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‘CTATEA HAUMHAETCA C KDATKMM oﬁsopou TeOPUH BemecTReHHOR M tcounnexcnoﬁ MH-
TEPHONAUMM MEKAY KOHEUHLIM HHCIIOM M OaXKe B cemelicTBe GaEAXOBMIX NPOCTPARCTB. -
[IpencTaBnenEl HEKOTOPHIE TEOPEMBI DEMTEDAIMM M CACNAHO UPHMMCECHME BTHX TEOpeM,
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NpoCTPAHCTB. B KoEme mMeioTcA npMMepHl, HepemeHHbe NpobjeME M PacCMATDHBAET-
CH OTHOWIEHME NPENCTABACHHKIX PE3YNLTATOB K ,npyrnx CBA3aHHLIM ¢ oTolt TemaTHxo}
Pe3yNbTATOB. : : :

»

Ljudmila Nzkoiova., Lan Eﬂk Pernon ON REITERATION BETWEEN FAMILIES OF
BANACH SPACES o

In this paper we bneﬂy discuss some developmenta concermng real and complex mteryolatxon
between finite many or even between general families of Banach spaces., Moreover, we present
and apply sothe reiteration theorems. In particular, we give an interpolation proof of a version
of Holder's inequality for families of XP-spaces and a technique to characterize the interpolation
spaces between some concrete families of Banach spaces. Some exampies, open questions, and the
relations to other connected results are pointed out.

0 INTRODUCTION

In the theory and apphca.txons of mterpolatmn spaces we usua.lly conalder a
Banach couple (A4g; A1), i. e. Ag and A, are Banach spaces, which are embedded



in a Hausdorff ‘topological vector space U. There are several studied construc-
tions for obtaining interpolation spaces with respect to the couple (Ag, A;) and
- the most well-stidied and applied such methods are the complex method [Ao, A1]s
(0'S 8 £ 1) and the real method (Ao, A1)s,, (0 < 9 < 1,0 < ¢ £ ). Seee.g.
the books [1-3, 16, 25, 33] and also the Blbhography of Mahgra.nda [18] (including
| a.ppmmmately 2500 references).

Parts of the theory concerning mterpola.tlon between two Banach spacea can
be generalized to cover also cases where we interpolate between finite many Banach -
spaces and even between general families of Banach spaces. Here we mcntlon the
following developments: :

- 1) A theory for complez; mterpolat:on between faxnihes of Banach spa.oes was

* developed by Coifman—Cwikel-Rochberg-Sagher-Weise (see [6-8]) and, indepen-
dently, by Krein-Nikolova (see [14, 15]). Another complex interpolation method
between n-tuples of Banach spaces was suggested by Lions [17] and studied in detail
by Favini [10]. This method of Favini-Lions was extended by Cwikel-Janson [9] to
‘cover also complex interpolation between very general families of spaces.

- 2) A theory for real interpolation between n-tuples of Banach spaces was in-
“troduced and studied by Sparr [31]. A similar theory for real interpolation between
2*_tuples of Banach spaces was studied by Fernandez [11]. In this connection we
also mention early works by Yoshikawa, Kerzman and Foias-Lions (cf. the discus-
sion in [31, p. 248]). Moreover, Cobos—Peetre [5] have developed a theory for real
interpolation between finite many Banach spaces, which, in particular, covers both -
" Sparr’s and Fernandes’ constructions for the cases n = 3 and n = 4, respectively. .
The construction of Sparr was ‘extended by Cwikel-Janson [8] to cover also real
- interpolation between a fairly general family A = {A¢}eer, ‘where A, are Banach
spaces and ['is a. géneral probability measure, space. Some Very new constructions N
. have recently been mtroduced by Carro [4] and the present authors (21 (see also
[20] and [22]). 1 ,.

In this paper we dlscuss a.nd apply some mlteratlon reanlts for fa.mﬂlm of Ba-

nach spaces. In. Section 1 we present some well-known reiteration theorems. In
Sectxon 2 we expoee an interpolation proof of a version of Hélder’s inequality for
families of XP-gpaces (cf. [23]). In Section 3 we point out a technique to characterize
. the interpolation spaces between families of Banach: Spaces’in several cases of prac-
tical interest. Some concrete examples are given and discussed. Fmaﬂy, Secﬁmn 4
is reaerved for some fm:ther examples concludmg remarks and open queatmns -

1. SOME REITERATION RESULTS

In the sequet we let D and P(z, t), z e D, 0 < t < 2:, denote the open unit =

: | dmc and the Poisson kernél, respectively. Mo:m, we let a = a{e), p = p(e’*)
., endg= q(e“) dencte measurable ﬁmctmns on {ﬁ ﬁr) such that 0 < a(e“) 1 wd'gy
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p(e“) q(ﬂ“) 2 1. The fﬁncﬁoﬂﬂ 6(2), P(z) and q(z), z€ D are deﬁned ;;y

‘ 2%
1 i
(1.1) afz) = 55 a(e“)P(z t)dt --—- ;(—;-—P(z t)dt

: mpectwcly B = {B,;} t € [0 2x], denotes an mtemlatma famdy in the sense of
" R. R. Coifman et al. [6] (see aleo [7,8]). -

First we consider. the complex interpolation spacea {B], and {B}, (see [6——8})
The following reiteration theoreni ([8, Theorem 5.1]) may be regarded as a genuine
generalization of the complex reiteration theorem (see e. g. [2, Theorem 4.6.1]):

Theorem A. Let (Aa, A1) be a compatzblc Banach couplc and let B;

= [Ao, A1la(e). Then B = {Bi}, t € [0,2x], is an mtemolatwn famslg and,
for any z € D, [B]: =[A,, A;]c(,) (with equality of norma). = |

Remark. If there exist to,#; € [0,2n] such that a(c“") = supa(e"’) and |
afe’*s) = inf a(e), then it is well-known that [B], = ={B}.. |

Next we consider the following “mixed” re:teratmn resuit of Hemamdez {12
Main Theorem] (cf. [2, Theorem 4.7.2}): |

Theorem B. Assame that (Ao, A1) is @ compatsbk Banach cosple aai let
B: = (Aq, Ai)g(cst) ,(‘u) Tlscn B= {Bg},t €. [o, 2@], 38 au mteryolattu fcmdg ‘
Moreovcf, tf | |

o

0 f (e“)“”" / “"“("’")“”"w, and f og (1~ a(e**))a >,

then, for m z e D {B}, = (AQ,A;,),(,) o%) (w;th egmafence of nom)
Now ‘we consider the real mtexpolatxon spaces {B}S, , (the K—methdd) md )

(B)S p,q (the J-method) racently introduced by Carro 4] a.nd atate her rexteratmn |
result (cf. {2, Theorems 3.5.1 and 3.5.4})."

Theorem C. Let By = (4, AI).,(.«),(,..,, where (40, 41) is a comchbie. |

. Banach couple. ¥s= {a;,m -2@0 ne z}, I g a<0emd r2 1, then, Yor
.anyzED | - R
. {B}z,g 1= (AQ!AI}Q(S},Q = (B):,g,r ; :
Rmnark The ‘method of proof in (4] ensures the- first. equa.hty only mth‘
¢=1, but it is true alsoformyq r-3 1 whenever {B}," meontmuousky m:bcdded
in Ag+ 4;. |
Remark. In [4} there is alao stated a complex vanant Of Theorem C, whm |
(Ao, Aﬁa(,u) q(eu) is replaced by Bg {Ao,Aﬂa(,u) - o :



2. REITERATION AND HOLDER’S IN EQUALITY FOR FAMILIES
: OF X? SPACES

‘Let X denotes a Banach lattice on a o-finite complete measure space {2. The
~ space XP,p 21, consxsts of all z = z(t), t € Q, such that |z}’ € X and equipped

with the norm lell X = (l] lz()P|| x)l/ P, First we reca.ll the following result (see

[23]):
- . Proposition 2.1. Assume that ihe Banach lattice X has the dommated con-
- vergence pmperty Then : :
[Xp(e")] = x4,

o z ‘
. For the case X = Ly(p) see [8, Corollary 5.2]. Propomtxon 2.1is pmved in {23 '
p. 96] and here we present an alternatlve proof baseéd upon Theorem A.

- Proof. It is well-known that [X, LooJs = X 1/(1-8) | Therefore we have X?(¢") =
[X, Leo]a(sys where at)=1-1 /p(e“), and, thus, according to Theorem A,

, [XP@“)]‘ = [{X Lw]a(g)} = [X, Lm]a(,g) = [X, Lco]l-l/p(z) = Xp(z).

* The proof is complete
: Next we recall the following generahza.tion of Holder 8 mequallty (see {29]) K -
z,eX?—' 1<p,<oo,3.-01 Nthen : ‘

(2.1) sz €eX, where ;;sz and ﬂnmjnxm H z,ﬂxr, |
0 0 ' o 0

By using the interpolation result in Proposition 2.1 we can prove the following
extention of this inequality to the case with families of X?spaces:

Theorem 2.2. Let X be a Banach lattice having the dominated convcrgcnce
property. If z, € XP(¢") and log|z:(s)| € L[0, 2x) for s € Q xt(s) is measurable
on [0,27] x cmd log || 2| x »eit) € L[0, 27), then |

z = 2,(s) =exp~»( o / log|2+(s)|P(2, 1) dt) € XP) and
‘ - .\ 0 o R

0D el £ exp( j lossz(s)nxmp(z,t)dz)

| Remark We note that (2. 2) ‘coincides with (2.1) if z = 4 and, for
0g ...<ay =1, E; = [a,-l,a,] p(e**) = pj/m(E; ), ‘and :cg(s)
= 1y,(s)|1/m(ﬁz> t€2nE;,j=0,1,...,N. A
. Remark. A somewhat different versxon of Theorem 2.2 was proved in [23] (cf |
also [24]) but the proof we present below is simpler and completely.different.
Proof (by interpolation). We adopt the notations and definitions of [23]. In par-
ticular [B], and [B]* denote the interpolation spaces of Coifman-Cwikel-Rochberg-
Sa.ghehWexss and the generahzed Calderon construction for the family B = {B:},
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te [0 21!'] of Banach spaces, respectwely In view’ of Propomtlon 9.1 we have -
[X’(‘“)] = X?(’) Moreover, accordmg to Hernandez [13, Theorem 6. 1] it yields -

that [X’?(‘“)] [X’("“)} . Now we consider

| . N B
yz(-?) = exp (-%}»/Iog jy,(s){P(z,t)dt) , where |yg(8)llxpeity S 1.
» v R
Then | ’ LT ~ ‘
(2.3) Nys(S)llxm = ll&‘:(a)t[{xrte“)l = llys(S)!!{xm-n]
Finally, we obtam (2.2) by m.serhng - , o

o) -*z:(f')/ﬁﬂ’t(s)“x:rtc“} wnd 2,00) = e o lsledo)IP(e,D) dt)
into (2.3). | L S

llA Co

- 3.REITERATION AND CHARACTERIZATION OF INTERPOLATION
SPACES BETWEEN FAMILIES OF BANACH SPACES

" Let B = {&} be an mterpalg,tmn famﬂy of Banach spaces. Inspued by the
proof of Proposition 2.1 we find that it is possible to characterize [B], for several
concrete interpolation families of Bsnach spaces by using the followmg technique:

' (a) Write By, if possible, as B, -,-IAQ,A; a(eit) OF 88 Bg (AO:AI)a(e“),q(e'*)g
where (Ag, A1) denotes a compatible: Banach couple.

(b) Calculate a(z), or a(z) and ¢(2) (see (1.1)).

(c) Calculate [An, A1]a(s) of (AoyAi)a(s).q(s)-

(d) Apply Theorem A or Theox‘em B, respectively. |

By using steps (s,)-u(c) togeth%t with Theorem C we can describe the real spaces
{B}:,p,l and (B)s,y ¢ in a ﬂmﬂ&tw ' ,

‘ | “howledge concerning the posszblhtles to carry

out the cruclal steps (a) and j;(é).m,iéveral cases of practical importance (see e. g

fography of Maligranda [18]). Here we only glve some
‘"f""que (cf. also [4 8]) T

| exa.mples of a.pphcatlons of thia

3.1. C}mRAC‘I‘ERIZATION OF m'rERPOLATmN SPACES BETWEEN SOME FAMILIES
OF LORENTZ Ly,¢-SPACES _, |

Proposition 3.1. Lét 1 < p(e") < oo and 1< g(e) € 00. Then
B= {Lp(gu) q(eu)} telo, 2«'}, 18 an interpolation family of Banach spaces. :

(a) If the coadsiwn ( ) s satisfied with a(e‘*) =1- I/p(e“), then
[Bls = LyGayas)- . F 70 |

(b) IfS= {a,.(t)z?*‘(? )IREZ} 1g g <o tmd r > 1 then {B}‘,“

= (B):,g,r = LP(‘):! ‘i‘;i,jf%‘




: Pmof We use the well-known equahty ‘ R
' L,(,u) ‘(,ii) = (L;{, Loo)a(e“) a(e) ‘where a(e“) = 1 - Ilp(e/“)
~ We aleo note that a(z) 1= l/p(:) (aee (1 1)) The:efom, xceordmg to
Theorem B, -
, [B}, = [Lls Lesala(:),e(s) = (LbLoe]l-dlp(t)ag(t) Lr{:),g{a)
Moreover, by using Theorem C, we find that - I
‘ | {B}: i = (B) 24, rv = (Lth)R(»’):f = L, (3}.!': | o

~ and the ptoof is complete. ' o
: Remark. The first part of Propomtmn 3.1is due to Hemande: [12 p. 81]. For
‘the case p(e't) = g(e'*) we can use Theorem A and a complex varix nt of Theorem C
to find that Proposition 3.1 (b) holds also if we permit that p(e“) = 1 or p(e“) 0.
In partwular, for any p(e'), g(e"*) 2 1 and r 2 1, it holds that

Mg = Ul i, =D

3 3. GIMRACTERIZATIQN OF mmnrommos SPACES BETW&EN “SQHE ?AMILIES
S QF OPERATOR: IDEALSPACES ' S

Let Ae and A; denote Bma.ch spaces and let L(AQ,A1) deno}es the spa.ce of
~ ‘bounded linear operators betwean Ag and A;. 'We can give more precize mformatlon
- about the operator T by ering the appmmmatmn num‘bers a,.(T), n = 1 |

. o “n(ﬂ*mf{g'"raﬂlwn<ﬂ» TNEL(AO Al)}
‘ Wesaytha.t TEo',,,, 1 § P, q $ oo, }'“

‘with the usual supremum interpretation of um when Q = 00. The space Oy
cmnc;dasmth the usu&l Schatten—von Neumann class gp. .-
héq ,' : 4?,(,“)} te 0 [0, 2x), is an
mferpolaiton famdy af Banacb apaces aml {B},‘w gﬁ(‘, O

me We use the farmula {a;, orw]; = ’1/(1‘4’)& 0 5 0 ‘< 1 (see [30]) and ﬁnd
- that , '\ . !
| - ﬂp{e“) = (%d’oeh-xfpcw) - _
| pr(e“) =1~ I/p(e“), then a(:) =1~ 1/p(;:) ﬁem, by mng Theorem A we |

obta.m tha.t . o

: [B]: = {alsaw]a{x) ”*[V’ls*’ca}x-—glp(:) 0‘ .

Pmpositmn 3.3. Let 1 < p(e!) < o0 and"1 & (a“) 5 . Tken B =
{a,(.« (et },t€[0,2x), is an interpolation family of | Bmmcé spaces.

3 t}w condstwn (2 1) is aaisaﬁed’*untb afe) = 1 ij(e“), timx [B},

)

%(«t).cr(ﬂ;) ;

!
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(b)Y If S = {a,,(t) e | n G Z} 159q <o cmi 21, then {B},, .

= (B)sgr = Op(a)e:
Proof. 1t is well-known that (a;,oz,e)g,, = 01/(1..9),, 0< 9 <l1gggo0
(m [32)), - SR »

0‘3,(,5.:) ,(,u) = (6’1, O'm)a(,u) g(,u), where a(e") = 1 - 1/ p(e“)
Therd'ore the proof follows by arguing exactly as in the proof of Propoextwn 3 1

33, CHAR&CTERIZ&TION OF WTERPOLATION SPAGES BETWEEN SOME FAMILIES
. OF BESOV SPACES ,

' In this section we assume that the reader is acqumnted mth Peetre 8 abstra,ct
definitions of the Sobolev spaces Hy and the Besov spaces B’ p,¢ (8ee {2, 25]). It is
a difficult task to describe the real mterpolatlon spaces between Besov spaces for
the general (oﬁ~dla.gonal) case (see [25, p. 110] and [26, p. 228]). However, for some
special cases we have suitable such mterpolatxon formulas (aee [2, Theorem 6.4.5}),
e. g. the following ones: Let —00 < &5 < 8; <oo,0<as< 1, s=(1- a)ao-i-aa;
and 1 <p,q<oo, then | . ,A

(31) Byﬁ“(B;I*Bgm)ap ' ,’?1,‘1}?’ |
(3 2) - ‘ pq“"' (H.e HO;) . :

We also introduce another measnrable funcnon 8(3“) on {0 2«) and deﬁne

() =5 / a(e‘*)P(z tdt.

| Propos:tmn 3.4. Am&me that 1 < p(e“) < oa, and ~o0 < 8p < s(e‘*) <
81 ‘< oo. Then { E:; () y 8= e“, t€ [0, 21), is an. mtcrpolatwn family of

. Banach spaces.

~(a) If the condition (. 2) is aat:sﬁed w:ih a(e‘*) =1-1 /p(eit) and q(cu) -
‘yp(e“); u‘ﬂﬂ [B}x - .(:g.p(,) ‘
) If 5"' {“n(i) 2““("“) i ne Z} 1€ q<00 and r2l, then {B}

= B = By pter B
| Proof Accordmg to (3.1) we have o

s(u) - it
o * Bptuye v(u) = (Bl Ba b,00) a(u),p(u)’ u=en .
- where a(e“) =1- 1/p(e“) and .s(e‘*) =(1- a(e“))so + afe™*)s;. We note that
a(z) = 1-1/p(z), 8(z) = (1 ~ a(2))s0 + ae(z)s1 and thua, by usmg Thaorem B
: _a.nd (3. 1) once again, we find that | - . ‘
e j;fg .
18] = (813 B' ,w)a(:).»w B;fi'{p(,) SRR

:,p(x) 1, .



Furthermore, according to Theorem C and (3;1),
{B}fd’(‘):l = (B)fst’(‘)»i (Bl b Bgam) alz)p(z) = B;g:gd’(‘)’

and the proof is complete :
Remark. By using the formula (3.2) instead of (3.1) and arguing exactly a8

in the proof of Proposition 3.4 we find that B = {B;(;‘&,) u = e, t € [0,27),

1< pgoo,isan mterpola.txon family of Banach spaces and that the (Herna.ndez)

“ formuia (see [13]) . ' ‘
1 — p*ls)

R i [Bl' - p;f{“)

: and the formula ’ <)

' {,B}:,q(z),l "*(B):,q(:),r B, p,9(z)

hold under the correspondmg restrictions on s(e‘*), g(e**) and S, reepectwely

4 CONCLUDING REMARKS AND EXAMPLES

First we discuss the special case where B = {Bg} is a finite famﬂy of Ba~
nach spaces, for example that By = A, 2#{k - 1)/N. S ¢ L S 2xk/N, k= 1,2,.
By applying the statements in Section 3 we obtain concrete dmnptxons of the mter-
N polatmn spaces between N Banach spaces. Alternatively, we can use the technique
in Section 3 and the well-known reiteration results for finite families of Banach

. - Bpaces (instead of Theorems A-C). We ﬂlustra.te tlm 1dea by consxdermg the Sparr

maces (e 31) -
| Zigs A= (AlsASa AN)x0<X‘§I 2/\‘:-‘31 l<‘”q<oo," ’

| and 4= (A;,Ag, AN) is & N—tuple of compatxble Ba.nach spaces. We use the

" reiteration theorem of Sparr and the argmnenta used in Sectmn 3. 1 to present just
" one example of this technique:

Example 1. Let1g g,p;,qsgoo, 0< )«; 1;(: =12 ..., N), and

N , i
1 A
(8-) If; = Z - ‘a‘nd not aﬂ °fFi m equal then (’m.ﬂu"mms 3‘”‘ 1IN )Xﬂ

- ‘ i L

= A I
(b)lfl<?< °°8'nd"'1'~2““' then (”mw"m:: :%*qu)xg'%a

Questxonl LetlSq,p,p;,q,§co,0<«\;<l(aa:1 2,., N), and

‘Z‘\i = 1 Descnbe the spaces (“p,tu"’mw r”m:e)x 'R - # Z

Thm queetxon is non-trivial also in the case N 2 (see e. & {26 28])
» Next we remark that it is well-known that if we mterpelate between two Besov
L npaces, then for the general (off-dxagonal) case we need not obtam a Besov space (see‘
| ,55 . |
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‘the classical question by Peetre [25, p- 110]). A concrete (but somewhat curious)
description of these spaces ig?given in [26, p. 228]. On the other hand, by making
reiteration of these (Beurling type) spaces it may happen that we return ta the
Besov scale of spaces. We illustrate this fact with the following examples: :
Example 2. Let 0 < 6 < 1 and consider g¢(e**) such that 1 £ g(e'*) < oo,
g(e”*) #1/(1—0), t € [0, 27), but ¢(2) = 1/(1 6). Then each space

(4 1) | - B= (B',i’ p.oo)g a(eit)? P ..2.;1: t€[0,2x),

in the mterpolatlon family B = {B,} is not a Besov spa.ce (see [25]). On the other |
, hand according to Theorems B and C, 1t yzelds respectwely that

——e dt > 0, then [B]

.a)If1<p<ooand/ e pg(;)s -

st) ;
b) If S {a,;(t) 2"“(3") Ine Z} and r 2 1, then {B}: 1(3) 1 = (B)f' o)

p,e(‘)
Questmn 2. Conslder g(e*) such that 1 < q(e“) L ooand B = {Bg}, where

' By is defined by (4. 1) Describe [B]; for the case when q(z) #1/(1-6).
Question 3. Descnbe the spaces [B], when B = {B;}, B; = pgug o)’

‘u=e" t e[0,2x], without e. g. the restrictions p(e“) = g(e'*) or p(e") = p (cf.
g Proposxtxon 3.4 or the remark after that proposition, respectively).

- The observation above, concerning oﬁ'—;hagonal interpolation between Besov
spaces, is a special case of the results obtained in [26]. In our next example we
present some similar situations with xnterpolatxon in off- dxagonal cases; )

Exampla 3. Letlg p,qo,ql,q(e“) < 00,0 <b< 1, and ‘-:; = }-a—-e-+ a——

0 1

(a.) B; = = (Lp g0 Lp,,,),’q(e“), q(e *) # o, is not a Lorentz Ly ,-space.

(b) B; = (Lgo(wo), Lgy (1)), a(etty g(e™) # g, is not a weighted Lp-space

(¢) Be = (lgo({Ax}), 1. ({Bs]))s, q(e“)’ g(e™*) # go, is not a (strong) sequence

space of the type l;({Ce}) (A, By, Ce, k=1, 2, ..., are Banach apaces)
- These statements are all special cases of the descnptmns given in [19] and [26].

‘Moreover, by arguing as in Example 2 and considering the case 9(z) = gs, we find
that the reiteration space [Bl,, in fact, is a L, ;-space, a L,,-space, and a (strong)
sequence space of the type {,({Ci}), respectively.

Question 4. Consider g(e**) such that 1 £ g(e*) € o and B = {B;}, where
B, is defined as in Exa.mple 3 (a), (b) or (c) Descnbe {B], if g(z) #1/(1—-6) in
. each of these cases.

- For several reasons it should be mterestmg to generalize Theorems A-Cin
various ways. In particular, by using such generalized forms of Theorems A-C and
the technique described in Section 3 we get a possibility to describe interpolation
spaces between more general families of Banach spaces than those studied in this
paper. For example, by replacing the spaces (Ao, A;)s ,¢ With more general param-
‘eter function spaces (Ao, A1)x,q (see [27]) in Theorems B-C it is pomble to obtain

some welghted vermons of the results obtamed in Propositions 3 2-34.

¢57, f’ .
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_Finally we remark that the problems posed in Questiens 2-4 above are open

also for the case when the spaces [B], are replaced by {B}] .y, or (}3)‘F e
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