1( 2) nz(n-‘:: ;) ch’l]zQ2 (772) + %QQH_*_I(nﬂ]
(n+- )771 ] ' v I | 1 .
di= ¢ T [ U102(2n—1)W(1)(171) Ap (2n—1)sh (n——2-> m—Bn (2n—1)ch (n——2-> M

_C,.(21i + 3)sh (h + g) m — Dp(2n + 3)ch (n + g) 771] .

IJomyckame; de 3ajavaTa ce pellaBa, 6e3 Ia B3eMaMme NIPEABUJI [PaBUTA-
[MOHHOTO ToJje. XUAPOoAMHAMUYHATA CHJIa BbPXY KalKuTe B OUCPepPUIHM KO-
OpAMHATH Ce AaBa oT dopMyiaTa - )

2‘/_"Z(z +1)(4n £ B, +C,.:tD)

. n=1

Fp =
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KbHeTo cuiiaTl € obe3pasmepeéna ¢ ajuzl/, a U e xapakTepHaTa CKOPOCT. 3a
cilyd4auTe Ha JBe BBHIIHM elHa Ha JPYTa Kalku M Ha CbCTaBHA Kallka MMaMe
C’hOTBETHO: '

1. Jlae asnwnu xanxy -

ol 2o < 7 U U U 1 ; "
Fhy, = = =Us 3 (2 + 1)(AL + BY + CJ' 4+ DY) = Uiy, i= 1,2

N

UZ(Q +1)(AU* BY: C,E"'—D,’{")=Ufff>u,-,

FDU,‘
n=1
Fp?= 2‘/-” Z(AE:EBE+CE:£DE).
~ n=1

- Ot BGanaHnca

DA FS FSL =0, n=m,

P3O, + PR, + F5h =0, n=m,

HosydaBaMe cucTeMa 3a U, u U,, KoATo pemaBame u ompenename U; u 'Us.
Cnen Toaa onpenesiaMe KoeGUIUEHTUTE HE tbyﬂxm»mm Ha Toka Ay,, B,, C,,
D,, CL, d%, C:m d. )

2. Cacmaena xanxa ,

[Ipn chcTaBHa Kamka NOCTbIBaMe MO ChIHMA HAUYMH, HO TaM CHIMTE Ce
ompenenaT TaKa:

a) BbLTPEUIHA KallKa

Fl = 2*["2(2 +1)(A +Ba4CatDy), n=m..

n=1

6) BHHIIHA Kallka

21/21
F} = .

> (2n+1){2(dn +c,.) Ao(An + Bn +C’n+D )] =1
n=1

3a Te3u cmm Ce NpUJIara OIMMCAHUAT MOAXON M Ce ONpeAeAT Ui n Uz. Caen
. ToBa ce omnpenenar An, By u T.H, 3a (bymﬁmucre Ha TOKa.

3. IIE@QPMAIII/IH HA MEKIY®A30BUTE 'PAHUIIU

HepopmanusaTta Ha Mexaypa3oBUTe TPAHUIM Ce ONpelesa oT GajlaHca Ha
HOPMAJIHMTE HANPEXKEHUs, KBACTO CPEIHATa KPUBMHA NpH HeedopMHUpaHa,
chepa e , : !
- 1 1
2H = — + — sh ‘ , . .
TRITR, ™
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a npu gepopMupyeMa —

= 1 1 1 1-p% 0H
» 2H“E*R_z“?{(°h"' 735 |57 5]

+2H(B)chy + 2shn,-} ,

i 0N
10 -1 = (x2LE0 1 o) o,

[

T. €. xepopMHUpaHaTa NOBbPXHMHA CE€ 3aJilaBa C ypaBHEHMETO

- _ 32 o l .
U {(en- 9255 [(chl,,. E 3 2o+ 2 (B + 2t

chm -B FY0) 2sh;
— 1) _70()
D T,,,,; X e

(< mpu 7 < 0 1, — mpe 1 > 0).
IIpeamonarame, 4e ne¢opMa1mnTe ca manku u ¢pynkmmara nH(B), omvc-'
Bala gopMaTa Ha zxe(bopmnpana:ra, chepa, uMa BuOA

" (n) = no + H(B),

K'bJAETO, . :
: m;x’lH(ﬁ)l <1, n=m, i=12

Tyx 3a T(,,) u T(,,) uMame

7O = —p0 o¢hn—8 { (chn - B)* 5‘1'"?] _chn-p 3\1'")} |
c o c ap ¢? on

T = —pH _ 9 \hn—B [ 9 [(chn—B)’ o¥®]  chy— g 0¥
K] c {0 ap 2 an |’
xbaero p!) " p®) ca choTBeTHO BLHIIHOTO ¥ BHbTPEMHOTO Hansrane. Toit KaTo

3aayaTa c€ peliaBa B CTOKCOBO INpHUOMIKeHMe, HaJIATaHETO yHAOBJETBOPABA
ypaBHeHueTo Ha Jlannac V2p = 0. Torasa

chnc g ?g_ = W E(chn— B)*/? Z Qu(MPa(8)

=0

= WE(chn — ﬁ)I/Z Z ( Qn 1 Ch’hQn 2n —:_13Qn+1> Po(B).

®ynxmuara H(f), koaro ce onpenens ot ypasnenue (13), rpabsa xa ynosier-
BODABA CIEAHATE /IBE MHTETPAJIHA YCIOBMA:

| [ H ‘ [ H(B)ap
0, [t [amia o<
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- Te ca yciloBUA 3a 3alla3BaHe Ha o6eMa ¥ Ha LIEHTbPA Ha TEXECTTA Ha KalKaTa.
Pemenuero Ha (13) me TbpcHUM BBB BIIA

— 1 3/2 — Bch;
(15)  H(B) = Caz(chn - B) (chn CTR N ZH Pa
Tyk mppBoTo Chb6MpaeMoO € pelleHre Ha XOMOT€HHOTO ypaBHEHME, a BTOPOTO
(cymara)

2 o0
Ca(_Ch"'_@)__ Z H,.P, (ﬂ)
€ YaCTHO pellleHWe Ha HeXOMOTeHHOTO ypa.Bnexme
Konctautute A u = (0T HANATaHETO) Ce ONpENeNAT OT ycnomm:ra 3a 3a-
na3BaHe Ha 06eMa M UeHThPAa Ha MacaTa Ha KallKaTa.
Kato 3amectum ¢pyHruusara (2) B ypaBHEHHETO 3a ne(bopMaunﬂTd, MoJy-’
yaBaMme . ’

(16) =V chmo — E{ @—ﬂ(—n'_ﬂlf{nn +(n+ l)zchnoHn+1

B [n2+(n+1) +9
4

-1
+(n—1)(n+2)ch27)0] H, + nzchnoH,,_l_n(z )H,,_z}.

Onpeaenane Ha 3HaKa B HOPMAJIHATE HallpeXKeHUA
3 ) ' .

Hansranero P B PA3NUUHUTE oGna.cin MMa BUI3 , ,
= -1
\/cﬁﬂ A Z [anch (n + - ) n + Bpsh (n + 5) 17] Po(B) + ,

KbpIETO T € NNpOU3BOJIHA KOHCTaHTa, a KOe(bHIIMeHTHTe (6779 % ,Bn' ce onpeneyifaT
TakKa, ‘-Ie Ja Ca N3II'bJHEHN ypaBHECHUATA Ha Crtokc 3a (i)YHKIIMﬁTa. Ha TOKa:

OP _ _chn- ,B@[EZ\II] P _ chn—p O[E*Y]
on ¢ o8 _’» 08 c(1-p2) 8y

Taxa 3a a, ¥ F, nonydasame

n-1
~ 2m+1 2n+1
Oy = zz:l m(m n 1)Qm‘ qn + aop,
= 2m+1 on+1

ﬁu :rn2=:l m(m+1)rm+ n Tn +’ﬂ0)
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K'BAETO ‘
2n(2n + 3)

_ a 2(n+1)(2n-1)

Tn = (2n I)An + (2” + 3)Cn + 271 + 1 An+1 + Tcn_l,,
. o 2m(2n + 3) " 9(n+1)2n—1)
tn = (In—1)By + (2n+ 3)D, — 22 F g AT N g,
gn = (2n — 1)Bp + (2n +3) 1 Bni1 il Dy

N i?mﬂ 5 . 2m+1
- 0=— ) ————m; Po=— ) —o—Tm

m=0 m(m + 1) m=0 m(m + 1)

KoHKpeTHUTE M3pa3y 3a HAJIATAHETO B PA3JUUHMTE (a3y NIPY Pa3INIHUTE
3aJa4M ca:

a) ITpu dee xanxu
1.BbB BbHIIHAaTaA obaacT

pN=X""_7F < TI— }: [ (ch (n+ ) n+ Bsh (n+ %) 7)] Pa(B) + (0.

2. BbTpe B KamkuTe

1 .
(n+-) .
P(‘ ,\1 Z a(u)e 2¥ ﬂPn(ﬂ) + ,,rgu)’

P = Y18, Z e P P(ﬂ)+vr“”

6) Ipu cscmaena xanxa :
1) Mexxay msere Mexay(pa3oBU IPaHUIM

VET=B. & s 1 N L
Ps= —c—cns",_‘)"" Z_[agch (n + -2—) n+ B3sh <n + 5) n] Pa(By+m.
n=0 : ’ :

~2) BbH oT chcTaBHATA KallKa

\/mzae

n=0

1
Py, = 2Pm+m

3) B anporo Ha chCTaBHATA 'Kamca »

- N
Py = cn— Alzae ) P(,B)+7r1

‘ '/\/.:/‘1 /"1/‘3 :\i
! T T
()

, 1 ; i
3a Aa HaMepUM Pa3NUKaTa T,g,,) — Tyy , 3aMecTBaMe QYHKIUMUTE () gl
p0 u p() B M3pasuTe 3a HaNperEeHUATA ¥ MOJNyUEeHNTE U3PaA3M IpeobpasyBaMe

) B
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Foloi
dn

Taka, 4e Ja c€ Pa3deJIAT IPOMEHJIMBATE. 3aMecTBaMe C'bIIO u ot (16)-

3a q)yHKunﬂTa H(B) nonyuaBame ypaBHEHHETO

B> o0d
{(ch’}o ﬂ)adﬂ [(Chflo )2 aﬂ

chnFE{E [,\ag;‘)eth n aWch (n+%) n— Bhsh <n+ ) } P, )

n=0

Ca, ] + 2H(ﬁ)ch00}

o [ dU(l)
(17) - +2(1- ) [Z(% +1) (—shnU(') + chp s ) Pa(B)

n=2

> | 9 1dU('Z. a(n 4+ 1) -2
;+Z[— "2 not g gl 27| Pa(8)

i 2n+3dU§21 3 [ oo (n42)(n +1)
+n>; 7 a0\ e n+3

1
22n 4+ 1)(n2 +n—1)) £+
T @R- D+ 3) )e N ]P"(ﬂ)}’

()
= E.

Kato B3emem npensun (16) u npupabaum KOeQUIMEHTUTE MPeA MO IHHO- 4
mute Ha JIboXaHIBD, moAyaBame peKypEeHTHN BPb3Ki 3a Henaaecrnnre _Koe-
dumentu {Hp}2 o(Hp = HY + 2HS ))

Ila o3naunm ¢ F'¥ napasa B nsacrarta crpana Ha (17), KofiTo 3aBMCH OT M3~

BectunTe pynkm ¥ u &), a ¢ Fr — u3pa3sa, KOKTO CHIALPHKA HeU3BECTHATA
KOHCTaHTa 7. ToraBa pekypeHTHUTe Bpb3ku 3a {Hp}S%, MaT Buaa

. o
— e _ p®HE £
WE.Xf[k k E(‘.)](7+E)1_EEO,

: 5
n=20: '—§H2+ch7)oH1—<-—2ch no)Ho:F\I’o+F7ro,.

2
3 , )
n=1: —§H3+4Ch7)0 2——H1+ChT)OH0——F\I’1+F7I'1,
. 2 1
n>2: gn_+__)4(£}_-_l Hppo + (n+ D2chnoHp 41
2 ; 1)2 — -
_ [" +(n I )49, (n+1)(n + 2)ch2no] H, +’n2chnoHn+1_;‘(’;_QHn_2

=F¥, + Fr,.
Tasu cucTeMa ce peliaBa M0 Pa3aWYHMA HAYMHW. EavH OT TAX € NETTOU-
KOBa NIPOTOHKA.
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“

Hanpasenara mporpaMa 4 ChOTBETHWTe moanporpamu Ha , Poprpan” ce
OTHACAT 3a JBe BHbHIHM QuynaHu yacTumm. I'aBHaTa IporpaMa e HallpaBeHa
TaKa, 4e 4pe3 Hed Ja MOTAT Ja Ce PEMIaBaT TPU TUMA 3aJauM:

1) YmcTo XuApoAMHAMMYHATA 33[aua — NpPU 3aJaNEHM CKOPOCTH BBDXY |,
YacTUIMTE HaMUpaMe AedopMamuTe. ‘

2) EnexrpuuHaTa 3anada, IPM KOATO KalKUTe He ce IBWKAT. Apxmwezxo-
BaTa CUJIa ypaBHOBECABA APYIWTe CHJIH.

3) IBwkenne u AehopMalMA Ha KallKUTe [pM HAJUYMe Ha eJeKTpUYeH
[OTEHIMAIL.

Hporpamata ce cbcTom oT Tpé Gioka. [I'bpBo ce HamMMpa pasHpesdeIcHN-,
€To Ha eJeKTPUYHOTO MOJE, Cied ToBA — (YHKIMATA Ha TOKAa U CKOPOCTHUTE,
1 HaKpad — HAJIATAHETO, HApeXKeHUATa 1 AedopMalKTe.

' UYnciaenu pesyiTaT: o _

Hait-manpen me oTGejierkuM, 4e CKOPOCTUTE, KOUTO IONY4YaBaT KaIlKUTe
BCHAEACTBMAE Ha eJIEKTPUUHMA MOTEHIMAJ, ce JbJDKAT Ha ¢iayuaa, Koito ru
3a06nKansa. BBHIIHUAT (Ayua Npeiu3BUKBa XMAPOIMHAMMUYHATA CUiA, 3 TA
‘IIpuAaBa CKopocTuTe. BbIIpekn Haauumero Ha eJIEKTPUYHO [0JIe, aKO HAMA,
B'bHINEH BUCKO3eH GIyMI, KalKATe HAMA 73 .ce 3aABWkBaT. ETo 3amo me aa-
IeM HAKOM Pe3yJITaTH 3a AedhopMauMATa Ha KalKuTe, KATO OT eJleKTPUYHATA
M XMApOIMHAMMYHATA 3aJaya lle HOJYy4YMM CKOPOCTUTE, C KOUTO TpaAbBa Ia
ce ABWHAT (IAYMIHNTE YAaCTALMA (B cayyas mexypwure), a clie] TOBa IIPH TE3MU
CKOPOCTH pelIaBaMe UMCTO xnnpommaannaTa 3ajlaya M HaMMpame nedop-
MalMUTe.

. IIonyqunTe pe3ynTaT¥ ca HadeHM mpu A\; = Ay = 0, &y = &3 = 0,6 n
(We)i = (We)z = 0,5. Ipyrure napamerpu ca noaAGpaHM Taka, de¢ [a Ce BUAM
KaK ¢’bOTHOHIEHMETO MEXIY CKODOCTHTE HA ABATa MeXypa BAUfe Ha TAXHOTO
nebpopmupane. Ha ¢ur. 1 m 4 mexypure ce ZBIWKAT IO [OCOKa Ha eJIEKT-
PUUHMA OTEHIMAJI. KoraTo MexypuTe ca eJHAKBU, TEXHUTE CKODOCTH CBIO
ca eIHaKBH M BOJelIaTa Kalka ce CIIECKBA U 3a.cmy}cBa cleABamaTa A KaIlka
(¢pur. 1). Ha oéur. 4 u nsaTa Mexypa ce 3aCMYKBAT, BONELMAT [O-TOIAM Me-
xyp (rz = l, 5) ce ABWXM C MO-TOJIAMA CKOPOCT ¥ U30CTaBaHETO Ha CJeJBAIMA
MexXyp ro 34CMYKBa, KATO [0 TO3M HAYWH M ABeTe QIYUAHM YaCTULOU IOJY-
‘4apaT yabipkena (mpoabiropata) dopma. IlomobHa ¢popma ce monydaBa U
KOTaTo ABeTe GIyNIHM YACTUIM Ce ABIDKAT B IPOTUBOIOJIONKHM NTOCOKM (ur.
3), KaTo ce pasfaievasar. Ha ¢ur. 2 n1BaTa Mexypa ce CILJIIECKBAT, 3aII0TO Ce
JBIKAT €JMH CPEILy ApYr. ‘ .

ToBa usciensane e ¢punapcupano ot poun , Hayumu macnemsanus“ npu
MOHT noa Homep MM — 419/94 r. .
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Pur. 1: 713 =1,r2=1,d=0,5, v1 = v = —0,075, Ca; = Ca; = 16.

Pur. 2: ry =1, r, =0;5,d=0,5, vy = 0,11, v, = 0,01, Ca; = 8,6, Ca; = 9,8.
Pur. 3: 1y =1, rp=1,5,d=1, v; =0,006, v = ~0,063, Ca; = 16, Cap = 17.
Pur. 4: 1y =1,r,=1,5,d=0,5, v = —0,006, v, = ~0,014, Cay = 3, Cap = 7.

»
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QUELQUES MODELES DE TEMPERATURE D’ASPERITES
PAR FROTTEMENT

. VASSIL DIAMANDIEV

N

Bacua [uamandves. HEKOTOPBIE MOIEJIN TEMIIEPATYPHI BEICTYIIOB IIPU
TPEHUMU i

B nacroameii pabore o6obmaeTcss MoOAeNbL TEMNEpPAaTyphl BHICTYNOB, AaHHaa Huvu-
nadze, I'uncbypze [2]. B pa6ote [2] paccmoTpena npo6neMa o TeMnepaType Npu ABYX ru-
noTesax: 1) pasMephl Tesl, NePHeHAUKYIAPHEIE MOBEPXHOCTU TpeHMA, GeckoHeudbre; 2)
TeNnNoBOM NOTOK TPEHUA MOCTOAHHLIA. B RaHHOI cTarbe ®THM ABe runoresun obobmarorca
U TeNnnoBoii NOTOK PacCMOTDEH Kak nuHelHad GYHKUMA BPEMEHH. l'Ipe,uC'raBneHa. eme oT-
LeNbHad MOAENh, B KOTODOM Ae/aeTCA TensoBoif 6anaHC OZHOro BHICTYNAa M NOJIyJaeTca
cooTBeTCTByJomasa Temneparypa. llonyduenHnle peaynhTaTH MOTYT Ha.wru npnMeHeﬂue B
MaIlNHOCTPOECHKU.

Vassil Diamandicv. ON SOME MODELS OF TEMPERATURE OF ASPERITIES AT FRIC-
TION .
\

In this paper we generahze the model of temperature of asperxtles given by Chichinadze,
Ginzburg [2]. In the paper [2] the problem of temperature is considered at the assumption of two
hypotheses: 1) The dimensions of the bodies which are perpendicular to the friction surface are
infinite; 2) The termal flux of the friction is constant. In the present paper both restrictions are
genera.hzed and the termal flux is taken to be a linear function of time.' A model of a single asperity
for which the termal balance is given and its temperature is dxrectly determined is developed.

11 est notoire que les surfaces des corps flottants sont rugueses avec un nombre
des aspérités. La température des surfaces flottantes peut se mesurer avec un
instrument convenable. Mais pour les aspérités cette méthode expérimentale n’est
pas possible a cause de leurs dimensions microscopiques [1]. Voila pourquoi le calcul
théorique de la température des aspérités a une grande signification pratique. Un
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grand nombre d’auteurs comme Tchitchinadze, szbourg [2], Block, Jaeger [10],.
Holm etc. considérent ce probléme et obtiennent des formules respectives pour la
temperature )

Dans ouvrage [2] on détermine la température des aspérités par deux hy-
. pothéses : 1) les dimensions des corps perpendiculairement du plan du frottement
sont infinies; 2) le flux thermique du frottement est constant. Dans notre article
on considére le probléme quand les dimensions des corps sont finies et d’autre part
quand le flux thermique est variable, en particulier il est une fonction linéaire du
temps. Des formules dans notre article obtiennent en particulier les résultats de
" Pouvrage [2]. Le modéle considéré ne prend pas en considération la pluralité des
aspérités [11] et la question de ’usure.

1. TEMPERATURE D’ASPERITES PAR DIMENSIONS
FINIES DES CORPS ET FLUX THERMIQUE CONSTANT

On prend le schéma de I’ ouvrage [2]. On consideére le prolongement de ’aspérité
comme une perche avec une longueur {; (non infinie). L’aspérité se frotte sur la
surface de l’autre corps qui a une longueur l3. On accepte que la diffusion de la
chaleur est seulement verticalement de la surface du frottement. Par ces conditions
le probléme thermique se pose ainsi: il faut résoudre les équations de Fourier

0o o6, 8%, 90, 9%
(M) ’ T R )

aux conditions suivantes:
60
. 61(2, 0) =0, 1(0 )= —q1, Bi(h, 1) =0,
9 S
(2) 392

02(2 0):0 (0 t)—qz, 0( 12, ):0

o 0(z, t), 02(z, t) sont les champs thermlques en deux corps, A1, Az — les coeffi-
cients de la conductivité thermique, q1, g3 — les flux thermiques qui's obtlennent
de la puissance-du frottement ¢ par une unité de sa surface.

Par une maniére connue [9] on obtient les formules suivantes pour la tem-
pérature: ' ‘

q - gl &, o8 ——”(2; 1) ma@mt1)? ]
0 ) =21 |-z 22 —_ e 4 2
3 ' - S :
( ) r c 1rz(2m+ 1) 7r2a2(2'm+ 1)2 hE
‘ 812 Q0 C08 = T
) t) = l : : <0.
a(z, t) = X stz — Z 2m+1)2 —_—t ¢ 2 , z50

* Maintenant nous trouverons une formule approximaﬁive pour les séries en (4).
Il est évident que la série

O o—k(2m+1)?

4 : ~ D ———
{ ) S m=0 (2m+1)2° k'>-07
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est convergente uniformément et par consequent on peut différencier leur somme
par rapport a k, c.-a.-d. on a »

0 o—k(2m+1)*

® PO =3 Gy v
(6) S Pw= Ze‘“”‘*”’

On exprime la somme E e k(2m+1) approx1mat1vement par une intégrale définie,
m=0
c.-a.-d. on obtient

’ =, . 1 [r 1
—k(2m+1)z_ r_ 2
@ X 4\ﬂ- 7

Des relations (6) et (7) on trouve

S 1
(8) F(k)y=C- —2-\/7rk + §k
ol C est une constante indéfinie. Mais selon (5) on obtient [3]
: , Sy
7r

F(0)=C= %

Par cette maniére on trouve la formule approxunatlve
00 —lc(2m+1)2

i 1
(9? - Zm=?——\/ﬂ'——+—k.

On applique (9) pour les équations (4) et on trouve les formules approximatives

00, =% [2,/‘%“-—“%‘],
(10) : :
. ‘ ast - ast
62(0, t)— ™ [21/7-%].

Selon le schéma de Pouvrage [2] on prend la température pour un petit intervalle

du temps. Pour Paspérité 6n prend 0 £ t £ — oli L, est la route du frottement

~de I’aspérité jusqu’a leur existence et v — la v;fcesse du glissement. Pour la surface

immobile onprend 0 <t < 7:—‘01‘1 d, est la dimension moyenne de 1’aspérité. Pour
la température maximale on obtient de (10)

L, r
01 max = ““ql 2 4 - ml ’
. Al v : 111)

azd, asd, |
02max?/q\_2[2 2r______2r:|.

‘(u)'

Y lav
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Les flux thermiqueé se déterminent des relations
(12) - n=(1-a), g@=og

oll a est une constante. Puisqué il n’y a pas un saut aux températures, c.-a.-d.
01 max = 02max, de (11) on obtient '

Az. [2 ajLr _ alLr]

TV v

A {2 [22dr _ “2‘“] + X [2 mlr _ ‘“L']‘

L Iz U Lhiv

(13) . a=

" On remplace (12), (13) en (11) et on trouve pour la température maximale
q |:2' a1 Ly _ a1L,—] [2 azdr a.2dr]
v hv Ty’ lav

Hmax': .
A [2 agdr _ a,d,]+/\ [ alLr__a.lLr]

U s U liv

(14).

Quand les dimensions des corps sont infinies, c.-a.-d. I; = {3 = oo, on obtient
“de (14) la formule de Tchitchinadze, Ginzbourg [2]

2¢\/ajasL.d, .
Vru[Aivaed, + Ava L]

Ornt détermine la puissance du frottement par une umte de la surface ¢ qui
se forme sur une aspérité. La grandeur ¢ s’obtient comme une transformation
de P’énergie mécanique du frottement en une énergie thermique par 1’équivalent
respectif de la chaleur. Ayant en vue cette conception on trouve

- g “JfAN.v -
(16) | Te=gE
ou J est lequlvalent thermique de 1’énergie mécaniquey f — le coeﬂic1ent du frot-
" temrent, AN —la charge sur une aspérité; d? est la surface d’une aspérité que nous
acceptons pour un carré.

On suppose que la charge totale N se distribue uniformément a toutes les
' aspérités, c.-a.-d.

(15) : | amax =

3\

¥

' N
17 ’ : AN = —
a7 AN = = |
~ ot n est le nombre des aspérités sur la surface totale. On note que la relation (17)
est approximative. Evidemment la surface réelle du contact A, se donne par la
formule

ay A =ndt
Selon (16) — (18) on obtient définitivement

' ‘ JfNv cal v

(19) : q‘ A, scm?’
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"~ On prend un exemple numérique. On a les données suivantes:

10~% cal

‘ ' : em
} ‘ . 2
Al = Ay =1.08x 10°° ——c?—l—-—, a; = as :'0.1252— (pour acier),
cm s grad s

. L=k=100cm, L,=22x10"%cm, d,=22x10"3
De la formule (19) on trouve ' '

2927 cal
T A, scm?’

(20)

On remplace (20) en (14) pour les données et on obtient ' o

(20') Brmax = -i_g

La relation (20') montre que la température d’une aspérité dépend de la surface
réelle du contact, c.-a.-d. de la surface nominale.

Quand A, = 2.10~2 cm? de (20') on trouve 6,,1“ = 345°.

Ce résultat est proche de la température d’une brilure de 1’aspérité, c.-a.-d. :
les données pour L, et d, sont choisies d’une maniére convenable pour cet exemple

2. TEMPERATURE D’ASPERITES PAR DIMENSIONS FINIES DES CORPS
ET PAR FLUX THERMIQUE VARIABLE

Par le freinage le flix thermique peut devenir une fonction du temps quand
la charge totale N est variable. En particulier on accepte que N est une fonction
linéaire du temps et selon la formule ( 19) g est la méme fonctlon du temps c.-a.-d.

ona

) ‘ Jf’v(No + Nlt)
ey SPES Ll ki)
. r
ouona i RS
. g=q¢ +4q",

ou ¢’ et ¢” selon (21) sont .
JfoNe  ,_ JfoNy
i (= .
Maintenant le probléme thermique des corps frqttahts se pose ainsi: déterminer
les champs thermiques par rapport les équations (1) aux conditions suivantes:

(22) =

7

- 06, :

6:(z, 0) =0, )\133(0', t)=—(1-a)(¢ +4¢"t), 6:1(h,t)=0,

23 ' ’
(23) 602

b2(2, 0) =0, da5=(0, ) =alg'+q"t), fa(-k, )=0.

Ici on accepte que la température de Penvironnement est zéro.
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On applique la méthode de Heaviside sur ce probléme mathématique. Nous
considérons seulement les formules pour la température 6;(z, t); pour 03(z, t) ils
sont analogiques. De (1) on obtlent [4]

01L(z s) Bl s)e V a1 +Bg(s)ev e >

(24) 2
(25) 01(z, s)>= /e'"ﬂl(z, t)dt.

On applique la derniére condition en (23) & (24 ) et on trouve

) By (s)e \/:‘_jh +Bz(s)e\/:11

De (24) et (26) on obtient
-—”—i-z ‘—1’-3-(211—1)
"O(z, ) = L7 [By(s)ge V1 —e VO

" ou L~! est Popérateur inverse de Laplace. De (27) et la deuxiéme condition de (23)

on trouve
: - s -211,11
L' Bi(s)y/— | L +e o1
aj .

On prend I’opérateur de Laplace a (28) et on obtient

27

(- a)(q + ")

(28) W

!

(29) Bis) =

(1

—a)yar | q

A

De (26) et (29) on trouve

(30) Ba(s) = —
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—2yy [ —
q/e . ay

AL
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On remplace (29) et (30) en (24) et on obtlent

‘[-—-z (211—-1)
a1 —e al
A o
oone, ) = & A)F[
: ! ‘ -2I -i'
, $3/2 )14 ¢ y @1
: | ’f\/il "H's—(zh—z)
) g'le Y31 —e V™ ,
+ ' ]
‘ —21'1,/-3—
s8/2 | 1+4e o1

On prend l’opérateur inverse de Laplace a (31) et on trouve

(31)

. : —z - —(211—1)
1- a) /a1 V a1
61(z, 1) = (_/\M.[q/L_l )
1 : [s
D TIN
32 )1+e o1

(32) - :

'

\/—-—z = -—(211—2)

ay ]
~2014/ =

82 14 \

\ : ) J

4 quL-—l <

On applique le théoréme du retournement [5] & (32), c.-a.-d. on a
- iz - i(211—-z) ' Ytiw - iz - i(211—z)
e VA1 _e VU 1 e VO e VA

(33) L = i / e’ -
' —any =) ™ : YR
32| 1+e @ o 321 1+e V@A
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S 5
- [—z -4/ —(2h-2) X Y+iw a—z (211-.;)
e V1 —¢ V@ e Var _, V ay
s B 27rz
~21 _ Y—iw -2l
521 1+e a1 2 52| 1+e a

(34) L~!

ol v et w sont des nombres réels et positifs. Pour le calcul de I’intégrales en (33),
(34) on fait une intégration dans un domaine complexe sur un contour représentant
le droit z = v et la circonférence {c) avec un centre O(0, 0) et un rayon R — oo
[5]. On applique le théoréme des résidus [6] sur le contour donné.

Les pdles des fonctions en (33), (34) sont.

. 2 . » »
(35) s=0, sp= "WT:{’“I(?'"J’ 1)? (m=0,1,2,..).

Pour les résidus de ces fonctions on a respectivement

81y cos T (2m +1) _Taalm A1),

: - 1 42
Reslom) =~ Zmr 7

11—2
Var

pour la fonction en (33),

/ (36) Res(0) =

Res(0) = 31,2( B4 o 11 —%ZB),
(37) |

3213 cos fi(?m 41) _ram+1)?
‘ 2l e 42

Res ‘sm =
(om) 7r4a?/2(2m +1)*

pour la fonction en (34).
Pour les iritégrales dans le domaine complexe on obtient

—y+zw —-Z (211—-1)
V ay V ay
— €
27r
-,-w/ . -211
s 32 14e a |

ds

(38)
o rz 7ra;(2m+1)2
AR
T Var | 2 L= (2m+1)2
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et respectivement

: . s . s
Y i Y P OS]
1 . o,e V81 e V3

.o st d

27ri € s 8
Y—tw —211 —_
w—r00 5/2 1 +€ aj

(39) °
o z. 2 2
cos 2m+1) _mai@m+1)*

R I 22_12%3213 oo 1( )e 7 ¢

32 |73t 6T T at = (2m+ 1)

Selon (32)-(34), (38) et (39) on trouve définitivement .

0o rz 72a1(2m + 1)?
81, cos (2m+ 1) ,—lﬂ';’——t

2
w2 (2m +1)2

l-al,

Iy — g 22
vl CA s

91.(2, t) =
(40)

' 13_1 2 13 3243 412
11 2112 +6 ) P (2m+1)4 1

3 o0 cos (2m+1) _ma@m+1)?
ai 3 J

.La température de la surface frottante s’obtient par z = 0 dans I’équation (40),
c.-a.-d. on a

7rza’1(2m +1)? ;
T

, a)l ‘
h0. 0= (_'AT)_I[ R Z @m+1)2

N

41
(41) _7r2'a.1(2m+1)2
~ q"lf - ?E °° e 42 .
3ay L= (2m+ 1)

Analogiquement pour la température de la surface immobile on a

! ‘ 7r2a2(2m+1)2
alz 41%
62(0, t) =
2( ) A2 2 Z (2m+1)?
(42 ,
( ) L i o a,2(2m+1)2
] 96 412
_q&Tz -3, '(2m+1)4
2 m=0
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On considére la somme
' C o0 —k(2m+1)?

() =X e

qui est convergente umformement On dlfferenae la fonction §43) par rapport a k
et on trouve

o 1 e—k(am+1)?
(44) ¥k) = 2 (2m+1)?
On utilise la formule approximative (9) et on obtient de (44)
- (45) , <I>'(Ic)————+ by k—-k
On intégre (45) et on trouve
- a2 1 1
(46) ®(k)=C— ok+ gﬁ.ka/z - k?
Evidemment [3]
| s0)=c="
O=0=7

De cette maniére nous obtenons une nouvelle formule approximative

i —k(2m+1) 71.4 w2 ﬁ . 1
. - _ VA e3/2 Z L2
SO Z GmyDF %6 srT 3R b

Selon les formules (9) et (47) nous obtenons de (41) la formule suivante:

-—a ait  agt 4 1(11752
48) 6,0, 1) = o == - 228 "t — t3/2 — 4.
0= 552 -] e - s

Analogiquement on a

‘V _ o /22_9_?_{, _ :/I | 4\/— 3/2 4 1@_
(49) 02(0, t) = )\2 [q {2 p 12 } q {Izt 3\/_t o) 12 .

: , L ‘
Selon le schéma de Pouvrage [2] on prend ¢ = —1-)1 pour la température 61 (0, t)

d . 2 . .
et t = ;r- pour 6,(0, t). Ainsi on obtient pour les températures maximales:

(50) | .
l1-al L, aiL, LWL, 4\/_ 32 4 ai L z

6 = ! 2 _ 1"

R 1ma )\1 ) [q{ T L } 1 { v 3\/— ( ) +2 Iy / :

9 _ i rd9 dgdr _ agd,- _n Izd,- _ 4\/6 g,; 3/2+ l as -d_,- 2

2max T, q’ vl 7 v 3/ \wv 210, \ v '
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Puisqu’il n’y a pas un saut aux températures, c.-a.-d. ) pax = szax pour la
grandeur a on trouve

A2A ,
(51) : «= MB+ XA

ou les grandeurs A et B sont

o fuLe el [uL. 4¢—( ) 1a1(
A_q{2 71”!)‘ 111) } g v 3\/— 211

o a2dr_a2dr /. lod, 4\/—( i_ .
, B—g {2 U v } 7 { v 3T : 212 v )

On remplace (51) en (49) et on trouve pour la température maximale de I’ asperité

AB
MB+ XA
Quand le flux thermique est constant, c.-a.-d. ¢"” = 0, ¢’ = ¢, la formule (53)

coincide avec (14) selon (52).
On prend un exemple numerlque par les données suivantes:

(52)

(53) R Bimax =

107 cal g 0= 2500, No=1000kg, Ny =200 k
T 427 kg cm’ =vh, U= s’ 0= g, 1= g,.
' 1
d-=22x10%cm, L, =22x 1072 cn, A =A;=108x 10-4% ca ’
' cns g

L . ‘2 )
h= =100 cm, a3 =ay= 0.125?—?—. '
Des formules (22) on trouve .
5.32 cal w_ 1.06 cal

(54) | ¢'=

A, s ¢m?’ A, s cm2
. On remplace (54) en (52) et (53) et on trouve ‘
. o 7.48
’ gmax = .
) | b

On voit que la température depend de la surface réelle du contact, c.-a.-d. de
la surface nommale Quand A, =2.10"% cm? on obtlent de (55)

Omax = 374°.

’

3. CALCUL DE TEMPERATURE D’ASPERITES PAR AUTRE METHODE

~ Ici nous exposerons une autre méthode pbur le calcul de la température de
'aspérité. . Par cette méthode on étudie la balance de la chaleur d’une aspérité
au cours du frottement pour un petit intervalle du temps [7]. Ici on prend la
microgéométrie des aspérités qui rend compte des mollesses [8].
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On prend ’équation de Fourier pour une aspérité qu’on peut considérer comme
une petite perche, c.-a.-d.
‘ 0, 5%,
5 = —0?-
Selon la méthode de Heawrlde de (56) on trouve [4

(67) - : 61(z, t)—L 1| Bi(s)e \/;—;Z+Bz(s)e\/7

ou z change a l'intervalle

(58) _ 0<z< Ho.
Ici Hy est la hauteur de la couche rugueuse. Les aspérités sont les segments
sphériques avec les rayons ry et r; de la base supérieure, respectiverhent inférieure.

Selon la loi de Fourier la quantité de la chaleur qui.entre en I’ aspente par le
frottement se donne par ’expression

(56)

9
(59) - dé = —/\17rr§?—1—(0 t)dt.

D’autre part la méme quantlte se calcule directement de’la puissance du frot—
tement, c.-a.-d.

. 1 \
(60) dQ = 5] fNyvdt
ol Nj est la\charge sur une aspérité. Pour N; ona [8]
: EVR$? 3
- / 2
(61) M == =0. 518 VRS
Ici E est le module de Ung, — le rayon du courbement-d’une aspérité et 6 — la

déformation & Hertz. .
De formules (59) et (60) on trouve la relation

© LVAB: —.Bz)l=‘—‘»Jf21:i\1::/§‘Tl"

‘La quantité d@ qui entre en ’aspérité se distribue ainsi: une part d@Q' quitte
par la base inférieure, une autre part dQ” s’absorbe de la masse de I’aspérité et une
troisiéme part dQ'’ s’emet en ’environnement, c.-a.-d. on-a la relation

(63) dQ = dQ' + dQ" + dQ"".

Selon la définition des quantités dQ’, dQ", d@" on a les relations suivantes:

. - .00, , !
(64) d@ = -m\ﬁ'f%(ﬁo, t)dt,
(65) L dQ" = e Vaa%dt;
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(66) dQ"" = aS6,(z, t)dt
ou V et S sont respectivement le volume et la surface environnante de l’a.sperlte
ces grandeurs se donnent par les expressions :

1FT'1H0 3-&k

(67) » V=—"5"%
< ‘ : . 2
(68) - S = 2mRHy = 2X

2—k

R H L.
. ouk= % est le nombre qui caractérise la fagon des surfaces frottantes.

. 6
Selon (57) pour la grandeur Q(Ho, t) on a la relation

a“wmn-—7:L[Juh B+ 2oL s(By + Ba)]

qu1 s’obtient quand on prend en considération que la grandeur Hy est petlte C.-a.- d
Ho, H§ ~ 0. De (62) et (69) on trouve :

96, JfNiv

0z T 9mAr? 172
Selon: (63);(68) ‘et (70) on obtient la relation ‘

. N -
@) G B = S S Sk 6t D)
On prend P'opérateur de Laplace 3 (71) et aprés quelques calculs on obtient

R . 1JfNiw /1 1 2a0; 1,
= B)=-221"1"(_" _SCAL
(72) o s(Br+ 2) s 2wy (r% : ) t 3 3al 2- ksolL M(2-k)

De (57) on a |
- Qui(z, 8) Bl(s)e \/;z+Bz(s)e\/;z

Selon (58) on peut écrire approximativement

(73) 011 = Bu(s) + Bas).

De (72) et (73) on trouve Pégalité ' ‘

37 fNyvay (2 — k) (l _ };)
51

2ms[A1Ho(3 = 2k)s — 6aay]

L’expression en (74) se développe aux fractions élémentaires ainsi

(69)

(70) —(Hp, t) = — 5 + —L s(B1 + B2)].

(74) ey =

1 -1 1 ‘1

(75) s[A1 Ho(3 — 2k)s — 6aay] ~ Baa; s— . Soam s
S Hor (3 — 2k)
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On applique % opérateur inverse de Laplace et selon (75) on trouve deﬁmtlve—
ment

T2~ §) (-— - _12.) oyt
(76) el(t) = ;17ra 1’2 . 1 eHo-)\l(3— 2k) -1

On prend un exemple numérique par les données suivantes:

F=01, v=2500"2, §=1.1x10"%m, Ho=10"2cm, k=102
. S .

k=01, N =500kg, a =0.125-% XA =1.08x10"% FE=21x 106;%;
. s . m

a= 10-6-—2“‘_1—_, rp=148x 107 cm, ry =2.55 x 1073
» s grad .

 Pour cet exemple oh obtient de (76) ‘

(77) ’ - 61(t) = 3.35 x 107(e**% — 1),

Selon (77) pour le témps 107% s < t < 1073 s la température varie respective-
ment

83° <« 6, < 830°.

Ayant en vue que la température d’une brilure est environ 400°, il est clair -
que la formule (77) est valide pour ¢ < 107° s par ces données numériques.
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ON THE NON-INTEGRABILITY OF A'HAMILTONIAN SYSTEM
RESULTING FROM A PROBLEM FOR ELASTIC STRING

CHRISTO ILIEV

Xpucmo Haues. O HEMHTETPMPYEMOCTH FAMMJIBTOHOBOM CUCTEMHI B
3AJAYE O BUBPAILIMY YIIPYTOMN OINOPHI

B eToit paboTe paccmMoTpena 3ajava o HenMHekHOH BubpaumMm CTpyHHl. 3aZauda CBO-
OUTCA K OOHOM cmcTeMé OGBLIKHOBEHHBIX nuddepeHUMANLHEIX ypaBHEHNH l'amuabsToHOrO
THna. Y CTaHOBJIEHA aHAJMTUUYECKAA HEMHTETPUDYEMOCTE ['TaMuIbTOHOBOM CHCTEMEL C ABY-
MsA cTeneHAMU CBOGOAHL. i

Christo Iliev. ON THE NON—INTEGRABILITY OF A HAMILTONIAN SYSTEM.RESULTING -
FROM A PROBLEM FOR ELASTIC STRING . .

In this paper the problem of nonlinear vibration of an elastic string is considered. . The
problem s reduced to a system of ordinary differential equations of Hamiltonian type. The
analytical non-integrability of the corresponding Hamiltonian system in the-case of two ‘degrees
of freedom is proved. ' .

El

1. INTRODUCTION AND MAIN RESULTS

The equation governing the free lateral vibrations of an elastic string which -
ends are restricted to remain a fixed distance apart is given by

. L .
0w Eh ow\? 0w

0
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“with initial and boundary conditions

0w(0, )

w(0, =) = wo(z), o = wi(z),
2) | ' (92w(t 0) _ _ %t 1)

where w is the measure of the lateral deflection of the string, = is the space co-
ordinate, t is the time, E is the Young’s modulus, p is the mass density, h is the
thickness of the string, L is its length, and Py is the initial axial tension. The Cauchy
problem (1)—(2) was considered by Nishida [9] under the essential assumption that
the initial data do not contain infinitely higher harmonics, i. e. there exists a natural
N such that the functions w and w; can be represented as -

ad kr O\ ' = km
= ;ak sin (—f:c) , wl(:c) = ; by, sin (Tz> v

where ag, by, k = 1, ..., N, are réal constants. The solution of this'problem 1s.
easily proved to exist uniquely in the large in time, see [9] and references therein.
Besides, if certain harmonics are not presented in the initial data, then they do
not appear in the solution in the course of time, i. e. it is natural to search for the
solutlon of the kind

- X km
3 w(t, z) = uktsin<—a:).

3) (t, @) Z +(0sin (7
‘Substituting (3) in the integro-differential equation (1) leads to a Hamiltonian sys- -
tem of differential equations for the functions ug(t). By means of the Birghoff
transformation and KAM theory Nishida [9] obtained a result for conservation
near the equilibrium of the conditionally periodic motion. :

Here we shall consider the lateral vibrations of an elastic string subjected to an
external volume forcing caused by the medium. In this case the equation of motion
is given by :

o O Trow\? | 0w T 2
(4) '5t—2 — ley + h1 / (5;) dzx —a—;i- -_— 6-2 + h2 /w dz w.,
0 0

_where c1, ca, hi, ho are some real constants. The right hand side term in (4)
“stands for that additional effect. Suppose however, that the lnlt»lal and boundary, '
conditions are given in the form ' )

N . N
' k
w(0, ) = Zak sin (%x) , a—w—(—ao—{—ﬂzz ak.sin <~k—L7£:L'> ,
(5) k=1 k=1 o
' d2w(t, 0%uw(t, 0) _ _ 0%w(t; L)

w(t, 0) = —%57— ToaT |
‘The existence and uniqueness of the solution of (4)—(5) may be attained in the
framework of the nonlinear perturbation theory for linear evolution equations again,

w(t, L) = =0.
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see [9] and references therein. Thus, the solution of the Cauchy problem (4) — (5)
has a similar to (3) structure

(6) ‘ w(t, z) = Z ui(t) sin(l‘zj. '

Substituting (6) in the integro-differential equation (4) we get after sampling the
system of differential equations

N
() + [cl + ——212 2(t)] kui(t) = {q 4R Zzﬂq,z(i)] ug(t),
o ' B
: ur(0) = be, uk(O) = ag, '
k=1,..., N.
It is clear that the syste‘m (7) is equivalent to the Hamiltonian system
: OH
. Un an‘,
(8) ' ‘ o= OH
n EI
n=1 ..., N

&

’ N
¢ h
where the terms - Z nu, — 52 ul + —81 ( n?u’
n=1

=3
N————
[ %]
|
|3
-]
M=
Lo
=
S
\_/
[ V]
)
=
o

n=1. . n=1

N .
5 E 2 stand for potential and kinetic energy, correspondingly.

Our main result concerns analytlcal non-integrability of (8) in the case of two
degrees of freedom.
- Theorem 1.1. Suppose ;he constanis c1, ca, h1, and hy satisfy

D720 and (n) gha=4h oot odd,

Cy —Cq - hz-—hl

(D

then the system ’ ~

. hy— hy h
o w=m, h = ( 22 1)u?+(72—2h1) uyul + (c2 — ¢1)u,
(9) e b
Uy = vy Uy = (?2 - 8h1) ug -+ (—22 - 2h1> U1U2 + (62 - 4C1)U2

¢
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4

obtained frbm (8) for N = 2 does not possess an additional holomorphic, function-
ally independent of H first integral.

As it is easy to see, the theorem does not result in the substantlal case of
ey = hy = 0, which corresponds to the considered by Nishida case of free vibration
of an elastic string, presented by (1). For that reason it is a sub_]ect of the next

theorem.
Theorem 1.2. If hy # 0 then the system '

o - . hi 3

‘U = v, U1 = ———-u 2h1u1u b clul,
(10) 9 1 2

’LLz = V2, ’U = —8h1u2 - 2h1u1u2 - 461U2

does not possess holomorphzc functzonally zndependent of the Hamiltonian H first
integral. :

Since the theorems above are obtained by means of the algebraic Ziglin’s. -
method, we shall present in the next section a brief summary of his technique.

_ In section 3 the proof of Theorem 1.1 will be given in details. As an intermediate

result, the solution of the Cauchy problem (5)—(6) will be found in the case N = 1. -
The proof of the Theorem 1.2 will be explained in short in section 4, where addi-
tional assertions concerning integrability of the system (9) will be stated. In the
last section we shall derive also a conclusion for the algebraic non-integrability of

~(9) in the framework of the definition given there.

2. DESCIRIPTION' OF THE ZIGLIN’S METHOD

We shall state the two main Ziglin’s theorems as they are originally formulated
and proved in [11], nevertheless that for the proof of our main results we need quite

‘a weak one than their versions which may be found in [7].

- Let us consider the analytic Hamiltonian system’
(an - . Ci=1(2),
defined by Hamiltonian H : M?* — C. Let go(t) be a non-tr1v1al solution of (11) and

T be its phase curve. Consider the restrictions to T M of equatlons m variations
for equatlon (11): :

(12) £= T(v)¢, &€TrM.

Let F = TrM/TT be the normal bundle of T, and 7 TrM — F be its projection,
Equatlons

(13) . N =m(T() (7" 1), ner,

. induced by (12) are called equations in normal _bariations. These are Hamiltonian
- equations defined by the linear Hamiltoriian dH o 7~!, which is induced by H. The

level set F, = {n € F|dHon™! = p}, p€ C, of the 1ntegral dH o 71 is called
reduced phase space for (13).
Consider the reduced equations in variations

(19) = mx @), nek.
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Let zg, z1 € I'. Then to each continuous path o : [O, 1] -» T, a(0) = zo, (1) = 4,
corresponds symplectic transformations g(a) : — Fpy,,, defined as follows.

‘ Let Q = {(¢, ¢(t)} C C'x M be the 1ntegral curve of the solution z = p(t) and
the maps Pr: (t, <p(t)) — (1), Pc : (t, ¢(t)) — t are the projections in M and C,
respectively. Let & : [0, 1] Q be the lift of o with respect to Pr, i.e. Pra = a.
Then g(e) : Fp|,, — Fp|,, is the map in virtue of (14) at time T'= Pcod: [0,1] — C.
On account of the local smgle valuedness of solution of (14), the map g(«) does
not change under the homotopy of & with fixed end points. When zo = z; we get
an antihomomorphism g : 71(T') — Aff(Fp|, ) from the fundamental droup my(T)
of the phase curve I' into the group Aff(Fp|, ) of affine transformations of the
fiber Fp|, . The image G = g(mi(T)) of thls antlhomomorphlsm is called reduccd
monodromy group.

Definition 2.1 [2]. A symplectzc linear transfarmatzon A C* - Cz’c is
called resonant zf 1ts ezgenvalues ALy ooy Ak, /\1 y - /\k satisfy an equation of

the kind AT .. AT* = 1 where my, ..., my.are integers for which E m? # 0.

Theorem 2.1 [11]. Suppose the monodromy group of T contams a nonreso-
nant symplectic transformation g. The number of meromorphic first integrals of
(11) in a connected neighbourhood of the curve I' and which are functionally inde-
pendent together with Hamiltonian, does not exceed the order of zntegrabzlzty of the
monodromy group.

The next thearem provides restrictive conditions in order the system (11) to
be completely integrable!

Theorem 2.2 [11]. Suppose that the monodromy group of the curve T’ contains
a nonresonant trgnsformation g. In order that the Hamiltonian system (11) has .
n — 1 meromorphic first integrals in aconnected neighbourhood of T', and which are
functionally independent together with the Hamiltonian, it is necessary that any
other transformation g’ from the monodromy group has the same fized point and
transforms the set of eigendirections of g into itself. If none of the eigenvalues of
¢ form a regular polygon in the complez plane centred at the origin, then g and g’
commule. . '

3 PROOF OF THEOREM 1.1

To-apply the Zlghn s method we have to ﬁnd an elliptic solutlon of the Hamil-
~ tonian system (9). It is easy to see that such family of curves for (9) is given
by

(15) I'(c): v¥ = (h2 1 hl) w4t (ca—c)ul+ec, up=v2=0.

We shall solve explicitly (15), and we shall point at a nonresonant transforma- -
tion from the monodromy group associated to that solution. Furthermore, if the
system (9) possesses an independent of its Hamiltonian first integral, then any other
element of the monodromy group preserves its fixed point and the set of eigendi-
rections. Our goal will be to establish that it does not match with the assumptions

(I) and (II).
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In the proof we shall consider that hy —hl > 0 and ¢3—c; > 0. This assumption
is not restrictive. If it is not fulfilled, the solution has to be slightly modified. In
any case, the solution is expressed by elliptic Jacobi’s functions [6].

Lemma 3 1. Forc>0

u(t) = \/g.sn. (*—'/\Z(hz—hl)t) ,

< |
9 = e (______MT;‘—@) dn(__wz(h;—mt);

Cup(t) =va(t) =0 ,
is a non-trivial particular solution of (9), where we denote by A; and Ay the roots
of (h2 ; hl) Mi(ea—c)d+c¢=0,0< =2 £ = Ay The elliptic constant k -

A

A
Remark 3.1. For the elIzptzc constant k is required 0 £ k < 1 Since in the

proof we consider ¢ close to 0, it may be assumed that A, and /\2 are real, which

. implies k € [0, 1]. .

Proof. Equation (15) may be written as

which is involved in the construction of the elliptic functions is given by k=

. 2 ‘
4L .
N - 1_(u1)2 k2<u1)2
d\//\z(hz—hl)t ' van o
— _ : :
For a fixed k € [0, 1] the function which solves the differential equation

("f(”) = (1= POXL-E7 ()

1s precisely defined. It is the Jacobi’s function sn(t — to), where ¢, € C is arbitrary
[6]. Hence, (16) presents a particular solution as the lemma states.
: Corollary 3.1, For N=1

w(t, =) = \/_sn (—_.V)‘Q(hz_hl)t —to) sin(z)

2

1s the solution of the Cauchy problem (5)—(6). The constant ¢ — yielding A\, and
Ay which of their turn are involved in the construction of sn(r), and the constant
tog have to be evaluated from the initial conditions.

Since sn(7) is a double periodic meromorphic function [6] the double periodic

meromorphlc function wu,(¢), with periods 73 = _8K() and T
v , ;. ‘ VA2(hy — hy)
. " . . ,t 7
4K'(k) : i2K'(k) and 2K'(k) + 4k(x) . in the pa-

= ————====—, has simple poles
VAa(hy — hy) VAz(he — hy)” VAa(hg — hy)
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rallelogram of periods. So, the domain of the family of solutions (16) is mapped
as complex tori with two points removed. Furthermore, in order to reduce the
domain of solution (16), we shall consider the involution R : (ui, v1, u2, v2) —
(—uy; —v1, ‘u2, v2). Then factorizing I'(c) = T(c)/R and keeping in mind that
sn(r + 2K (k)) = —sn(7) for each 7 € C [6], we obtain that the domain of the
" family of curves is mapped as tori with one point removed. Let denote by M the
phase space of (9), and by Fg the set of fixed points of the involution R, i.e.
Fr = {(0, 0, ug, v3)|(usz, v2) € C?}. Then factorizing M \ Fg in R we get the
" smooth symplectic manifold M = (M \ Fr)/R. By that way, Hamiltonian H is

mapped in Hamiltonian function H for the same system, but in the reduced phase
space M. 1tis obv1ous that if there exist two functionally independent holomorphic
integrals for the system (9), these integrals are mapped in holomorphic functionally
indeperident first integrals for the same system, which is considered yet in M.

Due- to the Ziglin’s approach we found non- -trivial solution defined over smooth
symplectic manifold M. Now we shall introduce local co-ordinates in TZOM fibers in
such a way, that the obtaining of the reduced variational equations in a convenient
for further investigation form will be assured. It is easy to see that

h — K »
& =1, 171='—(< 12 2)“?*‘(61,—02))"1, &2=0, 72=0

is a tangent vector to I'(c). Then for local co-ordinates in T,,M we may chose
€15 m, &2, m2. Since the restrlctlon of differential dH over TZOM is dH = vidvy

+ ((hl ; hz) I () —cz)ul) du,, i.e. it does not depend on & and 1, we

choose &3 and 7, for local co-ordinates in the.redﬁced phase space

hy—h ’
: R 2) w4 (cy *-‘62)U1> duFP}

2 :{(51,771,52, na) € CHdHEL, m, 62, n2)=v1dv1+((

along I'(c). So, the followmg lemma is almost argued
Lemma 3.2.. In the co-ordinates introduced above the reduced system in vari-
atzons is writlen by

. ‘ 4h
an) R N R D) S
: . [ ]
Proof. In (&1, 11, €2, N2) local co-ordinates in TZDM the equations in variations

associated to the solution (16) are given by
h1 g

. ) él = 7]1, 7i1 (CZ -+ 3 (t)) El;
(19 o N
- E2=12, TM2= (Cz —4cy + ——l 2(0) 52

Slhce for local co-ordinates of the restricted over F, normal bundle to f‘ZOM were
chosen &5 and 12, the reduced equations in varlatlons are Just the ones the lemma
states.
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Now we shall find a nonresonant transformation from the monodromy group
of (17). Let a; be a path over I'(¢) which corresponds to adding of the imaginary
4K (k)

- period ———=—te—
\/Az(hz —_ hl)

adding of the real period

of u?(t), and az be a path over l‘(c)' which corresponds to
4K (k)

——t of

VAz(hg — hy)

transformations of monodromy whlch correspond to the closed paths o and a3 on

I'(c), respectively.

" . Lemma 3.3. The transformatwn g(e1) is nonresonant for c close to 0.
Proof. In order to show that g(ai) is a nonresonant transformation we shall

begin with computing its eigenvalues for ¢ = 0: Let consider the phase curve ['(0)
in M. It is easy to see that the partial solution (16) for ¢ = 0 degenerates in

uy(t) = 2‘ / hz smh (m t),

n(t) = i (2),
uz(t) = 'UZ(t) =0. - . .

Since we consider the solution (16) in its reduced range of values M, its real

ui(t). Let g(a1) and g(az) be the

(19)

. P o : mi Cy
period goes to infinity, and its imaginary period changes to T which is the
penod of the degenerated solution (19) [6]. It makes sense to say that the domain
of the solution (16) degenerates in the domain of the solution (19), which is a closed
at mﬁmty cylinder. Now, for ¢ = 0, g(al) is the transformation of monodromy for

the system '
(20) 52 =1, fo= (62 —4e1 + 2(c2 — c1) ™ lsinh™ 2(\/69 - t)) &,

The computation of the eigenvalues of g{ay) will be done along a closed trajec-
tory from the same homotopic class to which a; belongs. Let decompose t = s+ T,
where T' 1 1s real and s is purely imaginary, and let denote for convenience the func—
tion sinh~?(\/cz — ¢1.(s + T)) by p(s, T). It i is easy to see that p(s, T) is perlodlc

i
Vvez—¢ 1

Let al(T) be a trajectory over F(O) defined by (19) w1th argument ¢ for which

™
——==—=, Now we can compute
e = p
the eigenvalues of g(ay) along &l(T) For T'— oo the system (20) reduces to
&=, = (c2 — 4c1)é3.

Since the exgenvalues of the correspondmg matrice are %+/cg3 — 4¢y, the principal
matrix solution is written as

in s w1th a period , and also hm p(s T) = 0.

t= zT+T, T € Risfixed, and 7 changes from 0 to-

1
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The transfom;ation of gjp_..(c1(T)) is determined by the equality

® ( + TL——‘> = Gy (B2(T))B(5).

Hence, for ¢ = 0 the eigenvalues of g(ay) are

k . - /62—.-461
(21). | exp (:i:ur p— )

When < is close to 0, the eigenvalues of g(a1) will be close to (21). Hence, they can

Cg — 461
. €3 —0C1
Therefore, the eigenvalues of g(a1) are not roots of unity and g(«1) is a nonresonant
transformation. :

Now we shall compute the eigenvalues of the commutator of g(e) and g(es).
Lemma 3. 4. For each complez c the eigenvalues of the commutator [g(e1),

g(e2)] of g(e1) and g(az) are just

(22) exp (iw (1 4+4/14 8@—-—-—4’1—1)) .
_ V hy ~

Préof. The‘commutatbr [g(e), g(a2)] = (o1 )g(az)g~ (a1)g™  (az) corre-
iK' (k)

—_— of
VA2(ha — h1) -

is a non-zero real quantity.

not lie on the unit circle, because by (I) £im

sponds to one winding around the regular—singul.ar point a(c) =

the second order Fuchsian equation

23) bt fQ&=0 f1)=-(a-ta+ ﬁz:%"h@(t)).
o e senation £+ P g 4 10 e -
)For the equation £(t) + t;\tog(t) + mﬁ(t) = 0, where p(t) and q(t) are

- holomorphic near ¢g € C functions, the eigenvalues of the transformation of mon-
odromy, which corresponds to a loop around o, are just exp(i27p1,2) [3], where
p1,2 are the roots of the indicial equation ’

(24) p(p — 1) + plto)p + a(to) = 0. K
Recall that - ‘

sn(r) = m +0(1) ‘

(6], so we get easily that

- ha—4hy 1 : ( 1
t = —2 7 O -
O =23, Gy | \i- a(c)> ’
and a simple computation gives the eigenvalues.
We are now at the point to prove Theorem 1.1.
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Assume that the system (9) has an additional functionally ind:ependent of H
first integral, which is holomorphic in a neighbourhood of I'(¢). Then the corre-
sponding system on M has an additional, functionally independent of A, holomor-’
phic in a neighbourhood of I'(c) first integral. By Lemma 3.3 g(a1) is a nonresonant
element of the monodromy group associated to the phase curve I* (¢). Therefore, by
Theorem 2.2, the other element of the monodromy“group preserves the fixed point
- and.the set of eigendirections of g(a;). Hence, 9(c2) either keeps or interchanges
the two eigendirections of g(a;). We shall show that neither of these opportunities
takes place. . . - '

If we suppose that g(as) keeps the eigendirections of g(a1), i.e. g(a;) and
g(a3) commute, it follows that [9(c1), g(@2)] = id, which is a contradiction because ,
the eigenvalues of the commutator are not equal to unity by Lemma 3.4 and the
assumption (II). \ : o :

Let suppose that g(a3) interchanges the eigendirections of g(1). In an appro- .
priate basis g(a1) is written as ‘ M

- {r 0 L
g(o1) = [0 7—1} .
- Hence, in the same basis g(a2) looks like
" 0 &
sen=[0 §]
Since g(a3) is a symplectic transformation, § = —v~1. Therefore,
) > . C 2 0
(@), ool = [} %]

and the quotient

| . EPTRY
(25) - Y2 = exp [im [ 14 /14872740 )
. - : . k2 — hy
: Z1 * : : h2 -4 1
for the eigenvalues y and y7* of g(;) must be met. For ,/1+ STT being
. . 2— M

. real (25) can not be fulfilled because 2 does not lie on the unit circle as we saw

 in the proof of Lemma 3.3. For ’v /14 S-inhl- being purely imaginary (25) can
S 2—h .

not be fulfilled also, because exp (i7r (1 +4/14 8%_—%?-1 ) < 0, whereas the -
, 2— A, :

| . [e—14 ) . .
- real parts of y*2 are close to exp <:i:z27r 2% > 0. Hence, the quotient (25)
v €2 —c1 . o

can not be met, and that contradicts the requirement for g(a3) to keep the set of
eigendirections of g(a; ), which was inferred by the assumption that there exists an
additional holomorphic integral for (9). ’

This concludes the proof of Theorem 1.1."
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4. PROOF OF THEOREM 1.2 AND SOME ADDITIONAL REMARKS
o FOR NON-INTEGRABILITY

We shall prove Theorem 1.2 and state additional assertions for analytical non-
* integrability of (9). Also, we shall show the algebraic non-integrability of (9).

Proof of Theorem 1.2. .

Sirice the proof is going in a similar to the proof of Theorem 1.1 manner, we
~ shall refer to some of the results obtained in section 3.
The partial solution (16) is now slightly modified to look as

us (t) :\/Aj.sn (mt) ;o

2

) (L) an (Y5

vl‘(t) = +/c.cn
\ E v uz(t) = vy(t) = 0.

~ Its phase curve, in virtue of the involution R, will be considered in M. Having in
mind Lemma 3.2, the reduced equations in variations have to be written as

(27) o €2 =12, 7 =—(4c1+2h1ui(¥))Ez, |

where u;(t) is defined in (26). The elements g(a1) and g(az) of the monodromy
group associated with (27) are defined in a similar way also, i. e. as transformations
which correspond to adding the imaginary and real periods of the solution (26),
respectively. By Lemma 3.4 g determined as a commutator of g(a;) and g{agz) is
nonresonant. , : o ,

Let assume now that (10) has two functionally independent holomorphic inte-
grals in a neighbourhood of the complex curve H (ug, v1, ua, v2) = 2c for c close
to 0. By Theorem 2.1 the reduced system in variations has a non-trivial rational
first integral. Since g is nonresonant, g(a1) preserves its fixed point and keeps or
exchanges its eigendirections. We shall prove that g(a1) can not keep the set of
eigendirections of g. In the proof of Lemma 3.3 we saw that for ¢ close to 0 the
. Cy — 461

)

A eigenvalues of g(a;) were close to exp (:i:i7r . Since now cz = 0, they

, ez — €1 )
are close to exp(4i27) = 1. .Therefore, they can not form a regular polygon centred
at the origin. Then, having in mind Theorem 2.2, it follows that g{c;) must keep ‘
the eigendirections of g. Let consider now g(c3). It-can not keep the eigendirec-

‘tions of g, otherwise it commutes with g and, therefore, with ¢(a;), which is a
contradiction with g = g(a1)g(az)g™(a1)g™ (az2) # id. Hence, g(as) exchanges
the eigendirections of g and g(a1). Then, as in the proof of Theorem 1.1, we easily
obtain that the eigenvalues of g are squares of the eigenvalues of g(a1). But it is
not the case, because for ¢ close to 0 the squares of the eigenvalues of g(a) are
close to exp(£#4), whereas the eigenvalues of g are just exp(im(1+ V33) # 1. This
contradiction proves Treorem 1.2. o ~

The results from section 3 allow a simple criterion [4] for algebraic complete
integrability to be applied for the system (9). We shall examine for an algebraic

integrability in the sense of the definition given by Adler and Moerbeke in [1].

\
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- Definition 4.1. A Hamiltonian system 1is called algebraically completely in-
tegrable, if its first tntegrals are all rational functions and their level sets in the
complez domain are complez tori. - ,

. Proposition 4.1. Hamiltonian system (9) is algebraically non-integrable, un-

less .
/ hy —4h,y
s odd.

Proof.  For the proof of this proposition it is enough to find a phase curve,
along which the equations in variations have a multi-valued solution [4]. Such phase
curve is represented by the partial solution (16) and the corresponding equations
in variations are (18). One partial solution of (18) is given by

(28) (€ (8), m(t), &), na()),

where &;(t) = 71(t) = 0 and (€2(t), na2(t)) is defined as a solution of (17). The multi-
valuedness of (28) is established ‘by examining the roots of the indicial equations

(24) [3]. Since the roots i o
- ' ' . ho—dh;
L8

pL2 = 5

are not integers, the partial solution (28) is multi-valued, which proves the propo-.
sition.

~ At the end, we state an amplified version of the Theorem 1.1. Following Ziglin’s
analysis, demonstrated in the proof of Theorem 1.1 in.which a similar technic to
that developed in [11], [5], [10] was used, it is easy to obtain a resembling statement
for the analytical non-integrability of the system (9). One way to do it; is to find
another partial solution for the system (9), or to consider such a level set for the
Hamiltonian, in a neighbourhood of which the presence of another nonresonant

element of the associated monodromy group is assured.
Theorem 4.1. If o

Cy — 401 hz - 4h1

(@) o - 0 and (/148 e h not odd,
or
.. 2 —0C; ' . hy —4hy .
(i1) | oy <0 and /1 +8m is not odd,
or o . -
¢ — 4y h2 - 4h1 . . h2 — 4h1 .
(iif) cr—er Ry h >0 and | 1+ 871—2—_71—1— 15 not odd,
or
o\ Cy — 461 hz - 4h1 4 hz - 4h1 .
_ d Az
S Yo 1 W L+ T e, ot odd,
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than the Hamiltonian system (9) does not possess an additional integral which is
holomorphic and functionally independent of the Hamiltonian.

An empirical method to test for analytical integrability of a system (9) is to
- compute Poincare surface of section [8]. It is done by keeping track on the successive
points of intersections of a given trajectory of the system with a fixed plane. If the
points of intersection form a regular curve, a conjecture for integrability is implied.
The other kind of behavior is observed when the orbit is not quasi periodic: the
points on the surface of section fill an area, which implies for non-integrability. The
numerical investigation for integrability of (9) carried out by the standard 4-5th
~ order Runge-Kutta method revealed chaotic regions which matches with the results
obtained analytically. The non-integrability of the system under consideration has
as consequences the strong dependence on the initial conditions of the orbit of the
Cauchy problem (4)-(5) and its chaotic behavior in the course of time.
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