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1. INTRODUCTION

Many important physical and industrial applications involve material inter-
face problems, described by differential equations with discontinuous coefficients
and concentrated sources. A good example of a problem of this type is the two-
dimensional elliptic equation with discontinuous coefficients and Dirac-delta right
side.

When the interface is smooth, the singularity is not severe , with smooth
solutions inside each region. Various methods have been developed for this case
and they work well, at least for moderately large contrast [4], [8],[13], [14], [17].
A method that is the simplest conceptually but nontrivial in implementation is
aligning the grid with discontinuity. In [4], it is proved that if the boundary is
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at least C? this FEM converges nearly the same optimal way, in both the L? and
energy normn, as the problems without interfaces.

An efficient method that uses regular grids is the Immersed Interface Method
(IIM), [10], [13], [14]. The essence of the IIM includes using uniform or adaptive
Cartesian grids and introducing non-zero correction forms in the starting difference
approximations near the interfaces. The role of the jump (interface) relations is
very important. In fact the idea for using the jump relations was first proposed for
an elliptic problem with line interface in {16]. The construction of our difference
schemes also relies on this idea.

The standard strategy for generating higher-order difference schemes is to ex-
pand the stencil (see for example [15], [16]). It was applied very successfully recently
to elliptic interface problems [3]. A such an approach has the obvious disadvan-
tages of creating large matrix bandwidths, complicating the numerical treatment
near the boundaries.

Our method of discretization is based on aligning the grid with discontinuities.
The construction uses the differential equation and the jump (interface) relations
as additional identities which can be differentiated to eliminate lower order local
truncation errors.

Our schemes are compact, i.e. they use minimal stencils: 5-points for the
second-order scheme and 9-points for the fourth-order one. In order the maximum
principle to be satisfied for the 4-th order difference scheme the mesh steps must
satisfied very restrictive inequalities. Here we apply the energy method to obtain
error estimates for the difference schemes.

The rest of this paper is organized as follows. In Subsection 1.1 the boundary
value problem is stated; the notation used is introduced in Subsection 1.2, a second-
order difference scheme on five points stencil, while a fourth-order ones derived in
(1] are presented. In Section 3 error estimates for the schemes are obtained.

It is noted that there also exist some analytical and numerical studies about
problems on intersecting interfaces [5], [7], {11]. Also, almost second order difference
scheme for singularly perturbed problem with a line interface parallel to the axis
Qy is constructed and studied for uniform convergence in [2]. Convergence of finite
difference schemes for elliptic problems with curvilinear interfaces intersected the
domain boundary is studied in [6].

A part of the results of the present paper was reported at the International
Conference ” Pioneers of Bulgarian Mathematics”, Sofia, July 8-10, 2006, dedicated
to Nikola Obrechkoff and Lubomir T'schakaloff.

1.1. BOUNDARY VALUE PROBLEM
The more difficult interface problem is with singularities that arise due a non-

smooth or an intersecting interface. As a typical example we consider the elliptic
equation.
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Lu:= -z (p(z.y)5%) - & (Q(J:y)%y-) trzyu=Fz,y), (L1
(z,y) € 2= (0,X) x (0,Y),

where
F(z,y) = f(z,y) = d(z = & y) K (y) = d(z,y — n)Ky(z), (€,n) € Q.

We assume that the functions p. q,7, f, Az, K, are piecewise continuous (with
possible discontinuity on the segments I'; = {(z,y):z=§ 0<y< 1}, r, =
{(x,y): 0 <2 <1, y=n}forpgr fwhileiny =7 for K, and in z = £ for K, )
and

0 < co < plz,y),q(z,y) < Co, 0< 19 <7(x,y) <Ch on SN (1.2)

We shall solve (1.1) for continuous solution subjected with Dirichlet boundary con-
dition
ulaq = (T, y). (1.3)

Then the equation (1.1) is equivalent to the: equation

4
Lu:= f(z,y), (z.y) e N\['=|J Q. ['=T,UTy, see Fig.l (1.4)

s=1
and the interface relations

[Wp, = ulé+,y)—u(é-,y)=0, y€(0,1), (1.5)

W, = u(z.nt+)—ulz,n-)=0, z€(0,1), (1.6)
[ Ou] 4
Pos = Ki(y), y € (0,1)\{n}, (1.7)
- e F,\{‘r)} .
9 -
q5— = Ky(z), z € (0,1)\{&}, (1.8)
L 9Y (g

{[pgﬂg}:{[q%]n}{ = {Kz}, + {Ky},, (1.9)

where, for example, {K.}, = § (K:(n—) + K:(n+)) .

Similar interface relations can be derived if a finite number of line interfaces
r=¢&,1=1,.,land y =1n;, j=1,..,J are assumed (see the numerical results
in Table 6 and Figure 5, 6 for I = J = 2 in [1}).

Let m be a nonnegative integer and a € (0,1). The standard notation C™(Q) is
known for the space of functions where derivatives up to order m are continuous on
Q with maximum norm ([9], [12]). The notation C™t*(Q) is used for the space of
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Holder continuous functions with corresponding norm [9],[12]. Finally, by C™**()
we denote the space of functions, which belong to C™**(£’), where ' C Q.
We also will use the functional space

1
H3+(' — n Cs+a(§k)’ s € N. (1.10)
k=1

The regularity of the solutions (i.e. the belonging of the solution to appropriate
Holder space) depending on the input data smoothness and various compatibility
conditions satisfied by the input data. Interface problems with smooth interface
curves that do not intersect the domain houndary have been widely investigated
in the literature, [4], [12], [14] and the references there. But for problems of type
(1.1)-(1.3)(or (1.4)-(1.9)) such results are not known. We will further assume for
(1.1)-(1.3) that the solutions have the necessary smoothness (see Propositions 2.1,
3.1).

1.2. GRIDS AND GRID FUNCTIONS

Let introduce the non-uniform mesh @ = Op x W, w=wN, 7 =w\w,
where

wp ={20 =0, i = xiy+h;y, i=1....Ni—1, zn, = zn,—-1 + h =
E.anyyr =&+ h, =20+ h;,, i=N1+2,...,N, zn =X},

g ={yo =0, yj =yj_1+k;j, 3=1...,My =1, yu, = yar,—1 + h =
7, Ya+1 =n+h, Yi = Yji—1 +k‘j, jg=M+2,...,M, yps = Y}.

A such mesh is designed on Fig.2.

" s
Y Y
Q, Q,
Ql Q2
(')? g X X 0* § X X
Fig.1.The Domain Fig.2. Non-uniform mesh

The finite-difference operators are defined in standard manner by U (z, y):

Uz = Uzi = (U(zi,y;) — U(xiz1,9;)) /hiy Up = Uszi = Uz i1,
Uy =Uy; = (U(xi,y;) = Ui, yi—1)) ks, Uy = Uy j = Uy i1,
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Us = Usi = (U@ig1/2:95) = Ulxi-1/2:¥i)/ i
1
2
Ug = Ug_j = ([l(m,-,yj+1/g) - U(li,yj—x/z))/kj?

hy = ~(hi + hix1), o =hi/2, hn = hn /2,

kj = (k] + k_-j-{-l)? IEO = k1/2a Eﬂf . k]w/2,

hiv1Usz i + hiUz i
hi + hiva

1 1
Uss = Uzs.i = —(Ugii = Uzi)y Ugyg = Uggi = ;—C'f(Uy,j ~ Uy,j)-
]

hs
Ugs = (U3); = (U5),

Here U;; is any discrete function. Note that when it is clear that u(z,y) is a
continuous function, we shall sometimes use the notation ui; := u(zi,y;), while
when it is clear that Us; is a discrete function, we shall sometimes use the notation
U(I-,’,yj) = UU

Let g(x,7) be a piecewise continuous function define in §2.

_ kiniUyj + iUy
] kj -+ kj.H

Uo:U0.= .UOSUO
T I.1 y y

4

hig(zi—,y) + hiag(zi+,y)

g‘.‘r'=gz"-i(y)= h'+h'+1
o _ kjg(my;—) + king(@ yit)
gy = 9y, (x) = kst Ky y

93y = Gx.y; — (gii)g‘, = (gﬁj):t,. .

If hiy = hity1, then gz = {g}.‘l‘." If kj e kj+1, then gy = {g}y).
Throughout the paper, C' sometimes subscribed, denotes a generic positive
constant that is independent of any mesh used.

2. THE DIFFERENCE SCHEMES

[n this section we present the finite difference schemes for the problem (1.1)-
(1.9) derived in {1].
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2.1. SECOND ORDER DIFFERENCE SCHEMES

The following difference scheme is derived in [1]:

AU; = —((IU;';-)_-I‘;‘-yJ (bUg)y, 2. + ¢z,5,Uij (2.1)
e (080,518,
iy a.[‘ 7, k_] ay 2,
¥, Iz # £, Yj 7& UB
_ K (y), i =& y; £,
Y — ‘;IIK_?/(I')~ zi # & yj =M

(P’)éﬁ - % {A.I(y)}yl - % {I"y(l')}f r xt = f’ y_'l = 77'
The following assertion was proved in [1].

Proposition 2.1. Suppose that p, q € HY'™, r, f € MG, K. € C*[0,7] UM, 1],
K, € C*[0,¢]UE, 1], a € (0,1), u € C(Q)ﬂ’H‘H“. Then the truncation error of
the scheme (2.1) is of order one.

2.2. FOURTH ORDER DIFFERENCE SCHEME

In this subsection we consider the problem (1.4)-(1.9) in the case of piecewise
constant coefficients

P(z,y) = ps, q(x,y) = g5, (2, y) =75, (2,y) € Qs =1,2,3,4.
Then (1.4) reads as follows:

0%u 0%u
—p-“axg q"() 2 + rsu = f‘i(r? ) (il?,‘y) € Q.Se s = 1»21 3342 (22)

Further, for simplicity we shall describe our construction in the case

il =il = Bl -], - .

y

In this case the following difference scheme is derived in [1].

Case 2.1. Point of type o

NU = —(Us); - (aUp); +7U - = ((A2 (Vi) + (7 a3);.), )
1 ,
— = (1K, 0Us) 5 +h],, (qu)g;) + 25 ((0Prs), + (k2r0y),)
+ ér ([h],,. Ug + (K], Us + ; (hl,, (K], U_%;) (2.4)
=f + 112 ((1;2fz)xy + (k* fy)g2) + é ([h] fo + (K], fo + § (h],., [K],, fi’n‘}) ,
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If [h],, = [K],, = 0 (2.4) reduces to the Samarskii’s famous scheme [15]:

: k? h?
NU = —(pUsz)e — (qUy)y +7U = 12 (PUz) z5y — 12 (qu)yfw
2

h? k? h k?
+ E(rUf): + 1_2(TUQ')y - f + 'l"2‘fa'::r + I—Q'fgy-

Case 2.2. Points x; =&, y; # 1 of type *.

h2
A,Ui]' = _(pU:E)J‘ - (qu)gi + 71U — % (kz (pU ) )y (QU )y:r:r
2
b U+ 15 KUy + 3 ]y’ (32,05 - 0U2),5) (25)
h2 [ ] } of
= it gfat (k2fy) 6y for* 15 [83:}

RS ES

h (r 1 h
_ (ﬁ{i}ﬁﬁ)’(’(y"’ o (PE) +§{ } (Ko ()

- %(%(K ®)); +h{p} Ki(w)-”[aa_:gy]m)'

If [k.]yj =0, k; = kj41 =k, i.e. the mesh in y is uniform, we have

z,

: k2 h2
i S i h[9f] .
+ 1_2'(7'U;E):r + ﬁ(rUg)ya“: = fz + -1"2‘f5ux + ﬁfgyi: + = [5;] B (2.6)

h (r 1 1 q k?
_ (1—2{5}: + h) K. (y;) + 12 (h{"}z’ h)(K ¥))gg, -

Similarly if y; =71, x; # £ we obtain

Y (PUs)agy — 75 (W (aUs)ys)

b
e (),

_ (qug)y:%) (2.7)

A'Us; ~(pUz)zy — (qUy )y +ryU -

1 ..
+ 1—2(h2TUj;)_i;37+—(7‘U-y)y

I

| (k). h [Of
fo+ 55 (Bfz) 5 + fw 6 fﬂ+ﬁ{5§] i

_ (1”_2 {g}y + ’11) K,(z;) - 12_h (K2 Ky(T)),, % {g}v (Ky(2)) 25

g7
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W (3 . , o*f
- = (77_ (Ky(x))e + h{a}y‘ Ky(z:) = h {axay]y]_i) .

7i

In the particular case [h], =0, h; = h;yy = h; = h we obtain

h? h?
AUy = —(pUs)ay — (qUgly + 15U — 12 (PUz) 1y — 5 (aUy) 2z (2.8)
h? h? h? h? h [of
t Ue)es + 50Uy = fo + 35 fezg + 3 fw + 15 [%L'

h r 1 ; 1 p h2 ]

Case 2.3. Point of type

ANUij = —(pUs)zyg — (qUy)yz + 125U — T—; (PUs) 24y = ’ll_; (@Uy), 2z
+ g("'Ur)mg + %(TUy)yi = fig + ?—;‘ (fzzg + foyz)
- ({3 i) o), - ({2, +3) me)
({3 sew), 5 (), 0)
* :_2 Haizgy]r, ) {:3}:,. K;(y)}‘

Remark 2.1. If one omits the last term in (2.9) the resulting scheme is already
of order lower than four. see also Table 5 in [1].

The following assertion was proved in [1].

Proposition 2.2. Suppose thatp, g € H3t*, r, f € HGT™, K, € C?20,q]Un, 1],
Ky, € C**[0,§]UIE 1], w € COONHET®, o € (0,1). Then the truncation error
of the scheme (2.4)-(2.9) is of third order.
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3. CONVERGENCE AND ERROR ESTIMATES

Let us introduce the scalar products and the corresponding norms:

N M
UV)y = YD hkj(UV)zy,, U= (UU),,

'—Oj—O
N

UVt iy = ZZh UV, WU = (U, Us) ot xa, »
i=1 j=
N M

UV)gwwt = 22 Niki(UV)a . 1UGE = (Ui Updg, xut -
7:=0 g==|
N M

UV )iy = D2 hiks(UV)i, WUzsllG = Uz, Us)p
A’—] M -

(U, V)w, Xy h'ikj(UV)i‘ii}j? “UIJiug = (Ui:i’ Uj.i)w, Xwsy *
i=1 j=0
N M-

U V) wwn = ZZ K (UV)z,5: W0l = Wais Ugi) g, xew,
i1=() J:

IVUIG = 11Uzl + U115,
Wit = 1Ulg+1vUlg,
IUI3 = [Us:li§ + WUssll5 + 20Uz i3,

where &) = Op, @2 = Wi, W =@y X &9, ¥ =00 Nw.
Using Green's formula it is easily to check the identity (18]

U113 = AUl = Uz + Ugglg-
When deriving a priori error estimates of the difference schemes the following

negative mesh norm will be often used

W),
A Y

Lemma 3.1. For every mesh function v(x,y) with zero boundary values Friedrichs
inequality holds

-

V)2 > 16))v]|2. (3.1)
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The following equalities will also be used:

~ (60U U) = (U2, (3.2)
(@) V) = (@U2), ... (33)

w 2

3.1. SECOND ORDER DIFFERENCE SCHEME

Theorem 3.1. The problem
AU = = (pUz) 35 — (qUy) gy + 125U =, U], =0 (3.4)
has a unique solution that satisfies the estimate

Ul < Cllgll-y.

Proof. We take the scalar product of (3.4) and U and sum on up the mesh w.
Using (3.2), (3.3) we obtain

(AU, U), = ‘(pg,ug)wfxwz + (22, U3),, cwr T (12, U%),
2 (P UZ) o, + (4. U2) v 2 VU2,

1 Xwsy W) Xw,

where ¢, = min{p, ¢}.

Therefore 1
VU2 < — (AU, ), . (3.5)
1
From (3.1) and (3.5) we get
17 17
M2 < —— i - 7 :
101 < g0 (AULV), = o= (@), (3.6)

which implies the existence and uniqueness of the solution of (3.4). Further, from
the inequality |(¢, U), | < |lo]l-1 U]}, and (3.6), follows the estimate in the theorem
a.

Theorem 3.2. Suppose that the assumptions in Proposition 2.1 are fulfilled. Then
for the error z;; = Uy; — u(x;, Y;) of the difference scheme (2.1) the error estimate
holds

Izl < C (I1A%}lo + I&2]lo) - (3.7)
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Proof. We have

/\2,'3' = ‘I’,’j

1 ow
1 Jw:
+ ((Quy)gj - ;—c‘_[“’zlm - (“@2‘) )
J 73 E;

= (@i(y))y, + (Wi(@))y, -

_ : 3
piy) = nf, +O(h), whereni(y) = 7 7
. k2 (1 8w 3 0° Ju
Y — .2 —_ R — .
vi(z) = n;’j + O(k?), where n;’(:zt) =% (Zqé)y:‘ + 7 (qay)) (,yj-1/2)-

A"'U = 771‘ v + nyJ + ‘pz]’ (38)

where ¥}, = O(h? + l?.‘?). (3.8) whit z;; and . Using Green’s formula, we obtain
(lII‘ z)w = (7753 Zf)werwQ - (ng’ z!_l)\dl xw-'{ + (\I," z)w - (39)

Hence

(,2),| < C([IR*llollzzllo + IE2lollzgllo + (IRl + I1&[l0)lizllo)

-

< C(IIR*o + IIk?llo) ll2lls, (3.10)

where |22 = ookl IK21IE = Z;’Ok;’, and C is a constant independent of

h, k. Therefore
lzlh < C (IIR*lo + IK*l0) . O (3.11)

3.2. FOURTH ORDER DIFFERENCE SCHEME

Lemma32 Letthemes‘hwhsatzefy—<—'—ﬂ '—“L:'l<a i=1..N-1; 7=
L M~-1, wherel <a<145andV is a mesh function defined on the mesh W
wzth zero boundary conditions V|, = 0. Then

(HV)gVe) | < 00 V)uteen

W, Xw2

(@) Ve) S @0 V)

wi Xwy

(0¥, + B0V, + 5B g5 V)| < 2em v

w
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Proof. Let us denote
(R)z; = [h}i, (], = [K]js [Rlo =0, [h]n =0, [k]o = 0, [k]as = 0. Then

([hl V)5 U)

= ‘)Z[h ( ’Hp(z, ) (Vi = Vi 1)+7%—P(-T1 )(Vi+1—Vi))
— i1 hiy

= Z; (([’l]é—l‘hfi——[ll]i ht )P(Ti")vi-lvi

[h]z hia hi 2
2= — ——p(2; V.
+ > h. —p(xi—) hiHP(T +) 1V

The inequalities

. U [hioy 0 1 [ hy (o

. . < — . - —V.,,

ViaaiVil < 2‘/ h V,_,+21/hHV,
L [Rigr 0 L/ hi oo

e < _— BRI Vg . —_V-.

|ViVisa] < 2\/ 3 V1+1+2‘/hi+1V.,

imply
[h]? 1 fhiq [[Rlicy hicy [R)i hiyy
° < - —
l([h] (pV)‘T,V)wl - max{h P N 4V hi | hioy by hi h;
L [higa [[h)i hi  [Rlis1 hiyo 2
* 4V ki | hi hivi hiyy hig (P2, V )“".
Since

ok (M"’(Ii—) - L"_-r(x&)) = { ) [(; AL

2 h, hz+1 h‘h._h%r .’L‘i), [T]x' = ().
(K 1 Ry Ali] _ 2(a—1)
< a-— - — < a, < ,

hikiyi =@ 2+O" hi =@ hi = a+1

we have

(R @V, V) | < (
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Analogously one can prove that

’([kl (@V)g, V)w’ < (g5 V?),, -

Next, we have

N—=1AI-1

(N V) V) =12 30 S BlKL Vs (hisikysar(zim,y

=1 j=1
9y.1_)vi 1Y + h}‘ "’,(Ii'h y.1+)vi:-4-127,i+1 + hi+lkjr(xi_

) Vj‘;, yl

+ }li)\‘.j+17’(171’+ ,yj+)1/;i‘,_i}.,'+:)

N—1A—1 .
=D, h); k), hik;re,q, Vi
h. hz—f—] k- k]+1 EiY; Vig

i=1 j=1

hl ke Byt
I k ; hv h,
H.jk‘[k]'] ([h]' 1_ - i ) T2, Vi-1;Vij

hi_1 k ivi K
5 ([h]l ][L]J 1 h,,’l i’]l [h] [k]] ’:‘-l if]“‘) Tz, Y Vc-—l) l(j?]
1 h; 1 k 2 ‘! 1 ,"
Z ([h]l l[k]H-l h, Iv_],+ -+ [l ]z[lﬁ«]J .: k1+1 ) e, 4 V l]+leJ
1 h; k iv2 kj—
Z ([h] [H:h ;v:‘ [h]H-l[k]J lhzif kj )7'5;;37, Vi-l-lj—IVij)

(bR

< ma
{h hH—l k; AJ+1

b ks
higikjs

(Plilk];  hik;
hikj hivikje

} (rs.V?),

2 TS
< ((a—2+ al) +4QSE—Z—+_3;) (Ti’:g,vz)w.

Therefore

(116, + W0V,

1 a-1 2 1)\?
<|2{a—-2+ -} +4dava t3la-2+7) +3
o a+l 3 a

< 2 (?"jg, V2)w . O

2 K] V)55,V )

8 3(0—1)
(@ +1)?

) (rzy:V?),
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Theorem 3.3. The solution of the problem
NU = —(pUs)sy = (qUg)ys +7ayU — %5 ( (k2 (pr)jg)g + (hz (qu),ﬁ)i)
- é (14, @U2) 5 + [, qU_,-;),o) + o ((RrU2),, + (K1), ) (312)
b g (1, 005y + W, G0Yg, + 5 B, 8, (U5 ) = UL =0

where @' stands for the right hand-sides in (2.4)-(2.9). respectively. exists and is
unique. It satisfies the a priori estimates:

Uh < Cle'll-, o @313)
U2 = Cll¥llo: (3.14)

-—

where the constant C doesn’t depend on the mesh.

Proof. Let us organize the scalar product

(NT,U), = —((puf)fg,U) —((qu)gi,U) + (regU,U),,

i 5 (2 0v), ),,’U) 5 (@), -v),

+o ((her) U) 12 ((k2rU) ) (3.15)
( 0Us),5.U) ~ 5 (Inlfas) 5.0

2 "Usy ) é([klw TU@&‘U)
([h] “y ono U)

In view of formulas (3.2), (3.3)

((k2 (pUs)z) ,U) = (K*p.UZ) 1 ot

0—6

w

»—‘cm-—ocn._a
/-\

(0 @Un)ss), V), = (0.U5) 0y
._((h2rUf)i§,Uw = (Kra.U7),, o

)
)
~ (#2rU) 5 U) = (B U2) 1,
- (K #Us),5.0)
)
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we can cultivate (3.18) in the form:

(AN'U,U),, '
= (pg,Ug)w:. X w2 + (qi,U2) Xw + -+ (ngU, U)
1 1 2
- 13 (k2p+ h?q, Ugg)w?t xw (hzry,Uz)w oz " T2 (kz‘l‘fs Ug)leW;,
1
+ s (Mo ), +E ([h] @)2:Us), e
1 2
+ g ([h]m, (v U)gg . [k]yj (rU);f + 3 (h],, [klyj (rU)%;;, U)w
Further, we will use the inequalities
(k2p’ U—2g) +>< + < (py, Uz)w Xawg !
( y)w le < 4 (q.z:' y)wnx‘u2
(h ry,cﬂ)w, o, < AU,
(k27’j‘;, (,/’;;)wl < < 4 (7‘5;37, U2)w
We will check only the first one.The others can proved analogously.
N M )
0 S (k2p’ w xw"‘ = Zzh }"Jp(x‘ ’yJ ) ( Ti; Ui‘i-.‘i“)
i=1 3=1
< 222’! ksp(zi—y;-) (U2, + U2, _) =45 U2) s o,
i=1 j=1
Using these inequalities and Lemma(3.2), we obtain
1 Co
WUU), 2 5 (00U, + (@209, 1) = SIVUIE
Therefore 5
IVUIiS < = (A'T.U), (3.16)
It follows from (3.1) and (3.16) that
17 17
2< — (AU, V), = — (; .
i < g (AUU), = g (U)o (3.17)

which implies existence and uniqueness of the solution of (3.12).Next, from the
inequality |(¢, U)_| < llell-1 IU]l; and (3.17) follows the desired estimate (3.13).
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Let us organize the scalar product

—(NUAU), =

From the inequalities:

((pumg +(@Up)gs  OU) = (ragl, AU,

12 ((kz (pUz) ) (h’Z (qU,;)gj)j,AU)

15 (U2, + (2rUy) . O0) (3.18)
é([” (PUs) 5 + 1] (aUy) 3. OU)
é ([h} rUs, + [k, 7Us. + g [A],, [k],, Vs AU)W

((0Un)sg Uss) 2 collUasll3,
(@Ua)gs Uss) | 2 eollUgild,
(0U2)s5.Us) 2 cllUayll,
((@U3)s Us) 2 collUsyll,
(U215 + @Ua)ge, V) 2 collUI
- (Tf!}U’ Ui'i')w =. (rf" Uﬂg)w? Xwz '
- (Tj_-gU,‘Ugg)u = (Tj:,Ug)lew; .
— (regU, &U), > rollU|3,
(2 0Uay), + (#@W)ye), 00) 2 sl
- ((W1Us),, + (KrUs) ,,, OU) > —8rol|U,
(K1 (U2) 5 + W) (@Up) 5, 80) 2 —collUJ
)
([h] TUo + [k] TUZE:Z‘ + 5 [h].r, [k]y.i TUg;, AU) Z —27'0"[]”%.
we obtain co
- (AU, AU), = SN (3.19)
Therefore 5 9
VI3 < -= (¢, 80), < =g lollUll. (3.20)
0 Co

Now (3.14) follow from (3.20). O
Now we turn our attention to the convergence of the scheme.
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Theorem 3.4. Suppose that the assumptions in Proposition 2.2 are fulfilled. Then
for the error z;; = U;; —u(x;,y;) of the difference scheme ( 3.12) the error estimates
hold:

if the mesh is uniform

2], < ChY,

else (3.21)
Izl < CR®.

Proof. We will derive the approximation error, considering several cases.
Case 38.1. Mesh points of type ©.
In this case

U = f—ru+(pusz); + (quy) + — (h2(f —ru)z), + % (K*(f - ru)_,;)g

s (R unsy) + 35 (17 (quy>y1) + 5, IR, (F - ru)gg
h
. f]:" (f*?‘u+(qug),;,)g b L,, (f —ru+(puz);)s

Using the differential equation (1.1), and formulas (20), (21), (31), (32) in 1], we
obtain

(puz); = szz + [g;]:pg:z + (h:;i‘pg:: 1[121;]#’0 = + O(h}),
(qug); = qg,z'z‘ - [ki]_qu;fj * (k:;”’qg;'j + 1[;:)];?]" ‘3;,, + O,
(70, = U099 g, 50 BECL L o,
(K95), = %g—j + (k%) ZZ’; + [g;c]_" g@ +O(k}),
(¥ (ua)sy), = [’;'jj” ai::;y {hlz[::b Pazgy * Kip 5%62%5
4] . : 2y, (12].
" [:I_:lj paa(f;ﬁ - i;lg ]J”axwy
n [hﬂ;(;f)g,paajg O + )",
(h2 (quﬂ)gi)i - [’;:']iqaxay + [h;]h[:zb Bq;ays (hQ)f,q&%
. W, Fu | G P

6h; q(’?.‘lc:’.('?y"2 * 12h; qaxay‘*
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(puz) .

(qug) 2

Then

102

-[hﬂj 3511

(h2)fi[k2]j
67c q3x38y3
N [h?];  8%u N (h?)z, O°u
d.rzay 6h; pc‘)m"@y 12 p@x“c’)y

+ O(h; + I—CJ')4,

k]’l'J+| asu ) —. 3

3 p6x20 5 +O(hi + k5),

+ [kz]Jq (k%) .- 8"."11
Ba‘ay 6k, 0x0y 12 7 oxoy?

hih,’ (’f’u =

3+1 qa 33 5 + O(h, + kj)s,
g  hihiyy Pu 3
3z 7 6 a0 oW
('9g kjk‘j+1 u 73
_— 4 —— k),
Ay 7% oy? Otk;)
0%u

4 E)2
axay+0(hz+kj) .

0%u  [h?); & N (h?)z, 8w [k &u

4
”aa'- +6h Pam T 12 Pam T ison o T O
[U]J Fu (kD)y, O'u  [kY; Ou .y
i 1J k ,
qay 6k, Yo T 12 Yoyt T 120k, Loy +O(k;)
1°1:09 | 42, &0, [0 Pu | o
R, Oz + ()5, t 6k 027 +O(R:),
k%09 | 2 k') &9 | 74
L " B o“) - k*
k; ay (A )y’6y2 "6k, oy’ 3 +O(k)),
[k"*b Su [R%i[K? N
31:233/ + 6h;k; p3:1:33y + (g, p8m26y2
[kfb » Pu | (h?)s, [k2]J
6k; = 0z20y3 12k; 8:1:483/
[R?)i(k?)y,  8Pu 7 \d
6h Poasayr TOM R
(%) Ou [h2]z‘[’_€2]jq du (h2)y.q—22 0'u
8138’!;2 ﬁhikj 61‘6 3 . ox 28y

[h?]i(k*)y,  &Pu
6h; 9230y 12k 10z0y

(h*)z,[k?]; —O°u T ARY
6k, Yoz T OB TR
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(puz) o = i, Ou | (B)s, O
Pzl = 01383/ 6h; 81383/ 12 p3m43y
kik; 0u
’3’+‘pd T J+O(fz + kj)*,
_ [kz]_7 Y (k*)y, O%u
(quy)w q()ré)y + 6k; c):rc)y3 12 q(’?:ray“
hih, 85u i
3+1q3 P + O(h; + k;)?,

. dg h; ’l3+1 0 u 3
9g = O:r 6 0Oz +O(R),
dg ’\,'kj+1 8 u 73
) R — k'.
95 (’)y 6 Oy3 +Ok;),

a)
ggg - axdy +O(h +k )

Then

72h; dzoy?  Oxdy?

1 [,5,,f &u *f \]
* 72k; h b ( drdy?  dzdy?

A . % ]
U = 1 hzkz(rau‘— 0f)

JY, T

1 Pu 1 0%u
S L P O T A
180%, [h P (")m”] i 180k,~[ Ty J T

(k2), (h?),
— Y (2 T I
= (h°p);, ; + =

72
1 4y * *x
- g (), -

2y —
(K )-'b‘s" 180

where

| ?
Wi (y) = (7' 3207

u o Pu >*f
n;i(y) = (p

Oz dy? (Zic1/2:9), 45(x) (Tax'zay szc')y) (@, Y5-1/2),

7)
)

iy ), 12(z) = ( A )(x,y,--m),

« hh,+1 2, Ou ] kikjs1 2 c’}u I..\4
¥ = h*p a =0, + k;)°.
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Case 3.2. Points x; = &, y; # n of type *. Now
2

¥ = fi—rou+t(pus), +(quy),;: + E-(f—ru) -+ 13 (Lz(f"'“) )y:r

1/, h2 []yJ
+ 5 (R Gusdsy) + 35 (@ua)ge,

h |r 1 1 2K h (g .
B (ﬁ {5},,+3) K:(v:) = 13 K'”(y))y‘ﬁ+‘l—§{z—7}mi (K= (y))g

of %], (3 r . > f
+ [ar] __TES—(E(K"(y))g-‘-h{};}m‘Rm(yj)—h[c’):c@y]r")

Using the differential equation (1.1), and formulas (20), (21), (31), (32) in (1], we

obtain
(puz); = lK( )+ Fu +h cat +h2 AL
Puz); = R Par? . 6 e 12 \P oz "

(fe = reu+ (puz);),

h:l aSu 4
+ Eb‘ [I)éfﬁ]uu + O(h™)
Fu [k? Pu (kz ) d*u
@y = ah, 5n+ G+ TR a0
[k‘]J 55 ;!

: dg 9% h3 [33g .
2, — - 2)Y Y 4
h”gzz h[ax] +h {6z2}$i+ 5 [3 ,,} '+()(h ) |
(92 [kil B
2y, iJo9 1
{21 +a, {az} e {BJ} + Ok,
20 _ KL P } hk?; [ & 2\ { u
(k (puz)xg)g ok {”a:r‘zay I,.+ 6k; | 9z%0y Ii+(k )i, P oo .
Fu 4 h-z[k2]j { 35u
P ooy . 12k Poriay |,

h(k?);. 5 -2
( )y, p au PR U‘ ]J
dx3oy? |, hk;

[A’4I] " (k4)
6hk; ohk; Ko W3) + 12h

2 _ - g K" [k2] " (kz)n v
h (qu'y)'yi‘.t - h{p}xl( (J)+ Gk]JK:c (yJ)+ 12/ KJ: ( ))

N h2{ 3u +h_3 »Fu
ooz, U6 Yooy,
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2 - ri
(I‘ gy)gf - E,j

2)111 11
K(y;) + =2 K ()

— B KV + O(h + kj)*,




1L2[k2]j { ()r'u
‘J;J (91: dy

_ 1 K + P +h o +ﬁ )ar)u }
(P‘l'i)_,,g = E( x(y))g p(‘):zr'-’(‘)y . 6 p6x36y . 12 13413"83/ z,

kjk;’+] (}r’u = g
. h+k;)°,
3 {pdxi’ay"‘}z,. .’._O( k)

dg kikjgr [0%u) -
o - —_ - T k .
Yia {Oy},,. T\ ,,.+O( )

Then
1 - Pu 0* f
U, = — |h2k2 -
! 72h [h : (T8x3y2 Oxi)y?)L,g,

1 [, & o f )
M 72k [h ke ( drdy?  Oxdy?

} +O(h + kj)*,

1 Fu 1 8 u
- T e — P P
180% [ 7 dr“] rg, 180, [’“ "oy’ ] AR
(k) h), {
— 2, r o y - 4 7 _ '4 Yy
R - (W ) dg 72 (k% )y, 180 (K% )r,-.j 180 (k*n )1).,.7'.
- UL+

where

N P 93 f v B 33u 3 f ‘
i (y) = (1 9205 amay2) (@i—1/2.9), 15 (z) = (Tax%)y - 8:c28y) (2, Yj-1/2),

u %u
m (y) = (pam';) (@ic1/2:9), M () = ( 3 5) (T, Yj-1/2),

. _ Kiki
= 72’2’}

d ok 1.
[k 75 1;} , Wi = O(h + kj)*.

One can analogously obtain the error in the case y; =, x; # £.

\I’ij = 72 (h' ) i + T (k l“l‘y)y.,v 180 (h 77 ) id - @ (k 'I?y)g_,-.i
VAN

where
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) Fu  Pf Pf )
i (y) = (r3m8y2 - awy.z) (Zi-1/2,¥)s 1i(z ( Qay 9220y (x.y5-1/2),

w0 = (1555 ) @oe @) = (655) @vsoro)

o hihiy {h Pu

B drc"

Y72k,
Case 3.3. Points of type o. Now we have

¥ 4
] 0 ql?] = O(ﬁq + h) .
TiYj

2 ]1'2
U = fiy—rzgu+ (pui)mg + (qug)y; + 1 (f = T“)hg + T0 (f - ru)yyi
h? h? af af
<+ ﬁ (pu:i‘);gy + 1—2' (Qu!))yi:r + 35 12 [ ] [—_] y

h r r
- (B0 - (3 (€, +2) o),
h h 3 —
LK)y~ (K@), + (};} K (v))y

h {(p » a%f 0%u
t 1 ({a}w"y(‘”)) +* “(’hay "ozdy |, y

+

Using the equation (1.1) and the equalities

(vus) 1k W+ (pe)%.) Lh [pa"*u] s (p@%)
Puz},, = 0¥}y =G) = |Pa3 P a4
*izy h y oz? z5 0| 0x3 oy 12 ozt 25

+ 91— + O(h%),
120 845x
VB (o2)
. 12\"ay7)

3

Ou 4
" m ["a'y?L O

. | 2 3 .
h(By)g, = [KG], +h{K]}, +%[K”’] f—z{h’;"}momﬁ.
3
h(Kz)g, = (K3l +h{K}}, +——[K”’] 2{I(£Y}yj+0(h“),

. au- 83u 83"
2 - =
h (pum)a:ziy {[paxay]z.} th [p&ray?J z.Y Hh [paxzay] vi®
. yJ 1 l,
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du h? u d'u ]
2 P —_— _
— {pt);rzay?}xiyj-*- 6 [”axﬂay“’axay:* N

R [ 9% h? 0%] +h3[ Pu ]
12 [Poroy m,g+ 12 |Pazt0y yi O P ox30y? .
B[ 9u
6 _”ax2ay3

] + O(h?),
Y&

~HU

63u 6321 }
20, - )
") Hq&cay]:.]y. Hh [qal’ayzL‘-g o [q8x26y v;#

J

B2 o'u +h_2 ou iy 64u}
T V92202 ry, © Toz30y " 10x0y? o),

L 851.1] +h_3[q Bsu}
12 7820y |, , " 12 |"0c%0y], ,

R [ &u h3 Pu 4
g — lg=—— O(h"),
=+ 6 Lq amsaszx'?} + 6 [qamzay.i] . + O(h")

we obtain

o _ W[ &u & +§j[r Pu_ a*f]
i T 72 ox0y " dxdy|,,, " 72| 020y O2dy?], .
h? 6%} h3 [ 85u]
- | p—— - — lg—— _\p;..{.\p;?‘
180 [paxs v 180 YB3 L T T
h . h? ht ht
= 5 (1 ')i-;g_, + D) (l‘y)g_;:i; ~ 180 (n );e,_g, ~ 180 (77")3;,;5,.
- ‘I’:‘] + \Il:;’
where
. Pu »Pf y  u >Pf
My (y) = (Taxay'z - a‘rayg) ($i~l/2,y)1 [LJ(IL') - 1(').7:2(93/ 3:1:2331 (x)y]-—l/?)
0°u Pu
7w = (p5) @i, @) = (9555 ) @m0
h3 u h3 o°u 4
e = . , U = 0O(h").
\I’U 144 [qaa"ayhl]liﬂj " 144 [pam‘idy} yiEi Y ( )
Therefore
1 1
(‘I’g Z)w = —75 (Ih'2k2“1’zj:)wf)(u2 - ’,?5 (hzkzlty, Zg)w. Xw;
1

1

+ 180

(h’4nt’ zf)wfxwz + 180 (k.iny’ zg)w,xw; - (lII*,z)w + (¥, z)u '
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Clip*flollk*llo (llzzllo + llzgllo) + CliR*lolizzllo + ClIA*lollz5llo
N fi-allzlls + 1™ ol =[lo
C (IR Mo + & o + 109 [1-1) Izl

IA 4+ A

where (' is a constant, independent of the mesh. Therefore if the mesh is uniform

2]t < Chi,
else (3.22)
Izl <Ch* D
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