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The tmth Mr. Blnke has a habit of making
itself known. Even after many yexrs,

.Agatha Christie: Five Little Pigs
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Sta paﬁorra n:ue'rcn BTOpOfl MacThiO cepum cTaThell o nolrpocy o mnlnec--
xux TpamWumit Diinepa u Jlarpauna, neppas uacts [1) koropoit 6Liaa onySIHKOBARS B
TOM e camont Excezodnuxe. Hac'mmee cocTosmue aemeft » aRsAHTERRECKOR uexllllﬁ
MOXMO TAPAKTEPHIODATL KAK BKACKTHUECKOE: conmetTHOR CYBIeCTBOBANNE ABYX MPOTH-
BONOJIOKHME TenAeHUME — JBHAMANECKHX IpaAHHEf Dilaepa u Jlarpamxa. B eroft
CTAThE uuuanpylo'rcn CaMule ﬂunnmue HepTH OTHX TPATMUME M AeAANXTCE COOTBET-
cny:ouule suuuouemu CoraacHo MOCOeIHHX, HEBOIMOXTHS m.r.a.l-nﬁyn AALTEDRA
THRA JMHAMBMECKHX axcuol Ditaepa (aKONOP HAN NPUNIARAX O ROJNYECTRE MBENE-
MMA U KHHETHMECKOM MOMENTe TBEPAOTo :re.m), a JauaMuvecKkue ypasnerus Jlarpamwa
SBSIOTCH UMb WX NMPOEKUUAMN Ha nomxozaamux ocefl. STa paGora spagercs npemma-
pHTeasHoft nonroToskolt Ans peltentn wecroft npoSaemu [EanGepra 06 aKCHOMATE-
\l_ecxbﬁ KOHCOJAMAALMU' ndrmlec_lcnx OCHOB AHAAHTRYEcCKOfl MeXaANMKH.
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PB.ESENT
' :

This paper represents the second part of a series of articles on the Eulerian’
Lagrangean dynamical traditions, the first part (1] of which was published in this A
The present state.of affairs in analytical mechanics may be characterised as ez
coexistence of two opposite tendencies — the Eulerian and the Lagrangean
traditions. The most typicar features of both are analised in this article and conelpoldil;
conclusions are drawn. According to them, no alternative of the Euleriaa dynamical '
axioms (the laws or principles of momentum and of kinetical momeat of rigid bodies) is
podble, the Lagnngem dynamical equations being only their projections on appropriate
axes. This paper is a preliminary preparation for the solution of Hilbert’s sixth problem
- concerning the axiomatical consolidation of the logical foundations of analytical mechanics.

Several years ago we have published the first part [1] of a series of articles
dealing with the Eulerian and Lagrangean dynamical traditions. This is a topic we
have worked out in the course of a clear decade, see for instance the article [2]. The
‘paper [1] contains a brief historical account on the conception, birth, and flourish of
the Lagrangean.dynamical traditipn, antagonistic to the Bernoullis-Eulerian one.
The modus operandi of the Lagrangean approach toward analytical mechanics has
"been aimed at the strmgulation in-cunabula, if not in embryo, of the Eulerian
dynhamical tradition. Its after-effects on the supenrement development of rational
mechanics, in general, and of analytical dynamics, in particular, resulted in an
utmost formalism that transmuted into the clommeermg mechanical philosophy, of
‘the twentieth century. This phxloeophy is still in its climax in the cumnt mechumca.l
literature even of recent time.

- Our initial intention, as regards this second part, has been to proclum the
p.nhchmax of the Lagra.ngean dynamical tradition. This is obviously not an easy
‘t,agk, especially if one aims at fundamentalistic goals, as we did, namely the so-

]

lugion of Hilbert's sixth problem concerning the axiomatical consolidation of the .

lp;lca.l founda.tlons of anglytical mechanics — a problem, at the face of which.the
Lagrangm dynamical tradition is engirgly helpless. In order to expose delrly the
_rise and fall of the Lag'rangea.n dynamical tradition we had to replough a virgin soil,

' since never before, in the course of a well-nigh a century, has rational mechanics |,

Been:even in the slightest touched by that critical spirit which pade contemporary

smathematics what it now is. The'results of these efforts are reflected in the present

atper — some of them, at least. In order to attain them, however, we.badly needed
me

This is‘the main reason for the ten years’ delay of the pnbhcntxon of this

eecond part of the senes in question.

1In the meantime a considerable list [3 — 24] of publications dealing with the

mterplay of the Eulerian and Lagrangean dynamical traditions has been ‘printad
"in this Annual. Now. some words about these articles are, to a not unwnndctublo

degree, necessary, As a matter of fact, the problems thetein discussed are corner- <)
stones on the meandering way one ha.s to follow in order to throw light upon: tW’

N
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very essence of the Lagrangean dynamical tradition. = -

What does, by the way, this term mean? What do the authors of mechanical
writings bear in mind when using the word combination “Lagrangean mechanics”?

The Lagrangean dynamical tradition has been conceived in the moment when
Lagrange's notorious mchanical work Méchanique Analitique (sic!) [25] has seen
the light of day. In the Avertissement of this Traif¢ which is the only part‘of his
treatise well known nowaday's by the mathematicians he has written:

“On .a déja plusieurs Traités de Méchanique, mais le plan de celui-ci est
entiérement neuf. Je me suis proposé de réduire la théorie de cette Science, et
I’art de résoudre les problémes qui s’y rapportent, a des formules générales, dont
le simple développement donpe toutes les équations nécessaires pour la solution de
chaque probléme. J’espére que la maniére dont j'ai taché de refmplir cet objet ne
laissera rien a desirer.

Cet Ouvrage aura d’ailleurs une autre utilité: il réunira et préseptera sous un'
meme point de vue les différents principes trouvés pour faciliter- des questions de
Méchanique, en montrera la liaison et la dépendance mutuelle, et mettra a portée
de juger de leur justesse et de.leur étendue.

‘Je le divise en deux Parties: la Statique ou la Théorie de I’ Equilibre, et 1a Dy- -
namique ou la Théorie du Mouvement, et chacune de ces Parties traitera séparément
des corps solides et des fluides.

On ne trouvera point de Flgu}es dans cet- Ouvrage Les méthodes J'y expose'
ne demandent nj constructions, ni raisonnements geometnques ou mechamquen,_
mais seulement des opératlons algé'brlques, assujettles a une marche reguhere et
uniforme.™ »

“All these statements of Lagrange’s , and all the claims he has laid to.the me-’
chanical performances the Méchanigque Analitigue contains have been taken by his-
contemporaries and by all coming generations of mathematicians and mechanicians
at their face value. Not only Hamilton has praised the Méchanigue Analitigue as “a
kind of scientific poem”, but even today there are authors of mechanical writings
who maintain that “the whole of analytical dynamics is based upon, and is devel-
oped from; the theorem of Lagrange that [ call the fundamental equation” .[26, p. .
VYH]. The only critical notes: apropos of Lagrange's mechanical achievements as a
-whole we have come across in all our professional days may be found in 'Ih)esdell '8
Essays [27] where one may read:

“At the end of the [eighteenth] century" there wasa dmmaymg t,endency to turn
away from the basic problems, both in mechanics and in pure analysis. Directly
contnry to the great tradition set by James Bernoulli and Euler, this formalism
5grew rapidly in the French school and is reflected in the Méchanigue.Analitique.
‘Much of the misjudgement that historians and physicists have passed upon the wark

. of the eighteenth century comes from unwillingness to look behind and around the.
Méchanigue Analitique to the great work of Buler and the Bernoullis which is left
unmentioned. As its title implies, the Méchanigue ‘Analitique is not a treatise on
‘rational mechanics, but rather a monograph on one method of denvmg differential
egquations of motion, mainly in the specml branch now called, after .it, analyncal
me:hma" (p. 134).



And later, as d general éstimation of Lagrange’s mechanical perforinancés:

“l1. There was little new in the Méchenigue Analitigue; its contents derive from
earlier papers of Lagrange himself-or from works of Euler and other predecessors.

.2. ‘General principles or concepts of mechanics are misunderstood or neglected
by Lagrange. :

3. Lagrange’s lnst.ones usually give the right references but mmeprumt or
slight the contents,

-4, Lagrange’s best ideas of mechamm derive from his earliest penod when he
! was studing Euler’s papers and had not yet fallen under the personal mﬁuence of
:D‘Alembert '

Granted its more modest, scope, estimates of I.m;nmge ) performance must
rémain a matter of taste. In music, in painting, in literature, tastes have changed

-' ih the post century. Why shiould they not also change in mechanica? The historians
delight in repeatmg Hamilton’s praise of the Méchamqu Analitigue as “a kind of
scientific poem™, but it is unlikely that many persons today will find Hamilton’s
recommendahom in non-scientific poetry congenial” (p. 134 - 135, 246 ~ 248).

We give expression to our greatest regret that we cannot agree with this stand-
point of the author of the excellent Bisays tn the History of Mechanics, but -the
acceptance of Lagn.nge s main dynamical pretension — his famous dynamical equa-
tions of motion — is by no means a mattet of taste, even if a bad one: for analytjcal
‘mechanics the problem Iamge ‘'or Euler? is not a question of an alternative. It
turns cut that the lawsuit. Legrange versns Euleris astruggle for existence. The op-
"position of Lagrange against the Eulerian dynamital tradition has begun five years
after Euler’s death and nowadays the battle-field lies entirely in the hands of the
Ll.;nngeamqts ‘The result is a total obscurantism, both ideological and technical,

in & vast domam of ‘human Imowledge, and o glimmer of hope is at hand for the

-time being: . -

.+ But let us not anticipate evénts. Before answering the question whnt doea Lo

-grangean dynamical tradition mean and which are its most chatacteristic features,
lehu first pose ‘the pmblem are Lagrange’s statements i in his Avertissement true?

* Is it in other words, true that Lagrange succeeded ‘in his Méchonigue Anal-
-mm “de réduire Ia théorie de cette Science, et I'srt de résoudre les probldmes
.qui.o’y rapportent, & des formules générales, dont le simple ‘développement donne

! toutel lel équations nécéssaires pour la résolution de chuque -probleme®? . -

' ah n. true that the modus operandi Lagrange applied in order “de remplu cet

‘ol;;et ne laum-a. rien & désirer”? ‘.

+Jait trae that “cet Ouvrage ... réunira et présenteram ub méme pomt de vue

"len différents principes trouvés jusqu’ici pour faciliter des questions de Méc.hamquo,

,-u montrers le liaison et.1a dépenidance. mutuelle, et metm A portée de j ,)upr de.
leuumetde leur étendue”?

Is it true that the statical and, dyna.mtc&l parta of the Mécbamm Aulﬂqu

treat “des corps solides”? e o

lnttmethat ma.lyhcal dynmumwbeupondbymﬂmoﬂ'mét e

ne démandent ni eonstmctxom. ni raisonnements géométriques ou m¢

"t




mﬁmﬂdumu;&ﬁqu. n.qjethu aunemucheréguhhed'
uniforme”?

Is all this true?

Not a word, with the only exoephon that “on ne trouvera pomt de Figures
dans cet Ouvrage”®. There are none, indeed.

Alltheledaummfahemthe utmost degree, mdoneofthemmnumsof
thepluentpaperutoprovethumanunamblguousway

To begin with, let us first analyse Lagrmge (1 pretenslons that the Mé'ckcmqn
Analitique presents “les différents principes trouvés jusqu’ici pour faciliter den que-
tions de la Méchanique”.

Why ask the Bmhop when the: Pope is around? In Section premiére: Sll'
les différents principes de la dynamigue of Sccond parise: La dynamague of hm
Héphamqu Aaalmqu Lagrange writes:

.. suparavant, il pe sera inutile d’exposer les principes qui servent de fonde-
ment t la Dynntmque, et de present.er la suite et la gradmon des idées. qui-ont.
le plus contribué & étendre et & perfectionner cette science ... les principes ou .
théorémes connus sous les nomes de conservaiion des forces vives, de conservation
du mowvement du cenire de gravité, de, conservation des moments de. rotation ou
Principe des aires, et de Principe de la moindre quantuté de l'action.”

' Apropos of the principle of conservation des forces vives Lagrange states:
' “Le premier de ces quatre principes, celui de- ]a. conservation des forces vnves,r
a été trouvé par Huygens, mais sous une forme un peu différente de celle qu'on
lui donne présentement... Ainsi le principe de Huygeps se réduit & ce que, deans
le mouvement des corps pesants, la somme des produits des masses par les currés
des vitesses A chaque instant est la méme, soit que les corps se meuvent conjointe-
ment d’une maniére quelconque ou qu’ils parc'ourent librement des mémes hauteurs,
verticales .. . Jean Bernoulli ... donna ainsi a ce ptincipe le nom de conservation’
~des forces vives, pt il 8%n’ servxt avec succés pout résoudte’ quelquei problémes qui
n’avaient pas encore été résolus et dont il paraissait dificile de venir & bout par des
méthodes directs. Daniel Bernoulli a donné ensuit plus d’extension & ce principe
et il en'a déduit 1és lois du mouvement des Buides ... Enfin il I'a rendu trés général
.. en faissant voir comment on peut ’appliquer au.mouvement des corps animés
par des attractions mutuelles ‘quelconques ou attités vers des centres fixes: par des '
forces proportionnelles & quelques: fonctions des distances que ce soit.” ,

In order to penetrate this text of Lagrange’s, some detailed explications are.

unavoidable. Let us suppose that a rigid body ‘B is-acted on by the active farr:qs

) ' ." =(F,, M,) N S =1, m),..

all moments M, (u = 1,..., m) being taken w:th respect to the origin O of an
orthonogma.l rlght-hand orientated Cartesian system of reference Ozyz. Besides, -
let B be subjected to certain geometncal constramts generating panwc forcu or.
“reaétions of thc conatmmls - ~ .1

(2) R = (R"' Nv)-';‘f"" HSEE

. (v=1,..., n),




:{
'themomuN,(vzl ‘,n)bungtikenmmmthmpecttoo Forthoahl
of brevity let by definition '

3) Fryr =R, /\‘I@=1“”;m4
i e. . o i
(4) Fo4 ='Ry; Mgy =N, (F ) . n)
prévided' ) . ../._ |
(5) Fm-lw -(Pm-i-yn Mm+v) (u=l....._n).
' Lioreover let P, (v=1,...; m+n) be pomt.s of B, coinciding at the moment of

time { with the darectrlces of F, w=1,... .y ™+ n) respectively. In other words,
if '

© (=OP, - . (v-l/.,m+n)
then the followmg two condﬂ.xons Bre, by hypothe!ns aahsﬁed First,

: (.7) ' 7 (r., rn) Tx(r, - rn) (v =l , i m+';;),
“where
“8) / ra = m

3 ﬂ denotmg the origin of an orl.honorm.a.l rlght.-hand onentated Cutaim aystem of
-mference Q¢ mvanably obnnected wu.h B and’ - ,

-

© . w=§(e wEoLn X 42 x|

"belng the instantaneous angular velocity of ﬂén( with. ) reppect to Ozyz. E ’7 ki
£ in {9) denote the unit vectors of the axes QE Qn, Q- respectlvely with renpoct
Lo Ozyz Second., :

’H
—

(10) ' r, 'X.:F., =M, . ‘7'(1': =1,... . m'-i_-:n)_.-
' Further, let . ! ‘
e ,
v a® ) - \
_.(l-l)| . T-— %/ ﬁdm
*denate the Linetic energy of B wnt.h respect to Ozyz. In other words,. l.f P denot.es
any point of B and ( - .i,:,-,;g
-uﬂ.  r=0P, o

10



; dr
(13) . v= E
the derivative in (13) bemg taken with respect to Ozyz, then the integral in the
right-hand side of (11) is expanded over the space occupied by B, dm. denotmg
elementary mass of B.

A classical theorem of analytical mechanics reads °

d m+n

(14) dT = 2 F,dr,.

v=l

The equatlon (14) is usually called the kinetic: cnergy theorem. Let us now-see hqw.
is this theorem proved? :
Let by-definition

. m+n - ) = m+n
(15) ‘ F= 2 F,, M= ): M,
' ; ‘v=1 ’
. N .
be the basis and the moment (with respect to Q) of all forces, both active and
passive, aotlng on B. Then (10) and the second relation (15) lmply

. . m4n
(16) ) ’ M= Z v x F,.
\ v=1
Besides, let
\
. ._ dra
(17) : vnﬂ-.—ﬁ-, ’
the derivative bem‘g taken with respect to Ozyz. Now the relations (7), (15) - (17)
imply \
m+4n m+n
(18) .- E F, ~ = E F,(vg +ID' X (r, - rq))
' v=l - .
>t m4n T .m4n ’
. (va+rn)<w)z:F.,+U Er,xF,,\
’ vl 7 ral . o
i..e. |
K m+l‘l dr . 7 ,
(19) L= (og+raxT)F+T- M.

y=l, ’

dn the other hand; P being a point of B, the~felations (12) and (13) imply

s

(20) ) v=vn+¢7>é(r—rn).



‘Now (20) and the definition (11) imply * ©
T ‘ I _ N
(21) ‘ % = :/ vwdm = / (va +@ x (r.— rq))wdm

= (vq +_rnxU)jwdm+U-jrxwdm, ‘

provided
| i

Let by deﬁmtlon )
;(23) K= / vdm, L= f r x vdm

denote the momenttm and the moment of momentum (kinetical moment) of B
~with respect to Ozyz. Then Euler’s dynamical arioms or the laws (prmctpla)
of momentum and: of moment of momentum (of kinetical :moment) governing the
motion of a any rigid body read

s

(24) ‘%‘-.F o, %-M 0.

The relations (22) (23) |mply that the laws (34) may be written in the form
(25) | /wdm-F /rxwdm:M

By vi‘:;.;lef of (25), the relation (21) may be written in th_e form

I;(2-'6)' | v: %'— (vn+rnxr.r)F+U M.

The n;ht.—hand gides of (19) and (26) obvnouqu coineide. Hence (ld), t
- . In such a manner it is clear that the kinetic energy theorem (14) js unpronble
Atfless Euler’s dynamical laws (24) come to its help. Lagrange, however, does
-, mention these principles among his “pnnclpes qui sefvent de fondament & la
P amique”. This is, by the way, a topic.we shall later, come back to. Let us
\now.see how the. klnetlc energy theorem (14) may be used in solving dynamical
problems.
Strange though it may seem, in the genen.l case the pla.m answer |s not the
least bit. . :

In order to explain this aomewhat disappointing conc'lunon, let us write down
(14) in the equivalent form

N 1
(27) dT = Z Fdr,+ ):R.dr,,.+.
=1 .

v=]

; 12 "



by vutue of (4). Now (27) cleasly drbluyi {liat the n,ght-hand side of the l'metlc_
energy theorem pnsmt.s of two addends The first one, namely

\

(28) ‘ . Zr r, -

p:l !

is well known for any position of the rigid body B consistent with the geometr:ca.l
constraints imposed on it. Indeed, the bases Fy (4 = 1,.,., m) of the active
forces (1) are known since the forces (1) themselves are known: an active force is,
by definition, a force which is wholly deﬁned in the conditions of the dynamical.
problem. As regards ra(p=1,..., ‘m), the only conditions imposed on, these:
quantitiés are (7) and (10) In such a way the quant.lty (28) may be regarded as
given. _ '
. The ca.se wuth the secOnd addend

(29) Z‘R..drm.,., iy

v=l

is a qmte different one. Indeed, nothing is known about the reactions (2) of tfle.
constraint save that their difectrices pass through the corresyondmg pomt.s df
contact of the rigid body with the geometrical constréints. .

In such a way, the rigid-hand side of the relation’(14) js unknown, in the genetnl
case at least. Consequently, the kinetic energy theorem (14) implies no dynamical
integral, unless addmonal hypot.heses are made in the condition of the dynamlcnl
problem in question.

As a rule, these addlt,lonal hypothm reduce to the condmon

f .
~

(30) " En dr.,,+., =0.

PE

Oh\ iously. (30) is satlsﬁed trivially if the ng!d body is free. Another case when.
(30) holds good is espécially fawoured by t.he Lagrangeanwts Iti i8 the case of the
so-called ideal constraints. i

Geometrical constraints are called tdeal if the work-the reactions of these ccm-
straints accomplish is equal to zero. The ideal geometnea.l constraints are called
.al'so frictionlcss. Since the.work in question is, by definition, repreaented by the’
quantity (29). the geometrical const.ramts under consideration are ideal:if, and only
if. the condmon (30) holds good. In such a case the kmettc energy tt(eorem (14)
becomes -

. X ..oom :
3L . dT.= 5" F,dr,,
) , =1 .

The condition (30) is called the postulate of ideal constraints.
This form of the kinetic energy theoreni is much more hopefyl than (14), since
the right-hand side of (31) is. as already emphas:zed wholly determined. ]Ala.s,

J. 13



these hopes are prematuré ones: in the general case (31) given also no dymmlca.l
-integral.

Indeed, in the general case ‘the active forces (1) are functlons of the position
of the rigid body B, of its velocities, and of the time #, rather than of its position
only, so that thée differential relation (31) cannot be integrated. Let us discuss this
question somewhat closer.

Let the ngld body B possess | degrees of freedom in other words, let any of
its positions in space cansistent with-the geometrlca} constraints imposeg on B be
determ:ned by the aid of exa.ctly l'mutua.lly independent quantltles

(32) T ) ('\-1' )

. .'(mlepcmicnt pammcters, or only pammetcra, of B). Tﬁe very definition (32) lmpllea
that, if nothing else is required in the condition of the dynamical problem under
conmderatlog, t.hen not only t.he parameters of B but also their denva.twa

(39) i (=10

with respect to the t.une t( yenemhud velocams, or only. vclocmn of B) are mu-

t.ually mdependent Moreover, the canonic pammctero of B, namely the Ca.rtemm

coordinates zg, ¥n, zn of Q with respect fo' Ozyz and the Eulerian angles v, 00
'.between Ozyz and Qén(, a.re funchons of (32) and of fi°

(34)_10 = zﬂ:(q'h' -"_ ' W:vt)_n ..yﬂ - .yﬂ(QI’- o ':'Qh t)) fﬂ = zh(QIS sesy q" t)’

(35) ¢" Y(qye o i 9. t)‘ w=e(@,. -, t) -0--0(q1. oy @y t)t

‘Now in the general case the act.we forcea (l) are wholly determmed functionl

(36) ﬁ Fu(qh--._f ' QIt '“1 ‘ 91: t) (” = 1 ) |
| o‘f (52) (33) and poasl'bly of &. Thls lmphes that the bases F,of F, (p =1,. )
are opmpletely determined (i:e. given) functions - '
(ST) Fﬂ = Fp(?lu '.,.'_." ' ﬂh #lo ‘1 Qh f) (f‘ =1,. )

.iof LI (.\ = ‘l, l), and of £..On the other haad, the very deﬁmtdon of the
g quantltm (6) xmphes that they are wholly determmed funchoens S

(33)/ . —"u(lh. » @i t) . : (u= l,;... , m+n).

of the para.meters o (A= l , [} of B and poas:bly of the time ? (in the case when
the geomefncal constraints m\poaed on B are rheonomic, rather than scleronomic).
._'Now (38) imply ~

(39) dfl’ = % br : (V = 1! L -.- ) ‘Mi‘
, o \ . aqx X E . _.'__‘.,_

L



- provided. for the sake of .bre\"rt.y, by definition -
Then (39). (31) imply

1417
(4 L dT=) Quda,
. A=1 .
where by definitién
m . "
) 31". P .
. - . e \ ;\ = 1,L..5 .,
(42) Q=2 Fupt (A=l 1)

The quantities (42) are ‘called the generalized active fon:es actmg on B. It'is im-
methiately seen-that, in the general case, the generahzed active forces are, wholly
detpnmned functlons -

(13) Qr=Qxqr,---, qti @1yt @3 L) rA=1,..., I)

of the parameters (32) of the rigid body B, of its generalized velocities (33), and .
possibly of the time {. For that reason, in the general case, the kinetic energy
theotems (31) dors not, even when the rigid body is free or the postulate of ideals
constralnts (iU) w satisfied (the rigid body being not l'ree) lead to a dypamlcal
integral. . A

A necessary condil.iou l'or the integrability of (41) is

- . -‘(')QA | L s " gt
141 == A=1,...,0+L pu=1,...,D.
() ()‘Iu ¢ ( ' B o r)
In other words, Q,\ (A = k..., {4 1) must be \hdo’[‘mndent of the. gene’rﬂ]zed
velocities of the rigid bady. snrll.a case he gnnerallzcd a.ctlvc.forces (42) become
' wholly de hnmm wd funchnns - o N
(15) =il ) o '(.X =104
of the parameters of 1§ :ﬁul'nf! rmi_\'. and (41) hocomes ' :
1+ oy .
(o AT =) Qg ) )y,
A . . rer RS .

Wewere et [from pillar to post, our v.oes have, homwcr not yet fnished.
'lhc l'fnﬂun Torin (16) o ards 1o no conclusion. We are compr-llr'(l to hypothccatc
il he lging The goner: ity of the dynamical jroblem. Namely, we are coerced to
by ot hesize thit the right -hand ~ulu c_»l' (16) springs from a potential function .

Ty =i )

Vo
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of the 'parm’etersj of B and’ passibly of ¢:by virtue of (40), in-other words, that

. . dL, B
(48 = A=1,...,1+1
(48) Qx = ¥l (. = )

or, Just “the same, that the nght-hand side of (46) is complete dlﬂ'erentnal

' T
(49) dU = ZQ,\qu.
o A=1
In such a case, and in such a case oniy, the kinetic energy theorem (46) le_inis toa
._dynamical,in't.egrall(:the kinetic energy. integral) L "
'(50) Y T=U+h,

_h bemg an, azbltrary constant wnh respect. to t The qu;nﬁty (47) is called a
funct:on of forccs,,and t.he quantity '

A51) V==

"Il ca]led a potentml Now (60) and (51) |mpiy
'J\
(52) oz 8 o T-hV I, .
'.. ', l : 7
in other words the quanuty T+ v rema;ns constant. It is called the full meclumcul

. energy of B, .and (52) lmplles that it does not change during the motion of B.

A system of rigid bodles is called cousereative when its full mechamca.! energy
_preserves a constant value in the course of its motion. :

" Mais \revenons & nos moutons. The reason for all these conmderatlons was
l.agrange s principe de conservation des force viees. The term force vive means 27T,
“and' the exptésswn ‘conservaifon des forces vivesis mcorrect since pot the [omc vive,
“hidt the fuﬂ meckahical eneryyis conserved it some mechianical processes. Anyway,
“fet. us ihake a brief commeit on the situation we are’confronted with. -

i. .. Lagrange claims in the Meéchanique Analitique “d'exposer les principes. qui
‘sorvem de fondement & la' Dynamique™ and adduces, in the capacity of principle

‘No I “le principe de conservation, des forces vives”. In other words, he claims that.

Me. principe de consérvation des forces vives” is sufﬁclem for “de fondement a la
l)yummquv Mayhe itis, but “la. Dynamique” which? Certainly not the dynamics

i a% we undestand i today. Surely, “la Dynam;que as it existed in Lagrange’s head.

Bat the dyuanncs of conservative mechanical systems is certainly too mlserable for

A geiendific ideal.,

T It us rvnwmber the resinctlons we. were compelled to lmpose ona qunumcal

;woblem’ in order lhat t.hc kmetlc energy t.heorem could prowde adynamncal lntegraJ

o). )
First, the postulaie of |deal consl.ramts (30).
‘wroml gcneralucd acl ive forces mdepcndent of the generalized \pelocules (M)
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Tlmd exmence of a potontm! function (48). .

Even if we auppoae that the analytical dynamics is suc.h a freak of nature that
its whole essence is run dry, being restricted to the conservative dynamnc&l systemn
only — even'in this case, we say, “le principe de conservation des forces vives”
is insufficient in the capacity of a “fondement a la Dynamique”. The dynamical
integral (50) provides a single equation among the parameters (32) of the rigid body,
its generalized velocities-(33), and the time {. At the same time, the full solution
of the: dynamical problem requires 2/ equations involving 2/ arbitrary constants
of integratian: - this solution consnsts in dnscovermg (32) as complet.ely determmed_
functions : .. '

(53) -\-_'- arlti g10,-- - s q_:o;_rdm.---.; d1o)

(r=1,... l). yvhere the initial values )

(54) " . | ; a0 = 92(0) K=1,.5,10
of the pmmeters (32)of B a.nd the initial values

(85) o=l B=Le, )

of its genern.llzed velocltles (33) play the role of 2I arbitrary-constants. .

The rangé of action of ‘le principe de couservatloh des forces vwes is extremely
narrow. [ »

As we have already ‘mentioned, the question that the kinetic energy theorem
.(14), and heance the kinetic energy integral (50), is undeducable save by thv aid of
Euler's dynamlcal axioms ("24) is, for the time being, laid aside:

Apropos of the principle of conservation du momremcnt du ‘cenire de, gmwté '
“Lagrange writes: - : . .
. ~Le second prmcnpe est du a Newton, qui, au commencement de ses Principes’

mathématiques. démontre que F'état de repus ou-de mouvement du-centre de gravité
-dé plusieurs corps n'est point altere par |'action récxproque de ces corps,.quelle
qu’elle soit: de sorte que le centre de gravité des corps qui agissent les unes sur
les autres d’une maniére quelcongue, soit par des fils ou des leviers, ou des lois
(’atraction. .etc.; sans qu'il ¥ ait aucune action ni aucun obstacle extérieur, ‘eat
. toujours en repos ou se mieut uniformément en ligne droit. D’ Alembert a donne
dt-pme a ce principe une plus grande étendue, en falsam voir que, si chaque coxps
- est solicité par une force accélératrice constante et qui agxsse suivant des lignes
. paralléles. ou qui soit dirigée. vers un point. fixe et agisse en raison de la distance,
le centre de gravité doit. décrire la méme. courbe que si les corps étaient, libres; a
quoi l'on peut ajouter que le mouverrient de ce centre est, en général, le méme que
-si toutes les forces des.corps, quelles ‘qu’elles sonent y étaient appliquées, cha.cune
* suivant sa propre direction.” s -
v . Thefirst remark that this text of Lagran,ge 8 provokes concerns Newton 8 name.
According to Lagrange. “Newton . .: démontre que I'état de repos ou de mouvement
.du centre de gravité de plusieurs corps n'est altéré par I'action réciproque de ces

o
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corps, quelle qu’elle 8oit”. As a matter of fact, one finds i in Newton's Prmctpu (28)
-nothing of the kind. -

The statement that in Principia the foundatlons of rational mechanics have
been laid pertains to the Newtonian mythology. The reality is quite. different:

“Except for certain simple if important special problems, Newton gives no evi-
‘dence of being able 1o set up differential equations of motion for mechanical systema.
It is not the function of the historian to guess what Newton might have done or
could have done, not is what Mach could do with Newton’s principles relevant; the
cold fact is, the equations are not in Newton’s book. As we shall see, a largs pu't of
the literature of mechanics for sixty years following the Principia searches various
principles with a‘view to finding the equations of motion for systems Newton has
studied and for other systems nowadays thought of as governed by the “Newtonian”
equations. To summarize: In Newton'’s Principia occur no equations of motion for
systems of more than .two free mass-points or more than one constrained mases-
pomt Newton’s theories of fluids are largely false; and the spinning top, the bent
spnng, lie alltogether outside Newtan’s range” [27, p. 92 - 93).

Clearly and simply, no dynamical problem concerning a single rigid body is
solved in Newton's Principia. The whole of rigid body dynamics is a creation of
Euler’s hands. Euler was the first to realize that “while Newton had used the
_word “body” vaguely and in at least three different meanings ... the statements of
' Newton are generally correct only when applied to masses concentrated at isclated

- points; he [Euler] introduced the precise concept of mdss-point, and his is the first
treatise [29] devoted expressly and exclusively to it” [ibid., p. 107].

In other words, oiting Newton’s name is connection with le principe de con-
servation .du mouvement dw centre de gravilé, Lagrange allows a historical mistake
to shP in. As regards the name of D’Alembert mentitned in the same ¢onnection,
it is, inasmuch as rigid body dynamics is concerned, controversial ‘to ‘the hnghest
degree The criticism the following fragment from huudell’s E‘uaya contains is,
By our opinion, not as categorical as it should be: :

' “At the.age of twenty-four, D' Alembert published a book with a title indicative
of what. mechanics was in the Age of Rga.son “Treatise on Dynamics, in which -
the laws of equilibrium and motion of bddies are reduced to the smallest possible
.number and are proved in a new way, and where is given a.general prmc:ple for
finding the motion af several bodies which react mutually in any way.” This.is the
_book to which we have several times referred in connection with the program of the
“age. In regard to practice, it is less successful. Contrary to the usual claims, neither
-did D'Alembert reduce dynamics to statics, nor did he, here 6r anywhere, propose
. either of .the two forms of the Jaws of dynamics ngw usually called “D’Alembert’s
‘principle”, these being -due to Euler a.nd Lagrange, respectlvely, at a later penod"
[:b:d P- 112 = 113]

- By our opinion, D’Alembert’s Traité [30] does not contain the corhplete solution -
of a single dynamical problem concerning rigid bodies. . For that-reason we find it
‘inadequate that Lagrange refers to D’Alembert i in connection with le.principe dp
_ conservation du mouvement du centre de gravité, as far as~namely rigid bodies. u'e:
ooncemed Anyway. let us see somewhat closer what doee as'a matter of fact; thls_

-
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prmc1ple state’ ) .

According to -Lagrange’s formulatmn, already cnted J“U’état de repos ou de
mouvement cu centre de gravité de plusieurs corps n’est point altéré par 1’action
réciproque de ces corps, quelle qu’elle soit”. Three remarks are relevant in this
connection. :

First, Lagrange’s principe de conservation du mouwvement du cenire de gravité
is.a non-constructive statement, while a mathematical axiom, or principle, or law,
must contain in itself something constructive. (If a mathematical axiom, like Eu-
clid’s-fifth postulate, for instance, states the impossibility of a mathematical phe-
nomenon. its goal is to ensure the soleness of a mathematical object, the existence
of which is already independently established.) | -

Second, Lagrange’s second principle does not imply the laws.of motion of a
single rigid hody, being either meanmglesa or trivial in the case of one only rigid
body. .
Third, the prmclple of conservation of the motion of the center of grav:ty of
a system of several bodies is a trivial corollary from Euler’s first dynamlca.l axiom.
Indeed, the definitions :

(56). m=/d’m ¥
and .
(57 rg = l/ d

) ra-;'-. rdm

of the mass and the radius-vector
(58) re =0G
- ;

of the mass-center G respectively of any rigid body B imply

(59)- ‘ngwd: / wdm
provided

o d’rg
(60) we = —7

since by hypothesis

- d '
6 -— = - =
(61} dl_(dm)_ 0, T (m) 0
Now (59) and the first relations (23), (24) imply
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The equatlon (62) which is an |mmed1at.e corollary from Euler’s law of mo-
mentum, expresses an important fact, classical for rigid body analytical dynamics,
namely that the mass-center G of any rigid body B is moving in the same manner,
as 'would a mass-point, located at G, the mass of which is equal to that of B and
which is acted on by the same forces that act on B.

.Let now a system S of n rigid bodies B, (v =1, 2,..., n > 1) be given and

let m, and G, be the mass and the mass-center of B, (v = L.y n) respectively.
Let ; .
'(63) e oG, Cw=1,... , n).

-Then the mass-center G of 5 is deﬁned by

_m1r1+ ‘4 MpPn '
my+ -+ my .

(64)

Ot; the other hand , let -F, be the basis of the system of- forca, acting on B,
v=1,..., n) respectwely and let. _

d3r,

(65) wy < dt : (V= l,-.-. ’ n).
Then Euler’s theorem (62).implies
’(66) mvwv'—Fu (v=1,..., n)

L

'and (66). (64) imply that G is movmg accordmg

Fl‘l‘ +Fn‘
Tmi 4 my

(@), -

~ Let us now suppose that the bodies of the system S' are m.lbject.ed to. uddltlona.l
. interactions. More precisely, let the rigid body B, (v =1,..", n) be- acted on by
-the rigid body By, (s = 1,..., .n; p # v) by a system of forces with basgis F,.
Then, according to Newton’s law of action and reaction,

‘(68)' ’ pr 'b' pr - 0.

“The rigid body B, (v = 1,..., n) is moving according to the law

. n
“(69) mw, =F, + z Py (v=1,..., n),
+ u=1 -
provided
. PN
(70) F,=90' w=1,...,n).
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Adding the equations (09) with '(70)’ ‘together and: taking mto consideration (68),
one obtains

(71) zn: m,w, =Y F,.

y=1 y=1

’I\‘he last relation,. togethér with (64), implies again (67),, therewith proving La-
' grmqe 8 principe de conservation dv mowvement du centre de graviié. Let us note
that 1t is undeducable save by the aid of Euler’s first dynamical law whu:h does not
occur among Lagrange’s dynamical principles.

We do not know how this principe de la Dynamigue has been used in ngld
body dynamics of Lagrange's predeoessors and contemporaues for solving special
problems. For us, however, it is wholly useless in the capacity of a mathematical
tool for such aims. By our opinion, today it represents nothing more than a curious -
mathematical fact. In any case, the claims that it could serve de fondement d la
Dynamigue, as Lagrange unambiguously states, are frankly ridiculous.

Apropos of the principle of conservation des moments de rotalion or prinéipe
des aires Lagrange writes: :

“Le tromeme principe est beaucoup moins ancien que les deux precedent.s et.
parait avoir été découvert en meéme temps par Euler, Daniel Bernoulli et d’Arcy,
mais sous des formes différerntes. Selon les deux premiers, ce principe consiste. en
ce que, dans Je mouvement de plusieuts corps autour d’un centre fixe, la somme
des produits de la niasse de chaque corps par sa vitesse de circulation autour du
centre et par sa distance au meéme centre est toujours independente de 1’action
mutigelle que les corps peuvent exerces les uns sur les autres, et se conserve 1a méme
tant qu'il n’y a aucune action ni aucun obstacle extérieur. Daniel Bernoulli a
donné ce principe dans le premier Volume des Mémoires de I’Académie de Berlin,
qul a paru en 1746, et Euler I'a donné la méme année dans le.-tome [*" de ses
‘Opuscules; et c'est aussi-le méme probléme qui les y a conduit... Le principe de
d'Arcy, tel q’il I'a donné & l'Academleﬁeﬂ Sciences, dans les Mémoma de 1747, qui
n'ont pary qu-en 1752, est que la somine des produits de la masse de chaque corpa
par |'aire que son rayon vecteur décrit. autour d’un ceptre fixe:sur un meme plan
de projection est toujours proportionelle au temps. On voit que ce principe est
une généralisation du beau théoréme de Newton sur les aires décrites en vertu.de
forca centripétes quelconques; et pour an apercevou l’analogle ou plutét Videntité
avec celui d’Euler et de Daniel Bernoulli, il n’y a qu’a considérer que la vitesse de
_cuculatlon est exprimée par |'éléments, multlphe par la distance au centre, donne
I'ékément de P'aire décrite autour de ce centre; d’ot I'on voit que ce dernier ptincipe
n'est aurte chose que l'expression différentielle dé celui de d’Arcy. Cet-auteur
a présenté.ensuit son principe sous une autre forme qui le rapproche davantage
du précédent. et qui consiste eni ce que la somme des produits des masses par
_les vitesses et par les perpendiculaires tirées du centre sur les directions du corps
-est une quantité constarte. Sous ce point- de vue, it en a fait méme une espéce
de principe métaphysique qu’il appelle la conservation de I'action, pour 1’ opposer
ou plulot pour Ie substiteur a celui de la moindre quantité d’ actwn comme si
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des dénominations vagues et arbltrures fmwent I’essence des loi de Ia nature et
pouvaient, par quelque vertu secréte, ériger en causes finales de simples résultats °
des lois connues de la Mécanique. Quoigu’il en soit, le principe don’t il 8’agit &
lieu généralement pour tous les systémes de corps qui agissent les uns sur les adtres
d’une fagon quelconque, soit par des fils, des lignes inflexibles, des lois d’attractlon,
etc., et qui sont de plus sollicités par des forces quelconques dirigées & un centre
ﬁxe‘ soit que le systeme soit d’ailleurs entierement libre, ou qu'il soit assujetti &
ce mouvoir autour de ce méme centre. La somme des produits des masses par les
aires décrites autour de .ce centre et pro;et.ees sur un plan quelconque eat toyjours
proportionelle au temps.”
The formulations of Lagrange’s in ) connection with the principe de conscrvation
‘des moments de - rotation or principe des aires - are considerably more indistinct
than those concerning the first two principles: his explanations are obscure to such
a degree that quite a lot of historical generosity is required for their acceptance.
In accordance: with Lagra.nge s own words, the principle of conservation of the
moments of rotation consist in the fact that, if several bodies are moving around a
. fixed center, the sum of the products of the masses of the bodies with their velocities
of rotatjon around the said cénter and with their distances from the latter is always
.independent from the mutual interactions of the bodies, whatever they might be. It
i8, however, completely meaningless to speak about velocity of rotation of a body.
“'around a center and about a distance of a body from a center, unless the body
" in; question is infinitesimal, i.e. a mass-point. In such a manner, a century after
. Newton and five years after Euler’s death Lagrange is using a mechanical language,
cast aside by Euler fifty yeais ago [29]. Itiis clear that, in Lagrange's formulation

~ at least, the prinéipe des nires belongs to mass-point dynamics and has, therefore,
nothing to do with rigid body dynamics, no matter that Lagrange is speaking about
co'ps and not about patri les

. The use of the term centre in Lagrange’s formulation is a qulte formal one:

the role of this centre could play any other fixed point in space. This term is used
only inr the capacity of a system of reference and not ‘as a source of forces (centra]
forces) acting on the mass-fpomt.s

- One should not disregard the fact that all three principles already clbed in

Lagrange's formulation concern systems of (ﬁmte or infinitesimal) bodies and not
“a single rigid body. Thig fact is by:no means accidental: it is the result of a
mec.ha.mcal politics with far reaching sequels.

~ "Indeed, as it has been emphasizéd in the frst part [1] of this series, a chara-
.cteristic feature of the Lagrangean dynarmcal ‘tradition. consiéts in the fact that.
anything done by the Lagrangeanisis is accomplished for systems of a fintie number
- of mass-points only, being afterwards quite unpardonably applied to rigid bodies
“in & completely illegal way (see the analysis on p. 18 - 20 of [I]). This is the
quintessence of Lagrange’s dynamical polmes hl$ mechanical Weltanschauug, his
scientific credo.

- A most remarkable scientific incident, if that is the word, will throw additional.
hght on Lagrange’s |deolog|cal posmons in mechanics. In his art.lcle [31] he has,
wntten

i 6
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+Je considére les corps proposés comne I'assemblage d’une infinité de corpus-
cules ou points massifs unis ensemble de maniére qu’il gardent toujours nécéssaire-
ment ‘entre eux les mémes distances... J'aurai par les principes de mécanique,
a cause que le systéme est supposé libre autour d’un point fixe, et qu’il n’est
d'ailleurs sblticité par aucune force ét rangére, j'aurai, dis-je, sur-le-champ ces trois
équations. ..” (quoted by [32. p. 590)). ;

Thencc Lagrange claims to have derived the theorem of moment ‘of momentum.
Euler, who refused to accept the picture of -a rigid body aé composed of infinitely
many mass-points, wrote apropos of [31] in the mtroduction of his memoir [33] with
ill-concealed if latent irony:

“But when I tried with greatest avidity to follow his extremely ptofound
thoughts, truly I could not get myself to go through all his calculations. Even
the-first lemma so deterred me that on account of my blindness I could not hope
in any way to check through all the analytical devices he used” (quoted by [27, p.
260] see also [34)).

A broad hint — blindness. This is written in 1775, and Euler ha.s been stone-
blind years ago. His blindness did not prevent him from printing many. tens of
articles every year. Moreover, namely this paper that “eonfession” is taken from
contains the greatest mechanical discqvery of Euler in all his scientific life — his
dynamical axioms. In order to understand Eulér's delicacy, one must bear in mind,
that all his life through Euler has been extremely tolerant of his younger sclentlﬁc
colleaguc. The'inverse theorem is not true. -

. Sumfming up, one should clearly state that Lagrange s principe des aires could'
by nc means serve de fondament d la Dynam:quc ;

Apropos the last principe de la moindre quantite de I’action Lagrange writes:

“Je viens enfin au quatnéme principe, que j'appelle de la moindre action, par.
analogie avec celui que Maupertuis avait donné sous cette dénajnination et que
les écrits de plusieurs auteurs illustres ont rendu ensuit si fameux, Ce principe,
envisage, analytiqucnwnt copsisté en ce gue, dans le mouvement des corps ‘qui
aglssent les unes sur. les autres, la sommme des produits des masses par les vitesses
et par les espaces parcurus est un minimum. ' L’auteur en a deduit les lois de la
réflexidn et ¢le |a réfraction de la humiére, ainsi yue celles, du choc des corps, dans
deux Mémoires lus, I'un a I’Académic des Sciences de Paris, en 1744, bt I'autre,
deux ans apres a_celle de Berlin. Mais ces applications sont trop particuliéres
pour servir & élablir la~vérité d’un principe général, elles ont d’ailleurs quelque
chose de Yague et d’arbitraire, qui ne peut que rendre mcertmnea les conséquences,
qu’'on en-pourrait tirer pour | ‘exactitude méme du principe. Aussi 'on aurait tort,
ce me semble, de mettre ce principe, present.e ainsi, sur la meme ligne que ceux

.que nous venons d’exposer. Mais il y a une autre manic¢re dc. l'envisager, .plus
générale et plus rigoureuse, et qui mérite seule 'attention des gcometres Euler
en a'donné la premierc idée ‘a la ﬁn de son Traité des isopérimeétres, imprimé 3
Lausanne en 1744, en y faisant voif que, dans les trajectoites décrites par des forces
“centrales, I'intégrale de la vitesse multipliéc par I'élément de la courbe fait toujours.
un maximum ou un minimim.- Cette prqprlolo qu’Euler -avait trouvée dans le
mouvement des corps lsolea, et qui paraissait hornée a ces corps, je I’ al etendue. .

-

4

23



" par. Je moyen de la conservation des forces vives, air mouvement de tout systémé

de corps qui agissent les unes sur les autres d'un maniére quelconque; et il én eslﬂ
résulté ce nouveau principe général, que la somme des proclult.s des masses paxr

“les’ intégrales des vitesses multipliées par des éléments des espaces parcourus est

constammement-un maximum ou un minimum. Te] est }e principe auquel je donne
ici, quoxque improprement, le nom de miondre aciion, et que je regarde, non comme
un principe métaphysique, mais comme un résultat simple et général des 16is de
la' Mécanique. On peut voir dans le tome 11 des Mémoires de Turin )'usage que

“J’en ai fait pour résoudre plusneurs problémes difficiles de Dynamique. Ce principe,

combiné avec celui des forces vives et développé suivant les régles du calcul des

“variations, donne directement toutes les equatlbns nécéssaires pour la solution ds

chaque probléeme.”
(All fragments of Méchamque Auahttque concermng the four dynamical prm-

“ciples of Lagrange are quoted after [35,¢t. I, p. 238, 257 — 262]. )

This last principle of Lagrange’s Is obviously a variational one. As a such, its
range of action is restricted to conservative dynamical systems only, and in this con-

. nection it falls under the criticism made apropos of the principeé de conservation des

foirces vives, third point. Therefore, the last statement of Lagrange‘s. namely .that
this principle “donne directement toutes les équntions nécéssaires pour. la solution

3 ‘de’ chaque probléme”, belongs to the fairy-tales of the Lagragean' tradition.

« At that, let us underline that no variational principle of analytlcal dynamics

“is up to now proved save for mechanical systems consisting of a finite number of

* mass-points only. In order words, any application of such a principle to ngld bodies

"is mathematically lllegal at least till the contrary is proved.

In such a way:it'is established beyond doubt that Lagnnge s claum in the

'Méchanigue Analitique, namely that “cet -Quvrage ... réunira et presentera sous
'un méme; point de vue les différents principes trouves jusqu'ici pour faciliter des

questions de Mécanique, en-montrera la liaison et la dépendance mutuelle, et mettra

- a.portée de juger de leur juspesse et de leur étendue”, is not true:-Indeed, as already

-emphasized, the four principles discussed above purely-and simply cannot serve “de

fondement.a la Dynamique”. The fact that Lagrange included them in his treatise is

‘not yet the biggest misfortune. Far worse is-the circumstance that he ovérlooked the

only dynamical principles on which the niathematical consolidation of the logical
‘foundations. of analytical inechanics is possible: the Eulerian laws of morhentum
amd of kmvucal monent.

S Before we vnh-r this . toplc it 18 necessary to turn .our atuenuon to a phe-

nomeqont inherent to the early history of mechanics and focused on. the existence of
an ilmmense nunber of mechanical prmcupl& Come to that what does in actuality
a8 dynam:ml privciple anean?

A categorical answer of Lhis.question is nowhere to be found in the mechanical

literature. An attempt along these lines has been made at the beginning of this

century. by A. Voss in the Encyclopedia of Mathematical Sciences (36].

- Voss begins his article Die Prmnpzen der rationellen Mechanik with.a bnef
pei'lphrastlc explanation of the various features of the notion:

“Prinzipe tnd Prinzipien der Mechanik. Der Ausdruck Prinzipe oder Pnnzlp-
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jen witd in der Mechanik in schr verschiedener Weise angewendet. Unter Prumpun
versteht man in irgend einet Wiasenschaft, hier speziell der Mechanik, erstens Aus-
sagen, die nicht wieder auf andere demselben wissenschaftlichen Gebiete angehérige
Behauptungen surickgefuhrt, sondern als Ergebnisse anderer Resultate der Erken-
ntnis angeschen werden..., 2.B. die Aziome oder Postulate..., und die teils lo- -
gischer oder methodologischer, teils metaphysischer oder phynhlmcher, Art_sein
konnen; zweitens, allgemeine aus den Grundvorstellsngen der Mechanik gewonnene
Satze, die, wenn auch in thren einfacheren Fillen auf Grund fritherer dedusierbar,
doch in ihrem weitesten Umfange tatsdchlich nicht mehr vollstandig beweisbar er-
scheinen (z.B. das Prinzip der virtuellen Geschwindigkeiten, das d’Alembert’sche,
resp. Gauss'sche Prinzip); drittens, ... allgemeine rein mathematische Methodén
fir die Behandlyng der Mtchannchen Probleme, die an sich gzunachst véllig auf
Grund von Prinzipien der zweiten Art erweisbar, zur rein deduktiven' Behandlung
ausgedehnter Teile der Mechanik susreichend sind, in ihrer weitesten Ausdehnung
allerdings wieder einen heuristischen Charakter erhalten (Hamilton’sches Prinzip,
Prinzip der kleinsten Aktion); endlich, nach C.G.J.Jacobi ... analgiuche Metho-
den, Integralgleichungen der dynamischen Dlﬁ'erenualglelchungen zu gewinnen..
Die methodologische Stellung der Prinzipien zweiter und dritter Art zuelmmder
wird sehr verschieden beurteilt. Auch wenn man beide, wie vielfach zu geschehen
scheint, gleichsam als Beschwomngsformeln anseht, in denen ein lange fortgeset-
zter Prozess induktivet Erkenntnis seinen Ausduck gefunden hat, besteht doch ein
sehr wesentlicher Unterschied in dem Grade der Abstraktion, der in beiden Fillen
eintritt. — Die im Texte getroﬂ'ene Unterscheldung von Prinzipien verschiedener
Art kann aberhaupt nur eine allgememe sein; an welcher Stelle jede éinzelne. der '
rnanmgfultlgen ‘als “Prinzipe” im Laufe der Zeit bezeichneten Aussagen einguord-
nen ist, wird von' den oft schwankenden Vorstellungen abhangen, die den Ausdruck
Prinzip. begleiten™ [36, erster. Teilband, S. 10 - 11].

Apropos of the fourth sort of mechanical principles Voss says: -

“Wir rechnen dahiii die analytische Verwendung des Satzes von der lebendi- -
gen Kraft. die Schwerpunkt,smtegrale das Prinzip der Flachen, des letzten Multlp-
likators, Hamilton'sches Prinzip der varierenden Wirkung, das Poisson-Jacobi’sche
Prinzip. die mannigfachen 'I\'ansformatlom- und Aquwa.lenzprlnzlpe etc ete.”
[sbid.. S. 10 - 11].

It is worth noting that Voss is fully aware of the contemporary unenviable
state of the logical foundations of rational mechanics as well as of the hopeleuaness,
in these strained circumstances, of any try at strict formulations:

. “Die Erscheinung, dass die Resultate mathematischer Lehrgebaude von grund-
hegender Wichtigkeit oft eine lange Zeit hindurch ihrer strengen wissenschaftlichen
Begriindung vorausgeeilt sind, hat sichi in weit hoherem Grade bei der Mechanik, wie .
bei der Arjthmetik oder Infinitesimalrechnung wiederholt. Man kann den Stasd-

- punkt, welchen die systematische Entwicklung der Mechanik in ilirer gegenwirtigen
Gestalt einnimmt, etwa mit dem der Infinitesimalrechnung vor ‘Cauchy vetgle-
ichen, auf den sich fast wortlich die Bemerkungen von Hertz in seiner Einleitung -
zur Mechanik anwenden lassen ... iiber das bei der Exposition der Grundlagen
-der. Mechaml: hiufig hervortretende Bestreben, iiber die Schwnengkelten und Ver-
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legenheiten in denselben magfichst bald hinaus und zu konkreten Beispielen Y
kommen... Ein Blick ‘auf den gegenwartlgen Zustand der Werke iiber M
soweit snch dieselben niclit auf eine rein mathematische Behandlung, sondern
die Entwickiung der eigentlich mechamschel\ Xor_stellungen beziehen, diirfte ind
des zeigen, dass unter denselben, da wo es sich nicht um stereotype Wiederh
ung gewisser Wendungen handelt, die grossten Verschiedenheiten- hinsichtlich
Prinzipien bestehen” [1bid., S. 8 ~ 9].

" In the second part Die allgemeinen Prinzipien der rationellen Mechanik of hi
article Voss discusses three classes of mechanical pr.m{ciples
7 Apropos of the first class phllosophasche Prinzipien Voss writes:

“Von den phliosophlschen Prinzipien muss hier neben dem schon oben erwahn-!
ten Kausalitatsprinzip der Saiz vom zureichenden Grynde hervorgehobén werden
Man schloss aus dem letzteren, dasg der in Bewegung unabhangig von allen andere
Dingen vorgestélite materielle Punkt seine Richtung nicht andern konne, wiahren
ein gleiches auch von der Grosse der Geschwindigkeit zu behaupten erst durch die
dialektische Unterscheidung von’ Ursache und Wirkung moglich.wird, wejche die
Ursache -ausserhalb des Bewegten verlegf... Auch bei der Entwicklung des Kraft-
begriffes, den Beweisen fiir das Parallelogramm der Krafte, der Bet.ra.chtung der
Fernwirkung zwischen zwei mat.enellen ‘Punkten etc., spielt dieser Sat,z eine his-
tomche Rolle. .

* Dass man aus bloss logwcheu P;amnssen keme Entscheidung iiber reale Verhalt-
nisse treffen kann, wird gegenwirtig woh! nicht bezweifelt... Anders aber steht:
" es, wenn der Satz vorn Jureichende Grunde in der Form' einm logischen Schlusses.
auftritt, dessen Pramwsen vollstandig als aus der Erfahrung bekannt vorausgesetzd
werden. .. ‘ . ’!

Von ganz w&senthchen Einflusse sind fiir die Entwicklung der Mechamk tele-
ologwche Prmzlplen gewesen. Das Prinzip der kleinsten Wirkung ist geradezu von{.
Euler ... aus einem solchen Gesichtspunkte abgeleitet; Gauss® Prinzip des klein:
sten Zwanges, sowie gewisse Prinzipe der Elastizitatstheorie ... kniipfen ebenfalls
an golche Vorstellungen an. — Die Frage, ob in der Natur wlrkhch Thatsachen;
vorltegen, welche den Gedanken beschaftigen, dass mit dem kleinsten Aufwande
von Mitteln: der grosst.e Effekt erreichbar werde, braucht man. indessen hier nicht
2u beriihren. Bei Uberlegungen dieser Art diirfte meistens ein sicheres Maass weder
der-aufgewandten Mitteln noch des erreichten Effektes zugrunde gelegt sein, sodass
die Behauplung einen kleren Sinn uberhaapt nicht desitzt. Was aber die Anwen-
dung desselben in der. Mechanik betrifit, so sind diese teleologischen Gesichtspunkte
- im eigentlickesl Sinne schon um deswillen ganz unzutreffend ..., weil keineswegs

— weder beim Prinzip der kleinsten Aktion, noch beim G’am’achen Prinzip —
- die wirkliche Bewegung durch eirie Minimumeigenschaft vor allen anderer ebenfalls
méglichen ausgezeichnet ist, sondern nur gegeniiber gewissen rein fingierten, im all-
gemeinen aber unmdglichen Bewegungen.- Thatsachlich haben sich alle}dmgs diese
teleologischen Gesichtspunkte fir den Aufbau der Wissenschaft: als sehr forderlich
erwiesen, und es erscheiut in mehrfacher Beziehung von Interesse, die a.llgememen
Griinde ‘hierfiir aufzusuchen. . :
Mach . .. hat dagegen auf andere Prinzipien aufmerksam gemacht, welche aller
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v aturauffassung zugrunde liegen sollen, die der Okonomie und Einfachhest. Nach
jhim ist es das Ziel aller Wissenschaft, das Gebiet der einzelnen Erfahrungen durch
susammenfassende Beschreibung derart zu ersetzen, dass durch den geringsten
Aufwand anm Gedankenarbeit dasseble iibersehen werden kann. Das ist natiirlich
nur dadurch méglich, dass man die den einzelnen Erfahrungen zugrundq liegenden
Elemente aufsucht und durch deren gesetzmissige Konstruktion eine Erklhrung der
Vorgange liefert, fur deren fortschreitende Ausblldung dann wieder rein formale
Prinzipien, wie das der Kontinuitdt und Stetigkeit, — dem Hankel'schen. .. Prinzip
der Permanenz der formalen Geselze verglcichbar — vor allem die Pnnztpacu der.
Analogie. .., d.h. die Ubertragung gewisser Gedankenrelheq welche fiir ein Gebiet
vollstapdlg entwmkelt sind, auf neue Gebiete, maassgebend werden” -{ibid., S. 18 ~
20).

Apropos the secdnd class mathematische Prinzipien Voss says:

“Insbesondere ergeben sich aus dem Prinzip der Einfachheit gewisse allge-
meine Gc#achlspunl(c rein mathematischer .Art. Solche liegen vor, wenn man den
Bewegungsraum als Eukiidischen mit seiner unendlichen Theilbarkeit. .., die Ko-
ordinaten der Bahnen der Punkte als sietige, beliebig oft dlﬂ'erenﬁlerbare Funk-
tionen der Zeit.... wenigstens insoweit von einzelnen singularen Stellen abge-
schen wird,” anschcn.' wenn wir demgemiss von den Grenzwerten..., d.h. den
(ieschwindigkeiten und, Beschleunigungen teden. .., wenn wir ‘voraussetzen, ‘dass
das ‘Verhaltniss von Masse zum Volum bei kontinuierlicher Raumerfiihlung bei
stets abnelunender Girdsse des létzteren sich einem-bestimmten, iiberdies wieder
differenzicrliarem Grenzwerté, der Dichtigkeit, nahere. Die Mathematik- ist freilich
gegenwirtig so weit entwickelt, dass auch bei Zugrundelegung des allgemeinen Be-
griffes der’ stetigen Funktion noch bestimmte Aussagen moglich sind, doch hat sich
bishet kein Bediirfnis gezeigt, in die Mechanik diese von der anschaulichen Form der
Bewegungsvorgange weil abliegenden Abstraktionen aufzuheben... Man betrachtet
es ferner als ein allgemeines Prinzip, dass eine durch Krﬁfte,deﬁnierte Bewegung,
durch iliren’ Anfangszustand vollkommen bestimmt sei. . . ; ausreichend ist dafiir, die
l\raﬂo als eindeutige beliebig oft differenzierbare, lnsbesondere als regulare Funk-
tionen der Koordinaten und Geschwindigkeiten vorauszusetzen. .. Hierher gehort
auch das llomogeneititsprinzip. Die Begriffe der Mechanik erl'ordern die Fest-
setzung cimer Reibe fundamentaler Finheiten (z.B. fir Lange, Zeit, Masse in der
reinen Kinetik). aus denen weitere Begriffe (wie z.B. Geschwindigkeit, Beschleuni-
gung. Kraft ete.) abgeleitet werden. Es Jiegt nun in der Natur der Sache, dass bei
vielen Betrachtungen Beziehungen zwischen diesen Begriffen von der Wahl dieser
Grundchetten unabhangig sein iissen. Solche Gleichungen bleiben daher invagi-
ant. wenn die Fandamentaleinheiien der Maassbestimmung durch irgend welche
andere nnabhangig von cinander ersetzt werden. In diesem Charakter der Invari-
anz hesteln das Pranzap der Homogenetal. . .; durch dasseble wird denjenigen Gle-
Cichnngen der Mechanik. welche zur Beschrelbung von den gewahlten Einheiten un-
abhangiger Vorgange dienensollen, ein Yormeller Charakter 1ugesc1|ru=bon der sich
zur Prufung solcher (ms.uze selbst niitzlich erweist... In einer-ctwas andere Form
kot das Prinzip bei der Untersuchung dynalmscher Verhaltnisse als Prinzip der
Ahndichkeat (principe de snmhtude) 2ur Verwendung. .. Endlich sei noch an das Su-
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‘perpositionsprinzip, .als éiner unmittelbaren Folgerung aus den Eigenschaften der
Losungen linearer homogener Dlﬂ'erentlaglelc.hungen, erinert” [ibid., S. 20 -~ 23]. .

"At last, apropos of the third class, mechamsch-phgstkahscben Prmmnen Voes
writes:

“In naher Beziehung stehen den mathematischen Prinzipien die mechanisch-
phyackahochen, insbesondere die Kontinuitiishypothese, die man iiber die Materic. .
die bewegliche Substanz, zugrunde legt. Es scheint nicht angebracht, hier zu erorten
ob die-Mechanik ein Interesse daran hat, den Begriff der Materie neben dem fiir sie
allein maassgebenden der Masse beizubehalten. Die Mechanik geht zunachst von
dem Begriff des materiellen Punktes..., d.h. eines geometrischen, aber vermoge
seiner Masse inserer Beobnchtung zuga.nghgen, Punktes, dann vort dem Syst.em n
solcher ‘Punkte ‘aus, und man wird geneigt sein, die Vorgénge bei einem beliebig
grossem n, wenigstens soweit allgemeine Theoreme in Frage kommen, hiernach zu
beurteilen. Es ist aber leicht zu sehen, dass man auf diesem Wege nicht unmittelbar
zu der Vorst.ellung der Bewegung eines kontinuierlich mit Masse erfiillten Raumes
'kommt” [:btd S. 24 - 25). '

While in the third part Die Grundbegriffe der rationellen. Mechanik of Voss’
article the basic notions of phoronomy; statics, and dynamics are introduced and
discussed, the fourth part Die speziellen Prinzipien der rationellen Mechanik con-
taina a formulation and analysis, together with detailed historical and bibliograph-
ical data, of the.principle of virtual velocmes, the principle of Fourier, the principle
of.D’Alembert and Lagrange’s dynamijcal equations, the principle of Gauss, the
principle of Hamilton, the pnncnple of least actlon, the principle of living force, and
the'general principle of energy in physics. .

Although written almost a century ago (“abgeschlossen im Juli 1901”) this

article of Voss’ is distinguished by its exactness, elaborateness, and thoroughness,
which are. nucely found in the later literary sources on the subjeqt It penetrates
into the historical roots of the idea of mechanical pnnuples its role in the devel-
opment: of mechanics, its many-sided aspects, and, after all, its prejudices if not
syperatitions, These are the important reasons mcntmg us to carry here such vast
fragments from this article: . after all, the encyclopedia [36] is nowadays not easy
of access for thie ordinary reader. Nevertheless, after studing even such a profound
account on the principles of rational mechanics, one keeps on being at a loss w'hen
faced with the question: what docs namely a mechanical principle mean?

No ‘wander Voss could not give an explicit answer of this question: the only
way to such an answer leads through Hilbert’s axiomatic scheme, and his Grund-
lagen [37] have been published only two years before Voss finished Die Prinzipien
der rationellen Mechanik: If rational mechanics is nothing but mathematics, and
mathematics of the fizst water at that, as Truesdell maintains (27, p. 335, 337],
then mechanical principles should differ in no way from mathematjcal pnncaplea In
otder words, a principlé in mechanics should mean the same thing as a principle in
mathematics. Hence, the answer of the question “what does a mechanical principle
mean? would be completely trivial if one knows the answer of the question “what
does a mathematical principle mean?”. What.does it mean, indeed?

As a matter of fact, the term principle is in mathematics a historical remnant

2



and its use today ma.y be exculpa.ted only by the lmguage tradition. In reahty, tlns .
is avoided in modern mathematical texts as an ‘anachronism.

A principle in mathematics means a theorem or an azrtom: . tertium non daur.
In other words, a mathematical principle is a mathematical statement which, as
such, is either provable (or disprovable) or unprovable (or undisprovable): in the
first case it is, purely and simply; a (true or untrue) mathematical theorem; in the
second case it is, also purely. and simply, a mathematical axiom — neither more,-
nor less. Classical examples for mathematical principles.of the first and second
kinds are the principle of Cavalieri and the principle of mathematical induction,
respectively: nowadays the principle of Cavalieri is a simple theorem of integral
calculus, and the principle of mathematical induction is an arithmetic axiom. .

- Naturally, the qualification of a mathematical statement as “provable” or “un-
provable” is a relative, rather than an absolute, procedure: it depends upon the
adopted axioms of the specific mathematical theory. In such a sense, a mathemat-
ical pnncxple, qua.llﬁed as a “theorem” in a given axiomatic system mny turn out,
to. be an “axiom” in another one.

" This interpretation of the term principle is by no means sornethmg new: Hilbezt
proclaimed is more or less a century ago. Hilbert's name is mentioned here in no way
accidentally: when the word ariom was used above, its meaning was in Hilbert’s
sense — not the old-fashioned, discredited, disreputed, though nevertheless. fre-
quently used by the physicists,. in geperal, and by the mechanicians, in particular,
namely “an obvious truth needing no demonstration”. Dedekind used to say: Was
beweisbar ist, soll in der Wissenschaft nicht ohne Beweis geglaudt werden. An ax-.
iom is a mathematical statement without a proof not because it does not need one,
but for the simple reason that it cannot be proved (in the frames in a given system
of other akioms). Hilbert was the first to see that an axiom must unconditionally
include undefinable mathermatical notions: if all the terms an axiom includes were
defined preliminarily, then it would be a (true or untrue) theorem and-no axiom at:
all. The indefinable terms the akxioms of a special ma.thematncal theory (arithmetic,
geometry, topology, analytical mechanics, in the long run) include are, accordmg to
Hilbert’s axiomatical principles, defined implicitly namely by this system of axioms.

All these things are truisms today for all educated mathematicians all over the
world. Their repetition here may be excused only by the fact that, all the same,
" they have not yet become a part of the intellectual furniture of most contemporary
mechanicians, of their scientific mental constitution. The uninitiated in the present -
state of affairs in rational mechanics may find it hard to believe; the cold fact, how-
ever, remains that ideologically most modern representatives of such a fundamental
mathematical theory as analytical mechanics share the logical prejudlces of their
colleagues from the epoch before the French revolution. .

Why should Lagrange call principles the laws de conservation des forcea vives,.
de condervation du mouvement du centre de gravité, de conservation des moments
de rotation, and de la moindre quantité de l'action, all these propositions being.
simplé mechanical theorems? A taste for a pompous language? Putting on a
consequential air? Or amenability to irrationality? The philosophers delight in
chewing upon das Wesen der Dinge, over den Kern der Sache, on weltumfassende
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Gedanken; the mathematicians hre, however, men of quite another kind: they
believe in cats that catch mice.

Similarly, why should one call “principles” those propoeltlons Voss refers to,
dividing them into three groups? As regards the Kawsalitatsprinzip, the Sal:
vom zureichende Grende, and the teleologische Prinzipien, mathematically they
are hardly worthy of being mentioned. The same holds good.for-the Konti-
nwitdishypothese, for Mach’s principles of Okonomie and Einfachheit, for Hankel’s
Prinzjp der Permanenz der formalen Gesetze, die Prinzipien der Analogie, the
Stetigkeitshypothese, the principles of Homogeneitdt, of Almhchkclt and the Su-
perpositionsprinzip — all these must be regarded as general: requlrement.s that are
satisfied in a most natural way in the process of techpical development of the
'special mathematical theory under consideration. However, as regards the other
‘mechanical “Prinzipien” Voss mentions — for instance, das. Prinzip. der virtuellen
Geschwindigkeiten, das d’Alembert’sche Prinzip, Gauss’sche Prinzip des kleinsten
Zwanges, das Hamilton’sche Prinzip, das Prinzip der kleinsten Aktion, etc. — all
these statements are specific mechanical theorems to which the qualification “prin-
ciple” is nowadays ‘attached without the slightest motive or any leg to stand on.

- The only two legitimase pretendents for the principles of rigid body analytical
dyna.lmca in the whole history of this'science among all other impostors are Euler’s
two dynamical axioms. If one has not. become conscious of this fact, then he does
‘not know a B:-form a buffalo foot in rational mechanics. The essence of the laws of
“momentum and of kinetical moment is discussed at length in the articles [16, 17],
“s0 that in this connection the reader is referred to these sources. What we shall do
here is to write down the analytical expressions of Euler's axioms (24) called the
Eslérian dynamical equations: they will se'rve us for deepening our undemtmdmg
of a rigid body dynamical problem. :

. Let p =X2P for any point P of the rigid body B and let ;‘FG = TTG Then the
sdent)ty

~N

' (72) r=ra+p

i;npliés

13) / rdm =, f radm + / Fdm
or | '_.‘ - «

(74) ’ reg=ra+ 1 j dm
™. ¢ =ra-+ — [ por

by virtue of (56), (57). Now (74) and the identity

(7,5) | re¢ =ra+Pg

imply -
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1 :
(76) Pc = ;'/ﬁd:n.

If by definition -

(77) ;.Lr = /Ta x (T x p)dm ~ mPg X (@ x Pg)
and
(78) Mg=M+F xrg

denotes'the moment with respect to G of all forces, both active and passive, acting.
on B, then Euler's second dynamical axiom takes the form '

(79‘) Lr ~-Mg=0.
Let by definition ‘
(80) P=LEC R+ ((°,
N L
(81) Pc = &c€ ° + 6T ° +(c( °,

(82) Igy = / (€% + n*)dm, I = [ (0 +¢)dm,  Iee = [ (¢* +€)dm,

4

(83) D¢p =./'£qdm.-‘ 'l),,g; = /-qC(lrll.- D¢e = ‘/“éfdm.

(84) A= Ipc —min +CE). B = Ieg —m(CE +€5), C = Igg — m(€S +n2),
1 Y g ’

(88) D=D, - nn'!c,-C(;. E = D¢ — micéa. F = D¢, = mégne.

Besides, Jet 4, j, & be the unit vectors of the axes Oz, Oy, O: respéctively of r.he

inertial system of reference Ozyz and let by definition
5 . ]

~:(86) ro'= zgi +yei + zek,
. (RT) ’ Fy= Fugi ¥ Fuyd + Fuks | (r=1,..., m),
(88) R, = Rysi + Ruyj + Ry.k (v=1,7.n).



At last, let :

(89) W=wef * +wyf * +wel ®,

(90) Mg = MgeE ° + Mg, T * + Mac L °.

Then Buler’s first dynamlcal axiom is equivalent mth the following syatem of
dlﬂ'erentxal equations

o) miG -3 Fue =Y Run=0,
j‘__' pw=1 * v=l
=1
p=1 , v=1 s

and Euler’s second dynamical axiom (79) is equivalent with the following system
of dlﬂ'erenhal equations

(94) Awe — (B C)w,,w( — D(wj - w‘) E(w¢ + wewn)

—F (i — wewg) — Mgg = 0,

(95) Bis, — (C = Aywqwg — E(w? —w?) — F(wg +wiw)
' '_D(u'ac - wgw,,.). -OMG,,= 0,.

(06) - Gl = (A= Blogup — F(w] = w2) = D{cin +wcwe)
—E(we ~- w,,ug) Mg¢ =0.

The differential equations (91) -~ (96) namely are called the Eulerian dynamieal
equations. In particula, the equations (9) - (93) are calléd the Eulerian dynamical
-equations for the motion of the maas-center of a rigid body, and the equations (94)
~.(96) are called the Eulerian dynamtcal equatmu Jor the motion of the rigid body
around ils mass-centers.

- Since the Eulerian dynanucai equwom are eqmvalent to the Eulerian dynam-
“ical axioms, in the gense that (91) — (96) are implied by (24) and, inversely, (24)
are implied by (91) - (96), sometimes the Eulerian dynamical equations (81) - (93)
and (94) - (96) are (lncorrectly) called the first and the sccond Ellemm dynmwd '
.Jaw respectively.
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Let us now give a brief professional characterization of the Eulerian dynamical
equations (91) ~ (96): what in them is given, and what is sought ina dynam:cal
rigid body problem? ” .

There are given: first, the inertial moments (82) and the demataonal moments
(83) as well as the mass-center-(76) of ‘the rigid body (or, if not explicitly given,
they can be computed, the geometry of the rigid body B and its density being
known by the conditions of the dynamical problem under consideration), hence the
quant.mes (84), (85); and, second the aclive _fora's(l) acting on B (i.e. their bases
and moments).

There are sought, first, the mdependent parameters (32) of B as fanctions (53)
of the time ¢ and of the initial conditions (54), (55); and. second, the reactions (2)
of the geometncal constraints, w Inch take part in (91) - (96) by means of their
bases (88) in view of

!

, [
(97) N,_r,,,+,,xR “v=1i.., n)

Let us note that, by virtue ol'(Ts) (15) (101 thc rclat |ons

m+4n

(98) =Y (r,%F, +F.,xra)

v=l

hold good at t.hat the radius-vectors (()I are given funchons of the para.met.ers (32)
of B and possibly. of the time t. .
Formulated in such a mauner. the dynamlcal prol)lem 18, in the general case,
mathemahcall\r indetermined: the number of the unkigwa functions (53), together
with that of the unknawi companents R,e, Ry, Ry: (v =1,..., n) of the Lases
(88) of the .treactions (2) is greater than the number of the Eulerian dynarmcal
equations (91) - (96) which is 6 at most ($ in-the case of a rectilinear’ rigid rod). '
From a mathematically formal point of view this lndetermlnateneas is. of the kind -
of the indefiniteness|in a geonwl rical problem, say. for a triangle, the two ouly sides .
of which are given. The physical-motivation «{.this indeterminateness is, however,
much deepier. .

For the time being we slm]l not enier into detail in thls problem It is cloeely
connected with the definition. of the notion of g geometrical constraints imposed on
rigid bodies and with the dynamical nature of such constraints. We shall confine _
us to the remark that the simplest way to make a dynamical problem mathemat-
ically completely determined. passes throubh the hypothesis that the geometrical
constraints |mposed on the rigid body are smooth. By definition, a geometrical
congt ramts is smooth if. and only il the reaction it generates is normal to thw
cousl raint. Apphed to the l't‘d('thll': (2) this hy pothests implies

\

(99) R,drpye =0 W=1,....n)

Now (99) implies that in the case of smooth constraints the postulate i30) of ideal

constramts is satisfied trnmll\ il a geomemcal constraint is smooth, it is ‘eo apao
“ideal. .
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The hypothesis of smooth cdnstraints is cjassical for artalytical dynamics and
it is traditionally accepted in the predominant majority of problems this science
solves.

Now one can state completely categoncally that the ‘competence of the Eulo—
rian-dynamical equations (91) - (96) or, just the same, of the Eulerian dynamical
. axioms (24), is extended over any dynamical problem.concerning rigid bodies, in
the presence of, any geometrical constraints imposed on them and under any suf-
ficiently determined conditions concerning the mathematical nature of the forces
of friction. Moreover, although in Euler’s times the non-holonomic dynamics be-
longed to the -distant future, nevertheless the Eulerian dynamical equations (91)
.- (96), and they only, are in the position to solve completely any non-holonomic
dynamical rigid body problem. .

In other words, the Eulerian dynamical equations {91) - (96). provide'a possi-
bility to give, for any (holonomic or non- -holonomic} dynamical rigid body problem.
& mathematically completely correct answers of the following three questions:

“First, are the conditions of the problem consistent: does'the dynamical problcm
© possess a solution or not (or in a mechanical aspect, is the motion, described in
the conditions of the dynamical problem, possible or not)? e

Second, if @ motion ezists, then which is if?.

Third, which are the reactions that generate this motion?

There we are: here is what Euler has done for. analytlcal dynamics. Tlns is

-~ using Lsgrange's own words — what ne laissera rien ¢ désirer. These are -
‘aga.m quoting Lagrange — .des formules générales, dont le simple développment
~donne loules les équations nécéssaires [el suffisantes] pour la solution de chaque
_problémc This is what Euler has published thirteen years before the Méchamquc
“Analitique saw the light of day and’ what Lagrangé passed over in silence in seven
| Ianguugeu in-his Traité: Thls is what is seldom found in the mechanical textbooks
and is’ complet,ely omitted in Pars' treatise [26] dealing with  twentieth century’s
analytical dynamics and clmmmg “to give a compact, consistent, and reasonably
" complete’ accblnt on-the subject as it now stands” {p. VI, our |tahc.s] Because
‘the Eulerian dynamical equations are the nightmare of the Lagrangean dynamlca.l
tradltlon — a rope in hauged-man 8 house.

“'We- come now to the sign of the cross of this tradition — ta the notbnous
Lagmngcan dyuamccal cquatwns ' ¥

d ar OT
df 8¢x an

, Tor whose Vh-hdlty the postulate (30) of |dcal constraints is a condatw sine: qua non:
thé equations (100}, simply and purely, do not fiold if this postulate is violated.
" Almost any modern textbook on analy tical dynaniics inflames over. t.hese equa-
tions. Pars, for instance, writes: .
- “The whale of analytical dynamlcs 1s based upon, and is derived from, the
-theotem of Lagrange that 1 call the Jundamental equation. .. The presentation of
- the subject. . . knvolves the translation of the fundamental equation into a number
of di_ﬂferent forms . six in all... The beautiful and powerful theorem contained

'

(100) ~Qy=0". (A=l_,...,l)
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in the equations (6.2.1) and (8.2.2) was established by Lagrange in 1760. It pro-
vides a simple and expeditious method of forming the equations of motion for any
dynamical system. .. The equations have a central place in Lagrange’s great work,
the “Mécanique Analytique” {sic] ... published in 1788, one of the epoch-making
books inthe history of mathemaucs . The Mécanique Analytigue is the primary
source of the subject of analytical dynanncs and it is rightly regarded as one of
the outstanding intellectual achievement of mankind” [idid., p. VII, 76].

A more sober appraisal is found in Truesdell’s Essays:

. “For systems of mass-points, in 1782 Lagrange had introduced generallzed co-
ordmates and had achieved the invariant formulation of analytical dynamlcs now.
called “Lagrange’s equations”, from which his treatise has gained its main fame.

Much has been said in praise of these equations which belong to the only
part- of mechanics of the eighteenth century that is réasonably well known today.
Their importarice for later work in analytical mechanics and in modern physics is.
clear. Less clear, perhaps, is that abstractness of forrulation conceals. the main
conceptual problems of mechanics: The role of inertial frames and the ‘concept of
rigidity, essential to the classical idea of “observer”, are hidden in the invariance of
algebra. ' : »

It is true that Lagrange’s, equations. have the same form in a.ll descnptnons, but.
it is not true that a'system of differential equations in Lagrange's form necessarily
belong to a dynamical system satlsfymg Euler’s law in some [rame, let alone an in-
-ertial frame.. By obscuring the forces, Lagrange's equations conceal the invariance
group of classical mechani¢s, which is immediately plain from Euléer’s equations.
Moreover, Lagrange’s equations do nof reflect the space-time geometry of classical
rhechanics, the' main property of which is the possibility of adding together vectors
located at dlﬂ'ereni. points. Without this distant parallelism, we may speak of en-
ergy, but we cannot even forni those other basic quantities of classical mechanics,
montentum, eenter of mass. and moinent of momentum. From Lagrangé’s equa-
tions, we cannot tell'whethrr a system has momentum or not: Euler's equations
“ show at once that it does. and this is borne out by the fact that the general integrals
of linear momentum first_appear in treatments based upon Ealer’s,forinulation. In
any case. Lagrange’s equations aré relevant only to special kmd% of mechanical
systéins and are far lesy general than Euler's laws or than Lagrange’s prmcnple of
virtual work™ [27, p. 133]. : . |

I is"Meaiige that such an'illustrious author as Truesdell makes no mention’
of other ailinents of Lagrange s dynamical equations that arc as §rave as inborn
vices. We shall begin our exposition wnth the ﬁrst of them, whlch is remedlable in
contrast to the other ones. s

‘et us remind Voss' remark. already cited: “Es wl aber: Ielcht zu sehen, dass
man auf diesem Wege nicht' unmittelbar zu der \’orslclluug der Bewegung eitics
kontinuierlich mit Masse erfillten Rtatues kowimt. ™ Now, it turns out, that this
“leicht zu sehen” is inapplicable to 1he author of the dynamical treatise [26). Indeed,
all he accomplishes in his book does not a'whit touch rigid bodies. The rigid bod}
slip out of his ﬁngers as water runs out a siéve. The “fundamental equation” e
writes dowh the “six forms™ of it he derives, all dynarmcal t.heones he’ develops
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‘on all the pages of his composition [26] — -all this is meaningless as far as rigid
bodies are concerned. Because all Pars performs is dynamics of systems of a finite
number of discrete mass-points: of one mass-point, of two mass-points, of three
mass-points, of four mass-points, of ten mass-points, of hundred mass-paints, of
thousand mass-points, of million mass-points, of milliard mass-points, of milliard
‘milliards mass-points, of n mass-points, at last, where. n is any natural number.
And that is it! No body: no sphere, no.ellipsoid, no cube, no pyramid, no rod,
no discr. . In two words: no continuum, only discrete mm—pomts no matter how
great their number may be. L
Incredible dictu? Incredible. Factum? Fact. .
Hic Rhodus, hic salta. . Hic L.A. Pars’ A Treatise -on Analytical Dynamtcs.'
Aic hia “fundamental equation”. If somebody states that it is meaningful, to say
nothmg of valid, for a single rigid body, then this somebody is not all there.
" Things being so, what about the solemn promise of the author of [26] “to give {
a compact, consistent, and reasonably. complete account on the subject as it now ]
stands ? Nominibus mollire licet mala.
_ Let. us. play fair, however. As a matter of iact promising to expose “the |
subject as it now stands he is speaking the naked truth, by an irony of fate. In the -
.tradlt.lonal literary sources analytical dynamics stands now exactly as he presents |
it in {Zﬁ] It would be unjust, however, if we let, him bear .the brunt alone. He ‘
is not solitary. He only accomplishes what his t.eac.hera haye l.aught. him.. What
all his ¢olleagues do. (And what all his pupils will do,) It is not the person —
it_is the system. It is'not the professor — it is the profession. And it is not -
.the analytical dynamics —. -.it is the Lag:dnggan t.radmon init. The Lagrangean ]
tradition ia as dangerous as a highway robber: it kills the intellectual faculties af the
mechaniciang, their indivjduality, thelr abliltles to think. mdependent.ly critically,
and authentlcally y
.. In-order not to let. t.he aptlior of [26] take the rap alone. Iet us invite for |
.cqmpany some.other authots. gdherents of the same mechamcal phllosophy' say
.those of the monograph {38] on non-holonomic dynamics. Both books are almost
coe\(a.ls Though quite different in contents, approaches, and st.yle, far reaphmg
_analogues may, nevertheless, be observed. -
. The first of these slmlhtudea is:the attituge towards Euler’s dynamlcal Iaws It .
W teue that chapter 11 of [38), entitled * Havqelme NBHNEHKH HEFOJOHOMHLIX CHC-
JeeM i wctone o6uMx 3aKRoH0B nnua.nmxu Kanaccyuecrue 3anaun o kavenun
TBCPAOEO TEHR 110 TIOBEPXUOCTH | IS dedlcated to the solutions of some classical
-.nonaholopomlc problems concerning rolling of rigid: bodlea an surfaces without slid- «
ing and slipping (inertial rolling of a dynamically symmetncal ball on, 3 sphere; a
. héavy-symmetrical balt rolling.on an. inclined plane; rollmg of a heavy ball inside a
sphere, rolling of 'a ball inside a sphere; which Pn its part is rollmg on am, inclined
plane; rollmg of a dwk and a torus on a horizontal plage; rolling of & llq]low sphere
with an inside gyroscope ‘on a borizontal plane; motion of Tchapllgln 's sled; rolling
_of a homogeneous ball on-any surface under the action of a system of forces, the ba- .
-8is of which passes throngh the center of the ball, ect.)..In the same time, however, ,
it.is true that the authors of [38] use, at least in thelr t.beoretncal .considerations,

-
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Newton’s rather than Euler's laws of momentum and of kmehcn.l moment the
first sentence of § 1, entitled “O6ume 3aKonu mmamuu. O606menue Teopesl
nnomanet”, reads:: “Paccuorpm cuc'reuy, cocromnyo 3 N MaTepualbHRX
rouek ¢ Macamu m;(i=1, 2,..., 'N)...”, and all that follows afterwards is de-
rived for such systems only, bemg in the sequel, nevertheless, applied nashely to
rigid bodies (just now listed above). On the other hand, in the “Boeneime” of this
book one reads the following most queer statement: .

“Sapoienne AMHAMUKH: HETONOHOMHBIX CUCTEM, MOrBHIAMOMY, CllelyeT
OTHECTH K TOMY BpeMenM, Koraa Bceobbemasionmit u Gaecrmumit aHaauTH-
veckul dopmannsm, coanaﬂuuﬂ TpydaMH Bnhepa u Jlarpamwka, OKA3aJICA, K
BceobmeMy YaMBIIEHHIO, uenpuueuumum 'K OWEHb MPOCTHIM MEXAHUUECKHM 38~
_navam o kayenun Ges npOCHMI:BhIBaHHﬂ TBepaoro Tena no niockectu” (cTp.
7). '
“Such a statement is perfectly unacceptable by virtue of ttvo reasons. Flrst Eu-
ler never created “analytical formalism”, the contrary may be maintained only by
him who is ignorant of the very essence of Euler's work in echanics; as well as in
analysis. Second, it is absolutely false that Euler’s mechanical apparatus-is ‘inappli-
cable to the problems of non-holonomic dynamics: ‘as we have already emphasized
above, namely Euler’s dynamical laws of momentum and of kinetical'moments are
the genuine and only taols for solving non-holonomie dyna.m:cal problems

In any case, the authors both of [26] and [38] are unanimous in their attitnde
that, as far as non-holonomi¢ dynamics i§ concerned, Euler is a persona non graia,
although, it is true, the name itsel( is not mentioned explicitly: homines notos:
nominare odiosum esl. :

Chapter III of the monograph [38] entitled “Auummecxu mmﬂ.nmca. Hero--
nosoMuux cuctem”. deals with various non-holonomic versions of the Lagrangean
holonomic dynamncal equations: equations of motion of. non-holonomm systems
with Lagrangean multiphels (equations of\Routh), equations’ of Tchaphgm and
Voronetz, equations of: Volterra and Magqu equations of motion in quamcoordn-
nates, equations of Ap Il, etc. The role of a startmg point of all the. following
exposijtion plays §.1 of tlns chapter, entitled “I1 PUHIMN BUPTYAAbHLIX NepeMele-
mai u ypapHenua Hanambepa—Jlarpansa”, where the principle of virtual dis- .
placements (as the principlé of virtual work is called m [38]) and the dynqmcal
equation of D’Alembert.—Lagrange are deduced.

‘In order to understand the principle of virtual displacements one must under-
stand the meaning af the term vnrtual dmplacement itgelf. Now the authors of [38] ‘
wnte A $ ,

LA nup'ryaubuuu nepememel-meu CHCTeMb HA3HBAETCA nepeuemexue
KOTOpOe CHCTeMa conepmm NpH BUPTYalibHBIM BaPbMPOBAMH eé¢ 2606uenthix
KOOPJUMHAT. Ho.n nupryaabﬂom ‘BapbMpPOPAHHEM NPH BTOM MOAMMALTCA Gecxo-
HeYHO MAaJIoe M3MEHEHHe KOOPAYHAT, COBMECTUMOE C HAJIOMEHHLIMU HA CHCTe-
My CBA3AMM M COBEPLIAEMOE B ‘puKcHpopaHHHIt MOMEHT npeueuu (crp :91). .

Wé do not know the reaction of the readers of this article in connection with
the above excerpt from [38]. As to the authors of this article they confess that their
feelings would hardly be different, if they were confronted with a fragment from the
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Koran. They think, at that, that they are scarcely the only people in this world '
for which such “definitions” sound enigmatically. And they have good grounda for
such suspicions. :
Indeed, w-hat other reason, save complete lack of understanding of the essence
of the (metaphysical?) notion of virtual displacement, could raise the well-known
‘violent dispute coneerning the -commutativity or, non-cornmutat:ivity of ‘the d-
operation and §-operation, a far away echo of which resounds in the following
~text from (38): ° L ;
' “Kme e NIePecTAHOBOYHBIE COOTHOLIEHUSA npa.nnnbm? }.'[o nocJlieHero
‘BPEMEHH naaxe B y\leﬁuoﬁ nurepa‘rype "He 6RNO emmoﬁ TOYKHA 3pem ] 1;011-

poc;e o nepecn.uoaoqnoc'm onepawwit’ Au¢¢epemmponauna oo apeue}m rTha

BMPTYANBHOTO BapbHpPOBAHUA 6 (wau, xopoTko rosops, onepammit d u 6)npu
HAJIMYHM HEeMATErpPHUPYeMuIX KMHeMaTUWeckux cpasell. - MapecTHw mse Towuxm
apenusa, -Cornacxo omioft (xoTopolt NpUAEPAMBAIOTCA, HANPUMED, Bom.'rep-
-pa u lasens), nepecTaHoBOUHOCTL onepaimuit ¢ n 6 MMeeT MecTo ,n.mt BCeX
HCTHHHEIX KOOPAMHAT §1, ¢3,..., Jn, HE3ABMCHUMO OT TOFO, ABJAECTCH cHoTeMa
rosoHoMuol uan weronoHomHo. CornacHo apyro# Tourm spenun (Cycaos,
JleBu-Uusura m AManbanu), nepemecTHMotTh onepaiii d u § MMeer Mecto
TOJIbKO AR POJIOHOMHRIX CHCTEM. B cayuse HEro/IOHOMMLIX CHCTEM COOTHO-
nenue Lot : . b '

‘ ',. dbg; —6dg;.= 0. {6.4)

npnmma.e‘rca TONIbKO JUIit Tex oﬁosmemmx xoopmmu BapHaLyK KoTopuX (B
COOTBETCTBHM C YPABHEHWAMHU HETOJNUHOMHMIX CBA3EH) ARAAOTCA HE3IABUCHM-
’.'mm, a ANR OCTAAbLHLX KOOPAMHAT- JIEPECTARHOBOYHEIE COOTHOLIEHUA BHBOAAT-
'_c.a, 'naxo.un 3 ypa.nuemm HEeroJICHOMHEIX CBf3ell, ¥ OKA3LIBAIOTCA OTAWVHLIMH
_"'o’r (6.4). DTta mTOpas Touka 3peAmMA mMosyuuia BceoOlliee NMPUIHAHMME, M ce
I"npnhepmeﬂuu TYMTAJIH nepsylo touky spenus, .onmGouroh. Oanako Famens .
' nokasan, yro obpuHerue B omubke ne Beccndpno TAK KaK, €C/IE paccy>KIaTh
' :mume, TO MEpPBAA TOUKA JPEHUA TAKOKe OKA3LIBAETCH npueManuBo, a HMEHHO:
- IpOTHBOpeEUMe MOAHO CHAThH, eC/TM BAPHALMH KBA3INKOOPAMHAT COOTBETCTBY-
'lqmux chsadielt He MonaraTs papuriMu HMynio. Bwmecrte ¢ Tem [Namem ne man
"oﬁotmonuma CBOEMY DPACCYXHACHHIO U Ha Bonpoc noqeu_v HMEHHO TaK cle-
AYeT MOCTYNATH, & He MHaue, OH He orsetun. B nocAenHee BpeMA B OTOM |
-Rompoce 6LIIA BHeCeHA ACHOCTD B paﬁore , Fle MOKA3aHo, YTO NPH Haane-
XKamem TOAXOAE K MEPeCTAHOBOYHMIM. c00momeumm o6e Touku 3perms BEpHLI
M He NPOTUBOPEYAT, KAK BTO Ka3aROCh, APYT Apyry. AHaiu3 BONpPOC NOKa3L-
_ BaeT, Y19 npotmaopetme BO3HWKAET M3-3a o'rcy’rcrnu.ﬂ onpeaeneHHA HCXOOHKIX
" momATHi; T.e: onepa.uuﬁ duld, COAEPHAIAXCA B nepeuauonotnmx COOTHO-
wennax” (crp. 139). -
It is obvious that all these profound t.houghts — to usé Euler’s’ exprcsalon
, apropos of Lagrange s‘mental speculations — are anythmg save maﬂxé!naucs We
_shall not enter into the essence (if any) of the notion virtual dlsplacemenf. — this
~ deus ex machina of the Lagrangean dynamical tradition. In any case we have not
" yet found ‘an irreproachable definition of this term in all the mechanical literature
" \ [

.
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we have had an opportuaity to hold in our hands in the course of a not quite brief -
professional life, and we think it is very problematic whetheér there is any at all:
otherwise the debates around (6.4) would be quite pointless. At the same time any
diplomaed mechanician all the \_vorld over would feel deeply offended if one makes
the slightest allusion that there is something to be desired in his understanding of
the virtual displacements. C’est la-vie. In result disputes about dé — éd, as if the
problem a x b+ b x a =7 is a question of “eamnrol Toukn 3pena” , of “pceobmee
npu3Hanue” , of “npusepxeHunl”, ect., and so on, U Tax Aanee., As rega.l\ds the
above fragment from [38], one is puzzled Mechanics? — Maybe, being prmted
in a mechanical monograph — Lagrangean mechamcs however. Mathematlcs" -_
Mathematics, my foot. ‘

~_ Things being as they -are, let us glve a look in [38] in order to see how the
prmcnple of virtual displacements is derived in this book. There we read:

“Kak u3BecTHO, ABWHeHHE MaTePUaILHON TOUKM NMONIHOCTLIO ONpeReLAeT-, .
cA cbnoxynnqcuno cun, NpunoKeHHbx K Touke. Jina wanucaHua ypaeHeHut
HBIDKEHUA CUCTEMBl MATEPUAILHEIX TOUEK Mbl LOJKHBEI BBECTH CHIIN, JeHCTRY-
IollKe Ha KAKIAYI0 M3 Tovek, 06pasylonMx pacCMaTpUBaeMylo CHMCTeMy. B
YMCJIO BTHX CHJl GYAYT BXOAMTL M CHIILI, PO3HUKAIOLIME U3-33 HANUUMA CBA3eH
MEXAY OTAe/bHLIMU TONKAMM CHUCTEMDI, Takum obpazom, YPaBHEeHUA AuinKe-
HMA CHCTEMB OKa3LBAIOTCA 3alIMCaHHLIMKM B BUAaE

miwy = Fi + Ry (),

rae m; — macca i-it Touxu, w; — ee. yckopeuue, Fi + R; — neiicTBymuan
'Ha Hee cymMyMapHaAa cuia, npadem R; — pe3yanTUpy1oWan cua cBAseld, ha-

.nomemnn Ha i-y10 Touky. [locKOJBKY ML MHTEpecyeMcA TONBKO ABIKEHHEM
CHMCTeMHl, CHJIIW cBA3CH R; oKA3LIBAIOTCA AHUIb CMIOMATATENbHLIMM nenuqmla-
MU, KOTOPhIe Mbl BLIIlY)KIEHI! BBECTH U KOTOPhle 3aTeM CrelyeT MCI(J“O‘-IHTb
(czp. 90 - 91).

Several objections simply obtrude themselves in connecuon with thcse formu-
latlons, especjally as rcgards the ‘reactions, It is true that * ‘Mpl UIITepecyemca
ABKEHUEM cucTeMu”, but it is not true that “Mul HHTepecyeMcs MmoAsKO JBU-
MKEHHEM CHCTeMB” We are deeply concerned wnth two other extremely lmport&nt
‘problems: o

First, does the mechanical s}stcm move at all?

. Second, if it does, then why docs nt move? .

The_answer of the first question is equivalent to the answer of the question
whethc t.he aystem of equations (1.1) is cotmstent or not, in other words does it
pospess 8 solution or not? This probl’cm cannot ho solved without Lhe reactions R,
since they take part in (1.1) and predestinate the conclusion.

Second, if the system of equations (1.1) has a solution (ne if the mechanical
system can move) then it moves under the lactions not only of the active forces F;,
but of the passive forces R; as. well. Hence, R; represent one of the reasons for the
motion of the mechanical system and, consequently, the half at least of the answer
of the question why does the system move.
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‘In both cases the role of the reactions of the constraints It; is decisive. There-
fore they by no méans can be qualified as “aiwe BcnomMaraTeabuLIMK BeANYHHA-
mu” . They are unknown qudniilies of the dynamical problem under consideration
. eompletely equal in rights with all the other unknown quantities of this problem,
‘the ezistence of which we must establish in a mathematically perfectly irreproach-
"able way, and which. if they exist, we must defermine from these very equations
(1.1) which: the authors of {38], like any genuine Lagrangeanists, so vigorously en-
deavour to eliminate. After these comments the statement of the authors of [38]
that the reactions of the constraints are somet.hmg that “MRI BOIHYKAGHE! BBECTH
A KOTOpHIe 33TeM cledyeT ucKknlounTs sounds morethan queer.

~ Another objection, not less categorical than that concerning the reactions,
affects the relations of the mechanical objects mass-points and rigid bodjes. The
mechanical ideolagy of the authors of [38] apropoe of these relatibns is manifested
~in the following ‘considerations.

= “Taxum' o6pa3oM, BHauane 6u:m YCTBHOBJIEHN! 3AKOH ABWKEHHS MaTe-
PHA/IbHEIX TOYeK.

Ilnst U3YUEHMA 3AKOHOB ABWKEHUA Gonee CROMHUBIX MeXaHUYECKHUX CUCTEM
cTanu NpUGETATL K MLICTEHROMY: pa3buennio Takofi cHCTeMbi Ha MaTepuaib-
,Hue Touku. Taxoil noAxXon NpUBes K TOUEUHOMY NpPelCTaBERUjO MexaHuyec-
‘olt cUCTeMm!, T.e. MEXBHHYECKYIO CHCTEMY CTAJM NPEACTaBAATH '8 BUIE COBO-
l(yl'IHOCTII MATEPHAJILHEIX TOMER, KOTOpHIe TOAYHHEHb! onpeneneHHLIM CBA3AM.

Dra TOYKS 3PEHHA NPOHMKAR Aae B THAPOMEXAHUKY B BUlE TAK Ha3blBae-
Moro AArpatwyKeporo 3aflAHUA ABHKEMHA MULKOCTHA, HO 3aTEM B 3HaUMTeNbHOU
Mepe GLIIA BHTECHEHA MOMATHEM CNAOUMON CpeAn U COOTBETCTBYIOWMUM €My
eitrepoBrIM. cnocoGoM 3asanna aBmxeHua norakoctu” (cTp. 90).

The pnmlthmm of this speculative scheme comprehended by Euler more than
'two <clear centuries ego has never put out of ‘countenance the Lagrangeamst.s who
‘petsevere in it with a doggedness deserving a better destiny. This primitivism invo}-

- untarily reminds the historical dawn of integral calculus when Denocrite considéred
the geometncal bodies as sums of an extremely Iarge number of ewrenw small-
.atonis. - heitce the denomination of the method of indivisibles of this approach by

lahe I.aumzed individuum, of the Creelc Jaropo(. The development of these ideas

should be very instructive for the Lagrangean mechanicians of the Twentieth Cen-
tary. Archimedes computed the areas and volum of many figures combining the
principles of the level with the idea that a plane figure -is. composed of an infinite
number of parallel rectilifear segments, and a geometrical body is composed of an
mﬁmte amount.o[ parallel plane sections. Stlll in the antiquity, however, such ldeas
and mrthods came in for serious: criticism. Arclumedes, for instance, took the vxew'
that it is ahsolutely oBhgatory ta redéemonstrate by the method of ezfuulwn (t.o use
~a'denomination. mtroduced in ‘the seventeenth century; the éssence of the method:
' com;lsl.s in infinjte succesive approximation of uinkuown quantities by known ones)
“of any result obtamed by the method of indivisibles. Not lesser instructive. should
beé the l'act that udent dlqputee around the structure of the continuum have arisen
| atlll in the mediaeval science, to be continued not less passionately in our times. In
any case, no mgthematlclm of t.oday would apply to the éircle a theorem on those
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only grounds that it is proved for any regular polygon: the movesnse npedcmas-
aenws of continual media are, in times long ago, not only ‘completely compromised
in mathematical science, but even once and for all exiled out of its-paradise.

(This picture does not a whit lessen the heuristic importance of discrete ap-

proach to continua, especially in phyancd t.heornes, in any case, the Archimedean
model of mind should not be-cast aside.) .

We see, in the long run, that the authors of the monograph [38] are mtendm; ;
to derive the principle of virtual displacéments for systems of a finite number of
mass-pointe:-Here is the formulahon of the result of their efforts in this direction:

“[lepeitnem. Tenepd k q)opuynupoane npUEUMIA Bup'ryulbnux nepememe-~
uuil; Heobxoaumoe' ¥ RQCTATOUHOE yCROBMe PABNOBECUMA CHMCTEMhI MBTEpH-
aJbHKIX TOUEK ¢ MACANILHEIMM CBA3AMYU mmoqae'rcn B paBeHCTHe HyMo BUP-
TyaJLHol paboTh 3anaBaeMuIX cua, T.e.

N CRY
E Fibr; =0 (1.6).

)’paBHeHne (1. 6) He COACPUT peakuuit cgaaeﬁ“ (cTp. 92)
This “result” is absolutely chimerical. Or, using mathematical rather t.han
poeucal language, it is completely false. )
‘e shall disprove the sufficiency of the principle of virtual displacements (1 6)
for the equlhbnum of a system of ma.ss-pomls usmg l.he very arguinents of it
authors. Their immediate text reads;
Tahl‘l\l vbpa3oM, B CTATHKe 3ana.qa 06 Mckaiouenun peakumit uneanbnux
cnﬂ3eﬁ

§A = 2 Riér; =0 c1.2)

. T =l \c _
. pellaeTcA CAenyIOUIMAI obpa3omm: npunaru K kaxaof Touxe CO®TBETCTBY-,

IOI.IUIO PeaKUMIo. OCVU-leCTBJ'IIIIOLLL\IO II&J'IOH(elllIle CBA3b, SWCHRIOT cnc'reuy

COBpK)Eﬂ“OCTbIO CBOGO;‘.[III’-I"( TOMCK, yc lIUBHeM paauoaecml BIA. Kﬂ.ﬂﬂlﬁﬁ M3

xo'ropux 6ydet caeayloulee:

Fi+R;, =0 . (f=1.2,..., N} (1.7).
Ecnu.tenept Kaiwaov ns ypavitlennit (1.7) ysmnonursb CKaJIApHO HA §7; u Bee
BRIPAXKEHKA CAVAMUTL. TOIAA MONYUHM YpaBHEHUe ‘

N N ,
Y Fibri=-)" Riér; - (1.8),. .
=1 ' =1 g
KOTOpOe coananaei' ¢ (1 .6). llOC-KOJ';bh) npa'aa.ﬂ YACTb. 06pamaeTin B HYb
cornacid ycnosuio (1.2) niacanbuocty cuazeil” (cTp- 92 - 93).

.+ Let us display some niathematical leniency, accepting that in this manner it is
proved that (1.7 a.lul (1.2) imply (1.6) indeed.. What of it? This proves that the
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principle of virtual displacement (1.6) is, in the presence of ideal constraints (1. 2);
a necessary condition for the equilibrium (l 7) of N mass-points. But the authors
of [38] state that this same condition (1.6) is also sufficient for (1.7). Is it mdeed?i
By no means. .
First, these same authors do not say in their book a single word more uq
' connection with the proof of the principle of virtual displacement. They have don
their work, washed their hands of,.shut the door in the reader’s face, and lockec
it out with seven padlocks. The sentence immediately following the just now cited
text from [38] reads: “Bo3ppamancs k AMHAMMKE, €CTECTBEHHO PENATE 38184y
06 uckmoveHnM pearipil CBA3EH CHayasla TAIKE RAA CHCTEM C MACMNbLHLIMH
casaaMu” (cTp. 03). Acta est fabula. i
Second, there exist counter-examples. In other wo,rds there exist mass-point
problems, in which the would-be-sufficient condition (1. 6) of the principle of v1rtunl
dlnpla.caments is satisfied, but the mass-points are not in equlibrium.
' Here is such a counter—example
Let a masé-point P be given, on which no active force acts and which is con-
strained to move on a smooth spheﬁe S. Then P is under the action of the reaction
R of S. At that, ' '

(101) ‘R#0;"
. 1§
since othérwise P would be moving alond a straight line and not onS. lf F denotes

the active force acting on P, then by condmon

‘-

-

.

(102) F=0 :

and (101), (102)'imply

@ﬁ) o ) F+R#0.

;[‘the relat:m (103) dmplays that P is not in equlhbnum under the action of F and

_ But it is ﬁ: equhbnum accordmg to the authors of [38), Indeed, if O denotes
the center of S am_i r = OP, then, on the one _hand

(_104). ‘ ‘ Fﬁrﬂz 0
‘in:view of (102); on the other-hand,
(105) ' Rér =0

gince S is smooth by condition. Now (105) dmplays that thé postulate of ideal
.constraints is satisfied by R, and (104) is, according to the authors of [38]
sufficien} condition for the equilibrium of P. Q.ed.

This counter-example has been constructed not later tha.n November 1 1967
and published in the article.[39]; in other words, it and [38] are the same age. Nev-
ertheléss, up to.now it has been set at naught. by the mathema.uca.l and mechamcal
pubhc Never mind: Nolo epucopan
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Other counter-examples, displaying the insufficiency of the principle of virtual
displacements for the equilibrium of rigid bodies, are given in the articles [9). and-
[24], while the principle itself is discussed in the article [13].

If we have paid so much attention to the principle of virtual displacements,
the reason is that adbyssus abyssum invocat, as the Bible preaches: -the statical
principle of virtual displacements has, thanks to the efforts of D’Alembert and
Lagrange, in analytical dynamics a most crooked abortion. It is called the principle
or the equation of D’Alembert-Lagrange, and it namely is what Pars in [26] calls
the fundamental equation, insisting that “the whole of analytical dynamics is based
upon, and is derived, from it. Let us see what are the authors. of [38] doing on -
this occasion: .

“PaccvaTpuBaa B nasibHeillueM CHCTEMEI c uneanbmmn cnaanuu.,aaue-
THM, 416 ypasuenus (1.1) no popme amanoryuum ypassewnam (1.7). Ha
3Ty anaaoruio o6paTui BHUMaHHUE Yxke ﬂanmﬁep, KoTOophit chopMyinpoBan
CBO# M3IBECTHLI NPHHEMM, noaaonuamnﬁ 3a.)1aqy o cocraanemu ypabtennit
NUHAMMKM GOPMANBHO CBECTH K COCTABIEHUIO, ypaBHeHU CTRTUKN. Y MHOMAA |
tenepb (1.1) Ha ér; u ckna.m.man' BCe BLIPAXKEHUA, Mbl TIONYUHUM ypaal-lel-lue,
M3BecTHoe no.n UMeHeM Y pablenun ]lanamﬁepa-ﬂa.rpunﬂa

‘ !

Z(m,-w,- - F.-)ér.- =0 (1-9),

. i=l
? .

KOTOpD®. B AMNAMUKe Ur PACT TaKylo Xe GONLIIYIO POJb, K&K ¥ MPUNUMI Bup-
TyansHeiX nepemedetinit (1.6) b cratuke” (erp. 93). :

In such a way, the authors of [38], on the one hand, and the author of [26}, on-
the other hand. are in perfect Ilarmony apropos of their appraisals of the notorious
principle of D’Alembert-Lagrange. “In this respect thoy do not _difler ftom any
Lagrangeanist whoever, whenever, and wherever all the world over.. But — there
is-a “but”, nevertheless. .. '

But aIl these men are movmg along a one-way sl.reet.' Indeed, both treatises
[26] and [38] are lacking'in the slightest hint that the routine mathematical manipu--
- lations by the aid of v\lnch (1.9) is derived from (1.1) posscss the neccssary quality
of reversibility: The text of (38] immediately following Lhe last cilation reads:

" “Taxitn 06pa3loM, MM NpULIAK K TOMY, uTo aaa noGoro nup'rya..nbuoro
BEPEMEHCIUA [1POU3DOTBHON MeXalHUCCKOH CHETEMI .C. MACANLILIMY CBAZAMM
MUMECT MeCTO |)a[IPIICTHO (19). B mmpnmtamoﬁ (popMme ypaBHeHHE lla..na.uﬁe-
pa-Jlar ;mlwa (}.9) MoKeT Gu'rl- UpepcTanaclo i puae ¢

-

N, ‘
: Y (myd; - Xz =0 (1.10).

r Tkl L ’
Uyers, Ui 2ot _uﬁuﬁuu-ume xoopmmam-pa.ccmrpnnaeuoﬁ CHC-

Teaid. .0 {cTp.. 93).
\,\fto-rwards Al anthors ‘of [38] denve, én tl:e basm of (l .9), the Lagrangean

‘dynanncal c-qu.ul wns H)l)}
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" In other words the. uuthon of [38] derive (1.9) from (1.1) in case of (1.2
leaving the question open whether, again in the case (1.2), the equations (1.1)
restorable on the basis of (1.9). But this question is of cardinal importance. ' I
is identical with the question of the equivalence of ‘the équations of motion of §
system of N mass-points and of the D’Alembert-Lagrange’s dynmmca.l equatlo
(1.9). And if they are not equivalent? What then? ‘

Then there must exist dynamical problems for which the equatlonn of moti :
(1.1) and the principle of D’Alembert-Lagrange (1.9) will lead to different aolunonm
Moreover, since Lagrange's dynamical equations (100) are derived by means of (1 9)_
then thiey also will, in some cases of dynamical problems at least, lead to soluti
different from those obtained by means of (1.1). Since the equations (1.1) namely
éxe authoritative as regards the motions of mass-point systems, as far.as Newton's
dynamics is accepted as authentic, this implies that both D’Alembert-Lagrange’
principle (1.9) and the Lagrangean dynamical equations (100) are unreliable and
untrustworthy in the capacity of dynamical laws. :

~ This danger is not only a potential one, it is actual. Indeed, there exist counter-

examples. There exist dynamical problems, non-holonomic as well as holonomic,
involving ngld bodneo, for. which the solutions, obtamed by the aid of the Eulerian
dynamical axioms, on the one hand, and by the Lagrangean dynumca.l equations
(or their non-holonomic versions in the non-holonomic case), on the other hand, ;
are quite different — in other words, mutually exclusive. Such counter-exa.mplu{
may be swarmedi in legions. The first of them were published in our articles [5{
~'7, 21, 22, 24). They were called dynamical “paradoxes” or antinomies and the!
mathematical mechanism ruling these mechanical phenomena is revealed -in the
‘articles in question. This is, however, a topic we shall treat later in detail. For the’
time being we shall still analyse some characteristic features of the treatise [38).

"+ (The principle of D'Alembert-Lagrange has a most count.er—produchve effect.in.
educational aspect. Indeed, let us imagine a ypung student making his first steps
in science who sees for the first titne the deduction of the simple corollary (1 9}1
from (1.1) and (1.6); pompously named the principle of D’Alembert.-Lagmnge,
‘he is observant, then he will not leave unnoticed the fact that the requirement (1. 6).
is a quite artificial one — a little short of a trick:' Now,-what will the student al
feelings be? A simple something — the ecience! You performi a scalar mu]tnphcatxonﬁ
“of (1.1) with §r;,-add the obtained results together, take (1 6) into consideration
and — mthout any intellectual effort — your name remains in mechanics forever!
Is it-strange that Lagrange has so many imitators? . That many dozens, if not
hundreds, of equations of motign of every sort and kind have been till now proposed
on the mechanical stock-market — in any case more, than particular dynamical
problems'have been solved by thelr aid? That all this sélentlﬁc politics led to such
a devaluation of mathematical valuel, to such an inflation of mechanical works?
‘Alas, indeed. And all this is an inevitable consequence of the letter and, spirit’ of
the Lagrangean-dynamical t.radmon )

All follawing comsiderations in chapter III of [38] are, du'ect.b or mdlregtly,-
based on D’Alembert-Lagrange’s equation (1.9). Therefore, al kinds of non-
- holonomic_dynamical equatwns of motion are valid only to menchamcal lystemn
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congisting of a finite nurmber of discrete msss-pomt.a and to nothing else — at least
not, before the contrary is proved in an irreproachable manner. That is why all the
applications to rigid bodies of these non-holonomic dynamicgl Lagrangean versions
that are made in the monograph (38] are mathematically illegal — and no prevar-
ications, no matter how ingenious they might be, can alter this fact. In reality,
the authors of [38] have come to a dead-lock in the moment they have decided to
expose in their book those non-holonomic equations of motion that have become
most popular in this domain, following the originals of their inventors at that — in
these originals is also nothing more t.han mechanical systems of a finite number of
discrete ma.ss—pomts 'y

There is a very .interesting problem in connection- mth the equation (1.9) of
D’Alembert-Lagrange on which we should like to fix the reader’s attention:

There are many mechanical notions which are firstly defined for systems of a . -

finite number of mass-points. and afterwards these definitions are genemhzed for
rigid bodies by a mere formal change of finite sums by integrals. -

Let P, be mass-points with masses m, (¥ = 1,..., n) respectively and let S
be their system. Then by definition . -

n

(106) o m=Ym,
* v=1 a
and

L
(107) re = — m,r,

are the mass and the radius-vector-of t.he maaa-ccnter G of S respectively provnded
r,=0P, (v=1,..., n)and TG = OG Similarly, the quantltles '

(108) K= 2 My,

. =l '

' {
h 0
(109) - L=)r, xnv,
v=1 g
(110) T=-%2m,vﬁ
vr=1

where v, = r, (v =1,. . . n) ark by deﬁmt.u:n'l the momentum, the kinetical

-moment, and the Kinetic energy of S respectively. Now the analogy between the
definitions (106) — (110). on the one hand, and (56), (57), (23), (11) respectively,
‘on the other hand. is obvious. At -that, the advigability of the second serjes of
definitions is suggested by the first one.
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Snmhrly, there ate theorems of discrete analytical mechanics which have.ana- .
logues in the continual one. Kor instance, Neuwion’s laws of momentum and of
kinetical moment for a single mass-point P with mass m, namely

'(111)-; i(mv): F, i(r x mv) = M,

F and M denoting the basis and the moment (wnth respect to O) respectively of
the system of forces acting on P, provided »r = OP and v = r, applied to S, lead
to the systems of equations

112) - gt-(mv\,) =F,, i(r., X M, V)= M,
vy =1,..., n), F, and M,(u = 1,..., ‘n) denoting the same as F and M
respectively, however, for P, (1 =1,..., n) instead for P.
Let by definition \
5 ’ " n
-(113) | F = ZF,, M=) M,
v=l

If we add (112) together and take into consideration (113) and (108), (109), then
we obtain the equatlons (24) respectively, ‘But as a proof of Euler’s dynamical laws
this approach is false, since, by its very essence, it holds good for systems of a finite
number of mass-points only. At that, the proved validity of (24) for such systems
does not a whit imply the validity of (24) for rigid bodies: for rigid bodies t.he laws
{24) are beyond demonstration; they are dynamical axioms.

With this anly exception, all other continual analogues of theorems of dlscret.e
mecha.mcs, which aré true, can be proved, as’ for instance the kinetic epergy theorem
(14), whith is- t.nvna.lly true in the discrete case, ha:d been generahzed by us in the
continual case.

Now let the following question be put: whlc.h contmual variant does D’ Alembert—
Lagrange’s principle (1.9) admit?, '

Strange though it may seem at first glance the answer of this questlon is,
negative: no variant. The equation (1.9) of D’AlembertpLagrange, propomd for
discrete meckianical systems, has no immediate analogue in rigid body dynamlcs

The reason for this sfate of affairs is concealed in the lack of a strict mathe-
matical definition of the notion of virtual displacement- already mentioned above.
The Lagrangeanists are reasoning in the following manner. Let (32) be mutually -
independent. parayneters of the discrete system S of mass-points introduced abOVe
This means thatalr, (v=1,..., n) are: wholly determined functlons

(114) o r,_._r,(ql,....,{:g;) _(y:]l,...,-n)

ol'(fﬂ)whencz o '

L ' ", ;L

(s 6r.,_=§g; (v=1,..., n)
/ =

T »



Now (115) and D'Alembe'rt-'[;agrange’s principlé imply -

(.116) L zz(m.,wy F,)g"‘aq*-o.

=lv=x=l

Let again by definition

’,

(A'=1

e )

31'.,
117 == F -
(117) Qs = Z_:l N
be the generahzed active forces acting on the system 'S. On the other hand (114)
imply

i
(118) v, = E
whence
dv, .0r, . .

119 = — Ax=1,..., 1
e 94y O ( :
[’Pﬁldl’s . . .

ar dv, r, . .d or d br

120 ] v v v LI il ( _i) bl )
(e YOqr ~ d{ Oqx  dt ™ s di-qa
and
(121) d v, _ 5~ O,
dt 9gp ~ =1 99,09, e \

(A=1,..., Lw=1,..., n). Atlast, (118) imply-

N E _‘8vy " ' azry % .'. ‘ '
122 s L] o . " = e . A
T ) .,anm‘?au"‘ (A= i a ki

and (121). (122) imply

dor, dv,

.

Now (120). (119),'(123) imply

y -

(124)
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(A=1,..., Lv=1,..., n)and (116), (117), (124), (110) imply
. _ , D,

~(dor or .

(125) Ag( 736~ 3o Q).) bgx = 0. |
Obtaining (125), the Lagrangeanists maintain that, since é¢qx (A =1,..., 1) are
mutually independent, the relation (125) is possible if all coefficients of these vari-
ations are zeroes, i. .e. if the Lagrangean dynamical equations (100) (for discrete
dynamical systems!) hold good. "This conclusion cannot be implied if dr, and dg
stood instead of §r, and g, respect,lvely (A =1,..., v=1,...,n). Indeed, in
this case :

. " . . .
(126) 3 (%%- E-Qx) =0 by

would stay mstead of (125), and (126) do not imply ( 100)

If one accepts (125) and hence (100) for an equivalent of D’Alembert-Lagrange’s
principle (116), then one could say that the Lagrangean dynamical equat.zons for
rigid bodies are a continual version of this principle.

Let us now make a brief recapitulation. The aims.of this second pa.rt The
Preunt of the series of articles entitled Lagrange or Eujér? are to give an undis-
gumed account on the contemporary state of &nnlytual dynamics as it may be
established by the popular literary sources. We have analysed in some details only
two such sources, namely [26] and [38], but this is more than ‘enough, since they
are typical for almoet all books-on the subject published nowadays. We have nof
discussed results published in the articles [2 - 24], since though chronologically be-
longing to The Present, thematically they belong to The Future: a mathematical
result belongs to a certain epoch, if it is popular in this epoch, and [2 24] are
not pOpular, for the time being at.least. (For instance, although printed in 1799,
Wessel’s work [40], cgntmmng for the first time in the mathematical literature the
geometrical répresentation of the complex numbers, belongs to a period in the his-
tory. of mathematics at least twenty years younger, being wholly unnoticed in the
meantime, to.be rediscovered a hundred years later [41] ) Thé main results of [2 -
24] will be discussed in the third, final part of I'.hm geries.

.-In the. begmmng if this article the quest.lons have been put: what does the
term Lagrangean dynamical tradition mean; which are its charaéteristic features;
what does Lagrangean mechanics mean? It is high time to try and give, more or
legs satisfactary, answets to these questions. -

We must fix our attention on the first of these questlons Its answer, if gen-
nine, co ipso, answers the second one. As regards the third, one may say: La-
grangean mechanics means that misshapen image of rational mechanics which the
Lagrangeanists wear out in their minds. . vy
. The Lagrangean dynamlcal tradition is an unfortunate phenomenon in the
history of rational mechanics, in general, ‘and of analytical mechanics,’in particular,
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conceived and borne in the womb of Méchanigue Analitiqgue in the very dawn of
the French Revolution. In 1783 died Euler who: '

. was the domination theoretical physicist of the eighteenth century. While
his work is underestimated in the usual, vague historical books and attributions;
the short factual history in the old Handbuch der Physik lists twice as many specific
discoveries for Euler as for any other one physicist, earlier or later, and even at that
most of his work is omitted. When.Euler was nineteen, still a student, he outlined
a great treatise op mechahics in six parts, only three of which he lived to finish in
the next fifty years, although his program was virtually achieved by the hundreds of
papers he published in all branches of mechanics and was supplemented by treatises
on naval science, ballistics, and astronomy... He put most of mechanics into its
modern form; from his books and papers, |l' indirectly, we have all learned the
subject, and his way of doing things is so clear 4nd natural as ta seem obvious. .
Three problems were critical and central for the development of a general mechamcs ‘
All three consisted in dnscovery of differential equations of motion for partlcu]&r_
kinds of space-filling bodies:

" 1. A rigid body.

2. A perfect fluid.

3. An elastic bar.

All three of these problems were solved by Euler... With Euler's memon' in 1773,
the whole program of rational mechanics becomes clear... In fact, this scheme
remained general enough for at least 100 years” [27, p. 106, 167, 173).

'I\'uesdell s last statement would remain true, if he wrote 1000, or 1 000 000 or
even eternity instead of 100 years. As a matter of fact, Euler’s mechanical scheme is
perpetual inasmuch as Euclid’s geometrical scheme is. It is true that in this century
new mechanical domains have been discovered that lie altogether outside Euler’s
range. These discoveries, however, concern Euler’s mechanics to such a degree, to-
which the discovery of the -A-bomb concerns Euclidean geometry it pertains to
entirely different phenomena, for which any juxtaposition is pointblank pointless.
In Euler's days no thermodynamic and electromagnetic effects could be taken.into.
consideration in mechanics. As regards the relativity, from a purely logical point of
view its relation with Newton-Eulerian dynamics is just the same, as the relation
between Euclidean and non-Euclidean:-geometries.

Under these circumstances, the Méchanigue Analitique is not only a complete
depreciation of the whole-scientific inheritance of Euler in mechanics — moreover,
it is 8 strong deprecation against it. As we have seen, Lagrange does not include
Euler’s dynamical axioms in his list of dynamical principles. The worst is yet -
to come: Lagrange's Traité wholly disregards these fundamental dynamical laws,
setting against them Lagrange’s dynamital equatiens. -All his life through Lagrange
has not understood the very essence of his awn equations, overestimating them in.
- the most repulsive ‘way, and thousands of mechanicians todgy all the world ever
share this prejudice. As we shall see jn details in the third part of this series, the -
Lagrangean dynamical equations are, purely and simply, linear combinations of the
projeetions of the Eulerian.dynamical axiomson appropriate axes.

.. Indeed, .as it has been shown in the articles [10 - 12, 14, etc.] the followmg
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’fuﬁdaiﬁcnl'd'idcutitn"u éj Lagm'u’gea-u" forﬁla!icm hold good:

am ST o gi= k- F) © 4 (ke - Ma)ge.

(A=1,...,; 1), where by deﬁnit-ibn ,

a"m-{-v : — "
(128) . QA_ZR, tm L (A=1....,0

are the generalized forces of tbe reachons of the comtramta n'nposed on the rigid
" body B. The equations (127) are, as a matter of fact,.mathematical identitics. In
.other words, the relations ( 127) are obtained by the aid of identical transformations
- accomplished on-the definitions of the mechanical quantities involved, namely (15).
for F and M, (57) and (9) for rc and T respectively, (78) for Mg, (76) and (77)
for pg and Lr respectively, (23) for K, (11) for T, and (42) and (128) for Q» and
Q) respectively. Now

(129) ‘ Q=0 (A=1,...,0
in the case of ideal constraints (30). For such const.ramts consequently, the funda-
mental identities (127) take the form

'(130) iiT—-QT—-QA-(K F) +(L.~-M.s)3'z

(A=1,..., ). Now (130) lmply. that the left-hand sides of the Lagtangean dynami-
cal equations (100) are, neither mare nor less, linear combinations of the projections
of the reft-hand sides of the Eulerian dynamical axioms (24) (the first of the Iatter),

'and {79) on axes parallel to the vectors %;G and A=1,...,1 respectlvely )

Now any child could judge what a value could be asslgned to a mathematical result
"derivable from anot.her, well-known, mathemn.tlcal result, by a mere projection of
the latter. .

Let us note that the fundamental identities of Lagrangean formalisr (130) at
once prove, in case of ideal constraints, the validity of the Lagrangean dynamical
equations for rigid bodies rather. than for systems of & finite number of discrete
‘mass-points only, on the basis of the Eulérian dynamical axioms. In such a manner
this missing link in the dynamical literature is discovered and put on itsright place.
Let us.remind that, at the beginning of this article, we have 'underlined that one
of the ailments of the Lagrangean equations.is .curable: Up to now this disease
consisted in the fact that these equations have been nowhere proved except for
discrete ma.ss-pomta Now the fundamental ldent.ltles (130) provide a medlcme for
this weakness.

- Why are.the Lagrangeamsts so opposed ‘against the Euierla.n dynamlca.l axioms
“or, Just the same, against the Eulerian dynamical equations (91) - (96) as well?
. Very-simply: they do not like the reactlons these latter equat.lons conitain. And why
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do theéy tiot like these réactions?. Very simply again: .the mathematical problem .

the equations (91) - (96) solve is. much more complicated than the mathematical
problem the equations (100) solve. Working with (100) is out and out easier: you
compute the kinetic energy T of the rigid body and 'the generalized active forces
Qx (X = 1,....°1), differentiate with respect to g, gx (A = 1,..., {) and to ¢,
substitute the derivatives in (100) and that is the end of your troubles. A neat
job. While, working with (91) - (96) you have to compute inertial and deviational
moments (where a considerable amount of geometry is needed; here is the open
sesame of Lagrénge's faith that his “méthodes . . .-ne démandent ni constructions, ni
raisonnements géométriques ou méchaniques™) and momerts of forces, to eliminate
unknown reactions, etc. A painful task, is it not?

Do not, however, get mislead by a popular fallacy do nbt take all this at
its face value The problem Lagmnge or Euler? is not a matter of taste — of
liking or disliking reactions of constraints.. Thére is more to it than that. This
problem is much deeper. It is a matter of principle. The point is that working with
the Eulerian dynamical equations (91)'- (96) you obtain the genuine solution of
the dynamical problem under consideration, and you obtain it by the sole possible
way. While. working with the-Lagrangean (l_ynamlcal eqnatlons (100) you attack
mndmllls

By the aid of the Lagrangean dynamical equalions il is impossible to solve even
a single dyrmmu‘al problem concerning constrained rigid bodies. PR

Does this statement. seem improbable, incredible, tinbelievable, inconceivahle,
unthinkable? Dors it? At first glance, it does. Let us, however, make a little
thinking. ) :

As . already twice vmpha.swe(l any dynamical problem, as any mathematlca.l
prohlo-m in general, as a matter of fact cousists of two quest.lons

- L. Does there exist a solution of the problem?

2. If a solution exists, then which is it?

Now..the Lagrangean dynamical equations answer neither the first, nor the
second of thesc questians (with the only exception, when the rigid body is free)..

In order to see that, let us look again at the fundamental identities (130).-As
a matier of fact. they deliver a‘method for the exclusion of the unknown reactions
of the constraints. Let the rigid body be non- free, te. [ <6 (I <5 in the case of a
rigid-rod). Then the Lagrangean dynamical’ equatlons (100) represent a system of
I differential relations. while the number of the Eulerian dynamical equations (9})

(Y6) is 6 > I it is clear that, in t.hls case, the Eulenan dynamlcal equations ‘are
unrestorable from the Lagrangean ones.

On the other hand, the reactions of the constraints are that. namely mathe-
matical factor which may make the Eulerian dynamical equations an inconsistent -
systeni of ¢onditions. Let this be the case. Then the dynamical problem has no®
solution. while the Lagrangean dynamical equations manifest a completely deter-
minate (although \{holly illusionary) solution: the reactions are excluded in them
and they cannot “see™ the inconsistency. - '

(‘There is no need to computé the number of the Eulerian (6) and of the La-
grangean (I < 6) equations in order to conclude that the first are not restorable from

(l
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. the latter. It is enough to take into consideration that the Lagrangean equat.xons
do not contain the unknown reactlons and that the Eulenan ones do: as plamly as
anything.)

The impotence of the Lagrangean dynamical equatlons at the face of the prob-
lem of the existence of a solution is the clue to the riddle of most .of the dynamical
“paradoxes” we have mentioned above. Many of them are, indeed, dynamical prob-
lems with no solution. The Eulerian dynamical axioms catch this phenomenon,
while the Lugrangean equations do not, supplying the problem with a completely

. definite solution. Cum grano salis, the Lagrangean dynamical equations are so

" powerful that they can describe non-existing motions. . ,

Let us now suppose that the conditions of the dynamncal problem are con-
sistent, hence a solution exlst,s Now we state that this solution sllps through

. Lagrange’s fingers. - .

When exnst.mg, the solution of a- dynamlcal problem for a rigid body consists
in answering two questions:

1. How does the body move?

- 2. Why does the body move?

The first question is answered fairy well by the Lagrangean dynamncal equa-
tiois, while the second is not. . Indeed, & constrained rigid body is moving under
the action of both the active forces (1) and the passive forces (2). The first ones
are given in the conditions of the dynamical problem under consideration, while

,the second ones are wholly unknown quantities that are to be determined in the
process of problem solving. Naturally, the Lagrangean dynarmca.l equahons, where
the reactions are dellberately excluded, are completely helpless at the face of this

'queatlon

In few words: the Lagrangean dynamtcal cqmmou describe the motion if any,
and cannot determine the reactions of the constraints, : :

The main characteristic feature of Lagrange’s approach to analytical mechan-
fes is its superficiality. Proposing a mathematically simple Schablon for problem

solving, it does not stimylate the solver to penetrate its deeper aspects, the geo-
metry of the rigid body and of the constraints imposed on it. At that not, only
Lagrange with his notorious “On ne trouvera point de Figures dans cet Ouvrage ,
but together with him any of his adherents is boasting with this neglecting of geom-

. etry. So, for instance, Pars reproduced on p. 76 of his treatise [26] this statement
.of Lagrange's, commenting it in a moet stilted manner.

’ In the meanwhile, no genuine mechanical problem can be solved without geo-

metry, let analytical or differential, if not synthetical. The very deﬁnmon of the

- fundamental for analytical mechanics rigid. body. concept is purely geometrical,

‘85 well as the. notion of geometrical constraints imposed on such bodies. The

‘ Lagrmgeamsts however, inspired by their magister’s ‘mechanical phllooophy, pay

- little’ attention to such prejudices as strict mathematical definitions or rigorous

mathematical demonstrations: the intuition of the initiated is-for them,much more

trustworthy and reliable. Truesdell’s ascert.a.mment that in the Méchanigue Anali-
tigue one ¢onld find “no explanation of concepts, no illustrations either by dlagrams

. or'by developed examples and no attempt to justify any hlmt process by rigor-

.
. A
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ous mathematics” 27, p. 173] remains valid for any mechenical exposition of any -

All these circumstances lead to such a situation in the mechanical literature
with Lagrangean deviations that it hardly could be qualified otherwise save as
chaotic. Along with the rigid body concept, this topsyturvydomi concerns to the
highest degree the notions of holonomic and non-holonormc constraints imposed on
rigid bodies. . . .

In order not to be unsubotanhaud let us again take a look at the repeatedly
mentioned monograph [38) on non-holonomic dynamics, seeking to see the way its
authors introduce these basic dynamical concepts.

The first sentences the book begins with read:

“TIpu paccCMOTpPeHMM MHOFUX BOTIPOCOB ABWKEHWA W DABHOBECHUA MEXAHMH-
4eCKMX CHCTeM BO3MONMHA NMCKPETHAA MICANMIALMA, T.€. HACSNM3IALMA, NPH
KoTopo#t MexaHH4YecKoe COCTOAHOE pucuubuaaeuoﬁ CHCTEMH orlpeaenserca
KOHEUHBIM WMC/IOM BeauuMH. - B 8TOM cayyae cucTeMy HAa3WBAIOT MMCKper-
Holl. K AMCKpeTHRIM cHCTeMaM, HANPUMEP, OTHOCATCA CHUCTIEMbI, COCTOALIME
M3 KOHEUHOro YMCA3 MaTepMalbHLIX TOUeK ¥ aBCOMIOTHO KECTKUX TeJ.

‘Bo MHOrux cayvasx B cuay ycTpoicTBa camolf CUCTEMB! OTAE/IbHRIE ee
YACTH He MOTYT NBMIATLCA NPOM3BOJILHEIM 06pAa30M, HX ABWKEHHA U MONONKe-
HHA KAK-TO CBA3AHM MexXay cobol u JoaunHeH pAny ycnoBuit M orpaHuue-
Huit. Ha cucremy, kax NPHHATO I‘OBOPHTI: HaJioXKeHb! cBA3W. NoHKpeTHmA BHA
oTHMX cBA3elt MOXeT GHTH BeCbMa PAIINUHLIK. DTO MOMeET GhlTb, HANPHUMED,
ecTepeHOYHOE 3alLeniieHne, COeAMHeHUe ABYX OTAENbHLIX Tesl CTEPHKHEM He-
H3MeHHOH ANWHH UK 4yTo-ambo apyroe. Jna Rac ceivacHyayT BaxKHH nNuUllb
Te OTPAHMMEHHUA Ha reoMeTpUYeCKOoe pacrnojiokeHne U ABHKEHWE OTAEJIbHHIX
uacTelt cUCTeMEl, KOTOPHIe BJIeKYT OTH CBA3H. CBA3N MOTYT HA/IAaraTh, OrpaHU-
YenKA HA BO3MOMXHLIE FeOMETPHYECKUE PACMIONOKEHNSA OTAENbHLIX. YacTeh —
TBKME EBA3M HAIHBAIOTCA TEOMETPHYECKHMM, M Ha KHHEMATHYECKH BO3MOM-
Hule eé ABWDKeHHA, T.e. Ha BO3MOMHbIE 3HAMEHUA CKOPOCTel ee OTHENBHEIX
uacTelt — Takué CBAM Ha.auaalorca KUHEMATUYECKHMY. fAcwo, YTO BCAKAA
reoMeTpUdecKan CBA3b BMECTe C TeM MpEeACTaBAET coﬁoﬁ M HEKOTOPYIO KMHe:
MATHMYECKYIO CBASb; OOHAKO 06paTHOe, Kak OKA3bIBAETCA, MOXKET U He MMeTH
MECTA, T-€. CBA3b MEXAY BOIMONHBIMU CKOPOCTAMM OTHeNbHLIX uacTell cuc-
TEMB! MOXKET HE YIPUBOAMTb K OFPAHHYEHMAM Ha BOIMOMHLIE MX nonomemm
{cTp. 9).

This kext mlplles that the book [38] is addressed to a widest auditorium — in
any case, to readers also who have not the slightest idea of nonfholonomnc dyna.mu:s
1t is clear also that it is not a mathematical text. In a sence, it is even a text that’
could be as well designed for students in physics. As a matter of fact its aim is to give.
a physical motivation of the mathematicalli formal definitions and demonstrations
which, naturally, must follow. As such explanat.ory text it is beyond crmcnsm any
author has his rights of methodologlca] corrcessions.

"+ The quoted fragment of [38] is followed nnmedlately by an example “Forthwith
after it one reads: )
"Ha cywmecteoBanmne Kuuemamqecxm CBA3el, He HakNaJAWBAIODIAX HU-
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_HAXMX OrpaNMueHmii HA BOIMOMMLIE XOHPUIYPAIMN MeXamwdecxoft cnerend,
' 6oido obpameno PHMMAHMe CpabHHPeabHO Henabno. Eme Jlarpamx » cpoeft:
IHAMERMTON “AHanNTHUecKOH! Mexanuke” He Toao3peman o6 UX CYmECTBOBA~
HHe. DTO BHPA3IMAOCH B TOM, YTO OH CYMTAA BO3MOMHLIM ANA AW06olt Me-
XAHHYECKON- CHCTEMRl ¢ YUETOM YC/NODHBIX YPp8BHEHUH, PHITCKAIOMMX M3 NpM-
poaml oToMf CHCTeMul, PLIOMPATH HE3ABUCHMNE KOOPIMHETH C HESABUCHMBIMH .
Ae PapHALAAME. DTOT NPOCMOTP OBHADYKM/ICA JHIIL 3HAMMTeNbHOe BPpeMa
CNYCTA B CBA3M C M3YUEHHWEM PA3IUYHLIX CJY4YaeB NBIDKEHWA TBEeDIMLX Tend,
fIpHHYMAEHHbLIX rga.ru'rh'ca 6e3 NpocKaNb3LIBEHHEM NO TIIIOCKOCTH Uan no Goxee
cnokHold noBepxHoctu. Tosabko B 1894 r.- 'epu BBen pasnenenue ceaseft u
MeXaHMYECKMX CMCTEM Ha FOJIOHOMHLIE ¥ HEroNIOHOMHKE.

' Hpem:-raaum cebe, UTO Mhl MBLIC/IEHHO WM (AKTHYECKH CHAMM C CHCTeMH
.pRA uuelomuxcn Y Hee ceaseli u 970 Nocie 8TOro ee reoMeTpuyecKoe nONo-
#enue onpenenferca n BENUUHHAMK (1, €2,--. , Qn, HASKBACMEIMH 06o6men-
HBIMU KoOopauHaTaMu. - Toraa npouanom,uouy M3MEHEHKIO BTHX 05061IEHHRIX
Roopmma'r BO BPEMEHN COOTBETCTBYET HEKOTOpOe ABvkeHUe ocBoboaenHol
cucremul. Ec¢lin, Tenepr BHOBb HAJIOXKUTH Ha CHCTEMY CHATLIE CBSA3M, TO yXe He
BCAKUM HU3IMEHEeHUAM 0606LEeHHBIX KOOPAUHAT ¢y, ¢3,.-- , ¢n 6yaeT cooTBeTC-
TBOBATh HEKOTOPOE ABWKeHUe cucTeMul. Hamenenna 060o6ueHHNX KOOpPAMHAT
M UX 3HAHCHHUA JOJDKHR Tenepb MOAYMHATCA PALY YCJAOBHl, HApYIIEHUE KO-
_ TOPHIX 03Hauano Oul Hapylienue HaJIOKEeHHKIX CBAseh. ITH YCNOBUA MOTYT, B
" JACTHOCTH, Bupa.ma'rbcn cHcTemMol HepapencTs Bnna

fn(Qh' 2100y Qn, ‘Il-‘Q‘h---- ’ qu:; t)go . (1’3)

(@ =1, 2,...,' m), ¥ TOrAa COOTBETCTBYIOIME CBA3M HAILIBRIOTCA OZHOC-
TOPOHHLIMH, Heynepmunalouumu UAH OCBOGOMARIOUIMMH, W/IH ypa.nuemumu
517518
’ ' fG(QI' 92,-'-” an.. q-ll q.ﬂs-'-{ Qn' t)=0 (1 4)

Ta =1, 2,..., m), u Torna coo*rsercmylomue MM CBA3M HA3BLIBATOTCA NBYCTO-
POHHBIMH, YAePKHUBAIOILMMM WU HedCBOG6 0K ABIOIIHMHM. Y nepxupaloutne coa-
31 B CBOIO Ouepenb NeNAT Ha FeoMeTPHUEcKHe U ‘KMHEMaTHYeCKue, 3aBMCAINMe
M He3aBUCALIME OT BPEMeHH, COOTBETCTBEHHO TOMY, BXOAUT MIIH He BXOAMT AB-
HO BpeMA B UX ypaBHenua. CBA3U HATLIBAIOTCA FeOMETPUYECKUMM, €CITH OHM
BHIPAXKAIOTCA yPABHEHWAMM BULa

i

»

+ Jalqry q2,0.. . gni 1) =0 ‘ . (l .9)

/(d =1, 2,..., m) H mnemamqecm{ ecim Bupa.)iauomue HMX YpaBHEHHUA
UMEIOT BHA R . ,

faldr, g20. 0y dni @10 @205es s gai l)=0 (1.6)

(x = I 2,..., m). DTo onpeneleHne BNoJHe cornacyercn !C TeM, YTO FOBO-

pHAOCD 0 reoMeTPUUECKMX N KHHEMATHUYECKHX CBA3AX B CaMoM Havdalle aToro
naparpada.



KunemaTtuuecxue cpasy (1.6) MoryT GHITh MHTEr pHPYEMEIMH HITH HEMHTer-
pUPYEMLIMH, COOTBETCTBEHHO TOMY, BNOJIHe UHTErPUPYyeMa MM HET COOTBET-
cTByIOWan cuctema audpdepeHumanbHux ypabHenuit (1.6).. Murerpupyemeie
KHHEMAaTHYeCKMe CBA3H — 2TO NO CyWleCTBY reomerpuveckue casm: Hanpo-
THB, ueun‘rerpupyeméae ceA3n, Boobilie réBOPA; OTANUHEI OT reoMeTPUUECKUX
MU K HAM He CBOLATCA. . B

Mexanuyeckan CUCTEMA C HEMHTErpUpPYeMBIMIL, KMHEMATHUECKUMM CBAA:
MM, HE CBOAAUIMMMCA K FeOMETPUUYECKHM, HAILIBAETCA uerononomtoﬁ CUCTe-
mott. HerosoHoMHas cucTeMa XapaKTepu3yeTea TeM, YTO RJIA'Hee He CYIIECT-

BYIOT 06061eEHHEIX KOOPANHAT, IPOK3BONLHEIM M3MEHEHHAM KOTOPHX COOTBET- '
cTBOBaNO 6Ll ABWMEHMe CHCTeMul, He Hapywatomee ee casell. [loxuepxienm,
4TO COTNIACHO DPTOMY ONpeAeNeHMIO HalWuue oMol HeMHTerpupyemoit cBA-.
34 ellle He 03HauaeT HEroJONOMHOCTH CHMCTEMHl, MOCKOJIbKY BT CBA3b MOKET
0Ka3aTbCA MHTErpupyemoit B CHAY OCTaJbHEIX ypabHenutt cpazelt” (cTp. 10 =
12). ; )
This fragment from [38] has been quoted here so pedantically since it, if one
can put it like this, constitutes the theoretical basis of all t.he contents of the book..
All that follows consists in routine manipulations based on these definitions of
the authors. Therefore it is to the highest degree interesting to what extent this
theoretical basis is reliable from a formal mathematically point of view. .

The cold fact is, alas; that this reliability is equal to zero. There is.not a bit of
it. All these explanations are anything but mathematics. As a physical text, this
exposition could yet be accepted.. As a mathematical text its Value is ,reduced to
nought. - ’
Those are no definitions at all. At:the best, all t,hese sentences are a t.ry for an
elucidation on an intuitive level. The formulas (1.3) - (1.6) are, from a mathematl-.
cal point of view, completely meaningless. The authors of [38] are making fruitless
efforts to give mathematical definitions of mathematically undefinable things.

As a matter of fact, the term copstraint, geometrical as well as kinematical,
is no mathematical notion, in the genuine sense of the word. Nor are the terms
holonomic and non-holonomic constraint, holonomic and non-holonomic dynami-
cal problem holonomic and non-holonomic dynamics, at last.:All these terms are,
simply, only a.fagon de parler, abreviations, a concise — in other words, steno-
g:aphic — manner to express telegraphically a complicated mathematical situation
requiring many pages of formulas and symbols for its adequate formal mathematical
description. -

There we are. That is the size of i it. Neither more, nor less.

. As we have repeatedly underlined, one-of the gravest deformity of Lagrange ]
mechanics, if there is such a thing, consists in its categorical refusal to construet
a thathematically strict, logically irreproachable, definition of the fundamental for
analytical dynamics notion of rigid body: such a definition requires plenty of ge-
ometry. and the ‘Lagrangeanists are proud of having scttled their accounts with
geometry once for ever; instead they use the notion of a mechanical system which
they do not define, so that it might mean anything and nothing in the same time.
But naturam erpellas furca, tamen usque recurrel, as the saying is: uolens nqle_ns a’
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-strict mathematical definition of the rigid body concept exists. And it is a definition
that satisfies the most fastidious modern mathematical criteria for logical rigous.
Now, it turns out that the intuitive idea of a geometncal constraint must be, and
actually i8, embedded in the funda.ment of this strict mathematical definition of the
rigid body concept.

As to the special kinds of geometrical constraints the mechanical praxis has
arrived at in the course of its time-honoured history, they are not defined by general
unmeanmg tittle-tattle, but are specifigd by means of painstaking numbermg, as it
is described in [23].

* "It turns out now that — as far as nothing more is hypothealzed in the conditions

of ‘a  dynamical rigid body problem — as a rule, this problem is mathematically
indefinite one in the sense that its unknown quantities are more in number than
the‘equations one has in his disposal for their deteriination.
- Two,:and two oily, cases are familiar ta the mechanicians, proposed by the
centuries-old dynamical praxis at that, when the problem concerning the motion
of a constrained rigid body under the action of given active forces and of unkhown
'passive forces is miathematically a completely determined one — in other words,
‘when the number of the unknown quantities in the dynamical problem is exmctly
equal to the number of the equations available for their determination.

The first one'is the case of smopth geometrical constraints.

The second one is the case of rolling withowt sliding and slipping, or in the
prucnce of sliding and ahppmg of a completely determined kind, of a surface on a
aurfue, ‘ofacurveona surface, of a surface on a cutve, a.nd of a curve on a curve.

" Dynamical problems of the first kind are called holonomic. Dynumcal prob-
lems of the second kind are called non-holonomic. -
~ 'That part of analyticdl dynamics that is concerned with holonomn: dynamical
problems is calléd Aolonomic dynamics; thqt part of analytical dynamics that is
concerned with non-holonomic dynamical problrems is called non-holonofmc ly-
namics. '

And that’s that. _

\The conditions of rolling wnthout sliding and shppmg, or with shdmg and
lhppmg of a completely determined kind; are expressed mathematically by means
of relations between the parameters of the rigid body, their velocities, and possibly

“'the time. These namely relations the aithors of [38] take cognisance of when they
write down the equatipns (1.4) and.(1.6). But these equations are corollaries, not
 definitions. To lay them in the groundwork of the edifice of non-holonomic dynamics
is just the same as to state that the - wind blmn cmce the branches of the trees are
swuymg -

. Somié ‘words more in- conniection’ with ubove citation - from (38]. The anthors

wnte "m\mcnemto W paxTHHeCKR CHAMM C CHCTEMII AR HMEIOUMXCA ¥y Hee

‘cpA3elt ... BHOBL MANONGITE HA cucTeMy caaTrieé cBa3n.” If those are physical

experlmenta with physical objects, then there is nothing to blame. Mathematically,

‘however, these manipulations are wholly impermissible, According to a dynamical

axioms, any consttaint imposed-on a rigid body generates a force (reaction of the
constraint) acting on the body, the directrix of wluch passes through the pomt

f ¥ v
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of contact of the body and the constraint.. Now the authors of [38] do not know

et whether such. a reaction exists at all: it exists if, and oiily if, the conditions
of the dynamical problem under .consideration are consistent — a question wholly
ignored by the Lagrangeanists, as we have already seen above. In other words, these
authors do not know at all whether their operations with “taking off” constraints
and “putting therh down again” are mathematically legjtimate. Before they are’
perfectly sure that these operauons are not illegal, they have'no right t.o accomplrsh
them in their minds.

Anhother important remark concerns again the “deﬁmtlon (1.6) of [38] It does
not follow from the author's explanations that the case, when all the m equations
(1.6) are non-holonomic, is-excluded. In other words, the hypothesis, that all
these m equations are non-holonomic, does not contradict the formulations of these
authors. But this hypothesis is an error with'i immense consequences. Its immediate
corollary is the existence of God., -

In order to fix the ideas, let us, for the sake. of brevyty and snmphclty, explam
the essence of this criticism on the example of a single free mass-point with mass
m and coordinates z, y, = with respect to an inertial Cartesran system of refernce
Ozy:. Let the mass-point be subject to the act,ton oI' no actwe force, and Iet, the
non-holondnnc consteraint

(131) - k-l 4y)=0

be imposed on it. 'I‘rls formulation of the problem does not a whit contradict the -
formulatnons of the, authors ‘of (38): m = 1in (I 6) R=3.q1=2,¢2=Y,¢3 =1,

(132) fl(ql- g2 d43i g1, . ¢ai t)=q —e'(l +92)-.

If we suppose that the mass-point is under the action of no passive forces. then
the Lmet ic energy theorem impliés

(133) P4 +i=C,

C denoting a constant of integration. and (131) contradicts (133). Hence the mass-
point must be under the action of soine passive force - :

-

(134 - 5 R = Rei+ Ryj+R.k.

the quantities Ry Ry. R being unknown.

(Let us now stop for & while and !lm}k .

The first thing Ifrought to our attention.in this instant is the fact ihat‘ in: thelr_
definition of non-holonomic constraints, the authors of [38] have not yet said a single-
word about the existence of forces of the kind (134). If one follows painstakingly
through their exposition, then-he will see that for the first time the term reaction
of d constraint is used-on p. 50: : .

“Ocpo60oauM 3accMaTpUBaeMy !oxcucremy oT cBAleii, KoTepble 3aMeHuM”
HEU3BECTHLIMMU. BOOOUIE roBOpA, CHIANMHU peauuuu R; eTux cpazeif.” '

’
~
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- 'Netd, bene. First: on this third page of chapter 11 (p. 50) the authors sp
of nsacttons of constraints, malnng no mention of the term construini beforehand
"Second: lmmedlately below on p. 50 they use D’Alembert-Lagrange’s equatio
which tHey derive oh p. 93, as underlined above. Third: nowhere before they have
-aaid a word about the passnb:hty to substituie a reaction for a consiraini. Neveﬁ
mind.)

Let us take it for granted that our mass—po:nt is acted on by the force (134)1
Then Newton’s axiom of momentum implies

(135) ' mi = R,,\ mj = Ry, mi = R,

and, together with (131), the ﬁlfs_t. equation (135).implies

(136) ' R, =me!(l £y +79).

As regards R, and R,, ag well as the dependence of y and z of ¢, nothing reason-
-able can be said. In other words, we are faced with a mathematically complete!y
indeterminate dynamical problem. K

- So far we have redsoning as Newtonians. Let us now think as Lagrangeans.

If the reaction (134) in non-ideal, then we, together with Lagrange, are helpless
m front of the dynamical problem in question. -But we do not like to be helpless‘
Let us, therefore, assume, th&t it.is ideal, i. e.

(137) ¢ ‘ . Rdf =0. V-

Cd
L]

The postulate of the ideal constraints (137) bemg satlsﬁed the kinetic. energy the-
orem implies

(138) dT'= Rdp =0,

whence agam (133) and again a contradlctlon with the non-holonomic const,ramt
-(131). -

The existence of God is lmphed by non-ideal reactions (134) Indeed in such a
case nothing paradoxal is established in (135) and (136). Where did, hqwever the
_reaction (134) come from? From thin air? In our atheistic world this is lmposmble
“But it exists according.to p. 50 of. the treatise [38). Hence it is created by God.
Quod erat demonstrandum.

s If senously, then any me.chamclan must obey as strictly as the ten command-
ments the following dynamical canon: ‘

No non-holonomic constrainit is poss:ble in absence of holonamic ones.

Many ather things can be said about the Lagrangean machanical tradition in
holonomic and non-holonomic dynamics, but it is high time to bring our exposition
toan end. Hoping that the reader has, though passing, obtained a rough idea of the
present state, of affairs in analytlcal mechanics where the influence of this tradition
is still predominant, we shall conclude our exposmon with a final critical remark
on ‘the application of the Lagrangean politics in non-holonomic dynamics. .
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While in the presence of geometrical constraints only imposed on rigids bodies

the postulate of ideal constraints (30) is a question of a definition, i.e. it is included
in the very conditions of the dynamical prohlem, in the presence of one at least
non-holonomic constraint it is, on the contrary, a question of proof. In other words,
the constructor of such a problem has yet lost the initiative on the question whether
the constraints are ideal or non-ideal — the situation has slipped out of his hands.
He is compelled to formulate the conditions of the dynamical problem saying no
word concerning the nature of the reactions of the constraints: are they ideal or
not is-a fact that must be established in the process of the problem solving.

Now the, Lagrangeanists afe faced with.an impossible situation. Except for
certain simple if important special non-holonomic problems (rolling of a rigid body
on a'surface wrthout sliding and slipping), in the general case _they simply can
say nothmg al.out the reactions. The reason for this paradoxal state of affairs is
rooted’in the very essence of .their dynamical approach Their pride consists in the
expelling of the reactions out of their equations. ‘But once the reactions éxpelled,
the Lagrangeanists do not know w fiether they can apply their equations or not.

Euler’s dynamical equations (91) - (96) solve this problem’ at once. The reac-
tionis take pan in these equations. Now nothing remains, but to determine these
reactions, to form the s in the left-hand side of (30) and to establish whether it
is zero or not. But why should a non-Lagrangeanist take all these pains and .waste
his ime? Hes not interested in the postulate of ideal constraints. The Eulerian
dynamical equations (91) - (96) solve the non-holonomic problem in"both cages,
the Lagrangean in none: if the reactions are not ideal, they are inapplicable; while
if they are ideal: the equations are applicable, but the problem solver is ignorant
of the fact. Some dynamical “paradoxes” constructed on the basis of t'hirsit,uation
are published in the atticle [ 3).” q '

All that has heen said up to now implies l.hat the Eulenan dynamical axioms
are the only possll:lv way leading to the goal — a modern analytical dynamics.
These axioms establish in analytical mechamcs a dictatorial regime, but npt more
autocratic than, for instance, the prmcnple of mathematical induction in arithmetic:
they simply do wot admit an alternative. As to the Lagrangean dynamical equations
(100), they are, as we have seen by means of the fundamental identities (130) of
Lagrangean fornialisin. simple corollaries from the Enlerian dynamical axioms —
mere projections, as a matter of. [act., i :

- Analytical mechanics is beyond Lagrange's powers. llw-uucondﬂ.lonality of
this ascertainment is not' a whit diminished, by the fact that the Lagrangean dy-
namical tradition keeps on as yot governing the minds of the mechanicians all over
the world in this very mojient: those are the agonies of a ¢lying tendency, of a
condemned Weltanschauung. 1 it is true that every Age has its Middle Ages, then
anal\ tical )'nechamcs has not yet overlived them. Life is, however, strongér than
anythmg He, who sees the veri#y, should be calm..as regards Euler in mechamcs

Nolite flere, non est mortuus, sed dormit. .
i{
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