FOIUITHUK HA COPUNCKUA YHUBEPCUTET ,,CB. KIVMEHT OXPUIACKU“

PAKYJITET IIO MATEMATUKA I TH®POPMATUEKA
Tom 103

ANNUAL OF SOFIA UNIVERSITY ,ST. KLIMENT OHRIDSKI“

FACULTY OF MATHEMATICS AND INFORMATICS
Volume 103

EXISTENCE OF CONTINUOUS SOLUTIONS OF A
PERTURBED LINEAR VOLTERRA INTEGRAL EQUATIONS

PAVLINA ATANASOVA, ATANASKA GEORGIEVA, LOZANKA TRENKOVA

In this paper we study the existence of continuous solutions on a compact interval
of perturbed linear Volterra integral equations. The existence of such a solution is
based on the well-known Leray—Schauder principle for a fixed point in Banach space.
A special interest is devoted to the study of the uniqueness of continuous solution. Our
numerical approach is based on a fixed point method and we apply quadrature rules
to approximate the solution for the perturbed linear Volterra integral equations. The
convergence of the numerical scheme is proved. Some numerical examples are given
to show the applicability and accuracy of the numerical method and to validate the
theoretical results.
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1. INTRODUCTION

Integral equations play a very important role in nonlinear analysis and have
found numerous applications in engineering, mathematical physics, economics, etc.
(see [2], [4], [10]). Many other applications in science are described by integral
equations or integro-differential equations such as the Volterra‘s population growth
model, biological species living together, propagation of stocked fish in a new lake,
the heat radiation and so on [5], [6].
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The existence of solutions of nonlinear integral equations has been considered
in many papers and books [3], [4], [8]. In this paper, we show that under some as-
sumptions the perturbed linear Volterra integral equation has an unique continuous
solution in a bounded and closed interval.

We propose a numerical scheme to approximate the solution of this integral
equation [11] and present some numerical examples to show the accuracy of our
numerical method.

2. PRELIMINARIES

Let X be an arbitrary Banach space with a norm ||-||. By C (X, X) we denote
the space of all continuous operators acting in X. Set Ry = [0, +00).

By C([a,b]) = {z : [a,b] — R is continuous} we denote the Banach space with
the norm ||z[| , = max;c(q 4 |2(2)].

As usual, L,([a,b]) = {z : [a,b] = R; f |z(t)|” ds < oo} stands for the Banach

l/p
space with norm [|z| , = (f |z (t) [P ds) ,p>1.

For r > 0, we set B, = {z € C([a,b]); ||z| ., <}, ie., B, is a closed ball.
We consider the perturbed linear Volterra integral equation

/K (t,s) ds~|—/V(t, s)g(s,z(s))ds, (2.1)

with given functions f € C([a,b]), g(-,-) : [a,b] x R — R and kernels K(-,-), V(-,-):
[a,b] x [a,b] = R..

We should mention that an extensive amount of work has been done on the
existence and uniqueness of solutions of some special cases of Volterra integral
equations, see for example [1], [3], [7], [8].

By using the following Leray—Schauder principle, we prove the existence of a
solution of perturbed linear Volterra integral equation (2.1).

Theorem 1 ([7] (Leray-Schauder principle)). Let X be a Banach space and
the operator T € C(X, X) be compact. Suppose that any solution x of © = \T'z,
0 < X <1 satisfies the a priori bound ||z|| < M for some constant M > 0. Then T
has a fixed point.

Define the operator T on C(]a, b]) by

Tz /K (t,s)x ds+/V(t, s)g(s,z(s))ds. (2.2)
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3. THE EXISTENCE OF A SOLUTION

Theorem 2. Let the following conditions be fulfilled:
1). The function g(s,z) satisfies
dg
R GO

s€la,b],zER

S, 1)

)sa@wm» (3.1)

where G(-) is a positive measurable function and ¢(-) is positive and continuous
function satisfying

lim o) =L < o0. (3.2)
y—+oo Y

2). The kernels K(t,s) and V(t,s) are continuous with respect to t and satisfy
Kt s)| < K (0Fa(s),  IV(t5)] < Vi()Va(s), (33)

where K1(+),V1(+) € C(la,b]) and Ka(-),G(-)Va(-) € Li([a,b]).
Then the equation (2.1) has a solution in C([a,b]).

Proof. We observe that condition ( 3.2) implies the existence of a positive real
number A > 0 such that ’@ < %L =L' forall u>A.

First, we shall prove that the operator T : C([a,b]) — C(|a,b]) is continuous.

Let = € C([a,b]). Hence for all s € [a, b], one conclude that |z(s)| is contained
in a compact set of R. Moreover, ¢(-) is continuous over R, then one concludes
that there exists a positive constant Ny, such that ¢(|z(s)| < Ng. Let h > 0. On
using assumptions 1) and 2) and applying the dominated convergence theorem,
and using that f € C([a,b]), we have

lim |Tz(t + h) — Tz(t)] < lim |f(¢ + k) — £(2)|
h—0 h—0
t t+h
ol [l 15+ hs) = (e s)]ds+ 5l ol fim [ Ka(ods
h—0 h—0
t

a

t t+h
+N¢/ lim |V (t + h,s) — V(t,s)| G(s)ds + ||[V1]| ., N¢ lim / Va(s)G(s)ds = 0.
h—0 h—0
a t

Next, we shall prove that the operator 7" is continuous over C([a, b]).

Let {z,,}52, € C(][a, b]) be a sequence converging uniformly to z. Since C(]a, b])
is complete, then z € C([a, b]). Hence, for alln € N, for all s € [a,b] and O4 € [0, 1],
one concludes that |O,z,(s) + (1 — O4)z(s)| is contained in a compact set of R..

Moreover, ¢(-) is continuous over R, therefore there exists a positive constant My
such that ¢(|©sz,(s) + (1 — O5)x(s)]) < M.
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From assumptions 1) and 2) for each ¢ € [a, b] we have

[ Twn(t) — Ta(t)|

ds]

Therefore, lim ||Tz,, — Tz||,, = 0 or, equivalently, T is continuous over C'([a, b]).
n— oo

Slan —afl o | [ 1K@ s)[ds+ [ [V(E,s)] @(s, Osxn(s) + (1 — Os)z(s))
ox

< llzn — 2l (1Ko 11, + [IVallo V2 - Gl Mo] -

Next, we shall prove that the operator T' is compact on C([a,b]). Let us set
E:={Tz;z € B,}.

On using Arzella - Ascoli theorem, the compactness of the set E will be ensured
if we show that F is equicontinuous and uniformly bounded.

Let € B,.. Since ¢(-) is continuous over R, there exists a positive constant
P4 such that ¢(|x(s)|) < Py for each s € [a,b]. From assumptions 1) and 2), for

every t € [a,b] we have
¢

Te(t)] < (£l + / Ky (1)Ko (s) |(s)] ds + / Va(£)Va(s) G (5)|(s) ) s
<l + 1E o 1Kl 12l + Vil 1V2Gl, P

Consequently, E is uniformly bounded.
Let z € B, t/,t" € [a,b] and t' < t". From condition 1) and 2) we obtain

T (") — Ta(t)| < [f(t") = ()]

t//

tl
T llell / K", s) — K(t',5)|ds + |l2l] . [ Kyl / Ka(s)ds
a t/

t/ t//
+P, / V", s) = V(t,s)|G(s)ds + Py || Vi o, / Vo(s)G(s)ds.
a t!
By applying the dominated convergence theorem to the right-hand side of the
above inequality, one concludes that tlin} |Tx(t") — Txz(t')] = 0.
/_) 12

Next, we shall prove that any solution of the equation x = ATz, 0 < XA <1 is
bounded by the same constant M > 0. Let

My =M fllo + A VAl [V2Glly - sup é(u), (3.4)
u€[0,A]

My = max{A Koo A Vil o} 3.5

M = M exp(Ma [|| Kzl|; + [[V2G]|; L)) (3.6)
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Q(s) = Ka(s) + VQ(S)G(S)L/. (37)
Let € C([a, b]) be a solution bof x = ATz for some 0 < A < 1, then we have
2] < Al + 1A HK1||<>O/K2(S) |z(s)| ds

b b
+ Al HVll\oo/Vz(S)G(S) sup ¢(u)ds + !MHVlHOO/Vz(S)G(S)L' |(s)| ds

u€[0,A]
a

+ M, / (Ka(s) + Va(s)G(s)L'] |2(s)| ds.

a

< Al

1floe + IVl IV2Glly sup ¢(u)
u€e(0,A]

b
Hence, from (3.4), (3.5), (3.7) we get that |z(t)| < My + M, [ Q(s) |z(s)| ds.

By using the general version of Gronwall‘s inequality together with the previous
inequality, one concludes that

b
|z(t)| < My eXp(Mz/Q(S)dS) = My exp(Ma [|| Kz, +[[V2Gll, L']) = M.

Since M; and Ms do not depend on x, we conclude that the solutions of z = ATz,
0 < XA < 1 are uniformly bounded by the same constant M. Now the Leray—
Schauder principle implies that 7" has a fixed point in C(]a, b]). O

4. NUMERICAL APPROACH AND ITS CONVERGENCE

In the proof of Theorem 2 we have shown that the continuous solutions of
x = Tx are uniformly bounded by the same constant M, and consequently they
are contained in a closed ball By;. We choose an initial function xq € Bj; and
construct the sequence {z,(t)}52, as follows

Tpt1(t) = Tz, (1), n >0, t € la,b. (4.1)

In the next theorem we show that under certain assumptions the sequence
{zn(t)}52, constructed by (4.1) converges to the unique fixed point Z of 7.

Theorem 3. Let the following conditions be fulfilled.

1. The conditions of Theorem 2 hold.

2. The functions K5(-), Va(-)G(-) € L,([a,b]) for some p > 1;

3. With the constant M defined by (3.6), the following inequality holds:

1
K oo (B2, + VAl V2 - G, e, ¢(lul)| (b—a)s <1,
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where%—l—%zl and p > 1.
Then the operator T' is a contractive mapping in By and has exactly one fixed

point, say, T(t). Moreover, the generated by (4.1) sequence {x,(t)}°%, convergence
to this fixed point, i.e.

lim z,(t) = Z(t) for every t € [a,b], (4.2)

n— oo

and
n

Jn = #lloe < T 21 = 2ol (43)

where 0 < L < 1 s the contraction constant of T'.

Proof: Suppose that x,y € Bys. For all s € [a,b] and O € [0, 1], there holds
|0s2(s)+(1—05)y(s)) < M. For t € [a,b], using assumptions 1) and 2) of Theorem
2 and Holder‘s inequality, we obtain

ITa(t) — Ty(t)| < / Ky (t)Ka(s) |o(s) — y(s)| ds

o [ V1) |25, 0.0(5) + (1 = 0.)(s))| [2(5) = y(s)] ds
ox

< o=l 1Kl 12l (0= @)% 4 Vil _mae o(ul) VG, (0 @]

)

where 1/p+1/g=1,p>1.
1
Let L=(b—a)7 |[Killo [ K2ll, + Vil [V2GIl, _max ]¢(|u|)]- By assump-

[_MaM
tion 3), we have L < 1, hence the operator T satisfies the Lipschitz condition

If we assume that 71" has two fixed point Z,y € Bjs, we would have
17 = 3lloe = 177 =Tyl < L7 — 9l , (4.5)

and since 0 < L < 1, it follows that £ = y. Hence, the operator T' has a unique
fixed point in Bjy.

Finally, relations (4.2), (4.3) are proved in a standard way by using equa-
tion (4.4) and [11, p.267, Theorem 5.2.3.], with X = C([a,b]). O

From (3.4) and (3.6) it follows that f € By, hence we can choose f as an initial
function, x¢o = f. We apply quadrature formulae such as trapezoidal, Simpson and
“3/8”-rule to evaluate numerically the integrals in the operator T
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4.1. NUMERICAL SCHEME

We construct an uniform mesh on [a,b] with stepsize h: s = a + (k — 1)h,
k=1,n, where a +nh <b<a+ (n+1)h. We put t = s; in (2.1) a d obtain the
following nonlinear integral system for the unknowns zy = z(sy), k = 1,n:

1= f(s1)=f

Sk

xr = f(sk) /K Sk, S ds—f—/V(sk,s)g(s,x(s))ds, k=2,n.

a

(4.6)

We apply quadrature rules for each k with nodes si,s9,...,s, and coefficients
h.Ag;, k=2,n,j =1,k to approximate the integrals in (4.6) for k =2,n

k k
xp = f(sk) + hZAkj K(sk,s5)x; + hZAkj V(sk,s5)g(sj, ;) + Ri(x),

where Ry (z) = O(h") is the error term due to the quadrature rule. We denote

k k
Fp(@y, ... xn) = f(sk) + 0 Y Apg K(sk,s5) i +h > Ary Vise, s5) g(s, ;)
j=1

=1

In our calculations we choose two different schemes for coefficients Ajy;. The
first scheme is constructed on the base of the trapezium quadrature formulas. The
other is based on the Simpson rule and the 3/8-rule (also called Simpson 3/8) [11
Section 3.1].

The fixed point method with initial condition z = f(sy), k = 1, n is as follows:

ittt = Fp(at, ... 2h), k=2mn, i=0,1,2,....

rrn

The convergence of the numerical iterations is proved by Theorem 3.

4.2. EXPERIMENTAL RESULTS

We have tested the efficiency of the proposed numerical scheme on two Volterra
integral equations given in the examples below. In our numerical scheme the iter-
ations stop when B! = ||zt — || = max|a:l+1 x| < e, where ¢ = 1077 is the

j

chosen precision. All routines have been written in the software system Wolfram
Mathematica 9.0.

Example 1. Consider the perturbed linear Volterra integral equation

t t
1 t+1 1 1
z(t) = —— + —xsds+/ 14+ x(s)ds
Q t+1 /82~|—s+1 (s) t+1+y/s21+s+2 (s)
0 0
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with the exact solution 2*(t) =t +t+1 for t € [0, 1]. Obviously, the assumptions
of Theorem 3 are fulfilled.

In Table 1 are shown the errors E* for some iterations with different quadrature
methods and different choice of the step h. It is seen that the iterations in the fixed
point method are more effective for reaching the desired precision than the scheme
with choice of a grid and use of quadrature rule. The left panel of Figure 1 shows
the first approximations z’, i = 0,4. The exact and the approximate solution
based on Simpson quadrature rule with A = 0.2 are shown in the right panel of
Figure 1. Good agreement is demonstrated. The last approximation, the errors
between the last approximate solutions E,ig, k = 1,6 and with the exact solution
E¢® = 22 — 2%%, k = 1,6 are listed in Table 2.

Table 1: Numerical results for Example 1.

h=0.2 h = 0.02 h = 0.001
Trapezoid Simpson Trapezoid Simpson 'Trapezoid Simpson
= 1.2981 1.2863 1.2862 1.2861 1.2861 1.2861
= 0.2942 0.2997 0.3002 0.3003 0.3003 0.3003
1=9 1.42E-5  8.36E-6 5.56E-6  5.49E-6 5.49E-6 5.48E-6

1 =12 4.02E-8 1.60E-8

x(t) x(2)

—— exact solution
25} *k& approximation

20F

0.2 0.4 0.6 0.8 1.0 ! 0.2 0.4 0.6 0.8 1.0 !

Figure. 1. Left: First 5 approximations; Right: 12-th approximation and the exact solution.
Both graphics demonstrate the results using Simpson’s rules with A = 0.2 for Example 1.

Table 2: Comparison with exact solution in Example 1.

2 3 4 5 6

1
1 1.24 1.56 1.96 2.44 3.

E? | 0. 1.750E-11  1.297E-10  8.309E-10 4.031E-9 1.605E-8
0. -2.283E-12 -1.693E-11 -1.092E-10 -5.359E-10 -2.173E-9
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Example 2. Consider the perturbed linear Volterra integral equation

t t

t2 (t+ s)? sln(1+1t) se 2s

t) = —¢ —————e'%x(s)d d telo,1

() 46"‘/ 4 e S+/ 1+t2 +52) x(S) S? e[? ]
0 0

It is easily seen that the functions occurring in this integral equation satisfy the
assumptions of Theorem 3.

Table 3: Numerical results for Example 2.

h=0.2 h = 0.02 h = 0.001
Trapezoid Simpson lrapezoid Simpson ‘rapezoid Simpson
=1 8.2666 8.2443 8.2444 8.2442 8.2442 8.2442
1 =10 0.0122 0.0008 6.50E-5  5.76E-5 5.76E-5 5.76E-5
1 =14 0.0003  4.19E-6 1.16E-8

1=17 2.05E-5  T7.99E-8
1 =23 8.40E-8

Table 3 shows the results analogous to those in Table 1 but for Example 2.
Here the role of the quadrature rule and the stepsize of the grid is significant. In
Figure 2 (left panel), the approximations obtained in the first five iterations are
shown. The decrease of the error with increasing the number of iterations is shown
in the right panel of Figure 2, where E'® = 6.06E — 5 and E'* = 1.07E — 8.

x(%)

25t

20F

0.2 0.4 0.6 0.8 1.0

Figure. 2. Left: First 5 approximations; Right: The maximum error related to each iteration.
Both graphics demonstrate the results using Simpson’s rules with A = 0.05 for Example 2.
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