| I‘OIIPIIIIHHK HA CO@HﬁCKKﬁ YHPIBEPOPITET CB KJIYIMEHT OXPIUICKI'!“
SAKYJITET IO MATEMATHKA ¥ UH®OPMATHKA

. Knnru 1 — MaremarTuxa
" Tom 86, 1992

ANNUAIRE DE L'UNIVERSITE DE SOFIA ,ST. KLIMENT OHRIDSKI*
FACULTE DE MATHEMATIQUES ET‘INFORMATIQ‘UE
Livre 1 — Mathématiques
Tome 86, 1992,

ON A GENERALIZATION OF THE JACOBI OPERATOR
IN THE RIEMANNIAN GEOMETRY

GROZIO STANILOV, VESELIN VIDEV

Al

Tposvo Cmawuaos, Beceaws Budes. OBOBIIEHUE OMEPATOPA AKOBMU B PUMA-
HOBOH FEOMETPHUH :

Ich'ra (M, g) pumanosoe unoroospasue PAIMEDPHOCTH N C TEH3OPOM xpnsnsua R. Ec«
mX,Y npousaoaauu napa xacs*mnbnux aex'ropos B Touke p € M, Mul BBOAMM B pac-

CMOTDCHKH ONEPATOPS KPMBM3HH Ax,y(u) = »(R(u, XY)+ R(u,Y,X )8 Bfro nuneknntit

cummerpuueckuilt oneparop. Bro cch'rsezxne 3HAUEHMS 3ABMCAT OT Gasuce X, Y xaca- -
Tennnoro moanpocrpancrso E?(p; X,Y) maramyroe ma mextopos X, Y. Mu: noKasmiBaeM:
1) oitamrelinonrie MEOroo6pasSHA OAMECTBEREEE A/IA KOTOPHX Clie[la BTOTO ONEPATOPA He
38BUCHT OT Gasmce HOARPOCTPAHCTRA E’(p,X Y); 2) PemecTBeHHbLE npoc'rpanc'rsennue
$OPMEL PASMEDEOCTH UeTHPE OAXHCTBEHHHE IJIA KOTOPHX CHEKTP ®TOro onepwropa He
38BMCHT OT Ff“(p. X,Y). B obosx cayuses p NpOMSBONbLRAS TOUKa MHOrOOGpasuu.

Grozio Stcmlov, Veselin Videv. ON A GENERALIZATION OF THE JACOBI OPERATOR IN
THE RIEMANNIAN GEOMETRY ” : ;

Y

Let(M,g)beaRacmmanmamfoldofdnmenuomnmthcurmmtmR If X, Y."
zsanorthmmmalpmroftmgwmatapomtpoﬁ\l wedeﬁnethecurvatmoperator,

:\x,y(u) = -(R(u, X, Y)+ R(u, Y, X)). It is a symmetric operator but its eigen values depend on

the base X, Yot’the tangmtmblpnmﬁf’(p,x Y) :pannedbyx Y. Weprove 1) the Einstein
mamfokkaretheuniquorwhnchthe:raceofthuoperatordmmtdependonthebmof '
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o E’(P.X Y), 2) thercalspmefonmofdmmon4mtheumquefor which the spectrum of
thmopaatordounotdependonthebueofE’(p,X,Y) Ofcoummbothme:mompmmf
arbxtru'ypointofM ; , ,

" 1. INTRODUCTION

Let (M, g) be an n-dimensional Riemannian manifold, p — a point of M, M, —
the tangent space in p. We denote by R the curvature tensor of the manifold. The
well-known Jacobi operator in the Riemannian geometry is. deﬁned in the following
way: 1f X is an unit tangent vector of M,,, then we consxder the hnea.r mapping

defined 'by " e
g | , Ax(u) R(u,X,X).

- From the propemea of Rit follm that Ax is a linear symmetncal operator Na.me— :
ly, it is the Jacobi operator in respect to X. The geometry of this operator is

| ~ investigated very actively in the last years, see, for example, [1-3].

In this paper we state at first the problem about a generahzatlon of this oper-

 ator.

| Let X, Y is an atbxtrary pair of unit t.angent vectors Then we define the :

m&PPmS ,

| ‘ ‘Ax,y:‘Mb-—rMp
R Ax,y (u)= -—['R(u,X Y) + R(u Y, X )|

vadent:ly, it i is a genera.hzatlon of the Jacobi operator because of 'y

CAxx = Ax.

| Fm'ther we propose that X Y is an arbmary otthoxxormal pmr of tangent
3 vectors ¥ 2, y.is another pa.zt of tangent vectors in the’ 2—d1mensxonal tangent
] aubqaace E’(p,X Y) of M, spanned by X, Y, we ha.ve the relatxons

a z=cosp.X — samgaY T
o . y=sinpX+ecosp, e=2

By these formulas all orthogonal txansformamons in E"‘(p, X, Y) are represented
.Now we estabhsh the relation | | '

,,(u) cos2qa/\xy(u)+s 22“’{3( XX) R(uYY)}

h 'Bence the operator Ax x y is not mvanantr under the orthogonal tra.nsformatlons m

It mevxdent that Axy ..-Ayx and we can takee- 1




Let now ey, €3, ..., e, i8 an arbatrary orthonormal base of the tangent space
Mp. Then we ha.ve (s = 1 2..., n) | - | s

m2<p[

z,,(es)-cosmp é\xy(e;)-}- R(e X, X) R(e.,Y Y)l

2

Hence we obta.m o

2
Rles, 2,1, e) = con2p.R(ei X. Y, i)+ 2 5 [Rlei, X, X, ) — Rleo Y, Yl
From thm equa.hties we ge,t
@ . S(e,w) = con 2. S(x y)+ 22 29’

[S(x, X) s, Y,

where S is the clasaxcal Rmcx tensor of the mamfold M

2. A CHARACTERIZATION OF THE EINSTEIN MANIFOLDS
C BY THE GENERALIZED JACOBI OPERATOR o

In this part-we prove the following |
“Theorem 1. Let (M, g) be an n-dimensional Rzemanman maanold andn 2 2.
Then the foilowmg assertions are eqzm:alent
1) (M, g) is an Einstein manifold;"
- 2) The trace of the curvature operator Ax,y does not depend on the orthonormal
base X,Y of the tangent subspace E*(p; X, Y) (and &t is equal to zero).
Proof. Let (M, g) be an n-dimensional Einstein mamfold Then at every point
p € M and for any tangent vectors z, y we have - |

S(za y) ‘{ 9(3: y): c’ - conSt}

L

\lvh‘e'nceyit follows that ;
3) | S(X Y) 0

for any arbxtra.ry pair of tangent vectors X, Y Also from the deﬁmtlon of the
operator Ax,y we have -
o c= R(u, XY, u),

where u 1s an exgen vector of A xy and c is the correspondmg eigen value, i.e. -
- L Axy(u)*- --{R(u,X Y)+R(u Y X)] = e,

* Hence, if i1, ug, ..., u, are the exgen vectors of /\x y mth correapondmg elgen
values ¢, ¢, .. ~c,., then* .

o ﬂ‘ ‘« .
=3 a = ZR(m,x Y u.) s(x y)
i—-l =1 .
Accordmg to (3) we obta.m |
traxy =0.



Conversely, let at any point p € M “and for any orthonormal pair of tangent
vectors X, Y of M, the trace of the operator Axy not depend on the bage of the
plane E’(p, X,Y). If the tangent vectors z, y are related to X Y by (1), then

| Sy =S(X,Y),
whence from (2) we ha.vg

sm29:>[

S(X,Y) = cos 2¢. S(X Y)+ S(X, X) = S(¥, )],

” S(X Y) = cotg tp[S(X X ) S(Y, Y)]

From the last equahty by ¢ = --4- and ¢ = ‘—:- we obtain correépondingl):

S(X,Y) = -S(X,X) +8(Y,Y), S(X,Y)=S(X,X)-S(,Y),

whence it follows that (3) is satisfied for every orthonormal pair of tangent vectors
X,Y of M, and at any point p € M. Now we can apply (3) for the orthonormal
- pair

...'.f..jA' - v.g(u,u) = ug(u,v)
M’ ‘ * (" “) 9(”:”) -9 (u: )

whem u, v are arbikrary tangent vectors of M,. We have

S'(u - v.g(u,u) - u.g(u,”) | )‘zﬂ,‘

tui !u! gu,u).g ﬁ,!)_—-ﬂ u,v
whence it follows that R .
- S(u,v) _ S(u,u)
9(u,v)  g(uu)
From the laat equahty, if we change u by v and v by u, we: obtain
S(v,u) _ S(v, 1v) ‘
’ ‘ | g(vs u) 9(”: ”) '
" Then the last two equalities lead to | | o
S(u,u) S(vrv) ' | o ‘ IR
' , g(“s u) 9(‘!}, U) ‘ o \ )
| ‘whlch is satisfied for arbitrary tangent vectors u, v of M, and at every pomt. pE M
It means that (M, g) is an Einstein manifold.
- From the theorem we get the following ‘ | -
Corollary. Let (M, g) be a 3-dimensional Rsemanman mamfold Then (M, g)
" is a real space form iff the trace of the curvalure opemtor Ax Y does not dcpcnd on
~ the orthonormal base X, Y of the plane E*(p; X,Y). .

Proof. Let (m, g) be a 3-dimensional real space form, ie. Rxemwma.n mamfold
of constant sectional curvature u. Then - | |

R(x, Y, z) pnlo(y, 2).z — -9(z, z) y]

. 30



Hence; o : ‘ |
@ Axy (u) = 3 nlo(u, X).Y + g(u,¥).X]

for any orthonormal pair X, Y of tangent vectors of M,, and at any pomt PEM.
Then for the spectrum Qx y of Axy we have ‘ ,

o f‘_‘_ B
QX,Y "{ 7\21 210}1 |
whence it follows that trAxy = 0. :
Conversely, if tr A\x,y does not depend on the plane E.z(p,X Y), then from

Theorem 1 follows that (M,g) is an Einstein manifold and, since dmM = 3,
(M,g) is a real space form [6]. |

3. A CHARACTERIZATION OF THE REAL SPACE FORMS
BY THE SPECTRUM OF THE GENERALIZED JACOBI OPERATOR

Now we investigate the Riemannian manifolds with the following properties:
at every point p € M and for any orthonormal pair X, Y of tangent vectors of M),
the spectrum of the curvature operator Ax, Y does not depend on t’he orthonormal
- base of the plane E3(p; X,Y).

At first we remark that from this property it follows that the trace of A; X, y \
does not depend on the orthonormal base of the plane E?(p; X,Y) and acccrdmg
to Theorem 1 we get that (M, g) is an Einstein manifold. Also from this property -
follows that the spectrum of the operator Ax,y has the form

(5) Qx,y = {c1,—c1,c3;, —Ca, ooy Caky 023,0 0}, 2k g n.

Indeed, let u be an arbitrary eigen vector of Ax y with a corresponding eigen value c.
It follows that u is also an eigen vector of the operator —Ax,y with a corresponding
eigen value —¢. But' from the definition of Ax y we, have

A-xy = Axy,

whence we obtain that —¢ is also an eigen value of A_x,y. Smce the spectra of
Ax,y and A_xy coincide, then —c is also an eigen value of the operator Axy.
That means that ¢ and —c are eigen values of Ax Y and x,y has the form (5)
Let now (M, g) be an n-dimensional Riemannian manifold of a constant sec-
tional curvature u. Then. from (4) we directly obtain that |

©® V. nx,yw{mé- £, o}

which is of the form (5). Onr conjecture is that the converse is also true. In this

paper we can prove it only in the four-dimensional case. :
From now on let (M, g) be a 4-dimensional manifold with the property gwen

at the begummg of this section: p is an arbitrary point of M, X, Y is an arbitrary
orthonormal pair of tangent vectors of M Let z, y be another orthonormal base
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- Here

2

_of the plane E"’(p, X Y). Further, if e;, 82, €3, €4 18 an arbztrary orthonorma.l base -

of the tangent space Mp, then every eigen vector v of the aperator Azy can be

represented in the form |
\ : y=1vl 81+v eg+v es+v4.e4, ;
From the definition of A, v We get the relatlon
R(vley + viez + v2 e3 + v a,coagoX—-smgoY)

+ R(v'e; + v?eqz +vieg + v q,smsz—}-cosgaY)_c(v e; + vies + 92 63+v teq),

~ whence after scalar multiplying by ey, ez, es, e4 we obtain
o . ﬂuv’l + aizv? + d‘s'svs +'ai41?4 =0,
. where | ’

a;; = sin 299 [R(ei, X, X, &) — Re;, Y, Y, €)] + 2. coa2c,a R(e;,X Y, e,) = 2c,
ax; = sin 2¢.[R(ex, X, X, ej)— R(ex, Y, Y, ¢;)]
+cos2¢.[R(ex, X, Y, c.:,) + R(ck,}’ X, ej')], -k ;é‘j, i k= 1,2,3,4.
Since v is a non-zero vector, then - .

- (8) ' o det(af,) 0, 1,j7=1,2,3,4. _
From here, by X = e1, Y = e3, ¢ = 0, we obtain the follomng equatlon
’ —2  -Kis Ryunn  Ram 1
—Kiz ~2¢  Rugs - Rai24

Rs131 Ryizs 2Rsizs—2c Ruas+ Rens|~ "
Ran 32124 '&iis.+ R4:ns 2R4124 - 2¢c

“16¢* -41'1c -213c+13-0 o

or

o where

I = 4R35+ (Ruza + Rsm) + 33123 + an«s + K'R 72+ R + Ruzn

L= 2R2123(R4123 + Rgj24)Rayaq ~ 2&12433123 - 2Rz123R4124 - 2K13R4121 Ryy2a

~ 2K132R3121 Ra123 — 33121(34123 + Rsm)Ruzl + 2Rsig1 Raraa — 2R4121R3123, N

Ia = 2K?; Ra124 + K12 R4121Ra125( Raras + Rsi24) + KmRs121(R4123’ + Ram)R.zu«s

- 4K13R-4121Rm4ﬂsm + K23(Ra12s + 33124) —2K12Rs131 Ra125Rar24
4R35 R34 — 234131 RzuaRz124Rs1z1 + K 123412132133(34123 + Ram)
-+ Raijsm R

Rw-—-R(es,e,,ea,et), 4,y k, t-. 1,2,3, 4

" are the components of the curvature teusor R in respect to the base e, e, €, €4.

Also from (7) and (8) by X=e, y..e, and :,o-"-'f- we have

4 R
:--K,,, ~2 0‘ “ ,’“R"’??l -"”‘-"34221 o
| 0  Kia—-2 Rsuiz-  Rina =0,
. ',"33331 Rsuz  Kis— K~ 2c 2R41s 0
~Rygzt  Ranz 2Rans - Ku-K; . — %




or ‘ ;
' 16¢* — 4J1c* — 2Jzc+ J3 = o,

Jj

where

I =K+ (K13 - Kzs) + Rijyq + 4R35+ Rsuz + Razzr + Ruzh
. J2 = K12(R333; + Rizg; — Riyia — R4112)

+ (K13 — Ka3)(R{11a+ Rl — Ripna - Rgzzx) |

— 4R3)14(Ra112 3112 + Raza1 Raza1),

" Js =—Kia {4R3112R41121i’4113 - 34112(3'13-*1{23) 4R4113K12 - Raug(K 14~ Kaa)
+ K3, (K1s — Kas)® + 4K 13 Raz91 Razz Rans — 2R3z RanaRaanRaiz

+ R};1,R30 + Klz(KM — K34)* R3g3; — Ripg1 K12(Kas ~ K3s) + Rguz&m-’

Since the spectrum of Axy does not depend on the o:thonormal ba.se of the plane |
E}(p; X,Y), we have

« J;, Iz-—-—Jz—O Ia--]s,. ‘
Further we use the ﬁrst of these equahtles Then
9 434134 + (R4123 + Ram) + R:na + Ramﬁ' Ram + Ruzx

= (K13 — Ka3)® + Ri;1+ 4R3)1s + R3112 + Ripy + Ry
Since (M, g) is an Einstein manifold, then:

, a) the sectional curvature of every 2-dimensional éubspace of the tangent space
' M, is equal to the sectional curvature of its orthogonal complements [4];

b) Rissj + Ritsj = 0 (Cf 38D, i #yj_,.i: #8i#t, J #,,’; ittedt
,J,&,t_.1234 e ‘ : ' L E
Now fmm (8) we obtain

(10) (Kls - Kas) + 4R4113 - 4‘31443 + (Ruzs + R4213) s

which is hold for amy orthonormal base e4, ca, €3, e1 of My, i e

(Ku - Ksz) + 4R§442 = 1434113 + (le + Rmz) )

(11) (Kla - Kns) + 4Rm§ = 4R4m + (Rms + Raﬁxs)z
Now from (10) we get

. Rl =Ris
and whence from (9) it follows that

(12) " Rums+ Rma = G(Km - K23)y £= :1:1
From (12) a.nd the first Bianchi identity we obtain
(13) - 2Run+ &su = §(K13— Kzs)

- K we cha.nge es3 by e4, we get
| | 2R3134 + Raqz = S(Ku - K24)



*

Hence E |
(149 2R4213 — Ras12 = €(Kas — K13).

Now from (13) and (14) it follows that
Raizs + R-ms = 0
whence
T Kis— Kzs 0

This equalxty can be written in the form
K(X AZY=K(YAZ).

It holds for every orthonormal tripple of tangent vectors X, Y, Z in M and at any
point p € M. We conclude that (M, g) is a real space form [6] .
Thus we have proved the following | |
Theorem 2. Let (M, g) be a 4-dimensional Riemannian mamfald Tben the
Jollowing assertions are equsvalent:
1) (M, g) is a real space form;
2) The specirum of the curvature opemtor Axy does not depend on ibe or-
~ thonormal base X, Y of tlcc plcae E3(p; X, Y) for every plane E? and at any pomt

peM . : B
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